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Preperiodic dynatomic curves for z — 2% 4 ¢
by

Yan Gao (ChengDu)

Abstract. The preperiodic dynatomic curve X, , is the closure in C? of the set of
(¢, z) such that z is a preperiodic point of the polynomial z — 2%+ ¢ with preperiod n and
period p (n,p > 1). We prove that each X, , has exactly d — 1 irreducible components,
which are all smooth and have pairwise transverse intersections at the singular points
of X, . We also compute the genus of each component and the Galois group of the
defining polynomial of &, .

1. Introduction. Fix d > 2. For ¢ € C, set f.(z) = 2% 4 ¢. For p > 1,
define

Xop:={(c,2) € C*| fP(2) = z and for all 0 < k < p, f¥(2) # 2},
Xo,p := the closure of Xo,p in C2.

It is known that all Xy, are affine algebraic curves, called the periodic dy-
natomic curves. These curves have been the subject of several studies in
algebraic and holomorphic dynamical systems. The known results for these
curves mainly concern smoothness (Douady—Hubbard [DHI|, Milnor |[Mili],
Buff-Tan [BT]); irreducibility (Bousch [B], Buff-Tan [BT], Morton [Mo],
Lau-Schleicher |LS|, Schleicher [J]); the genus (Bousch [B]) and the associ-
ated Galois groups (Bousch [B], Morton [Mo], Lau—Schleicher [LS|], Schlei-
cher [9)]).

In the present work, we study some topological and algebraic properties
of preperiodic dynatomic curves.

DEFINITION 1.1. For n > 0 and p > 1, a point z is called a p-periodic
point of f.if f2(2) = z but f¥(2) # 2z for 0 < k < p, and an (n, p)-preperiodic
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point of f.if f7(z) is a p-periodic point of f. but f!(z) is not periodic for
any 0 <[ < n.

Now, for any n,p > 1, define
)E'n,p .= {(¢,z) € C?| z is an (n, p)-preperiodic point of f.},
Xy p 1= the closure of ?E'nyp in C2.

In fact, as we shall see below, all &}, , are also affine algebraic curves,
called the preperiodic dynatomic curves. Not much work has been done for
this kind of curves. The special case d = 2 has been previously studied
by Bousch [B|, who established in this case that for any integers n,p > 1,
the curve X, , is also smooth and irreducible (like the periodic dynatomic
curves), and computed its associated Galois group.

The main purpose of this work is to extend these results to arbitrary
d > 2. An obvious difference with the previous case is that, for d > 2, the
curve &, ;, is no longer irreducible: it consists of d—1 irreducible components.
We may understand this by a simple observation. Consider the curve &7 j, of
(1, p)-preperiodic points, that is, the points z which are not p-periodic, but
whose image 29 = f(2) is. The periodic point z,_1 = fP~!(29) is another
preimage of zg. Because f.(z) = 2% + ¢, we have z = wzp—1, Where w is a
dth root of unity. According to the value of w, we can partition the (1,p)-
preperiodic points into d — 1 classes, and this decomposition is of algebraic
nature: it corresponds to a factorization of f271(2) — fu(2).

We show that these d — 1 components are smooth and irreducible. Our
approach to smoothness is by using elementary calculations on quadratic
differentials and Thurston’s contraction principle, following the method of
Buff-Tan [BT]. The approach to irreducibility is based on the connectedness
of periodic dynatomic curves and then using induction on the preperiodic
index n. Moreover, we study the features of the singular points of &}, ,,.

Following Bousch, we compute the genus of each irreducible component
and the associated Galois group of the curve X, .

Here is a list of our main results. They should be compared with the
results on periodic dynatomic curves.

Denote by {vq(p)}p>1 the unique sequence of positive integers satisfying
the recursive relation

(1.1) dP = Z vq(k), d > 2 integer,

and let ¢(m) be the Euler totient function (i.e., the number of positive
integers less than m and coprime to m). For n,p > 1, define
[(n—1)/p]
My = va(p)d™2(d — 1) <n 1 Y d—tp>,
t=1
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where [z] denotes the maximal integer less than or equal to z, and
[(n=1)/p]-1 [(n=1)/p]-1

Ky imsatp)@ —ar( ST e S )

t=1 t=1
+ (dl= 0P _ Dyyy(p)dr =211/ plp

(see (5.3) and (5.4) for the computation of them). For n,p > 1, set

. dp—d—p—1 d—1 P
gp(d) =1+ T”d(p) ~ o4 > ¢<E>k‘ -va(k),
klp,k<p

gnp =1+ 2vy(p)d" 2 (pd —d —p — 1) + (M p + Ky p)

.- p
—1d"d 1) klpzmgo(k)k -va(k).

THEOREM 1.2. For any d > 2 and n,p > 1, the preperiodic dynatomic

curve X, has the following properties:

(1) X, is an affine algebraic curve. It has d — 1 irreducible components
and each one is smooth. Moreover, the components pairwise intersect

39

at the singular points of Xy ,. In particular, if d = 2, the curve X,

1s smooth and irreducible.

(2) The genus of every irreducible component of X, (in some kind of

compactification) is gn p(d), and all irreducible components are mu-

tually homeomorphic.

