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Infinitesimal generators for a class of polynomial processes
by

WeroDzIMIERZ BRYC (Cincinnati, OH)
and JACEK WESOLOWSKI (Warszawa)

Abstract. We study the infinitesimal generators of evolutions of linear mappings on
the space of polynomials, which correspond to a special class of Markov processes with
polynomial regressions called quadratic harnesses. We relate the infinitesimal generator
to the unique solution of a certain commutation equation, and we use the commutation
equation to find an explicit formula for the infinitesimal generator of free quadratic har-
nesses.

1. Introduction. In this paper we study properties of evolutions of
degree-preserving linear mappings on the space of polynomials. We analyze
these mappings in a self-contained algebraic language assuming a number
of algebraic properties which have been abstracted out from some special
properties of a family of Markov processes called quadratic harnesses. We
therefore begin with a review of the relevant theory of Markov processes that
motivates our assumptions.

The relevant Markov processes have polynomial regressions with respect
to the past o-fields; they enjoy many interesting properties and appeared in
numerous references |2}, 13, |10} |12} |15-17,|22-31]. As observed by Cuchiero [14]
and Szabtowski [32], the transition probabilities Ps ;(x, dy) of such a process
on an infinite state space define a family (P ;)o<s<¢ of linear transformations
that map the linear space P = P(R) of all real polynomials in the variable
x into itself. The crucial property that holds in many interesting examples
is that the transformations Ps; do not increase the degree of a polynomial,
that is, P, s : P<p — P<i, where P<j, denotes the linear space of polynomials
of degree < k, k = 0,1,.... This will be the basis for our algebraic approach.
Cuchiero [14] (see also [15]) introduced the term “polynomial process” for
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such a process in the time-homogeneous case; we will use this term more
broadly to denote the family of operators rather than a Markov process.
That is, we adopt the point of view that the linear mappings P, of P can
be analyzed “in the abstract” without explicit reference to the underlying
Markov process and the transition operators.

We note that the operators P, ; are well defined whenever the support of
X, is infinite. So, strictly speaking, the operators Pg; are well defined only
for the so called Markov families that can be started at an infinite number
of values of X(. However, it will turn out that in the cases we are interested
in, even if a Markov process starts with Xg = 0 we can pass to the limit
in P,; as s — 0 and in this way define a unique degree-preserving mapping
Pot: P — P.

With the above in mind, we introduce the following definition.

DEFINITION 1.1. Let P be the linear space of real polynomials in one
variable z. A polynomial process is a family {Ps; : P — P, 0 < s < t} of
linear maps with the following properties:

(i) for k=0,1,... and 0 < s < ¢,
Pst(P<k) = P<i,

(1'1) Ps,t o Pt,u = Ps,u-

Our next task is to abstract out the properties of polynomial processes
that correspond to a special class of Markov processes with linear regressions
and quadratic conditional variances under two-sided conditioning. The two-
sided linearity of regression, which is sometimes called the harness property,
takes the following form:

(1.2) E(X, | X, Xu) =~ Xo+ X, 0<s<t<u
u—Ss u—S

(see e.g. |19, formula (2)]).

We will also assume that the conditional second moment of X; given
X5, Xy is a second degree polynomial in the variables X and X,. The
conclusion of 8, Theorem 2.2| says that there are five numerical constants
n,0 €R, 0,7 >0, and v < 1+ 2y/07 such that for all 0 < s <t < u,

(1.3)  Var(Xy| X, Xu,)
o (u—=t)(t—s) uXs — sXy Xu — X5
_u(l—i—as)+7'—”ys<1—H7 u—s 0 u—s
uXs — 5Xy)? Xy — Xs)? X — X)) (uXs — sX,
e e e =)

+o
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Such processes, when standardized, are called quadratic harnesses.
Typically they are uniquely determined by the five constants 7, 8, o, 7, v
from . We will also assume that (X;) is a martingale in the natural
filtration. This is a consequence of when E(X;) does not depend on ¢
(cf. |10, p. 417].

The martingale property is easily expressed in the language of polyno-
mial processes, as it just says that Pg;(z) = . Somewhat more generally,
if polynomials my(z;t) in x for k > 0 are martingale polynomials for a
Markov process (X;), that is, E(myg(X¢;t) | Xs) = mi(Xs, s), & > 0, then
Pst(mg (1)) (x) = my(x;s) for s < t.

It is harder to deduce the properties of Py ; that correspond to and
. We will find it useful to describe linear mappings on polynomials in the
algebraic language, and we will rely on martingale polynomials to complete
this task.

