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On some dilation theorems for positive definite operator
valued functions

by

Fravius PATER and TUDOR BiNzAR (Timigoara)

Abstract. The aim of this paper is to prove dilation theorems for operators from a
linear complex space to its Z-anti-dual space. The main result is that a bounded positive
definite function from a *-semigroup I into the space of all continuous linear maps from
a topological vector space X to its Z-anti-dual can be dilated to a *-representation of I"
on a Z-Loynes space. There is also an algebraic counterpart of this result.

1. Introduction. It is well known that a function on a *-semigroup I’
into the C*-algebra of all bounded linear operators on a given Hilbert space,
that is positive definite, can be dilated to a *-representation of I" on a larger
Hilbert space (see the Principal Theorem of [SN]).

Probability theory on Banach spaces triggered the development of dila-
tion theory of operator functions in non-Hilbert spaces [GW2]. The close
connection between dilation theory and the theory of second order stochas-
tic processes was exhibited in [W]. In 1976, J. Gérniak and A. Weron [GW1]
proved an analogue of the Principal Theorem of Sz.-Nagy for functions with
values in the space of all anti-linear bounded operators from a complex
normed space to its topological dual. In the same paper, an algebraic ver-
sion of this result was also given. Similar approaches and applications were
presented in [GW2], [It], [L], [GL] and [K].

Another analogue of the above mentioned dilation theorem was given by
R. M. Loynes [Lol] for operators acting on a VH-space, along with many
important results on the same issue [Lo2], [Lo3|. Later on, Cobanjan and
Weron [CW] proved that the space £(B,H) endowed with the inner product
[-,-] is a Loynes space (for more examples see [Is] and [I]).

The results of [CW] are a variation of the original Aronszajn construc-
tion [A], considering the Aronszajn kernel K : (S x A) x (S x A) — B, where
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S is just a set and A and B are C*-algebras, given by
K((t,a), (s.0') = K(t, s)[d’ * a].

In 2005, D. Gagpar and P. Gagpar |[GP| extended the reproducing kernel
Hilbert space technique of [A] to more general structures such as Loynes
spaces and Dy-normal B(X)-modules.

The results of our paper, partly announced in [BPL], are also variations
of the original Aronszajn construction in the case of a kernel K : (X x I') x
(X xI') = Z, where X is a linear space or a topological linear space, I is a
x-semigroup and Z is an admissible space in the sense of Loynes. Our paper
extends the fundamental theorem of Loynes [Loll Section 3, Theorem 3] to
the case where the set of continuous linear operators in a Loynes Z-space is
replaced by C(X, X7), the set of continuous linear maps from a topological
space X to its Z-anti-dual. In the proof we use a version of the Cauchy—
Schwarz inequality for seminorms in a Loynes space, which is significantly
different from the Loynes space case [Lol].

The main result of the article may be applied to the characterization
of spectral bi-measures and to the stationary dilation of g-dimensional
V-bounded processes (see [T] and [W]).

2. Preliminaries. In this section we mention some notation and known
notions and results from [GP].

Recall first that a complete locally convex space Z is called admissible
in the sense of Loynes if there exist a closed convex cone Z; in Z with
Zy N (—=Zy) = {0} and an involution “°” on Z (conjugate linear and idem-
potent) such that each element of Z, is self-adjoint, the topology of Z is
compatible with the partial order in Z induced by Z,, and decreasing se-
quences in Z, are convergent [Loll pp. 11].

In the following, Z will be an admissible space in the sense of Loynes.

It is known that the topology of Z can be defined by a sufficient and
directed family, say Pz, of monotone Minkowski seminorms.

For any given set A, a function K : A x A — Z is said to be a Z-valued
kernel on A.