(3) The Galois group associated with X, ,, is the same as that associated
with X<pp = Uj_o Xp; it consists of all permutations of the roots
of the defining polynomial of X<, that commute with f. and with

the rotation of argument 1/d.

Here is a table comparing these various curves, where S,, denotes the
group of permutations of {1,...,m}, and Gy, ,(d) is the Galois group of &}, .

periodic Xp p d=2 d>2
irreducible irreducible
smooth smooth
genus 9r(2) 9p(d)
Galois group | S,,(p)/p X 742 ®)/P Suyp)/p ¥ zya®)/p
preperiodic Xy, p, n > 1 d=2 d>2
irreducible d — 1 irreducible components
smooth not smooth, but each component smooth
componentwise genus In.p(2) In,p(d)
Galois group Gn,p(2) Gn,p(d)
pairwise intersection empty Ch,p(singular) : singularity set of A, ,
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This article is organized as follows:

In Section 2, we gather some preliminaries.

In Section 3, we prove that every X, , is an affine algebraic curve, and
find its defining polynomial.

In Section 4, we give the irreducible factorization of &), j,, and prove that
each irreducible factor is smooth and the irreducible components pairwise
intersect at the singular points of &}, ,,.

In Section 5, we calculate the genus of each irreducible component.

In Section 6, we describe &, , from the algebraic point of view by calcu-
lating its Galois group.

2. Preliminaries

1. Filled-in Julia set and Multibrot set. This material can be found
in [DHI, [DH2| and [Eb].

For ¢ € C, we denote by K. the filled-in Julia set of f., that is, the set
of points z € C whose orbit under f. is bounded. We denote by M, the
Multibrot set in the parameter plane, that is, the set of ¢ € C for which the
critical point 0 belongs to K,. It is known that M, is connected.

Assume ¢ € M,;. Then K. is connected. There is a conformal isomor-
phism ¢, : C ~ K, — C ~ D satisfying ¢. o f. = (¢.)? and ¢L(c0) = 1
(i.e., ¢c(2)/2 =200 1). The dynamical ray of angle 6 € T is defined by

R.(0) :=={z € C\ K, | arg(¢.(z)) = 2m0}.

Assume ¢ ¢ My. Then K. is a Cantor set and all periodic points of f. are
repelling, that is, |(f?)(z)] > 1 for p > 1 and all p-periodic points z. There
is a conformal isomorphism ¢, : U, — V. between neighborhoods of oo in C
which satisfies ¢. o f. = (qbc)d on U.. We may choose U, so that U, contains
the critical value ¢, and V, is the complement of a closed disk. For each
6 € T, there is a minimal r.(f) > 1 such that ¢, ! extends analytically along
Ro(0) N {z € C|r:(0) < |z|}. We denote by 1), this extension and by R.(6)

the dynamical ray
R.(0) := wc(Ro(H) N{zeC|r.(0) < ]z\})

As |z| \, 7.(6), the point .(re?™) converges to some 2 € C [DH2, Prop. 8.3].
If r.(f) > 1, then x € C \ K, is an iterated preimage of 0 and we say
that R.(0) bifurcates at x. If r.(f) = 1, then x belongs to K. and we say
that R.(0) lands at x.

There are three kinds of important parameters in My: superattracting,
parabolic, and Misiurewicz parameters. Recall that a point z is said to be
p-periodic if f¥(z) = z but f¥(2) # z for 0 < k < p. We call a parametr ¢ € C
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e p-superattracting if 0 is p-periodic by f;

e p-parabolic if f. has a p-periodic point 29 with (f?)'(z9) = 1 or
m-periodic point zp such that m|p and (f™)(z0) is a (p/m)th root
of unity;

e (n,p)-Misiurewicz if 0 is an (n, p)-preperiodic point of f..

A well-known result in complex dynamics says that any parabolic cycle
of a rational map has a critical point in its basin, whose orbit eventually
converges to but is disjoint from the cycle (see [Mil2l Thm. 10.15]). So for
the family {f. | ¢ € C} of unicritical polynomials, the three classes of pa-
rameters above are pairwise disjoint. We write this as a lemma, since it will
be repeatedly used throughout the paper.

LEMMA 2.1. If the critical point O is (pre)periodic for f., then ¢ is not a
parabolic parameter.

2. Affine algebraic curve and singularity. This material can be
found in [G].

A polynomial f € Clx,y] is called squarefree if it is not divisible by
h(z,y)? for any non-constant h(x,y) € Clx,y]. An affine algebraic curve
over C is defined as

C={(z,y) € C*| f(z,y) = 0},
where f is a non-constant squarefree polynomial in C[z, y], called the defining
polynomial of C. If f =T[;~, fi, where f; are the irreducible factors of f, we
say that the affine curve defined by f; is an irreducible component of C.

Let f € Cxz,y]. The total degree of f(x,y) as a multivariate polynomial
is the highest degree of its terms, denoted by Deg(f). Correspondingly, we
denote by deg,(f) and deg,(f) the degrees of f when considered as a poly-
nomial in x and y respectively. The following lemma is repeatedly used in
this paper.

LEMMA 2.2.

(1) If f= fife with f1, fo € Clz,y], then Deg(f) = Deg(f1) + Deg(f2),

deg,(f) = deg,(f1) + deg,(f2) and deg,(f) = deg,(f1) + deg,(f2).