1.1. The algebra Q of sequences of polynomials. We consider the
linear space Q of all infinite sequences of polynomials in x with a nonstandard
multiplication defined as follows. For P = (pg,p1,...) and Q = (q0,¢1,---)
in Q, we define the product R = PQ as the sequence R = (rg,r1,...) € Q
of polynomials given by

deg(qx)

(1.4) re() = D ladpi(z),  k=0,1,...,

=0

where [gx]; is the coefficient of 27 in g. It is easy to check that the algebra
O has the identity

E=(1,z,2%...).

We will frequently use two special elements of Q:

(1.5) F = (z,2% 2% ...),
and
(1.6) D= (0,1,2,2°%...),

which is the left inverse of F.

The algebra Q is isomorphic to the algebra of all linear mappings P —
P under composition: to each P : P — P we associate a sequence P =
(po,p1,...) of polynomials in z by setting pr = P(x*). Of course, if P does
not increase the degree, then p; is of degree at most k.

This is indeed an algebra isomorphism: the composition R = PoQ of linear
operators P and Q on P induces the product R = PQ of the corresponding
sequences P = (po,p1,...) and Q = (qo,q1, ... ), defined in (|1.4).

It is clear that degree-preserving linear mappings of P are invertible.
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PRrROPOSITION 1.2. If for every n the polynomial p, is of degree n then
P = (po,p1,-...) has a multiplicative inverse Q = (qo, q1,...) and each poly-
nomial q, is of degree n.

In this paper we study P,; through the corresponding elements Pg; of
the algebra Q. We therefore rewrite Definition [I.1] in terms of Q.

DEFINITION 1.3 (Equivalent form of Definition . A polynomial pro-
cess is a family {Ps; € Q : 0 < s <t} with the following properties:

(i) for 0 < s <t and n = 0,1,..., the nth component of P,; is a
polynomial of degree n,
(ii) Psy(E —FD) = E — FD,
(iii) for 0 < s <t <,
(1.7) ]P)s,t]P)t,u = Ps,u-

Since the special elements ((1.5) and (1.6]) satisfy (1,0,0,...) = E — FD,
property (i) is Py (1,0,0,...) = (1,0,0,...) (see Definition [L.1f(ii)).

1.2. Martingale polynomials. In this section we rederive |32, Theo-
rem 1|. We note that by Proposition each Py is an invertible element
of Q. So from we see that P;; = [E for all ¢ > 0. In particular, Pg; is
invertible and M; = Py} consists of polynomials my(z;t) in = of degree k.
From , we get IP’()’SI’P’SJMt = Py :M; = E. Multiplying this on the left by
M, = IP’(IS, we see that

(1.8) Mg = Py M,

i.e., M} is a sequence of martingale polynomials for {P,;} and in addition
My = E. Conversely,

(1.9) P, = M,M; .

Ref. [32] points out that in general martingale polynomials are not
unique. However, any sequence M; = (mo(x;t), m1(z;t),...) of martingale
polynomials (with my(z;t) of degree k for k = 0,1, ...) still uniquely deter-
mines Py via Py ; = MSM;l.

1.3. Quadratic harnesses. Recall that our goal is to abstract out the
properties of the (algebraic) polynomial process {P,;} that correspond to
relations and . Since this correspondence is not direct, we first
give an algebraic definition, and then a motivation for it.

DEFINITION 1.4. We say that a polynomial process {Ps;: 0 < s <t} is
a quadratic harness with parameters 7,6, o, 7, v if the following three condi-
tions hold:

(i) (martingale property) Ps;(FD — F?D?) = FD — F?D?,
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(ii) (harness property) there exists X € Q such that for all £ > 0,
(1.10) PoF = (F + tX)Py s,

(ili) (quadratic harness property) the element X € Q in satisfies

the quadratic equation

(1.11) XF — AFX = E 4 9F + 0X 4 oF? + 7X2.

REMARK 1.5. Using the martingale polynomials My = Py i from Sec-
tion we can rewrite assumption as
(1.12) FM; = My (F + tX).

We now give a brief explanation of how the algebraic properties in con-

ditions (i)—(iii) of Definition are related to the corresponding properties
of a (polynomial) Markov process.

1.8.1. Motivation for the martingale property. For a Markov process (X;)
with the natural filtration (F;) the martingale property takes a more familiar
form, E(X; | Fs) = Xs. Translated back into the language of linear operators
on polynomials, this is P, ;(z) = x. In the language of the algebra Q this is
P +(0,2,0,0,...) =(0,2,0,0,...). To get the final form of condition (i) we
note that FD — F2D? = (0, z,0,0,...).