A Z-valued kernel on A will be called weakly positive definite [GP] if for
each n € N* {c1,...,¢,} CCand {A1,...,\,} C A, we have

(1) ZZCZC] (Ni, A\j) € Z4.

i=1 j=1

A locally convex space H is called a pre-Loynes Z-space if it is endowed
with a Z-valued inner product (called Gramian)

HxH>S (h,k)— [h k] € Z,
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which has the properties

(Gh) [h,h] >0, [h,h] =0 implies h = 0,
(GZ) [hl + ha, ] [hla h} + [h27 h]v

(G3) [Ah, k] = Alh, k],

(G4) [, K]° = [k, h],

for all h,k,h1,hy € H and X\ € C (where the positivity in Z is considered)
and the topology in H is the weakest one for which the mapping H > h —
[h, h] € Z is continuous.
If H is complete in this topology, it will be called a Loynes Z-space [Lol].
A pre-Loynes Z-space H consisting of Z-valued functions on A admits
a reproducing kernel or is a reproducing kernel pre-Loynes Z-space if there
exists a Z-valued kernel K satisfying the conditions

(IP) K(\,-)eH forany A€ A,
(RP) h(A) =[h,K(),-)] forall A€ Aand h e H.

The kernel K is called a reproducing kernel for H, and (IP), (RP) are called
the inclusion property and the reproducing property, respectively (see [GP]).

Now, let X and Y be complex linear spaces. Then £(X,Y’) denotes the
class of all linear operators from X to Y. For a complex linear space X,
the algebraic Z-anti-dual X7, is the set of all anti-linear operators from X
to Z. For an operator A € L(X, F), where F is a pre-Loynes Z-space, its
Z-algebraic adjoint operator A" € L(F, X)) is defined by

(A'f)(z) =[f,Az]lp, [EF zeX,

where [-,-]r is the Gramian of F'.
If F is a Loynes space and A € L(F, F'), then an operator B € L(F, F)
with the property
[Af1, folr = [f1, Bf2]F

is called the adjoint of A and will be denoted by A*.
An operator U € L(Fy, Fy), where Fy, Fy are pre-Loynes Z-spaces, is
said to be unitary if U(Fy) = F3 and

[Ufa Ug]F2 = [f’ g]Fl

for all f,g € F1.

If X is a complex topological linear space, then its topological Z-anti-dual
X7, is the set of all continuous anti-linear operators from X to Z.

On X7, the uniform convergence topology is considered, that is, a net
(To)aca of operators from X7, converges uniformly to the null-operator 0
iff for any 0-neighborhood V in Z there exists ag € A such that, for each
a> o, Tar eV forall x € X.
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If X and Y are topological linear spaces, we denote by C(X,Y’) the space
of all continuous linear operators from X to Y.
Let I' be a x-semigroup, that is, a semigroup with unit e and involution
“x” satisfying e* = e, s = s, and (st)* = t*s* for all s,t € I'.
Following [GWI], let X be the set of all functions =z = (z,) : [’ — X
with finite support. A family {T}scr of functions from £(X, X?) indexed

by the x-semigroup I is called positive definite if
(2) Z (Ts+y¢)(25) >0
s,tel’
for all (xg)ser € X.
We recall a version of the classical Cauchy—Schwarz inequality, in terms
of seminorms, in a pre-Loynes space.

If H is a pre-Loynes Z-space and Pz is a sufficient directed set of mono-
tone seminorms defining the topology of Z, then

p([h, k]) < 2(p([h, b)) (p([k, K]))'/?
for any h,k € H and any p € Py.

3. A characterization of £(X, X} )-valued positive definite fam-
ilies. The theorem below is an algebraic analogue of Gérniak and Weron’s
result [GWT].

THEOREM 3.1. Let X be a complex linear space with algebraic Z-anti-
dual space X'y, If {Ts}ser C L(X, X7,) is a family indexed by a x-semigroup
I satisfying

(1) (Tsz)(y) = (Tey)(x)? for all z,y € X and s € T,

(ii) {Ts}ser is positive definite,
then there exist a pre-Loynes Z-space F' and a function D : I' — L(F, F)
with the following properties:

(.) D.=1, Dy = DsDy, D::Ds*a s,t €I
there exists an operator A € L(X, F) such that
(o0) T,=A'D,A, scl;

and the space F' is minimal in the sense that it is generated by elements of
the form DsAx forx € X and s € I'.
Moreover:

1°. The space F' is uniquely determined up to unitary equivalence, i.e. if
T, = A\D!A, s € I', where D' : I' — L(Fy, Fy) satisfies (o), F} is
a minimal pre-Loynes Z-space and Ay € L(X, F1), then there exists
a unitary operator U : Fy — F such that

A=UA,, UD!=D,U, scl.
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2°. If Tsar = Tspt + Tsyt for some fized o, 3,7y, and all s,t in I', then

D, = Dg+ D,.
Proof. The argument is like that used to prove Sz.-Nagy’s original the-
orem [SNJ.

