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APPROXIMATION IN WEIGHTED GENERALIZED
GRAND LEBESGUE SPACES

BY

DANIYAL M. ISRAFILOV (Balikesir and Baku) and AHMET TESTICI (Balikesir)

Abstract. The direct and inverse problems of approximation theory in the subspace
of weighted generalized grand Lebesgue spaces of 27-periodic functions with the weights
satisfying Muckenhoupt’s condition are investigated. Appropriate direct and inverse the-
orems are proved. As a corollary some results on constructive characterization problems
in generalized Lipschitz classes are presented.

1. Introduction. Let w : T := [0,27] — [0,00] be a weight function,
that is, an integrable function, positive almost everywhere on T. The usual
weighted Lebesgue space LE,(T) is the set of all measurable functions on T
for which

1 1/p
{%S]f(:c)]pw(x)dx} <oo, 1<p<oo.
T

We denote by Lg)’e(T), 0 > 0, the weighted generalized grand Lebesgue space
which consists of the measurable functions on T such that

0 1/(p—e)
sup { S |f ()P w(x) dx} < 0.

0<e<p—1 2m T

Lg)’e (T) becomes a Banach space when equipped with the norm

51 1/(p—¢)
= = P=u(z)d .
Wiy =, {5 Pt e

If = 0 then L7’ (T) turns into the grand Lebesgue space ) (T). In the
case of f = 1, the non-weighted space LP)(T) := LP)'(T) is a grand Lebesgue
space, introduced in [I2] and later in [I1], for # > 1. The space LP)(T) is

a rearrangement invariant Banach function space, but is not reflexive. It is
clear that LP(T) C LP)(T) c LP~4(T), but LP(T) is not dense in LP)(T) (see
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for example [6]). Denote by £P)(T) the closure of LP(T), 1 < p < oo, with
respect to the norm of LP)(T). From [I0], [2] we know that £P)(T) consists
of all functions f such that

1
1 _— p—e =
glg(l) (627r 151‘ () d:v) 0
p),0

In general, Ly, (T) is not a rearrangement invariant space. Embedding re-
lations similar to those above hold in the case of weighted generalized grand
Lebesgue spaces: if 81 < 02 and 1 < p < 00, then

LE(T) € LP9(T) ¢ LP)%(T) c LE(T).
LE(T) is not dense in L?"?(T). We denote by £2)(T) the closure of L (T)

with respect to the norm of Lf,)’e(']l'); by [I§], it is the set of functions f
satisfying

e—0

lim <59217T 1§r (@) Pcw(z) dm) 0.

DEFINITION 1. Let 1 < p < oo and let w be a weight function on T.
Then w is said to satisfy the Muckenhoupt A,-condition on T if

L i 0 gy )
sup| — Sw(m)p dx = S w(z) /P dr < 00,
r \ly 1]

where the supremum is taken over all subintervals I of T.

Let us denote by A,(T) the set of all weight functions w satisfying the
Muckenhoupt A,-condition on T. Let I C T be an interval and let

Mf(z) =sup— | f(y)dy, weT,
I>x |I| I

be the Hardy—Littlewood maximal function. The following theorem holds.
THEOREM A ([I4]). Let 1 < p < oo and 0 > 0. Then M f is a bounded
operator in LZ)’H(T) if and only if w € Ap(T).

Let f € L'(T) and let fbe its conjugate function, with Fourier series

a > ) ~ > )
f(z) ~ 50 + Z(ak coskx + bysinkx),  f(x)~ Z(ak sin kx — by, cos kx).
k=1 k=1
Let n
ag .
Sn(f,x) = ) —{—;(akcosk‘x—l—bksmkm), n=12,...,

be the nth partial sum of the Fourier series of f.
To date, grand Lebesgue spaces have been considered in various fields; in
particular in PDE theory (see for example [19], [17], [13]), where they are the
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right spaces to consider some nonlinear equations, in the study of maximal op-
erators and, more generally, quasilinear operators, and in interpolation theory
(see for example [I1], [9], [8], [1]). There are also some pioneering results [3], [4],
[20] on approximation in subspaces of grand Lebesgue spaces. In particular,
n [3] the authors stated direct and inverse theorems of approximation theory

in non-weighted spaces Ep)’e(T), and later in [4], in weighted spaces Ef))’e (T).
THEOREM B ([20]). Let 1 <p < oo and 6 > 0. Then
Su(f, ‘
Jsup18a(7.1] 00 m
where ¢ is a constant independent of f.