1.3.2. Motivation for the harness property (1.10). For a Markov pro-
cesses (X;) with martingale polynomials m,,(z;t), property (1.2) implies
that

E(Ximn (X t) | Xs) = E(Xymn (X u) [ Xs)

= E(E(X:| X, Xu)mn (Xu;u) | Xs)

u—t t—s
= XE(mp(Xy;u) | Xs) + ——E(Xym, (Xu;u) | Xs)
uU— S U— S
u—t t—s
= Xsmp(Xs; s) + E(Xymp(Xy;u) | Xs).
U— 5 uU— S

The resulting identity
t—s

u—t
E(Xim, (X t) | Xs) = EXsmn(XS; s) + E(Xymn(Xy;u) | Xs)

u—s
in the language of the algebra Q with My = (mg(x;t), mi(z;t),...) becomes
u—t t—s

FM, + ——P, ,FM,,.

u—3S u—Ss

(1.13) P, JFM, =

Since each polynomial zm,(z;t) can be written as a linear combination
of mo(z;t),...,mpy1(x;t), one can find J; € Q such that FM; = M,J;.
Inserting this into , we see that the martingale property eliminates
P, and after left-multiplication by M3 ! we get

(u—38)J = (u—t)Js + (t — $)Ju.
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In particular, J; depends linearly on ¢ and thus
Jr =Jo + t(Jl - Jo)‘

This shows that for any martingale polynomials the harness property implies
that there exist Y, X € Q such that

(1.14) FM; = M, (Y + tX).

In our special case of M; = IP’E}, we get Y = Jg = FMy = FE = F. This
establishes ((1.12)), which is of course equivalent to ((1.10)).

1.3.3. Motivation for the quadratic harness property . Suppose the
polynomial process {P,;} in the sense of Definition arises from a Markov
process with polynomial conditional moments which is a harness and in
addition has quadratic conditional variances . Then from the previous
discussion, holds, and under mild technical assumptions, |8, Theorem
2.3] shows that X, Y satisfy a commutation equation which reduces to ((1.11)
when Y = FF. This motivates condition (iii).

In fact, it is known that under some additional assumptions on the growth
of moments, and imply and (see |31}, Section 4.1]);
this equivalence is also implicit in the proof of [8, Theorem 2.3| and is explic-
itly used in |12, p. 1244]. However, this has no direct bearing on our paper,
as in this paper we simply adopt the algebraic Definition [T-4]

1.4. Infinitesimal generator. A polynomial process {P,;} with the
harness property (|1.10]) is uniquely determined by X. Indeed, the nth element
of the sequence on the left hand side of ([1.10) is the (n + 1)th polynomial
in P ¢, while the nth element of the sequence on the right hand side of ([1.10))
depends only on the first n polynomials in Pg;. In fact, one can check that

o0
(1.15) Po. = » (F+ tX)*(E — FD)D".
k=0

Since the kth element of F+¢X has degree k+1, it follows from ((1.12)) that
M is a rational function of ¢. Formula ([1.9)) shows that the left infinitesimal
generator

. 1
(116) At = hlifél_'_ E(Pt_h’t - E), t > O,
is a well defined element of Q, and that
0
1.1 AM; = ——M
(1.17) 1Vl o

with differentiation defined componentwise.

Since PP, 4 is continuous in ¢, the right infinitesimal generator exists and is
given by the same expression. To see this, we compute limj,_,o+ %(inh —E)
on M;. We have
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1 1
lim —(P M; —M;) = lim P —(M; — M
hgél+ h( t,t+h iVl t) hi}%ﬂ t,t+hh( ¢ t+h)
1 0
= lim P lim —(M; — M = ——M;,.
hif& t,t+h hi}%ﬂ h( t t+h) ot 1

The infinitesimal generator A; determines [P, ; uniquely; for an algebraic
proof see Proposition Clearly, M; = E — Sf) A M ds.

The infinitesimal generator A; and its companion operator A; : P — P
are the main objects of interest in this paper.

REMARK 1.6. We note that A; = (0,a1(z;t), az(z;t),...) always starts
with a 0, since from Pg;(1) = 1 it follows that A;(1) = 0. It is clear that
an(z;t) is a polynomial in x of degree at most n. The martingale prop-
erty implies that aj(x;t) = 0, as A¢(x) = 0. The infinitesimal generator
considered as an element of @ in the latter case starts with two zeros,
Ay = (0,0, as(x;t), as(x;t),...).

2. Basic properties of infinitesimal generators for quadratic har-
nesses. Our first result introduces an auxiliary element H; € Q that is
related to A; by a commutation equation.

THEOREM 2.1. Suppose that {Ps; € Q : 0 < s < t} is a quadratic
harness as in Definition [I.4) with generator A;. For t > 0, let

(2.1) H; = AJF — FA,
and denote Ty = F — tH;. Then
(2.2) H;T; — yT¢H; = E + 0H, + Ty + 7H? + oTZ.

Proof. Differentiating (1.12]) and then using ((1.17)) we get
“FAM, = —AM,(F + tX) + MX.

Multiplying this from the right by M;! and using (T.12)) to replace M (F +
tX)M; ! by F we get

—FAy = —AF + M XM L
Comparing this with (2.1) we see that
(2.3) H; = MXM; .

