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APPROXIMATION IN WEIGHTED GENERALIZED
GRAND LEBESGUE SPACES

BY

DANIYAL M. ISRAFILOV (Balikesir and Baku) and AHMET TESTICI (Balikesir)

Abstract. The direct and inverse problems of approximation theory in the subspace
of weighted generalized grand Lebesgue spaces of 2π-periodic functions with the weights
satisfying Muckenhoupt’s condition are investigated. Appropriate direct and inverse the-
orems are proved. As a corollary some results on constructive characterization problems
in generalized Lipschitz classes are presented.

1. Introduction. Let ω : T := [0, 2π] → [0,∞] be a weight function,
that is, an integrable function, positive almost everywhere on T. The usual
weighted Lebesgue space Lpω(T) is the set of all measurable functions on T
for which {

1

2π

�

T

|f(x)|pω(x) dx

}1/p

<∞, 1 < p <∞.

We denote by L
p),θ
ω (T), θ > 0, the weighted generalized grand Lebesgue space

which consists of the measurable functions on T such that

sup
0<ε<p−1

{
εθ

2π

�

T

|f(x)|p−εω(x) dx

}1/(p−ε)
<∞.

L
p),θ
ω (T) becomes a Banach space when equipped with the norm

‖f‖
L
p),θ
ω (T) = sup

0<ε<p−1

{
εθ

1

2π

�

T

|f(x)|p−εω(x) dx

}1/(p−ε)
.

If θ = 0 then L
p),θ
ω (T) turns into the grand Lebesgue space L

p)
ω (T). In the

case of θ = 1, the non-weighted space Lp)(T) := Lp),1(T) is a grand Lebesgue
space, introduced in [12] and later in [11], for θ > 1. The space Lp)(T) is
a rearrangement invariant Banach function space, but is not reflexive. It is
clear that Lp(T) ⊂ Lp)(T) ⊂ Lp−ε(T), but Lp(T) is not dense in Lp)(T) (see
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for example [6]). Denote by Lp)(T) the closure of Lp(T), 1 < p < ∞, with
respect to the norm of Lp)(T). From [10], [2] we know that Lp)(T) consists
of all functions f such that

lim
ε→0

(
ε

1

2π

�

T

|f(x)|p−ε dx
)

= 0.

In general, L
p),θ
ω (T) is not a rearrangement invariant space. Embedding re-

lations similar to those above hold in the case of weighted generalized grand
Lebesgue spaces: if θ1 < θ2 and 1 < p <∞, then

Lpω(T) ⊂ Lp),θ1ω (T) ⊂ Lp),θ2ω (T) ⊂ Lp−εω (T).

Lpω(T) is not dense in L
p),θ
ω (T). We denote by Lp),θω (T) the closure of Lpω(T)

with respect to the norm of L
p),θ
ω (T); by [18], it is the set of functions f

satisfying

lim
ε→0

(
εθ

1

2π

�

T

|f(x)|p−εω(x) dx

)
= 0.

Definition 1. Let 1 < p < ∞ and let ω be a weight function on T.
Then ω is said to satisfy the Muckenhoupt Ap-condition on T if

sup
I

(
1

|I|

�

I

ω(x)p dx

)1/p( 1

|I|

�

I

ω(x)−1/(p−1) dx

)p−1
<∞,

where the supremum is taken over all subintervals I of T.

Let us denote by Ap(T) the set of all weight functions ω satisfying the
Muckenhoupt Ap-condition on T. Let I ⊂ T be an interval and let

Mf(x) := sup
I3x

1

|I|

�

I

f(y) dy, x ∈ T,

be the Hardy–Littlewood maximal function. The following theorem holds.

Theorem A ([14]). Let 1 < p < ∞ and θ > 0. Then Mf is a bounded

operator in L
p),θ
ω (T) if and only if ω ∈ Ap(T).

Let f ∈ L1(T) and let f̃ be its conjugate function, with Fourier series

f(x) ∼ a0
2

+
∞∑
k=1

(ak cos kx+ bk sin kx), f̃(x) ∼
∞∑
k=1

(ak sin kx− bk cos kx).