TueoreM C ([20]). Let 1 < p < oo and 6 > 0. If f € £2P(T) with
w e Ay(T), then

< cllfl o & w € Ap(D),

nli)nolo ||S7’L(f7 ) - f”Lf)’g(T) =0.
THEOREM D ([20]). Let 1 < p < oo and 6 > 0. Then
Hf”Lﬁ)ﬂ(T) < CHfHLﬁ)vG(T) & we AP(T)a
where ¢ is a constant independent of f.

Let f € LZ’?""(T) with 1 < p < oo and 6 > 0, and let

T

A fla) =Y (~1)rtst (Z) fla+st), t>0,

s=0
for a given r € N. We define the mean value operator
h

oh () = 3 {14 ()t
0

If we A,(T) and 0 < 6 < oo, then by Theorem A we have

sup |07, (@)l oy < Cllfll oo gy <00

which implies the correctness of the following definition.

DEFINITION 2. Let 1 < p < co and 6 > 0, and let f € Ef,)’e(T) with
w € Ap(T). The function £2.(f,)p) g : [0,00) — [0,00) defined by

Qr(fv 5)p),0,w = |?11\1§p(5 ||O-hf($)”LfJ)v9(T)a r €N,

is called the rth mean modulus of f.
The modulus £2,(f,d)p) ¢, has the following properties:

(1) $2:(f,9)p) 6. is a non-negative and non—decreasmg function of 6 > 0.

( ) (f1+f2?') QwSQ(flv')p)Ow"i_Q(f%')
(iii) limp_o 2.(f, )p)ﬁ’w = 0.
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Denote by I1,, the set of trigonometric polynomials of degree not exceed-

ing n and by Ey,(f)p) e the best approximation number of f € Eﬁ)’e(’ﬂ‘),
defined as Ey(f)p) 0.0 = inf{[|f — TnHLp),g(T) : T,, € II,}. By Theorems B

and D we infer that

(1'1) Hf Sn, (f7 ')”LP < c b (f)p),@,wz En(f)p),@,w < CQEn(f)p),G,wa

with the constants mdependent of n.

Let » € N and let W,QZJG(T) (resp. Wﬁ)oje(T)) be the space of functions
f such that f"=1) is absolutely continuous on T and f{") e Lf,)’e(']I') (resp.
e ££>’9(1r)). Then W, ‘),}6('11‘) becomes a Banach space with the norm

HfHWP)Q T) HfH[}’)e + ”f(r)HLg)’@(T)
Our main results are the following:

THEOREM 1. Let 1 < p < o0, >0andr e N. If f € Wf,)oje('ﬂ‘) with
w e Apy(T), then

E(f))@w_iE(f(r) ,0,w> n €N,

with a constant ¢ > 0 independent of n.

THEOREM 2. Let 1 < p <oo,0 >0 andr € N. If f € Ef,)’e(’]l‘) with
w e Ay(T), then

E(f))ﬂwgcg(fa) 0w TLEN,

with a constant ¢ > 0 independent of n.

THEOREM 3. Let 1 <p < oo, 0 >0andr € N. If f € L'f,)’e(’]l‘) with
w € Ap(T), then

n

2(F, 00 < 2 Yk F D T BeDppowr nEN,

k=0
with a constant ¢ > 0 independent of n.

Let D:= {2 € C: |z|] < 1} and H!(D) be the Hardy space of analytic
functions in ID. It is known that every function f € H'(ID) has non-tangential
boundary limit values almost everywhere on the unit cirle and the limit
function belongs to L!(T) (see, for example, [15] and [7]). Let 1 < p < oo
and 6 > 0, and let Hf,)’e(ID)) be the weighted generalized grand Hardy space
defined as

HD(D) :={f € H'(D) : f € LD(T)}.

Denote by ”Hf,)’g(]D)) the closure of HP(D) in Lff,)’e(’]l‘). Then we obtain the
following theorems.
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THEOREM 4. Let f € ’HZ)’@(ID)) with w € Ap(T), and let 1 < p < 0o and
0>0.If Y07, Bi(f)2* is the Taylor series of f at the origin, then

f(z)—iﬁk(f)zk o S (f,0)p) 0w TEN,
k=0 LM

with a constant ¢ > 0 independent of n.

THEOREM 5. Let1 < p < oo, 0> 0 and let f € L2 (T) withw € A,(T).
If

[e.e]

Z kT_lEk(f)p),@,w < 00

k=1
for some r € N, then f € Wﬁ)f(']l‘).
COROLLARY 1. Let 1 < p < oo and 6 > 0, and let w € Ay(T). If
fe Wﬁ?,je('ﬂ') for some r € N, then
L
En(f)p),@,w S nr ||f ||LZ)’9(T)
with a constant ¢ > 0 independent of n.