(2> For fla f? € (C[‘T’y]f ’Lf f(ﬂ?,y) = fl(ﬂl‘,fg(l’,y)), then

degy(f) = degy(fl) : degy(f?)'

(3) For f17f2 € C[$7y]: Zf f(‘rvy) = fl(xan(xvy)) and Deg(fl) =

deg,(f1) > 1, Deg(f2) > 1, then Deg(f) = Deg(f1) - Deg(f2).

Proof. (1) Refer to |F, Section 1.1].

(2) This is straightforward by a simple computation.

(3) Set di := Deg(f1) and d2 := Deg(f2). By assumption, deg,(f1) =
di > 1 and dy > 1. On the one hand, since Deg(f1) = deg,(f1) = di, there
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is a unique term in f; of the form a;y®, where a; is a non-zero constant. So,
from (1) and d; > 1, it follows that Deg(alfgl) = dids. On the other hand,
any other term of f; has the form az®y’, where a is a non-zero constant and
either s +t < dj, or s+t =d; and s > 1. From (1) and ds > 1,

Deg(x° fi(z,y)) = s + tdy < dids.
So we get Deg(f) = didz. m

Let C be an affine algebraic curve for C defined by f € C[x,y], and let
P = (a,b) € C. The multiplicity of C at P, denoted by multp(C), is defined
as the order s of the first non-vanishing term in the Taylor expansion of f
at P, ie.,

— Ool ~ (s x—a)(y— Sitiasf a
Fa =3 53 (7)o o,

If multp(C) = 1, the point P is called a smooth point of C. If multp(C) =
r > 1, then we say that P is a singular point of multiplicity r. We say
that multC' or f is smooth if any point of C is smooth. Note that the first
non-vanishing term is a homogeneous polynomial of x — a and y — b, so
all its irreducible factors are linear and they are called the tangents of C
at P.

A singular point P of multiplicity r on an affine plane curve C is called
ordinary if the r tangents to C at P are distinct.

The following result provides a topological interpretation of the irre-
ducibility of polynomials.

LEMMA 2.3. A squarefree polynomial f € Clz,y| is irreducible if and
only if the set of smooth points of f is connected.

3. Periodic dynatomic curves. In this paper, some of the proofs and
statements rely on the work concerning the periodic curves Xy ;. We list the
related results in the following lemma. Their proofs can be found in [B], [BT],
[ED], [GO], |LS], [Mill], [S].

By abuse of notation, we will identify polynomials in C][e, z] as polyno-
mials in C[z] with C = C|[¢]. Denote by K a fixed algebraically closed field
containing C.

Let f € C[c, 2]. By the zeros of f € Clc, z], we mean the points (c, z) € C?
with f(c,z) = 0. By the roots of f € C[z], we mean the roots of f in K
when f is considered as a polynomial in C[z].

Recall that {v4(p)}p>1 is a unique sequence of positive integers satisfying
the recursive relation dP = Zklp vq(k), Deg(f) denotes the total degree of f,
and deg,(f) denotes the degree of f as a polynomial in C|z].
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LEMMA 2.4. Let Xy be a periodic dynatomic curve. Then:

(i) (IB,BT]) There exists a unique sequence {Qop € C[z]}p>1 of monic
polynomials such that for all p > 1,

Boplc, 2) = fP(2) — 2 = [ [ Qoalc, 2).

klp

Moreover, Deg(Qop) = deg.(Qop) = va(p).

(i) (|BT]) Let co € C. Then a point zg is a root of Qop(co,z) € Clz] if
and only if one of the following three mutually exclusive conditions
1s satisfied:

(1) 2o is a p-periodic point of fe, and [fed)'(20) # 1,

(2) 29 is a p-periodic point of fe, and [far] (z0) = 1,

(3) zo is an m-periodic point of f.,, where m is a proper factor of
p, and [fo™]'(20) is a primitive (p/m)th root of unity.

(iii) (B, BT IGOLLS,S]) The polynomial Qg is smooth and irreducible
forallp>1 and

Xop ={(c,;2) € C | Qoplc,z) =0},
(iv) (|BL BT, IGO]) The projection mo, = Xop — C defined by mo ,(c, 2)
= ¢ is a degree vy(p) (gwen in (1.1))) branched covering with two
kinds of critical points:

(1) Cop(primitive) = {(c, 2) € Xy, | (¢, 2) satisfies (i)(2)}. In this
case, (¢, z) is a simple critical point.

(2) Cop(satellite) = {(c,2) € Xop | (¢, 2) satisfies (ii)(3)}. In this
case, the multiplicity of the critical point (¢, z) is p/m — 1.

The critical value set of mg ) consists of the parabolic parameters of
period p.

(v) (JEb, Mill]) The projection wq,p : Xop — C defined by wo p(c, z) =
z is a degree vg(p)/d branched covering, which is injective near each
point (co,0) € Xpp.

(vi) (IB]) The Galois group Go,, for the polynomial Qo p € Clz] consists
of the permutations of roots of Qo € Clz| that commute with f..

3. The defining polynomial for &, ,. The objective of this section is
to show that &), , is an affine algebraic curve, and find its defining polyno-
mial.