Let

Sn(f, x) =
a0
2

+

n∑
k=1

(ak cos kx+ bk sin kx), n = 1, 2, . . . ,

be the nth partial sum of the Fourier series of f .
To date, grand Lebesgue spaces have been considered in various fields; in

particular in PDE theory (see for example [19], [17], [13]), where they are the
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right spaces to consider some nonlinear equations, in the study of maximal op-
erators and, more generally, quasilinear operators, and in interpolation theory
(see for example [11], [9], [8], [1]). There are also some pioneering results [3], [4],
[20] on approximation in subspaces of grand Lebesgue spaces. In particular,
in [3] the authors stated direct and inverse theorems of approximation theory

in non-weighted spaces Lp),θ(T), and later in [4], in weighted spaces Lp),θω (T).

Theorem B ([20]). Let 1 < p <∞ and θ > 0. Then∥∥∥sup
n
|Sn(f, ·)|

∥∥∥
L
p),θ
ω (T)

≤ c‖f‖
L
p),θ
ω (T) ⇔ ω ∈ Ap(T),

where c is a constant independent of f.

Theorem C ([20]). Let 1 < p < ∞ and θ > 0. If f ∈ Lp),θω (T) with
ω ∈ Ap(T), then

lim
n→∞

‖Sn(f, ·)− f‖
L
p),θ
ω (T) = 0.

Theorem D ([20]). Let 1 < p <∞ and θ > 0. Then

‖f̃‖
L
p),θ
ω (T) ≤ c‖f‖Lp),θω (T) ⇔ ω ∈ Ap(T),

where c is a constant independent of f.

Let f ∈ Lp),θω (T) with 1 < p <∞ and θ > 0, and let

∆r
tf(x) :=

r∑
s=0

(−1)r+s+1

(
r

s

)
f(x+ st), t > 0,

for a given r ∈ N. We define the mean value operator

σrhf(x) :=
1

h

h�

0

|∆r
tf(x)| dt.

If ω ∈ Ap(T) and 0 < δ <∞, then by Theorem A we have

sup
|h|≤δ

‖σrhf(x)‖
L
p),θ
ω (T) ≤ c‖f‖Lp),θω (T) <∞,

which implies the correctness of the following definition.

Definition 2. Let 1 < p < ∞ and θ > 0, and let f ∈ Lp),θω (T) with
ω ∈ Ap(T). The function Ωr(f, ·)p),θ,ω : [0,∞)→ [0,∞) defined by

Ωr(f, δ)p),θ,ω := sup
|h|≤δ

‖σrhf(x)‖
L
p),θ
ω (T), r ∈ N,

is called the rth mean modulus of f .

The modulus Ωr(f, δ)p),θ,ω has the following properties:

(i) Ωr(f, δ)p),θ,ω is a non-negative and non-decreasing function of δ > 0.
(ii) Ωr(f1 + f2, ·)p),θ,ω ≤ Ωr(f1, ·)p),θ,ω +Ωr(f2, ·)p),θ,ω.

(iii) limh→0Ωr(f, δ)p),θ,ω = 0.
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Denote by Πn the set of trigonometric polynomials of degree not exceed-

ing n and by En(f)p),θ,ω the best approximation number of f ∈ Lp),θω (T),
defined as En(f)p),θ,ω := inf{‖f − Tn‖Lp),θω (T) : Tn ∈ Πn}. By Theorems B

and D we infer that

(1.1) ‖f − Sn(f, ·)‖
L
p),θ
ω (T) ≤ c1En(f)p),θ,ω, En(f̃)p),θ,ω ≤ c2En(f)p),θ,ω,

with the constants independent of n.

Let r ∈ N and let W
p),θ
r,ω (T) (resp. Wp),θ

r,ω (T)) be the space of functions

f such that f (r−1) is absolutely continuous on T and f (r) ∈ Lp),θω (T) (resp.

f (r) ∈ Lp),θω (T)). Then W
p),θ
r,ω (T) becomes a Banach space with the norm

‖f‖
W
p),θ
r,ω (T) := ‖f‖

L
p),θ
ω (T) + ‖f (r)‖

L
p),θ
ω (T).