COROLLARY 2. Let1l <p<o00,60 >0 andletw e A,(T). If f € EZ)’Q(T)
and En(f)p) o0 = O(n~%), n €N, for some a > 0, then

O(da% r>aqQ,
2 (f.0)p) 00 = { O(%log(1/5)), r=a,
O(d"), r<a,

for 6 >0 and r € N.

Hence if we define the generalized grand Lipschitz class Lipg)’e(’]l‘) for
a>0and r:=[a]+1 as

Lipt)?(T,0) = {f € LDO(T) : 2(f,6),)00 = O°) for & > 0},
then we have
COROLLARY 3. Letl <p<oo,0 >0 andletw e Ay(T). If f € EZ)’Q(T)
and En(f)p) g0 = O(n=%) for some a >0, then f € Lipﬁ)’e('ﬂ‘, Q).
COROLLARY 4. Let 1 < p < oo and 8 > 0. If f € Eg)’e(’]l“) for some
a >0, then En(f)p) 60w =O0Mm™ ), n €N,
Combining Corollaries 3 and 4 we obtain the following theorem.

THEOREM 6. Letw € A,(T) with1 < p < oo and § > 0. Then for a >0
the following assertions are equivalent:

(i) f € Lipl (T, a),

(11) En(f)p)ﬂ,w = O(n_a)'
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2. Auxiliary results. We shall denote by ¢, ¢1, co, . .. constants (in gen-
eral, different in different relations) depending only on numbers that are not
important for the questions of our interest.

LEMMA 1. Let 1 < p < 00, § > 0 and w € A,(T). If f € WELY(T),
r € N, then

Qr(f7 5)p),6’,w < C(STHf(T) HLf,)’G('JI‘)

with a constant ¢ > 0 independent of n.

Proof. Let f € Wﬁ%&e(’]l‘). Since (") € Eﬁ)’e(T) we have

t t
A f) =\ N fO@+tr 4+ +t)dt ... dt,.
0 0

Now by Theorem A and the substitution ¢ :=t; + --- + ¢, we get

1h

0 (F. )y g0 = S H {147 £ (o) de
Ih|<6

g (m
s

1)
gc;),HS...S]f(T)(x—i—tl—i—---—s—tr)]dtl...dtr
0

£ (m)

) 1)
{ L S...§|f<’“>(x+t1+--~+tT)|dt1...dtT_1}dtr
0

L2 (T)

2]

<< egs %S\f(”)(a:—ktﬂdt

0

Lf})ﬂ (rﬂw)
rd

5i | 1FO) (@ + 1)t

=c51r0" H
"o L2 ()

< | F N ooy m

Let f € .Cf,)’e(’]I‘) and r € N. We define
Kr(fa 5)p),0,w := inf {Hf_gHLg)ae(T) _‘_57’”9(7“)||L£)’9(T) 1g € nga(rﬂ‘)a 6> 0}

THEOREM 7. Let 1 < p < o0, 0 >0 and w € A,(T). If f € 65)’9(']?),
then

C6QT(f7 5)p),0,w < Kr(fa 5)p),0,w < C7QT(fv 5)p),6,w

with some constants cg and cy independent of 6.
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Proof. Let f € Ep)’e(’]l') and g € Wf)oje(']f). By Lemma 1,
(fv ) 0,w < Q (f g, )p),@,w + 'Qr(gaé)p),@,w
< e(1f = gll oy + 5719 o).
and taking the infimum in the last inequality we obtain

(21> (f? ) 9w<CK (fv )
To prove the reverse inequality we define, for r 2 1 and 6 >0,

é h hr—1

o) i= 3 § {1 e (1)
5/2 0 0s=0
X f<x+ ?(t1 +--~+tr)> dty ... dtr}dh.
Then
Ay (@) = TZ_%(—WS“ ()r(e+ "t - s
therefore -

(2:2) N frs() — fHLW(qr

hooh
2 1
SfS — VA o F () dty dh
55/2 h o o L?%(T)
5 L hoh
< = sup ||[—\...\A7, . LfC)dty .. dt, dh
gl o} S ey
hooh
1
= Sup o S . SA(t1+ A, )/Tf() dtl .. dtr
s2<h<s A" 5 g L2 (m)
L b ettt
= sup h—Sg( [ 14y, sl dt)dey. i, L
§/2<h<s 1V g 0 ity L (m)
h o horh
1
< cg sup — AL ()] dt) dts ... dt,
6/2<h<s |17 1§J éQ’ /Ol L2 (m)
17“/7,
<oosa s 1Ay 0ld
§/2<h<s 11 L2°(t)
h
1
= cor sup *S|A:nf(‘)|dm = 102+ (f,0)p) 0.
o<h<s |lh g (1)
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On the other hand,