Recall that C denotes the ring C[c]. For n > 0 and p > 1, set @, 5(c, 2) =

fcf’(n+p) (Z) _ on(z)_

[

LEMMA 3.1. The polynomial @, , € C|z]| has no multiple roots. Conse-
quently, it is squarefree.
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Proof. 1t is enough to show that there exists ¢y € C such that all roots
of @, p(co, ) are simple. In fact, given ¢y € C\ My, a point zg is a root of
D, p(co,2) € Clz] if and only if 2 is an (I, k)-preperiodic point of f.,, where
0 <! <mnand k|p. For such a ¢y, the critical point 0 goes to infinity and all
periodic points of f., are repelling. It follows that

(0Pyp/0z)(co, 20) = [fey']'(20) ([fe] (20) — 1) # O,
which completes the proof. m

LEMMA 3.2. There exists a unique doubly indexed sequence {Qn, €
Clz]}np>1 of squarefree monic polynomials such that for all n,p > 1,

(3.1) B p(c, 2) = Bn_1p(c, 2) [[ Quanle, 2).
klp

Moreover, Deg(Qn,p) = deg,(Qnp) = va(p)(d — 1)d" 1.

Proof. The definition of {@Qy,  } np>1is based on the polynomials {Qo p } p>1
of Lemma [2.4](i). We first show that Qo p(c, z) divides Qo (c, fe(2)) for any
p > 1. Since the polynomials Qo ,(c, fo(2)) € C[z] are monic, we may per-
form Euclidean division to find a monic quotient @) € Clz] and a remainder
R € CJz] with deg(R) < deg(Qo,p) such that Qo ,(c, fe(2)) = Qo Q@+ R. We
need to show that R = 0, which will enable us to set Q1 ,(c,2) := Q.

By Lemmas and (i), the polynomial Qo , € C[z] has no repeated
factors. So its discriminant Ag , € C[c] does not identically vanish, and hence
App(c) # 0 outside a finite set. Fix ¢y € C such that Agp(c) # 0. Then any
root zg of Qo p(co, 2) is simple. By Lemma (ii), the point zg is also a root
of Qop(co, fe,(2)). As a consequence, R(cp, z) = 0 for all z € C. Since this is
true for every ¢ outside a finite set, we have R = 0 as required.

For n,p > 1, we define Q,, ,(c, 2) := Q1 (c, f271(2)). It is clear that each
Qnp € C[z] is monic. Note that &, ,(c, z) = Po,(c, f7'(z)) for any n,p > 1,
and so

B p(e,2) = Pople, [2(2)) ETT Qoo £22))

klp
=[] Qoxle, f271(2)Quile, f271(2))
klp
— H Qox(c, f271(2)) H Qui(c, [27(2))
klp klp
:¢07P fn 1 Han c, Z Dy 1,p(C, Z)HQnJc(Ca Z)'
klp klp

Since each @, ;, is squarefree (Lemma [3.1)), so is each Qy, p.
2.2(2)

Repeatedly applying Lemma & (3), we find Deg(fk(z)) =
deg,(f¥(2)) = d* for k > 1. It follows that Deg(®,,) = deg, (P, ,) = d**P



Preperiodic dynatomic curves for z — 2% + ¢ 45

for n > 0 and p > 1. Then by the recursive formulas (3.1), (1.1) and
Lemma (1), the degree conclusion in the lemma holds. =

By the definition of @, ,, we get the inductive formulas

anl,p(cv fe(2)) = Qn,p(ca z), n>2,

QO,P(Q fc(Z)) - QO,P(C7 Z)lep(cv Z)v
for each p > 1. This implies that we can obtain the properties of @, , by
induction on n.

In fact, Qnp(c, 2) is the defining polynomial of &, ,,. To see this, we will
now study the properties of the roots of @, p(co, 2) € C[z] for any ¢q € C.

(3.2)

PROPOSITION 3.3. Let n,p > 1 be integers and cg € C. Then zy € C is
a oot of Qnp(co,z) if and only if one of the following mutually exclusive
conditions holds:

(1) z0 is an (n,p)-preperiodic point of fe, such that féO(Zo) % 0 for any
0<Il<mnand] %]’(f%(zo)) # 1.

(2) zo is an (n,p)-preperiodic point of fe, such that féo(zo) %0 for any
0<l<mn and[fH]( o (20)) = 1.

(3) 20 is an (n,m)-preperiodic point of fe, such that fl (z0) # 0 for
any 0 < 1 < n and m is a proper factor of p with [fi]'(f&(20)) a
primitive (p/m)th root of unity.

(4) zo is an (n, p)-preperiodic point of fe, such that fcl0 (z0) = 0 for some
0<l<n.

(5) c((?_l)(zo) =0 and 0 is a p-periodic point of fe,.

We remark that in case (4), the case of [ =n — 1 never occurs.

Proof. Fix ¢y € C. The proof goes by induction on n. If n = 1, then
Qople, fe(2) = Qoplc, 2) - Q1p(c, z). We claim that zg is a common root of
Qo,p(co, z) and Q1 (co, 2) if and only if 2y = 0 is a p-periodic point of f,.