Our main results are the following:

Theorem 1. Let 1 < p < ∞, θ > 0 and r ∈ N. If f ∈ Wp),θ
r,ω (T) with

ω ∈ Ap(T), then

En(f)p),θ,ω ≤
c

nr
En(f (r))p),θ,ω, n ∈ N,

with a constant c > 0 independent of n.

Theorem 2. Let 1 < p < ∞, θ > 0 and r ∈ N. If f ∈ Lp),θω (T) with
ω ∈ Ap(T), then

En(f)p),θ,ω ≤ cΩr(f, δ)p),θ,ω, n ∈ N,
with a constant c > 0 independent of n.

Theorem 3. Let 1 < p < ∞, θ > 0 and r ∈ N. If f ∈ Lp),θω (T) with
ω ∈ Ap(T), then

Ωr(f, δ)p),θ,ω ≤
c

nr

n∑
k=0

(k + 1)r−1Ek(f)p),θ,ω, n ∈ N,

with a constant c > 0 independent of n.

Let D := {z ∈ C : |z| < 1} and H1(D) be the Hardy space of analytic
functions in D. It is known that every function f ∈ H1(D) has non-tangential
boundary limit values almost everywhere on the unit cirle and the limit
function belongs to L1(T) (see, for example, [15] and [7]). Let 1 < p < ∞
and θ > 0, and let H

p),θ
ω (D) be the weighted generalized grand Hardy space

defined as

Hp),θ
ω (D) := {f ∈ H1(D) : f ∈ Lp),θω (T)}.

Denote by Hp),θω (D) the closure of Hp(D) in L
p),θ
ω (T). Then we obtain the

following theorems.
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Theorem 4. Let f ∈ Hp),θω (D) with ω ∈ Ap(T), and let 1 < p <∞ and
θ > 0. If

∑∞
k=0 βk(f)zk is the Taylor series of f at the origin, then∥∥∥f(z)−

n∑
k=0

βk(f)zk
∥∥∥
L
p),θ
ω (T)

≤ cΩr(f, δ)p),θ,ω, r ∈ N,

with a constant c > 0 independent of n.

Theorem 5. Let 1 < p <∞, θ > 0 and let f ∈ Lp),θω (T) with ω ∈ Ap(T).
If

∞∑
k=1

kr−1Ek(f)p),θ,ω <∞

for some r ∈ N, then f ∈ Wp),θ
r,ω (T).

Corollary 1. Let 1 < p < ∞ and θ > 0, and let ω ∈ Ap(T). If

f ∈ Wp),θ
r,ω (T) for some r ∈ N, then

En(f)p),θ,ω ≤
c

nr
‖f (r)‖

L
p),θ
ω (T)

with a constant c > 0 independent of n.

Corollary 2. Let 1 < p <∞, θ > 0 and let ω ∈ Ap(T). If f ∈ Lp),θω (T)
and En(f)p),θ,ω = O(n−α), n ∈ N, for some α > 0, then

Ωr(f, δ)p),θ,ω =


O(δα), r > α,

O(δα log(1/δ)), r = α,

O(δr), r < α,

for δ > 0 and r ∈ N.

Hence if we define the generalized grand Lipschitz class Lip
p),θ
α (T) for

α > 0 and r := [α] + 1 as

Lipp),θω (T, α) = {f ∈ Lp),θω (T) : Ωr(f, δ)p),θ,ω = O(δα) for δ > 0},
then we have

Corollary 3. Let 1 < p <∞, θ > 0 and let ω ∈ Ap(T). If f ∈ Lp),θω (T)

and En(f)p),θ,ω = O(n−α) for some α > 0, then f ∈ Lip
p),θ
ω (T, α).