We now use this together with (1.12)) in the definition of T, = F — ¢H;
= My (F + tX)M; ' — tH; to get

T; = MFM; .

To derive equation ([2.2)) we now multiply (1.11)) by My from the left and by
Mt_l from the right. =

REMARK 2.2. As observed in Remark [1.6] the nth element of A; is a
polynomial of degree at most n. Thus writing H; = (ho(x), h1(x),...), from
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(2.1)) we see that h, is of degree at most n + 1. The martingale property
implies that ho(z) = 0.

We will need several uniqueness results that follow from the more detailed
elementwise analysis of sequences of polynomials. We first show that the
generator determines the polynomial process uniquely, at least under the

harness condition (1.10]).

PROPOSITION 2.3. A polynomial process {Ps; : 0 < s < t} with harness
property (1.10) is uniquely determined by its generator A;.

Proof. Fix s < t. Combining with we get
P, ,F — FP,; = MM, 'F — FM,M;, !
= M(Y + tX)M; !t — M (Y 4 sX)M; !
= (t — s)M M (MXM; 1),
Therefore, from (2.3)) we get
P 4F = FP, ¢ + (t — s)P, H.
With s = 0, this implies
MF = (F — ¢tH,;)M,.
This equation is similar to and again uniqueness follows from consid-
eration of the degrees of the polynomials. The solution is
o0
M, = > (F — tH,)*(E — FD)D*
k=0
(cf. ) Thus M is uniquely determined, and shows that the op-

erators IP;; are uniquely determined. Since H; is expressed in terms of A;
by (2.1)), this ends the proof. =

Next, we show that H; = (hg,h1,...) is uniquely determined by the
commutation equation with the “initial condition” hy = 0. From the
proof of Proposition it then follows that the entire quadratic harness
{P,:} as well as its generator are also uniquely determined by .

PROPOSITION 2.4. If o,7 > 0, and oT # 1 then equation (2.2) has a
unique solution among H; € Q such that ho(z) = 0.

Proof. Eliminating T; = F — tH; from (2.2) we can rewrite it in the
following equivalent form:
(2.4) HF —~FH; = E+ 0H; +n(F — tH;) + 7H? + o (F — tH;)? 4 (1 — ) tH2.

Write Hy = H = (hn(2))n=0,1,... for a fixed ¢ > 0, with hg = 0. We will
simultaneously prove by induction on n that the polynomial h,, (z) is uniquely
determined and that its degree is at most n + 1. With hg = 0 the assertion
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is clear. We therefore assume that hg, hq,..., h, are given polynomials of
degrees at most 1,2,...,n + 1, respectively.

Looking at the nth element of for n > 0, we get the following
equation for hp41(x):

(25) (L4 0t — [hnlnt1(ot® + (1 =)t + 7)) hny (2)
= 2" + 2"+ o™ (0 — tn)hn(z)
+ (v = ot)ahn(z) + (0> + (L=t +7) > [hnljhi(2).
§=0
The degree of the polynomial on the right hand side is at most n + 2, as the
highest degree term is (o 4 (Y — ot)[hn]ns1)z" 2. To complete the proof, it

suffices to verify that for all n > 0, the coefficient 1 + ot — [hy]11(0t? +
(1 — )t + 7) on the left hand side of (2.5) does not vanish.

We consider separately two cases.

CASE v 4+ o7 # 0. Suppose that for some n > 0 the coefficient of
hpn+1(z) on the left hand side of (2.5)) is 0. Since 1+t > 0, this implies that
ot? + (1 — )t + 7 cannot be zero. So we get

(B - 1+ot
it o2+ (1—y)t+7

We now use this value to compute the coefficient of %2 on the right hand

side of (2.5)). We get
o+ (v —ot)[hplnt1 =

Yy+oT
aﬁ+ﬂ—7ﬁ+7¢0
Since the left hand side of is 0, and the degree of the right hand side
of is n + 2, this is a contradiction.
This shows that the coefficient of h,11(z) on the left hand side of
is non-zero for all n > 0. So each polynomial h,11(x) is uniquely determined
and has degree at most n + 2 for all n > 0.

CASE v + o7 = 0. In this case ot> + (1 — )t + 7 = (1 + ot)(7 + t).
Equating the coefficients of 2”2 on both sides of (2.5) we get

(2.6) (1+ot)(1— [hn]n-i-l(T + t))[hn+1]n+2 =o(l- [hn]n+1(7' +1)).