Let A=1 x X. We define K : A x A — Z by

Kr (A p) = (Ti=s2)(y)
where A = (s,x), u = (t,y), s,t € I', z,y € X.
First we will show that Kp is a weak Z-valued positive definite kernel.
Indeed, let c1,...,cn € C, A\1,..., Ay € A, Nj = (84, 3), © = 1,n. We have

Z Z CiEjKT()\i, /\j) = Z Z CiCj (Ts;szmi)(l'j)

i=1 j=1 i=1 j—l
= g g TS*S cixi)(cjxy) E E TS s ki) >0
=1 j=1 i=1 j=1

from the positivity of T'.
Next, define

n
F = {ZCZKT()\Z,-) nmeN qeC, edl= 1,n}.
=1
We will prove that F' is a pre-Loynes Z-space with Gramian

n
1, Polr = ) G Kr(A), A7)
jl=1

for fi =370, JKT( ), fa =205 KT (A ).

Obviously F' is a complex linear space with the usual operations.

The first part of (G1) follows from the fact that Kr is a weak Z-valued
positive definite kernel and from the definition of |-, -] . Conditions (G2) and
(G3) easily result from the definition of [-,-]r. We prove (G4):

n O n
o 115 = (30 @A) = 3 (T ()

Ji=1 Jil=1
n n

=3 & (Tesyms) () = Y e Kr(A, A7) = [f1, fol .
Jil=1 jl=1

Let Pz be a sufficient set of monotone seminorms that generates the
topology in Z. We will verify that F' has K7 as reproducing kernel. Condition
(IP) comes from the definition of the kernel. To show (RP), let

h=> ¢Kr(\j,-)€F, X €A ¢eC neN
j=1
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Then

by K0 )e = |3 6K (, ), Kr(, .)}F =3 KA\ A) = (V).
=1 =1

We now prove the second part of (G1), using the reproducing property.

Assume [h, h|p = 0. From
p(h(N) < 2(p[h, h]p)'? - (p[Kr (N, ), Kr(A, )12, X e 4,

since Pz is a sufficient set of seminorms in Z, it follows that h(\) = 0 for
all A e A, ie. h=0.

We have shown so far that [-,:]F is a Gramian, so F' is a pre-Loynes
Z-space.

Define A: X — F by

Az = Kp(Ag,-) €F, Ay = (e,x) € A

Let = (t,y) € A. We prove that A is linear:

[A(01$1 + CQx?)](M) = KT()‘Clerczzznu) = [Tt*e(clxl + CQ$2)](y)
= c1(Tyee1)(y) + c2(Tiew2) (y)
= 1K1 (Aay, 1) + 2K (Aay, p) = (c1Amy + caAxa) (1)

for all C1,Co € (C, xr1,T2 € X.
For the existence of A, let k € I and

k= ZC]‘KT()\]', -), ¢j € C, )\j = (Sj,l'j) eAj=1nnc¢€ N*.
j=1

Let x € X. We get

n n

(AK) (@) = b, Aalr = |37 i Ko, ). K, )] = 3 e Kr (A, )

i=1 =1
= Z Cj(Te*ijj)(x) = Z Cj(Tijj)(m)‘
j=1 J=1

Therefore A'k = Y71, ¢; T, ;.
We define a representation D : I' — L(F, F') by D(s) = D with

Ds<z ¢ Kr(Aj, ')) =D ¢Kr(A,), sell
j=1 j=1
where \j = (sj,2;) € A, and A\] = (ss,z;).