Corollary 4. Let 1 < p < ∞ and θ > 0. If f ∈ Lp),θω (T) for some
α > 0, then En(f)p),θ,ω = O(n−α), n ∈ N.

Combining Corollaries 3 and 4 we obtain the following theorem.

Theorem 6. Let ω ∈ Ap(T) with 1 < p <∞ and θ > 0. Then for α > 0
the following assertions are equivalent:

(i) f ∈ Lip
p),θ
ω (T, α),

(ii) En(f)p),θ,ω = O(n−α).
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2. Auxiliary results. We shall denote by c, c1, c2, . . . constants (in gen-
eral, different in different relations) depending only on numbers that are not
important for the questions of our interest.

Lemma 1. Let 1 < p < ∞, θ > 0 and ω ∈ Ap(T). If f ∈ Wp),θ
r,ω (T),

r ∈ N, then
Ωr(f, δ)p),θ,ω ≤ cδr‖f (r)‖Lp),θω (T)

with a constant c > 0 independent of n.

Proof. Let f ∈ Wp),θ
r,ω (T). Since f (r) ∈ Lp),θω (T) we have

∆r
tf(x) =

t�

0

. . .

t�

0

f (r)(x+ t1 + · · ·+ tr) dt1 . . . dtr.

Now by Theorem A and the substitution t := t1 + · · ·+ tr we get

Ωr(f, δ)p),θ,ω = sup
|h|≤δ

∥∥∥∥1

h

h�

0

|∆r
tf(x)| dt

∥∥∥∥
L
p),θ
ω (T)

≤ c3
∥∥∥ δ�
0

. . .

δ�

0

|f (r)(x+ t1 + · · ·+ tr)| dt1 . . . dtr
∥∥∥
L
p),θ
ω (T)

= c3δ
r

∥∥∥∥1

δ

δ�

0

{
1

δr−1

δ�

0

. . .

δ�

0

|f (r)(x+ t1 + · · ·+ tr)| dt1 . . . dtr−1
}
dtr

∥∥∥∥
L
p),θ
ω (T)

≤ c4δr
∥∥∥∥ 1

δr−1

δ�

0

. . .

δ�

0

|f (r)(x+ t1 + · · ·+ tr−1)| dt1 . . . dtr−1
∥∥∥∥
L
p),θ
ω (T)

≤ · · · ≤ c5δr
∥∥∥∥1

δ

rδ�

0

|f (r)(x+ t)| dt
∥∥∥∥
L
p),θ
ω (T)

= c5rδ
r

∥∥∥∥ 1

δr

rδ�

0

|f (r)(x+ t)| dt
∥∥∥∥
L
p),θ
ω (T)

≤ cδr‖f (r)‖
L
p),θ
ω (T).

Let f ∈ Lp),θω (T) and r ∈ N. We define

Kr(f, δ)p),θ,ω := inf
{
‖f − g‖

L
p),θ
ω (T) + δr‖g(r)‖

L
p),θ
ω (T) : g ∈ Wp),θ

r,ω (T), δ > 0
}
.

Theorem 7. Let 1 < p < ∞, θ > 0 and ω ∈ Ap(T). If f ∈ Lp),θω (T),
then

c6Ωr(f, δ)p),θ,ω ≤ Kr(f, δ)p),θ,ω ≤ c7Ωr(f, δ)p),θ,ω
with some constants c6 and c7 independent of δ.
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Proof. Let f ∈ Lp),θω (T) and g ∈ Wp),θ
r,ω (T). By Lemma 1,

Ωr(f, δ)p),θ,ω ≤ Ωr(f − g, δ)p),θ,ω +Ωr(g, δ)p),θ,ω

≤ c
(
‖f − g‖

L
p),θ
ω (T) + δr‖g(r)‖

L
p),θ
ω (T)

)
,

and taking the infimum in the last inequality we obtain

(2.1) Ωr(f, δ)p),θ,ω ≤ cKr(f, δ)p),θ,ω.