For sufficiency, we only need to note that, in this case, 0 is a multiple
root of Qo p(co, feo(2)), but a simple root of Qg (o, z) by Lemmal[2.4{ii). For
necessity, zop must be a multiple root of Qg ,(co, fe,(2)). It follows that either
feo(20) is a multiple root of Qo p(co, 2), or zg is a critical point of f,. In the
former case, by Lemma [2.4]iv), ¢y is a parabolic parameter and fe,(20) is
a parabolic periodic point. This means that Qo ,(co, fe,(2)) and Qo p(co, 2)
have the same zero multiplicity at zo. Thus Q1 ,(co,20) # 0. In the latter
case, we have zy = 0, and by Lemma [2.4](ii), 0 is a p-periodic point of fe,.

Such ¢g, zp correspond to condition (5). In any other case, zy is a root
of Q1p(co,2) if and only if fe,(20) is a root of Qop(co,2) but zp is not
periodic. In fact, if it were, it would have the same period and multiplier as
its first image. By Lemma (ii), Qo,p(co, 20) would vanish, a contradiction.
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Then Theorem [2.4{2) implies that zy satisfies one of conditions (1)—(4) in
Proposition [3-3]

Assume that the proposition is established for 1 <[ < n. Then @, (c, 2)
= Qn-1,p(c, fe(2)). So for any ¢y € C, zp is a root of @y, (co, 2) if and only if
Jfeo(20) s a root of Qn_1,(co, 2). By Lemma [2.1] if fe,(20) has property (2)
or (3), then the orbit of zp does not contain 0. Therefore by the inductive
assumption, zg satisfies one of the five listed conditions. m

In Proposition [3.3] the zeros of @y (c, z) are divided into five classes. We
give some notation for sets consisting of zeros of various classes:

The set The points in the set

Ch,p(primitive) (¢, z) satisfies condition (2) in Proposition |3.3]
Ch,p(satellite) (¢, z) satisfies condition (3) in Proposition 3.3
Ch,p(Misiurewicz) (¢, z) satisfies condition (4) in Proposition 33
Chr p(singular) (¢, z) satisfies condition (5) in Proposition 33

Recall that for any n,p > 1, the sets X}, , and &), ,, are defined by
X,p={(c,2) € C? | z is an (n, p)-preperiodic point of f.},
X, , = the closure of X, , in C2.
PROPOSITION 3.4. Forn,p > 1, we have
Xop=1(c,2) | Quplc,2) =0},  Xnp\&Xnyp = Cnp(satellite) UC,, ,(singular).
Proof. Set X :={(c¢,2) | Qup(c,2) = hen X is a closed, perfect set.

By the definition of &), , and Proposition [3.3] we have
(3.3) X\ (Cnp(satellite) U Cy, p(singular)) = &, , C X.

We claim that the sets C), ,(satellite) and C), ,(singular) are both finite. If
so, we get

X = X\ (Cpp(satellite) U Cy, ,(singular)) = X, , = X, C X.

Hence it remains to check the claim.

If (co, 20) € Cy p(satellite), then fgfp(zo)— o (20) = 0 and [fa1( o (20))
= 1. Hence ¢q is a root of the resultant R € Cc] of the equations f&' P (z) —
f(z) = 0 and (fF)(f(z)) = 1. For ¢ outside the Multibrot set, all the
periodic points of f, are repelling, so fo P (z) — f7(z) and (f£) (f™(z))—1 do
not have a common root. It follows that R is not identically zero, and hence
its roots form a finite set. If (o, 29) € Cyp, p(singular), then Qg ,(co,0) = 0 by
Proposition [3.3|(5) and Lemma [2.4(ii), whereas the roots of Qqp(c,0) form

a finite set. m
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4. The irreducible factorization of (), ;. In this section, we will
show that the curve &}, ,, n > 1, has d — 1 smooth irreducible components,
and analyze the properties of its singular points. We always assume n > 1
without explicit mention.

4.1. Factorization of ), , and the features of its singular points.
Recall that for f € C|c, z], Deg(f) the total degree of f and deg,(f) is the
degree of f in z.

LEMMA 4.1. (Algebraic version) There exists a unique sequence {q%m €
Clzl}i<j<da—1 of monic polynomials such that

Qnplc, 2) H qnyp ¢, z)

All points in Cyp(singular) are zeros of qmp € Cle, 2|, and there are no
other common zeros for qflyp and q%,p with i # j. Moreover, Deg(q%vp) =
deg, (qhp) = va(p)d"~*. , ‘

(Topological version) Define Vi, = {(c,z2) € C* | ghp(c,z) = 0}
(1 < j <d-—1). Then C, p(singular) C Vi, for each j, and the sets
i\ Ch p(singular) bi<j<q—1 are pairwise disjoint.

Proof. Recall that C = Clc] and K is a fixed algebraically closed field

containing C.
Let A be a root of Qo , € C[z]. Then by Lemma [2.4(i),

Bo(c. A) = [E(A) ~ A=

We see that A is periodic under f. and A, .. .,fffl(A) are roots of @ ,.
Note that @ ,(c,0) = f£(0) is a polynomial in ¢ of degree dP~1, so A # 0.
Consequently, wA, ..., w? 1A are not roots of Qo,p, where w = e2mi/d he-
cause they are not periodic under f.. Then by the equation Qo ,(c, fo(2)) =
Qop(c,2)Q1p(c,2) (see (3.2)), we see that wA, ... w9 1A are roots of
Q1 € Clz].