Since ho(x) = 0, this gives [h1]2 = o/(1 4+ ot). So for n = 1 we get
1 — [Aplpy1(m +t) = (1 — o7)/(1 + ot) # 0. Dividing both sides of
by this expression we get recursively [hy|n+1 = /(1 + ot) for all n > 1.
Therefore, for n > 1, the left hand side of simplifies to (1 —o7)h,41(2).
Using again 1 — o7 # 0, this shows that the polynomial h,; is uniquely
determined and its degree is at most n+ 2. Of course, determines hq ()
uniquely too, as ho(z) =0. =
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Our main result is the identification of the infinitesimal generator for
quadratic harnesses with v = —o7. Such processes were called “free quadratic
harnesses” in |8, Section 4.1]. Markov processes with the free quadratic har-
ness property were constructed in [9] but the construction required more
restrictions on the parameters than what we impose here.

In this section we represent the infinitesimal generators using the aux-
iliary power series ¢;(ID) with D defined by (L.6). In Section [ we will use
the results of this section to derive the integral representation for the
operator A; under a more restricted range of parameters 7,0, o, 7.

For a formal power series p(z) = >3 cx2® we shall write ¢(ID) for the
series » . c:DF. We note that since the sequence D* begins with k zeros,
> ckDF is a sequence of finite sums:

n
o(D) = (co,cozv —1—01,60962 +cix +cg,... ,chx”_j, .. )
§j=0

So ¢(D) is a well defined element of Q.
We will also need Dy = >_72  FFDFL = (0, 1,22, 322,...) which repre-
sents the derivative.

THEOREM 2.5. Fix n,0 € R and o,7 > 0 such that ot # 1. Then the
nfinitesimal generator of the quadratic harness with the above parameters
and with v = —oT is given by

(2.7) Ay (E 4 nF 4+ oF?)Dy ¢ (D)D, ¢ > 0,

- 1+ ot

where o(2) = Y50 ck(t)2*L for small enough z solves the quadratic equa-
tion

(2.8) (2 +nz4+0o)t+1)p: + (0 —tn)z—2tc —or — 1) +to +1=0

and the solution is chosen so that ¢¢(0) = 1.
(For o1 < 1 this solution is written explicitly in formula (4.4) below.)

We note that for each fixed ¢ equation ([2.8]) has two real roots for z close
enough to 0. We let ¢¢(z) be the smaller root when o7 < 1 and the larger
root when o7 > 1. For z = 0, equation (2.8]) becomes

o(t+ 1) (0) — (14 07 + 2t0)(0) + 1 + to = 0,
so this procedure ensures that ¢;(0) = 1.

3. Proof of Theorem The plan of the proof is to solve equation
(2.2]) for H;, and then to use equation (2.1]) to determine A;.
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3.1. Part I: solution of (2.2) when v = —o7. Equation (2.2) takes
the form

H;F — tH? + o7FH; — ortH?
=K+ 0H; + n(F — tH,) + 7H? + o(F? — tH;F — tFH, + t*H7).
So after simplifications, the equation to solve for the unknown H is
(3.1) (14 ot)H,F
=E 4 nF + oF% + (6 — nt)H, — o(t + 7)FH; + (¢t + 7)(1 + ot)HE.
LEMMA 3.1. The solution of (3.1) with the initial element hg = 0 is

(3.2) H (E 4 nF + oF?)p(D)D,

T 1tat
where py satisfies equation (2.8) and p¢(0) = 1.

Proof. Since t > 0 is fixed, we suppress the dependence on ¢t and we
use Remark 2.2] to write H; = H = (0, hy(z),...). From we find that
hi(x) = 57 (1 + nz + oa?).

From Proposition we see that has a unique solution. In view of
the uniqueness, we seek the solution in a special form

oo
(E + nF + oF%) ) " cxD*
k=1

(3.3) H =

1+ot

with ¢; =1 and ¢; = ¢x(t) € R. Note that

[e.e] o0

1 .
H? = m(E+nF+oF2) cxDF(E + nF + oF?) > " ;D7
k=1 j=1

1 oo oo )
= ———(E+7F +0F?) > D) ;D
2 7
(L+at) k=1 j=1

o0 (o]
n 2 k—1 j
———(E F F D D7
RS ) DL B
=1 j=1
o

(F + nF?% 4 oF3) Z ;D7
j=1

o o
(E 4 nF + oF?) Z cDF2 Z D
k=2 j=1

o

Tt ot

+ 7
(1+ot)?

Inserting this into (3.1)) we get
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o0

E+ nF + oF? + (B + nF + 0F%) Y _ ¢, DF!
k=2
=E + nF 4 oF?
LTS R A ki Yo P PR
1+ot = 1+ ot il
+ (B 4 oF + o) S DFY e
1+ot k=1 j=1 ’

[e.9] o
n(E + nF + oF?) Z D1 Z ;D
k=1 j=1

o(F +nF? + o) Z ¢;D? + o(E + nF + oF?) Z ¢, Dk 2 Z cj]D)j] .
j=1 k=2 j=1

The terms with F + nF? 4 ¢F3 cancel out, so E + nF + oF? factors out. We
further restrict our search for the solution by requiring that the remaining
factors match, i.e.