To prove the reverse inequality we define, for r ≥ 1 and δ > 0,

fr,δ(x) :=
2

δ

δ�

δ/2

{
1

hr

h�

0

. . .

h�

0

r−1∑
s=0

(−1)r+s+1

(
r

s

)
× f

(
x+

r − s
r

(t1 + · · ·+ tr)

)
dt1 . . . dtr

}
dh.

Then

∆r
(t1+···+tr)/rf(x) =

r−1∑
s=0

(−1)r+s+1

(
r

s

)
f

(
x+

r − s
r

(t1 + · · ·+ tr)

)
− f(x),

therefore

(2.2) ‖fr,δ(·)− f‖Lp),θω (T)

≤ 2

δ

δ�

δ/2

∥∥∥∥ 1

hr

h�

0

. . .

h�

0

∆r
(t1+···+tr)/rf(·) dt1 . . . dtr

∥∥∥∥
L
p),θ
ω (T)

dh

≤ 2

δ

δ�

δ/2

sup
δ/2≤h≤δ

∥∥∥∥ 1

hr

h�

0

. . .

h�

0

∆r
(t1+···+tr)/rf(·) dt1 . . . dtr

∥∥∥∥
L
p),θ
ω (T)

dh

= sup
δ/2≤h≤δ

∥∥∥∥ 1

hr

h�

0

. . .

h�

0

∆r
(t1+···+tr)/rf(·) dt1 . . . dtr

∥∥∥∥
L
p),θ
ω (T)

= sup
δ/2≤h≤δ

∥∥∥∥ 1

hr

h�

0

. . .

h�

0

(t2+···+tr+h�

t2+···+tr

|∆r
t/rf(·)| dt

)
dt2 . . . dtr

∥∥∥∥
L
p),θ
ω (T)

≤ c8 sup
δ/2≤h≤δ

∥∥∥∥ 1

hr−1

h�

0

. . .

h�

0

(rh�
0

|∆r
t/rf(·)| dt

)
dt2 . . . dtr

∥∥∥∥
L
p),θ
ω (T)

≤ · · · ≤ c9 sup
δ/2≤h≤δ

∥∥∥∥1

h

rh�

0

|∆r
t/rf(·)| dt

∥∥∥∥
L
p),θ
ω (T)

= c9r sup
0≤h≤δ

∥∥∥∥1

h

h�

0

|∆r
mf(·)| dm

∥∥∥∥
L
p),θ
ω (T)

= c10Ωr(f, δ)p),θ,ω.
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On the other hand,

f
(r)
r,δ (x) =

2

δ

δ�

δ/2

(
1

hr

r−1∑
s=0

(−1)r+s
(
r

s

)(
r

r − s

)r
∆r

(r−s)h/rf(x)

)
dh,

and hence

|f (r)r,δ (x)| ≤ 2

δ

δ�

δ/2

2r

δr

r−1∑
s=0

(
r

s

)(
r

r − s

)r
|∆r

(r−s)h/rf(x)| dh

≤ 2r+1δ−r
r−1∑
s=0

(
r

s

)(
r

r − s

)r 1

δ

δ�

0

|∆r
(r−s)h/rf(x)| dh.

Therefore,

(2.3) ‖f (r)r,δ ‖Lp),θω (T)

≤ 2r+1δ−r
r−1∑
s=0

(
r

s

)(
r

r − s

)r∥∥∥∥1

δ

δ�

0

|∆r
(r−s)h/rf(·)| dh

∥∥∥∥
L
p),θ
ω (T)

= 2r+1δ−r
r−1∑
s=0

(
r

s

)(
r

r − s

)r∥∥∥∥ 1

(r − s)δ/r

(r−s)δ/r�

0

|∆r
mf(x)| dm

∥∥∥∥
L
p),θ
ω (T)

≤ 2r+1δ−r
r−1∑
s=0

(
r

s

)(
r

r − s

)r
Ωr(f, δ)p),θ,ω = 22rδ−rΩr(f, δ)p),θ,ω.