Let us factorize (o, in K by

Qoplc,2z) = H (z = 4)

(As, # Ag, for sy # sg, because all roots of @y, € Clz] are simple by
Lemma and so are Qo by Lemma [2.4{i)). Then Q1 can be expressed
as

va(p)
(A1) Qup= [[(—wA) (= —wilay)

i=1

a(p)
H z—w]A

||:]|
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To see this, we first note that for any s,t € [1,d — 1] and i1 # i2 € [1, v4(p)],
WA, # wtA;,. But this is impossible because both A;; and 4A;, are periodic.
Thus {wA,, ... ,wd_lAi};ji(lp) are pairwise distinct roots of @1, € C[z] by
the discussion above, so H;ji(lp)(z —wA;) - (z—wiLA;) is a divisor of Q1 p.
As its degree is (d — 1)vq(p), equal to the degree of Q1 ,, and Q1 is monic,
we get (4.1)). For j € [1,d — 1], set

A va(p) . ' valp)
(42) ez = [ -wa) = @) J[ wiz—4)
i=1 i=1

_ (wj)Vd(p)Qoyp(C’w_jz).

Note that d|v4(p), so (w?)*a®) = 1. Then q{,p(c, z) is a monic polynomial in
C|z] satisfying

(4.3) Q1p(c, 2) H q1 (¢, 2)

This gives a factorization of 1, in C[z]. By (4.2) and the degree conclusion

in Lemma ( ) Deg(ql,p) and degz(qu) are both va(p).

For n > 2, we can define q%,p(c, z) inductively by the formula q%,p(c, z) =

qn 1p(6 fe(2)). Using induction the degree conclusion in the lemma follows
directly from Lemma [2.2(2)&(3). As an(c 2) = Qn-1,p(c, fe(2)), we have

(4.4) Qnplc, 2) H qn’p ¢, 2)

This is a factorization of @, p(c, z) in C[z].

It remains to prove that each ¢}, »(c, z) has the remaining properties an-
nounced in the lemma. For n = 1, since q{"p(c, z) = Qop(c, wz), we set that:
(co,20) is a common root of qli,p(c, z) and q{’p(c, z) for some 1 < i # j <
d—1 < both (cg,w™"20) and (co, w7 29) are zeros of Qo p(c, 2). It follows that
w29 and w72y are both periodic points of f.,, hence zgp = 0. Note that, in
case (3) of Lemma [2.4(ii), the critical point 0 is never periodic (Lemma[2.1]),
so 0 has period p. It follows that (co, 29) € C1 p(singular). On the other hand,
if (co,20) € Oy p(singular), then (co,w™%20) = (co,w 720) = (co,0) is a zero
of Qop(c,2z). For n > 2, the conclusion can be deduced from the case of
n =1 and the definition of ¢}, ,(c, z). =

For convenience, we summarize the definitions of q1 in terms of Qo

and the inductive definitions of ¢, p (n>2) in terms of ¢’ as a corollary.

n—1,p
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COROLLARY 4.2. Foranyp>1,1<j<d—1, and w = €™/ we have

Qip(C, z) = Q'Oap(c7 w_jz)v
Ghp(c,2) = @1 (e, fo2)), n>2.
EXAMPLE 4.3. Here are some examples of ), ;, and their decompositions.
Let d = 3. Suppose p = 1; then Qq1(c,2) = 2% + ¢ — z,
Q1,1(c, z) = Atcezt22 4228424420
= (P +c—e i) (B +c— e 3Ty
= q%,l(c? Z) : q%,l(cv Z)
and
Qa.1(c,2) =3¢ + 3¢ + (® + 3¢ +10c® + 6¢°) 2% + (1 +12¢% + 15¢*)2°
+ (6¢ +20¢3) 2% + (1 4+ 15¢%) 212 4 6215 + 218
=(1- e 3 ) e+ &+ (3¢ — e 5™) 23 + 3¢5 + 2%)
x ((1- e_%m)c + ¢+ (3¢ — e_%m)z?’ +3c2% + 27)
= Q%,l(ca Z) ) qg,1(07 Z)'
Suppose p = 2; then Qp2(c,2) =1+ 4 cz+ 22+ 2c2% + 2 + 20 and
Qralc,2) =142+ — (c+ ) — 2%+ (Be +4c) 2% — 3c224
+ (1 46¢2)25 — 32" + 42 — 210 4 212
= (1+c+ €75y 4 o324 90 4+ e 5 %)
x (1+c+ e 3Tz 4 e 8M2% 4 9028 4 oAt 4 29)
= Q%,Z(cv Z) ’ Q%,Q(Q Z)'

From Lemma we see that in the case d > 3, the polynomial @, is
both reducible and non-smooth, because Cy, ,(singular), which is non-empty,
is contained in the set of singular points of @, ;.

We now turn to the study of the components g, ,(c, 2). The following
theorem is the core of this section.

THEOREM 4.4. Given d > 2, for any n,p > 1 and j € [1,d — 1], the
polynomial g, p(c, z) is smooth and irreducible.

The proof of this theorem is postponed to

By this theorem, all components V;,;, are Riemann surfaces. Together
with Lemma @, this implies that the singularity set of &, is equal to
Ch,p(singular). The next proposition characterizes the features of these sin-
gularities.
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PROPOSITION 4.5. Given d > 2, for n,p > 1, each singularity (co, 2o)
of X,p has multiplicity d — 1. Furthermore, if féo(zo) =0 for some 0 <1
< n—2, then X, has one tangent of multiplicity d—1 at (co, 20); otherwise,
the singularity (co, z0) is ordinary.