It is obvious that Ds€ L(F, F). Set k,=>""_; c/Kr(\},"), \]=(s},2Y),
v=1,2,j=1,n, n € N*. We obtain
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Dibrotelre = [0 KT et (6.0,
jfl =1
- Z 01CZ2KT Z ¢j Cl T(S2)*ss )( )
Jil=1 gl=1
= 3" d@Er(AL (D)) = [k k3)r
Jil=1

where k3 = > 2K7((A?)*",-). This implies that DXky = kj = Dg+ko. In
the same manner, setting s = e, we obtain D, = I.
Let once again k = Z?zl ciKr(N\j,-) € F, ¢cj € C, \j = (s5,25) € A,

j=1,n,neN* u=(ty) € A For s,t € I', we have
(DsDy)( (Z ¢ Kp (AL, - ) =" ¢ Kr(AY, ) = D(k).
j=1

Thus Dy = DDy for all s,t € I'.
We prove (ee):

(A'DsA)(z) = A'DsKr (X, ) = AK7(A;, ) = Tsz.
Since
(3) > G Kr(N, ) =Y Kr(Ag,) =Y ¢;Dy; Axj,
j=1 j=1 j=1
the minimality condition is verified.
For 1°, let
D:I' = L(F,F) and D':I = L(F,F)
satisfy condition (e), and let A € £L(X, F) and A; € L(X, F1) be such that
A'D,A =T, = A|D!A;,

where the linear Z-valued spaces F', F) are minimal, i.e. F' and F) are
generated by elements of the form DyAz and D! A;x respectively. If f; € Fy,
then f1 = Z c]D Ajz; and we set

(4) Uf1 = ZCjDSjAa?j.
j=1
Thus U € L(Fy,F) and U(F,) = F.

Taking g1 = >, diDy, Ay € Fi, ju = (t;,y) € A and using (3) and
the properties of D, we obtain
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n

[Ufl, Ugl]F = |:Z CjDsjAIj, Z dlDtlAyl} »

j=1 =1

= X e, Y i,
j=1 =1

= > GdiKr(\,m) =Y ejdi(Tizs,5) ()
jl=1 jl=1

n

cjdi(A D Avey) () = Y ¢di[Dis s Avey, Avyilr,
Ji=1

<

T~
Il
—

| |
.M: .M:

¢jdi [(Dy)* Dy, Avy, Avy] g

<

T~
Il
-

n
¢; DY Avay, dlDtllAlyl} o [f1.91]p,
=1

-

Il
—

Hence U is unitary. Moreover, by (4),

UAyx =U(DLAjx) = DAz = Az, z€X,

J

and
n n

UDLfi =UDL(Y ¢;D} Ay ) = U(Y ;DL Avay)

j=1 =1
= Y eiDuAvy = Dy(3_ ;D Aw;) = DU, i € Fy.
=1 =1

In order to show 2°, suppose that Ty = Tt + Tyt for some o, B,y € I'
fixed and for all s,t € I'. Take k € F, k = >, ¢;K7(N\j, ), A\j = (s5,25),
j=1,nand u= (t,y) € A. We have

n

(Dg + D) (k))(1) = (Dgk + Dyk)(u) = > e [Kr(A], ) + Kr(\], )]

j=1
n n
= ¢j(Tiops, @) (W) + D ¢j(Tiens, ;) (y)
j=1 j=1

= ¢j(Trras;7) (W) = > ¢;Kr(X}, 1) = (Dak) (1)
=1 j=1

Thus 2° is verified and the proof of Theorem is complete. m

The converse of Theorem [3.1] is also valid.
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THEOREM 3.2. Let I' be a x-semigroup, let X be a complex linear space
and let Z be an admissible space in Loynes sense. If there exist a linear
Z-valued space F, a function D : I' — L(F, F) which satisfies () and an
operator A € L(X, F) such that Ts = A'DsA, s € I, then the family {Ts}ser
has properties (i) and (ii) from Theorem 3.1.

Proof. Let x,y € X and s € I'. Using the definition of A" and the third
of relations (e), we have
(Teoy)(2)® = (A'Dy Ay) (2)° = [Dy- Ay, Az]}; = [Ay, DsAxlj;
= [DsAz, Aylp = (A'DsAz)(y) = (Ts)(y),
proving (i).
Now let (z5)ser € X. Using the second and the third of relations (e), we
obtain

> (Teme)(ws) = Y (A' Dy Awy)(ws) = Y (A'D;DyAmy)(ws)

s,tel’ s,tel’ s,tel’
= Y [DiDAxy, Axy)p = > [DyAxy, DyAxy)p
s,itel’ s,tel’
— [N D, A2, 5" DA } >0,
[Z tATt Z tATt -

tel tel
whence (ii) holds. =

REMARK 3.3. In the particular case when Z = C, one obtains Gdérniak
and Weron’s result [GW1], Theorem 1].