+fi;<icwkz z lz z 22@@])
k=1

7=1

Collecting the coefficients of the powers of D we get

o
_ k
kZ:leJrl 1+ tz D
47 oo k—1 oo k—1 0o k—1
1+at<zzcjck ;D" +nZZc]Hck ;D¢ +UZZCJ+2% —J )
k=2 j=1 k=1 j=0 k=1j=0

We now equate the coefficients of the powers of . Since o7 # 1, for
=1
b= 1 we get R
Ccy = oco.
2 14 ot 1—|—Ut77 1+ 0ot 2

Soco=(0+n7)/(1—01)=p (say).
For k > 2, we have the recurrence

0 —nt
4 = —
(84)  er 1+ atck

t+ 7
1+Ut<chck J+anj+1ck j+aZc]+gck ])
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We solve it by the method of generating functions. One can proceed here
with a formal power series, and then invoke uniqueness to verify that the
power series has positive radius of convergence. Or one can use the a priori
bound from Lemma [3.2] below and restrict the argument of the generating
function to small enough |z|. Note that in this argument, ¢ is fixed.

Let ¢(2) = 332 cxz"" ! Then

o0
0(2) =14 B2+ crp1z"

k=2
0 —
=1x Ziz(@(z) 1)+ f:UthQgpQ(z) +nz 1tj__;t(go2(z) —1)
+o T () (pl2) — 1) - 52).

This gives the quadratic equation (2.8)) for ¢ = ;. m

The following technical lemma ensures that the series ¢(2) =7 | cx2* ™1
converges for all small enough |z|.

LEMMA 3.2. Suppose o1 # 1 and {cy} is a solution of the recursion
with ¢; = 1 for a fired t. Then for every p > 1 there exists a constant M
such that

k—2

(3.5) lek| < P

Proof. We will prove the case p = 2 only, as this suffices to justify the
convergence of the series.
Solving (3.4)) for cy1 (which also appears on the right hand side), we get

for all k > 3.

|1 —o7|
1+ ot

|9 nt| t+7’
N 1+O‘t’ 1+ t(Z’ €5 Ck— J|+|77’Z|CJ+1Ck ]\+UZ|CJ+Qck ])

Since we are not going to keep track of the constants, we Slmphfy this as

n—1 n—1 n—2
(3:6) lensa < Alen] + B( D lexen sl + 3 lksren il + 3 lensaca-s)

|Ck+1|

k=1 k=0 k=0
. 0—nt
with A = ||1 2T|| and B = |1t+UTT|(1 + |n| + o). Here, n > 2.

We now choose M > 1 large enough so that (3.5)) holds for k£ = 3,4, 5,6,
and we also require that

(3.7) 4A + (24co| + 175)B < M.

We now proceed by induction and assume that (3.5 holds for all indices k
between 3 and n for some n > 6.
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To complete the induction step we provide bounds for the sums on the
right hand side of (3.6)). The first sum is handled as follows:

n—1 n—3
> lekcn—kl = 2lcrena| + 2leacn—al + Y lercnkl-
k=1 k=3

We apply the induction bound (3.5) to cs,...,c,—1. Noting that ¢; = 1 we
get

n—1 n—3

M"3 M4 1
I R ) | PO S —— 1/ Lot S —
;'Ckcn < (n—1)2 |02‘(n—2)2 " ;kQW_W

[n/2]

Mn—2 Mn—2 1
<8— +8lcy|]— + M2 —_
S8z Tl et kzzg (0 — k)

n—3 1
Mn—Z
+ Z 2(n — k)2
k=[n/2]4+1
cg M + 8eg] M A 5 ks
~ (n+1)? 2 (n+1)2 n?2 — k2
AMm2 2 1
T3 Z (n— k)2
k=[n/2]+1
Mn—2 5 Mn—2
——(8+8 167%/3 61+ 8 —_—.
< (n+1)2( + ‘02‘+ 7I-/ )<( + ‘02‘)(77,—’-1)2

Here we have used several times the bound (n +1)/(n —2) < 2 for n > 6,
the inequality M > 1, and we have estimated two finite sums by the infinite

series > po; 1/k* = 72/6.
We proceed similarly with the second sum:

n—1 n—3
> lekrien—i| = 2lerca] + 2leacn1| + Y lekp1cn—kl
k=0 k=2
MTL—2 M'n—3 4Mn—3 [n/2] 1
<2—— 42 —
<2—5—+ ycz!(n_l)Z + = 2
k=1
AMn—3 2 1
+ 2 2
[ s T (n—k)
Mn—2 Mn—2
<—_(8+8 1672 /3) < ———— (61 + 8|ca)).
< a8 8leal +167/3) < s (61 4 8lea)
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Finally, we bound the third sum on the right hand side of (3.6):

n—2 n—3
> [eracnrl = 2leacnl + D lersacnil
k=0 k=1

M2 a2 A g2 1
< 2l n2 + n2 Z 2 + ) Z (n— k)2
k=1 k=[n/2]+1

n—2 n—2

M
< m(sm +167%/3) < m(

Combining these bounds and applying the induction assumption to the
first term on the right hand side of (3.6) we get
A4n72
< ——(4A+ (24 175)B).
|Cn+1‘ = (n+1)2( +( |CQ|+ ) )

8lca| + 53).