T 2 b 1 — r+s (T r ' r
frg,é)(x) "5 5§2<h7" Z(_l) . <8> (7“ — s> A(T_S)h/rf($)> .

and hence

Therefore,

(2.3) quE;)HLfJ)’G(’]I‘)

r—1 r
1
<ortigr N (M) (L ~{|ar )| dh
> SZ:; <8) (7"—8 58‘ (r—s)h/r ()| L{:)’G(T)
. =1 NG 1 (r—s)d/r
:2r+ —-r Ar
L) o= | e,

r—1 r
r r T T e—T
< 27‘+15 Z <5> (T‘ S> Qr(fv 5)[))79,&1 = 22 d Qr(f’ 6)p)’97“’
s=0

Inequalities (2.2) and ({2.3]) imply that
Ko (£,0)p000 < s = Fll oy + 155 o
< 21“717497‘(.]07 5)p),0,w + 22T57rgr(f7 6)p),9,w <c \Qr(fa 6)p),9,w
Together with (2.1 this gives the desired inequality of Theorem 7. m
Let

1
Dp(t) := 7+Zcosk:t and  F( +ZDk
k=1

be the Dirichlet and Fejér kernels of order n, respectlvely. Consider the
sequence {K,(f,z)} of the arithmetic means of S, (f,z) defined as

) n+1
and having [9, p. 3] the representation

Kalf, ) = = § F(0) Fule — ).t

T

, mneN|
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LEMMA 2. Let1 <p < oo, 0 >0 andw € Ay(T). If T), is a trigonomet-
ric polynomial of degree n, then

HTT/LHLg)’G(']T) < CnHTnHLZ)’G(T)'
Proof. We use the technique from [21I] Vol. I, p. 118]. Since

To(x) = Sp(Th,x) = 1 S T (w) Dy (u — ) du,

T
T
we have

T!(2) = —= | T(w) D, (u — ) du

™
T
1 ~
= S T (u+ x) (Z ksmku) du.
T k=1
Taking into account that
n—1
S T (u+x) Z ksin(2n — k)udu = 0,
T k=1
we get
n n—1
1
T (z) == S Tn(u+ ) (Z k sin ku + Z ksin(2n — k:)u) du
™
T k=1 k=1

n—=k
n

cos ku) du

1 1 n—1
- 1STTn(u + x)2nsin nu(2 + ;

1
= 2n— S Th(u+ x)F,—1(u) sinnu du.
Tr
Since F,_1 is non-negative,

1T4)| < 20§ T+ ) Fos ()

T
=2n= | | T ()| Froi1 (u — ) du = 20Ky (| Ty], ).
T

Now, using Theorem B and taking into account the definition of K, (f,x)
we obtain the desired inequality. =

3. Proof of main results

Proof of Theorem Let f € Wﬁl}e(’ﬂ‘). For the Fourier coefficients of f,
denoted by ar and by, k =1,2,..., we set
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Ao(f,x) = ap/2, Ag(f,x) = aycoskx + by sin kx,
Ak(f, x) = ag sin kxz — by cos kx.

Since

T T ~ roe\ . 7
Ap(f, ) —Ak<f,az+2k> C082+Ak<f,x+%) sin —-,

Ap(f7),2) = K" Ay <f,a:+ %)

Ar(f0),z) = k' (f x+2k)
we have
k=n+1 ~

= 3 L SUO )~ fO@] - 1S, a) - FO@)
k=n-+1

v (L 1 r (r
kZH(k i) )[Sku )= (@)
- ) = £

A similar relation holds for 2 S A1), z). By | ,

1f = SulF: M o —HZ Al(f.)