4. A topological characterization of positive definite C(X, X)-
valued families. As an analogue of the Sz.-Nagy dilation theorem [SN],
we give a topological version of Theorem [3.1] under some boundedness con-
ditions.

Let (X, 7) be a linear topological space with topological Z-anti-dual X7,
and {Ts}ser C C(X,X7%) be a family of functions indexed by a *-semi-
group I.

DEFINITION 4.1. Consider the following properties of the family {7 }sep:
(iii); for every w € I there exists ¢, > 0 such that

Z (Ts*u*utxt)(xs) < Cy Z (Ts*twt)(xs)

s,tel’ s,tel’

for each (x5)ser € X;
(iii)2 for every uw € I' and p € Py there exists ¢p, > 0 such that

p|: Z (Ts*u*utwt)(xs)} < Cp,up|: Z (Ts*txt)(xs)]
s,tel’ s,tel’
for each (x5)sep € X;
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(iii)s for any u € I" there exists ¢, > 0 such that

p[ > (Ts*u*utxt)(a:s_)] < cup[ > (Ts*txt)(xs)]
stel stel

for every p € Pz and (zs)ser € &5
(iii)4 for any w € I" and p € Py there exist ¢, > 0 and gy, € Pz such
that

p{ Z (Ts*u*utxt)(xs)} < Cu,pQu,p[ Z (Ts*txt>(xs):|
s,tel’ s,tel’
for each (x5)ser € X.

We say that a function D : I' — C(H,H) is a representation of the
x-semigroup I" in the Loynes space H if D satisfies (e).

THEOREM 4.2. If the family {Ts}scr satisfies conditions (i) and (ii) from
Theorem and property (iii)1, then there exist a Loynes Z-space H, a
representation D of the x-semigroup I' in H and an operator A € C(X,H)
such that for any s € I', Ts = A*DsA and there exists ¢ > 0 such that
(4'1) [DskaDsk]’H < Cs[kak]?l
forall k € H.

Also, if {ua}aca is a net in I' with supye 4 ¢y, < 00 and (Tsy,t)acA
converges to Tey for any s,t € I' in the weak topology of C(X,X7,), then
(D, )aca converges to D, in the weak topology of C(H,H).

Proof. From Theorem there exist a pre-Loynes space F', A € L(X, F)
and D : I' — L(F, F) such that
T, = A'D,A.

Now, let H be the completion of the pre-Loynes Z-space F’ which admits
K7 as a reproducing kernel. We also mention that the Gramian on F' can
be extended on H. Evaluating [Az, Az]r we get

[A$7 Aw]F = [KT()\J)? ‘)7 KT()\J)? )]F = KT(A:IM )\x) = (Tex)(x)
for all x € X and \; = (e, x).
In order to verify the continuity of A, consider a net {z4}aca C X with

Ta ~X‘+ 0. Now let V' be a 0-neighborhood in Z. Since T, is continuous,

acA C(X,X2)
we have T.x,
acA

a>ap, (Texy)(z) €V for all z € X. Thus (Teza)(za) € V for all a > ay,
whence (Texq) (o) 2, 0. Hence [Azy, Azo)F .. Equivalently,
acA acA

0, that is, there exists ay € A such that for any

p([Azq, Aza)) Py 0 for all p € Pz. Using the Cauchy-Schwarz inequality
ae

p([Aza, ylr) < 2p([Aza, Az k) *p([y, y]r) 2,
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for all p € Pz and y € F, we deduce that p([Ax,,y]r) — 0, which implies

Az, L 0, so A is continuous.
By evaluating [Dsk, Dsk]p for s € I and k € F, we have

n n

Dok, Doklr =[S 6K (() ), S akr((h)*, )]
j=1 =1
= 3> " akr((A), () = D ¢a(Tss)y(ss)) (1)
=1 j=1 Lj=1
= Z cja(Ts;s*sijj)(wl)y
l,j=1

and
[k, klp = Z cici(Nj, N) = Z c;ic(Ts ij] (x1),
lj=1 lj=1
where k=37 ¢;Kr(}j,-) and
Aj=(s5,25), A= (s,m),  (Ag)° = (ss5,35),  (N)° = (ss1, ).
Under the boundedness hypothesis (iii); we obtain
[Duk, Dyk]p < culk, k]F.