In view of (3.7), this shows that |c, 1| < M™~!/(n + 1)2, thus completing
the proof of (3.5) by induction. m

3.2. Part II: solution of (2.1)). We now use (3.2) to determine Ay.
Since E—-FD = (1,0,0,...), from Remarkit follows that A;FD = A;.
Therefore, multiplying (2.1) by D from the right we get
Ay = FAD + H;D.

Iterating this, we get

o0
(3.8) Ay =) FFH,DM,
k=0
which is well defined as the series consists of finite sums elementwise. Since

H; is given by (3.2), we get

o
(3.9) A = 1 +1cft kZOFk(E + nF + oF?)¢,(D)DDFH!
1 o
=1 (E + nF 4 oF?) kz_om’f“%(m)m.
We now note that .
(3.10) i]}?’“@’““ =Dy.
k=0

(This can be seen either by examining each element of the sequence, or by
solving the equation D1F — FD; = [E, which is just a product formula for the
derivative, by the previous technique. The latter equation is of course of the

same form as (2.1)).)
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Replacing the series in (3.9) by the right hand side of (3.10]) we get (2.7]).
This ends the proof of Theorem 2.5

4. Integral representation. In this section it is more convenient to use
linear operators on P instead of sequences of polynomials. We assume that
the polynomial process {P,; : 0 < s <t} corresponds to a quadratic harness
from Definition [1.4] and as before we use the parameters 7, 6, o, 7 and 7 to
describe the quadratic harness. Infinitesimal generators of several quadratic
harnesses, all different from those in Theorem 2.5 have been studied in this
language by several authors.

For quadratic harnesses with parameters n = o =0 and vy =¢ € (—1,1),
according to [13], the infinitesimal generator A; acting on a polynomial f is

(4.1) Al ) = | (W) vaa(dy),

R
where v ¢(dy) is a uniquely determined probability measure. By inspecting
the recurrences for the orthogonal polynomials {Q,} and {W,}, from |13,
Theorem 1.1(ii)] one can read off that for ¢t > (1+¢)7 the probability mea-
sure v can be expressed in terms of the transition probabilities Ps(x, dy)
of the Markov process by the formula vy +(dy) = Pyg2_(14.¢)7¢(0 + gz, dy). In
this form, the formula coincides with that of Anshelevich |1, Corollary 22|
who considered the case n =0 =7 =0 =0 and 7 = ¢ € [-1, 1]. (However,
the domain of the generator in [1| is much larger than the polynomials.)
Earlier results in [5 p. 392], |6, Example 4.9], and |7] dealt with infinitesimal
generators for quadratic harnesses such that o =n=~v=0.

The following result gives an explicit formula for the infinitesimal gen-
erator of the evolution corresponding to the “free quadratic harness” in the
integral form similar to . The main new feature is the presence of an
extra quadratic factor in front of the integral in expression below for
the infinitesimal generator. Denote

nT+ 0

n+ 0o
a= .
1—o0ot

1—o7’

(4.2)

8=

THEOREM 4.1. Fiz o,7 > 0 such that o7 < 1 and 1,0 € R such that
1+apB >0. Let v = —o7 and let vy be a continuous solution of with
©1(0) = 1. Then ¢y is a moment generating function of a unique probabil-
ity measure vy, and the generator of the quadratic harness with the above
parameters acts on p € P as

z + ox? —px
(43)  Aup)(z) = %S ’ <p(y;—];()

O > I/t(dy), t> 0.
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Proof. Since o1 < 1, the solution of the quadratic equation (2.8) with
got(()) =1is
— 2 1
(4.4) (pt(z):z(tn 9)—1—2t0+07+
20+ 71)(22 4+ zn+0)
~ VG(n—0) +2to + o1 +1)2 = 4(22 + 2z + 0) (1 + to)(t + 7)
2(t+7)(22 4+ 2n+0)

(We omit the rewrite for the case o =7 =0.)
We will identify v, through its Cauchy—Stieltjes transform

Gun() = | —

z—
which in our case will be well defined for all real z large enough.

vi(dz)

To this end we compute

VA =o7m)z—(a+0B)t—B—ar]2—4(1+at)(t+7)(1+ af)
2t +71) (022 +nz+1)
Under our assumptions, the above expression is well defined for large enough
z€eR.