)9
k=n+1 LG (T)
T — LT 1
= ||cos 5 Z EAk(f(r )—I—sm? Z ﬁAk(f(T)»‘)
k=n+1 k=n+1
= /1 1
< - _ 7“) (7’)
_k2+<k G IS = 1 o
( ) ( 7 )_ (T)HLE),Q(T)
- ﬂ( k+1 )H W) = O oy
+(n+1 807 )= I o



WEIGHTED GRAND LEBESGUE SPACES 123

[e o]

1 1 (r) 1 (r)
< Cll{k;_l(km (kﬁ T 1)T>Ek(f )p),@,w + (n T 1)TEn(f )p),@,w}

o0

1 1 - 1
conl 3 (= ) B0 e+ gy e

oo

1 1 1

_ 1 (r)
<c3 Z ( o k—l—l) + (n+1)T>En(f )p),@,w

k=n+1

&
<—— _E,(f™ :
> (n—i—l)r (f )p),@,w u

Proof of Theorem@ Let f € Ef,)’g(’]I‘). For a given g € Wﬁzf and § =
1/n, by Theorem 1 and Corollary 1 we have

En(f)p),@,w = (f g)p) 0w + E, ( )p),G,w
< e{If = all o + 187 o)

1
< a1l = sllgom, + 16 s
which by Theorem 7 implies that

En(f)p),@,w < ci5K, (f7 1/”) 0w < C‘Q (f7 1/”) Hw- W

Proof of Theorem B Let f € b (T) and let T,, € II,, (n € N) be the
polynomial of best approximation to f. For a given n € N we choose m € N
such that 2™ < n < 2m*+1, Using the subadditivity property of £2,.(f,d)
we have

(31) ‘Q'F(fv 5)1)),9,0.; < QT(f - T2m+1 ) 6)p),9,w + Q"’(T2m+1 ) 5)p),9,w~
Using the inequality [5, p. 209]

P),0,w

21—/
(3.2) 2 B (o <27 D K T Ek(Fp) o
k=2v—-141

and setting ¢ := 1/n we have

(3:3) 2ulF ~ Tyr. O < cllf ~ Towisll o gy = B (D
om
C r_
S EQ(m+1)TE2m(f)p)’0’w S C(ST22T Z k; lEk(f)p)’g’w
k=2m-141
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Now, by Lemmas [I| and |2l and by (3.2)),

2 (Tyms1,8)p) 000 < 8Tl | o
= e {1 = TN oy + DT = T2 oy }
v=0

< c168"{ Bo( )y 00 + Z 2040 | Tyis = T oy }

< cr7d” {Eo )00 T Z 2041 TE?”(f)p),@,w}
v=0
< 0175’"{E0 1w+ 2 EL(Fpyow + D 2(V+1)TE2”(f)p),67w}
v=1
< C185T{E0 )00 T Z Z K EL(f )O,w}'
v=1f=2v—141
Therefore,
27’”
(34) QT(T2m+1 ) 6)p),9,w < 6185T{E0(f)p),0,w + Z kr_lEk(f)p),Q,w}y
k=1

and hence by (3.1]), (3.3)) and (3.4) we conclude that
2m

(o) pow <0672 D KT E(f)y) 0
k=2m—141
2771

+ 0185T{E0<f)p),9,w +) kr*lEk(f)p),e,w}

k=1

C n _
<N+ )T B0

Proof of Theorem 4. Let f € ’HZ)’Q(ID) and let Y 72 cxe’™ be the
Fourier series of f with the nth partial sum S, (f,t). Since f € H'(D) we
have [7, p. 38|

c :{Bk(f)v kEO,
"~ o, k< 0.

Let T,, € II,, be the polynomial of best approximation to f € ”Hfj)’e (D). By
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Theorem [2]

763~ S autne®

k=0

_ it
oy = 176" = Sa(F 0 o

S Hf(elt) - Tn(t)HLg),@(T) =+ HSn(f7 t) - Tn(t)HLg)ﬂ(T)
= £ = Tt} ey + 15a0F — T )l o
< exnllf(E) = To(®)l o

=ca by () GwSCQ (fv]-/n) Ow- 1

Proof of Theorem[3 Let T,,, n € N, be the polynomials of best approx-
imation to f. By Lemma

35) T, — T o S " Ty = Tom | o g,
< 2" Tomes = £l oy + 1 = Tl oy}
< 0212(m+1)TE2m (f)p),@,w'
By || D and using the definition of the norm in WY, )039 we have
o0
Z||T2m+l — szHWf,)U}g = Z HT2m+1 TQmHLp 0 +Z HTQ(:,LH — 2(;)||Lf,>‘0

m=1

< c2 Z 2(m+1)TE2m(f)p),9,w

m=1

e 2m
2327 Y > T E()pow

m=1k=2m-141

<c ZkT Ek p)@w

Hence ||Tym1 — Tom H )~ 0 as m — oo, which implies that {Tom} is a

IN

Cauchy sequence converglng to some f € W ﬁl,e(’]l‘). "
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