Proof. Let (co, z0) be a singular point of X, ;. Since each component of
Xy, p is smooth and they pairwise intersect at (co, 29), the first non-vanishing
term of Qy p(c, 2) at (o, 20) is d— 1. Hence the multiplicity of the singularity
(Co,ZO) isd—1.

If n = 1, by Proposition [3.3{5), the fact that (co,z0) € Cip(singular)
implies that zp = 0 and (cp,0) € &Xp,. According to Lemma co is not a
parabolic parameter. Then Lemma [2.4fiv) shows that (co, 0) is not a critical
point of mp, and hence (0Qo,/02)(co,0) # 0. Meanwhile, according to
Lemma 2.4(v), (8Qo,/0¢)(co,0) # 0. Thus Qo p(c, z) has a local expression

Qo p(c, z) = agp(c — cp) + by pz + higher order terms
around (cg,0) with agp,bo, # 0. It follows that
qip(c, 2) = Qoplc,w™72) = app(c — co) + by pw ™7z + higher order terms.

Therefore the tangents of Vip (1 <j<d-1)at (cg,0) are pairwise distinct.
For n > 2, we denote by a},(c — co) + bhp(z — ) the equation of

the tangent of V},, at (co, 20). By the formula g, ,(c, 2) = q1p(c, f771(2))
(Corollary [4.2)), we have

,

9 dq} aq] o1
Gy =PI (e, 20) = 02 (c0,0) + 4 (e, 0) e (co, 0)
) n—1
:ao,p—i-bo,pw_J fgc (Co,Zo),
g, 8qj B o
- (g, 20) = —L (co, 0)( 1Y (20) = bopw ™ (171 (20)-

(P 0z 0z

If there exists 0 < I < n— 2 such that f! (z9) = 0, then (f27')'(29) = 0, and
hence bﬁp = 0. It follows that the first non-vanishing term of @, , at (co, 20)
is a(c—c())“l*1 where a is a non-zero constant, i.e., X, , has the tangent ¢ = ¢y
of multiplicity d — 1 at (co, z0). In the other cases, we get (f:~1)(20) # 0.
Combining this with the fact that ag,,bo, # 0, it is not difficult to check
that the pairs (alp,bh,) (1 < j < d — 1) are pairwise non-colinear. Hence
the tangents of Vi, , (1 < j <d—1) at (co, z0) are pairwise distinct, that is,
(co, 20) is ordinary. =

4.2. Proof of the smoothness and irreducibility of q%,p. The ob-
jective here is to prove Theorem [4.4]
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The approach to proving the smoothness is similar to that in [BT]. The
idea is to prove that some partial derivative of g}, is non-vanishing. Fol-
lowing A. Epstein [E], we will express this derivative as the coefficient of a
quadratic differential of the form (f;),Q — Q. Thurston’s contraction prin-
ciple gives (f.)»,Q — Q # 0, whence our partial derivative is non-zero.

The approach to the irreducibility is based on the connectedness of the
periodic curve A&j ;. Then we will show the connectedness of the W%p using
a branched covering, by induction on n.

Here we list some definitions and results about quadratic differentials and
Thurston’s contraction principle. The proofs can be found in [BT| and [Le].

We use Q(C) to denote the set of meromorphic quadratic differentials on
C whose poles (if any) are all simple. If @ € Q(C) and U is a bounded open
subset of C, the norm

121lv == {{ldl
U
is well-defined and finite.
For f : C — C a non-constant polynomial and Q = ¢dz? a meromor-

phic quadratic differential on C, the pushforward f,Q is defined to be the
quadratic differential

— 2 q(w)
f+Q:=Tqdz* with Tq(z f(z Flw)

If Q@ € Q(C), then also f,Q € Q(C). The following lemma is a weak version
of Thurston’s contraction principle.

LEMMA 4.6. If f:C — Cis a polynomial and Q € Q(C), then f.Q # Q.

The formulas below appeared in [Le, Chapter 2|; we write them together
as a lemma.

LEMMA 4.7 (Levin). For f = f., we have

()
z

dz? 1 dz? dz? )
f*<z—a>_f’(a)<z—f(a)_z—6> yazo

To prove the irreducibility of qﬁ;,p, we need the following lemma.

(4.5)

- LEMMA 4.8. For each n,p > 1 and 1 < j < d — 1, the polynomial
Ghp(c,0) (in the variable ) has degree vq(p)d™ 2

Proof. For n = 1, we see that ¢f p( 0) = Qgp( 0) from Corollary
Then the result follows directly from Lemma -
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For n > 2, we have ¢} ,(c,0) = q{"p(c, f71(0)). Since Deg(qip) =
degz(qip) = v4(p) (see Lemma and Deg(f2~1(0)) = d"? (which is
easily checked), we have

Deg(q;, (¢, 0)) = Deg(qf , (¢, 2)) - Deg(f271(0)) = va(p)d" >
by Lemma [2.22) & (3). =

Proof of Theorem [{.4l The proof goes by induction on n.