So, for each u € I', D, is a bounded operator on F', and consequently we
may extend it (following the same technique as in the last part of the proof
of [Loll, Theorem 3]) to a bounded linear operator Dy from H into H, whence
D is a representation of I' in H. Now, if Ty, + — Tsus in the weak topology
of C(X, X7%), that is, (Tsu,ex)(2’) — (Tuex)(2') for all z,2" € X and all

s,t € I', then for f, f' € F, we have

Dun s e = D chKr(()", ), Y K3, )]
jfl =1
Z ch R (A", \F) = Z S (T uat, @) (@),
lj=1 lj=1

which for o € A converges to
Z C;c%(T(sl)*utjxj)(x;) - [Duf7 f/]F

As F'is dense in H, we have [D,, k, Dy, k| <cy, [k, k|3 and sup,e 4 cu, <00,
implying that {D,,_k}aca is bounded for each k € H.
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We now prove that D, converges to D, in the weak operator topology
of H, the completion of F'. Take f, f' € F such that [D,, f, f'] = [Duf, f'].
Suppose that g and ¢’ are fixed elements of H and that g = f+46, ¢’ = f'+¢,
0 and ¢’ being chosen in a suitable neighborhood of the origin (possible since
F is dense in H). Denote R, = D, — D,. We obtain

p([Rag,g/] — [Raf, f/]) < p([Rag, 51]) + p([Rad, g/]) + p([Rad, 5/])

for any p € Py. Since § and & can be chosen sufficiently small to make
each of the three terms on the right-hand side small uniformly in « (by a
standard reasoning), we conclude that D, converges to D, in the weak
operator topology of C(H,H). =

REMARK 4.3. If in Theorem instead of (iii)1, the family {T}}ser
satisfies property (iii)2 from Deﬁnition then for all s € I" and all p € Py
there exists ¢, s > 0 such that

p([Dsk, Dskla) < cp sp([k, kln)

for any k € H.

Also, if {uq}aca is a net in I" with sup,c 4 ¢pu, < oo for all p € Py,
and (Tsu,t)aca converges to Ty, for any s,t € I' in the weak topology of
C(X,X7%), then (Dy, )aca converges to D, in the weak topology of C(H,H).

REMARK 4.4. If in Theorem instead of (iii);, the family {Ts}ser
satisfies (iii)s, then for all s € I" there exists ¢s > 0 such that

p([Dskp Dsk]H) < Csp([kﬂ k]H)

for any p € Pz and any k € H.

Also, if {uq}aca is a net in I' with sup,c g cu, < 00, and (Tsy, t)aca
converges to Ty, for any s,t € I' in the weak topology of C(X, X} ), then
(Dy,, )aca converges to D, in the weak topology of C(H,H).

REMARK 4.5. If in Theorem instead of (iii)1, the family {T,}scr
satisfies (iii)4, then for all s € I" and all p € Py there exist ¢s), > 0 and
gs,p € Pz such that

p([DSkv Dsk]H) < CS,PqS,p([k? k]’H)

for any k € H.

Also, if {uq }aca is anet in I' with the property that there exists pg € Py
such that sup,e 4 cpu, < 00 and qu, ,(2) < po(z) for all z € Z and p € Py,
and (Tsu,t)aca converges to T, for any s,t € I' in the weak topology of
C(X,X7%), then (Dy, )aca converges to D, in the weak topology of C(H,H).

One can prove these remarks by standard evaluations similar to those in
the proof of Theorem
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REMARK 4.6. If X = K is a Hilbert space and T, = I, then Theorem [£.2]

(15

will lead to the classical Sz.-Nagy dilation theorem. Precisely, A is an “in-
jection” of K in the space H which contains it, and “A*” is an orthogonal
projection of H onto K. Consequently, T¢ = Proj De.

REMARK 4.7. If in Theorem [4.2| we replace X with a normed space with
topological dual X*, we obtain Theorem 2 from [GWZ2].
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