Inequalities (2.2) and (2.3) imply that

Kr(f, δ)p),θ,ω ≤ ‖fr,δ − f‖Lp),θω (T) + δr‖f (r)r,δ ‖Lp),θω (T)

≤ 2r−1rΩr(f, δ)p),θ,ω + 22rδ−rΩr(f, δ)p),θ,ω ≤ c Ωr(f, δ)p),θ,ω.

Together with (2.1) this gives the desired inequality of Theorem 7.

Let

Dn(t) :=
1

2
+

n∑
k=1

cos kt and Fn(t) :=
1

n+ 1
+

n∑
k=0

Dk(t)

be the Dirichlet and Fejér kernels of order n, respectively. Consider the
sequence {Kn(f, x)} of the arithmetic means of Sn(f, x) defined as

Kn(f, x) :=
S0(f, x) + S1(f, x) + · · ·+ Sn(f, x)

n+ 1
, n ∈ N,

and having [5, p. 3] the representation

Kn(f, x) =
1

π

�

T

f(t)Fn(x− t) dt.
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Lemma 2. Let 1 < p <∞, θ > 0 and ω ∈ Ap(T). If Tn is a trigonomet-
ric polynomial of degree n, then

‖T ′n‖Lp),θω (T) ≤ cn‖Tn‖Lp),θω (T).

Proof. We use the technique from [21, Vol. I, p. 118]. Since

Tn(x) = Sn(Tn, x) =
1

π

�

T

Tn(u)Dn(u− x) du,

we have

T ′n(x) = − 1

π

�

T

Tn(u)D′n(u− x) du

=
1

π

�

T

Tn(u+ x)
( n∑
k=1

k sin ku
)
du.

Taking into account that

�

T

Tn(u+ x)

n−1∑
k=1

k sin(2n− k)u du = 0,

we get

T ′n(x) =
1

π

�

T

Tn(u+ x)
( n∑
k=1

k sin ku+
n−1∑
k=1

k sin(2n− k)u
)
du

=
1

π

�

T

Tn(u+ x)2n sinnu

(
1

2
+
n−1∑
k=1

n− k
n

cos ku

)
du

= 2n
1

π

�

T

Tn(u+ x)Fn−1(u) sinnu du.

Since Fn−1 is non-negative,

|T ′n(x)| ≤ 2n
1

π

�

T

|Tn(u+ x)|Fn−1(u) du

= 2n
1

π

�

T

|Tn(u)|Fn−1(u− x) du = 2nKn−1(|Tn|, x).

Now, using Theorem B and taking into account the definition of Kn(f, x)
we obtain the desired inequality.

3. Proof of main results

Proof of Theorem 1. Let f ∈ Wp),θ
r,ω (T). For the Fourier coefficients of f ,

denoted by ak and bk, k = 1, 2, . . . , we set
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A0(f, x) = a0/2, Ak(f, x) = ak cos kx+ bk sin kx,

Ak(f̃ , x) = ak sin kx− bk cos kx.

Since

Ak(f, x) = Ak

(
f, x+

rπ

2k

)
cos

rπ

2
+Ak

(
f̃ , x+

rπ

2k

)
sin

rπ

2
,

Ak(f
(r), x) = krAk

(
f, x+

rπ

2k

)
,

Ak(f̃ (r), x) = krAk

(
f̃ , x+

rπ

2k

)
,

we have

∞∑
k=n+1

1

kr
Ak(f

(r), x)

=
∞∑

k=n+1

1

kr
(
[Sk(f

(r), x)− f (r)(x)]− [Sk−1(f
(r), x)− f (r)(x)]

)
=

∞∑
k=n+1

(
1

kr
− 1

(k + 1)r

)
[Sk(f

(r), x)− f (r)(x)]

− 1

(n+ 1)r
[Sn(f (r), x)− f (r)(x)].