Expression (4.5 coincides with the Cauchy—Stieltjes transform in |21}
Proposition 2.3|, with their parameters

297 4001+ 0+ t(noT + 1+ 200)
N (o —1)2

1l—o1 T+

:1+O't, asy 1_0_7_7 asy

CsY

and
(ot +1)(t+71) (7727' +n(or +1) + 0% + (1 — 07)2)
(1—o01)3 '

(We added subscript “SY” to avoid confusion with our use of o in (4.2)).)

This shows that ¢;(1/2)/z is the Cauchy—Stieltjes transform of a unique
compactly supported probability measure v;. For a more detailed descrip-
tion of 14 and explicit formulas for its discrete and absolutely continuous
components we refer to |21, Theorem 2.1]; see also Remark [4.2| below.

It is well known that a Cauchy—Stieltjes transform is an analytic func-
tion in the upper complex plane, determines the measure uniquely, and if
it extends to real z with |z| large enough then the corresponding moment
generating function is well defined for all |z| small enough and is given by
G, (1/z)/z = vi(z). This shows that ¢;(z) is the moment generating func-
tion of the probability measure v;.

bsy =
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Next we observe that (3.3]) in operator notation reads

1+ nz + ox? " _
H(z") = —177+ o ch(t)xn k.
k=1

Writing ¢ (t) = { "1 14(dy), we therefore get

L+nz+o2’ f(y) = f(2)
4.6 H = dy).
(4.6 (1)) = PRI T )
Since the operator version of relation (2.1)) is A;(z" 1) = Hy(z") + zA(2™),
we derive (4.3) from (4.6)) by induction on n; for a similar reasoning see |13,
Lemma 2.4]. m

REMARK 4.2. Denote by 7405, (dx) the univariate law of X; for the
free quadratic harness (X;) with parameters 7, 6, o, 7 as in |9, Section 3].
Then 14 is given by

(4.7) vi(de) =

) (t* + Otz + 72%) 71 1 0.0 (dT) .

We read off this answer from [9, (3.4)| using the following elementary
relation between Cauchy—Stieltjes transforms:

If v(dz) = (az® + bz + ¢)m(dz) and m = {zm(dz) then the Cauchy-
Stieltjes transforms of m and v are related by the formula

(4.8) Gy (2) = (a2® + bz + ¢)Gr(2) —am — az — b.

In our setting, m =0, a = 75—, b= 0/(t+71),c=t/(t+ 1), and |9, (3.4)]

gives
Tz + 0t t(14+ o7 + 20t)z +tn — 0]
722+ 0tz +t2  2(022 4+ nz+ 1)(722 4 Otz + t2)
t/[1—o7)z — (a +0B)t — B — aT)? 4(1+Ut)(t+7')(1+ozﬁ)
2(022 +nz+ 1)(722 + 0tz + t?)

Inserting this expression into the right hand side of (| . we get the right
hand side of (4.5)). Uniqueness of Cauchy—Stieltjes transform implies (4.7)).

(4.9) Gr(z) =

5. Some other cases. Several other cases can be worked out by a
similar technique based on ([2.2)). Recasting |18, Section IV] in our notation,
for m =0,1,... we have

(5.1) DYHEF — FDPH = (m + 1)DY
and if

=3 5ot
k=1
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then
= Cm m+1
5.2 A= —— D .
(5:2) mZ:1 (m41)! 1

The generator for a Lévy process (&) with exponential moments acts on
polynomials in z via k(9/0z), where tk(0) = log E(exp(6¢;)); this well-known
formula appears e.g. in [1, Section 3].

5.1. Centered Poisson process. For example, the quadratic harness
with v =1 and n = 0 = 7 = 0 which corresponds to the Poisson process can
also be analyzed by the algebraic technique. Equation ([2.4) takes the form

(5.3) HF — FH = E + 0H.
We get

H = %(eml —E).

It follows from (5.2)) that
L op
A= ﬁ(e ' —E —6Dy).

5.2. A non-Lévy example. Here we consider a quadratic harness with
parameters ¥ = 1 and 7 = ¢ = 0. This quadratic harness appeared under the
name of the quantum Bessel process in [4] (see also [20] for a multidimensional
version), and as the classical bi-Poisson process in [11].

Then equation takes the form
(5.4) HF — FH = E + 0H + n(F — tH) = E + nF + (6 — tn)H.
For H = (E + nF)H we obtain
(E + nF)(HF — FH) = (E + nF)(E + (6 — t5)H).
Comparing this with we conclude that by uniqueness the solution of

ED is

H = (E + nF)(e0—tMPr _ ).

0 —tn
From (3.8) it follows that
A =: A(H) = (E + nF) A(H).
Therefore we obtain

= (9—1tn)2(E + ) (e@=PL | — (9 — tn)Dy).
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