A similar relation holds for
∑∞

k=n+1
1
krAk(f̃

(r), x). By (1.1),

‖f − Sn(f, ·)‖
L
p),θ
ω (T) =

∥∥∥ ∞∑
k=n+1

Ak(f, ·)
∥∥∥
L
p),θ
ω (T)

=

∥∥∥∥cos
rπ

2

∞∑
k=n+1

1

kr
Ak(f

(r), ·) + sin
rπ

2

∞∑
k=n+1

1

kr
Ak(f̃ (r), ·)

∥∥∥∥
L
p),θ
ω (T)

≤
∞∑

k=n+1

(
1

kr
− 1

(k + 1)r

)
‖Sk(f (r), ·)− f (r)‖Lp),θω (T)

+
1

(n+ 1)r
‖Sn(f (r), ·)− f (r)‖

L
p),θ
ω (T)

+
∞∑

k=n+1

(
1

kr
− 1

(k + 1)r

)∥∥Sk(f̃ (r), ·)− f̃ (r)∥∥Lp),θω (T)

+
1

(n+ 1)r
∥∥Sn(f̃ (r), ·)− f̃ (r)

∥∥
L
p),θ
ω (T)
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≤ c11
{ ∞∑
k=n+1

(
1

kr
− 1

(k + 1)r

)
Ek(f

(r))p),θ,ω +
1

(n+ 1)r
En(f (r))p),θ,ω

}

+ c12

{ ∞∑
k=n+1

(
1

kr
− 1

(k + 1)r

)
Ek(f̃ (r))p),θ,ω +

1

(n+ 1)r
En(f̃ (r))p),θ,ω

}

≤ c13
{ ∞∑
k=n+1

(
1

kr
− 1

(k + 1)r

)
Ek(f

(r))p),θ,ω +
1

(n+ 1)r
En(f (r))p),θ,ω

}

≤ c13
∞∑

k=n+1

(
1

kr
− 1

(k + 1)r
+

1

(n+ 1)r

)
En(f (r))p),θ,ω

≤ c

(n+ 1)r
En(f (r))p),θ,ω.

Proof of Theorem 2. Let f ∈ Lp),θω (T). For a given g ∈ Wp),θ
r,ω and δ :=

1/n, by Theorem 1 and Corollary 1 we have

En(f)p),θ,ω ≤ En(f − g)p),θ,ω + En(g)p),θ,ω

≤ c
{
‖f − g‖

L
p),θ
ω (T) + δr‖g(r)‖

L
p),θ
ω (T)

}
≤ c14

{
‖f − g‖

L
p),θ
ω (T) +

1

nr
‖g(r)‖

L
p),θ
ω (T)

}
,

which by Theorem 7 implies that

En(f)p),θ,ω ≤ c15Kr(f, 1/n)p),θ,ω ≤ cΩr(f, 1/n)p),θ,ω.

Proof of Theorem 3. Let f ∈ Lp),θω (T) and let Tn ∈ Πn (n ∈ N) be the
polynomial of best approximation to f . For a given n ∈ N we choose m ∈ N
such that 2m ≤ n ≤ 2m+1. Using the subadditivity property of Ωr(f, δ)p),θ,ω
we have

(3.1) Ωr(f, δ)p),θ,ω ≤ Ωr(f − T2m+1 , δ)p),θ,ω +Ωr(T2m+1 , δ)p),θ,ω.

Using the inequality [5, p. 209]

(3.2) 2(ν+1)rE2ν (f)p),θ,ω ≤ 22r
2ν∑

k=2ν−1+1

kr−1Ek(f)p),θ,ω

and setting δ := 1/n we have

(3.3) Ωr(f − T2m+1 , δ)p),θ,ω ≤ c‖f − T2m+1‖
L
p),θ
ω (T) = cE2m+1(f)p),θ,ω

≤ c

nr
2(m+1)rE2m(f)p),θ,ω ≤ cδr22r

2m∑
k=2m−1+1

kr−1Ek(f)p),θ,ω.
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Now, by Lemmas 1 and 2 and by (3.2),

Ωr(T2m+1 , δ)p),θ,ω ≤ cδr‖T
(r)
2m+1‖Lp),θω (T)

= cδr
{
‖T (r)

1 − T (r)
0 ‖Lp),θω (T) +

m∑
ν=0

‖T (r)
2ν+1 − T

(r)
2ν ‖Lp),θω (T)

}
≤ c16δr

{
E0(f)p),θ,ω +

m∑
ν=0

2(ν+1)r‖T2ν+1 − T2ν‖Lp),θω (T)

}
≤ c17δr

{
E0(f)p),θ,ω +

m∑
ν=0

2(ν+1)rE2ν (f)p),θ,ω

}
≤ c17δr

{
E0(f)p),θ,ω + 2rE1(f)p),θ,ω +

m∑
ν=1

2(ν+1)rE2ν (f)p),θ,ω

}
≤ c18δr

{
E0(f)p),θ,ω +

m∑
ν=1

2ν∑
k=2ν−1+1

kr−1Ek(f)p),θ,ω

}
.

Therefore,

(3.4) Ωr(T2m+1 , δ)p),θ,ω ≤ c18δr
{
E0(f)p),θ,ω +

2m∑
k=1

kr−1Ek(f)p),θ,ω

}
,

and hence by (3.1), (3.3) and (3.4) we conclude that

Ωr(f, δ)p),θ,ω ≤ δr22r
2m∑

k=2m−1+1

kr−1Ek(f)p),θ,ω

+ c18δ
r
{
E0(f)p),θ,ω +

2m∑
k=1

kr−1Ek(f)p),θ,ω

}
≤ c19
nr

n∑
k=0

(k + 1)r−1Ek(f)p),θ,ω.

Proof of Theorem 4. Let f ∈ Hp),θω (D) and let
∑∞

k=−∞ cke
ikt be the

Fourier series of f with the nth partial sum Sn(f, t). Since f ∈ H1(D) we
have [7, p. 38]

ck =

{
βk(f), k ≥ 0,

0, k < 0.

Let Tn ∈ Πn be the polynomial of best approximation to f ∈ Hp),θω (D). By
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Theorem 2,∥∥∥f(z)−
n∑
k=0

βk(f)zk
∥∥∥
L
p),θ
ω (T)

= ‖f(eit)− Sn(f, t)‖
L
p),θ
ω (T)

≤ ‖f(eit)− Tn(t)‖
L
p),θ
ω (T) + ‖Sn(f, t)− Tn(t)‖

L
p),θ
ω (T)

= ‖f(eit)− Tn(t)‖
L
p),θ
ω (T) + ‖Sn(f − Tn, t)‖Lp),θω (T)

≤ c20‖f(eit)− Tn(t)‖
L
p),θ
ω (T)

= c21En(f)p),θ,ω ≤ cΩr(f, 1/n)p),θ,ω.

Proof of Theorem 5. Let Tn, n ∈ N, be the polynomials of best approx-
imation to f . By Lemma 2,

(3.5) ‖T (r)
2m+1 − T

(r)
2m ‖Lp),θω (T) ≤ c2

(m+1)r‖T2m+1 − T2m‖Lp),θω (T)

≤ c2(m+1)r
{
‖T2m+1 − f‖

L
p),θ
ω (T) + ‖f − T2m‖Lp),θω (T)

}
≤ c212(m+1)rE2m(f)p),θ,ω.

By (3.5), (3.2) and using the definition of the norm in Wp),θ
r,ω we have

∞∑
m=1

‖T2m+1 − T2m‖W p),θ
r,ω

=

∞∑
m=1

‖T2m+1 − T2m‖Lp),θω
+

∞∑
m=1

‖T (r)
2m+1 − T

(r)
2m ‖Lp),θω

≤ c22
∞∑
m=1

2(m+1)rE2m(f)p),θ,ω

≤ c2322r
∞∑
m=1

2m∑
k=2m−1+1

kr−1Ek(f)p),θ,ω

≤ c
∞∑
m=1

kr−1Ek(f)p),θ,ω <∞.

Hence ‖T2m+1 − T2m‖Lp),θω (T) → 0 as m→∞, which implies that {T2m} is a

Cauchy sequence converging to some f ∈ Wp),θ
r,ω (T).
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