For n = 1, as q{?p(c, z) = Qop(c,w™z) and Qqp(c,2) is smooth and
irreducible, we know that qip(c, ;;') are smooth and irreducible. Assume that
for1 << n, the polynomials ql{p(c, z) are smooth and irreducible. We will
show that g7, ,(c, 2) are then smooth and irreducible. Fix any jo € [1,d — 1].

Smoothness of ¢i%. As ¢l (c,z) = qZLO_Lp(c, fe(2)), for any zero (co, 20)
of ¢i%(c, z) we have

gl dg° dg°
S (0, 20) = —5 (co, wo) + —5 =L (o, wo),

(4.6) N s
I (o, 20) = 2o, wn) - fy (20),

where wo = fe,(20). Hence if 29 # 0, by the smoothness of Vi, (induc-
tive assumption), [0 mp/@c](co, 20) and [0¢)°,/82](co, z0) cannot be 0 simul-
taneously; it follows that gip(c,2) is smooth at (cg,20). So it remains to
prove that ¢l (c, z) is smooth at (co,0) € Vi%. In this situation, ¢ is either
a p- periodic superattracting parameter or an (n, p) Misiurewicz parameter,
and [0ghp/02](co,0) = 0. So we have to show [Dgp/0¢](co, ) # 0.

In the former case f2~1(0) =0, so p| n—1. As qnp(c z) =q%(c ¢, 7 Y(2)),
we have

3(]%?,, _ 6q{?p 8(1{?19 ofe !
(4.7) oc (Co,O)— De (C[),O)-i- Ep (60,0) e (CO,O).

As Qo p(co,0) =0 and p|n — 1, differentiating both sides of the equation
M) — 2= ] Qorle2),
kln—1

which appears in Lemma[2.4{i), with respect to ¢ and z respectively at (o, 0),
we obtain

ofr—1 0
fgc (c0,0) = gg’p(co,()) IT Qox(co,0)
kln—1
(4.8) k7P
0
—1= Qo,p 0) J] Qoulco,0

kln—1
k#p
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Since q{?p(c, z) = Qoplc,w™02), we have

8q]0 a aq](J ) 8
“2 (¢,0) = 7%22@ (c0,0), —=-L(co,0) = w0 %27?(@0,0).

Oc 0z
By substituting these two formulas into (4.7]) and applying (4.8]), we find
(4.9)
aQ%?p ac20,p —j 6QO,p 8QO,p
oc (co,0) = 9% (c0,0) +w JOW(CO,O kll_llQOk co, 0
k#p
0 _. 0
= %(007 0) <1 +w ]0%(6(” 0) kul QO,k(CO7 0))
k#p
o .
_ ggp (co, 0)(1 — w0,

By Lemma |2 ( ), [0Qo,p/0¢](co, 0) is non-zero, hence so is [0¢1°,/0c] (co, 0).

In the latter (Misiurewicz) case, since

aQn, i aQ%?
#(607 0) = H qu,p(cﬁv 0) : acp (CO’ O)

1<j#jo<d—1

and (co,0) is not a zero of J[; ., @p(c,z) by Lemma we have only to
show [0Qy,p/0¢](co,0) # 0. Furthermore, since

od
azm (C[),O) =P, 1,p COv H an co, 0

klp,k<p

)- 92, 0)

and ®p_1,(co,0) - IIjppep @ni(co,0) # 0, we shall equivalently show
(0D, ,/0c](co,0) # 0. We shall find a meromorphic quadratic differential
O with simple poles such that

2
o)+ = @+ 22 0, 0) - 2
Then by Lemma we obtain [0®y, ,/0c](co, 0) # 0.
We shall use the following notation:
2z o= fOR0),  Op = fl(z) =delTl, 0<k<p-—1,
= f1(0), e=fily)=dy™", 1<i<n-1
With this notation and some calculation, we get

0, _gpty) af"
W(COaO) = T(CO,O) ~ Toe (co,0)

=00 0p1—1)(ep1--e1+ - F+en16n-2+en1+1)
+0p—1-01+ -+ 0p—1 + 1.
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Let
p—1 ok n—1 l
= dz? dz?

be a quadratic differential in Q(C). Here pi, (0 < k <p—1), ;; (1 <1 <n-1)
are undetermined coefficients (note that y; = ¢p). Applying Lemma and
writing f for fco, we have

n—2
dz?
f*Q Z ( 21 Z_CO) < — Y _Z_CO>

=1
dz? 22
En 1 \% — 20 Z—C()

<,0p 1 A 1) dz? +@ dz? L Pp2 dz?

+ -
5p 1 En—-1/ 22— %20 50 zZ— 2z (5p72 Z— Zp—1

n—1
A dz? A\ dz? A dz?

+<Q_Zl> LM SRS S
&)z~ €1 2 — Y2 En—2 2 — Yn—1

(555

We want to choose Q so that

f*Q—Q:—< +Z )z_CO

This amounts to solving the following hnear system for the unknown coeffi-

cient vector (po, ..., Pp—1, Als- .- An—1):
1
L
50 Po 0
L :
Op_2 1 Pp—2 0
1 1
-1 Sp1 Cn-1 Pp—1 _ 0
1 1 1 1 1
ta & % 5, aa & *
1 1 A2 0
€1
1 —1 An—1 0
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Denoting by A the coefficient matrix, we have
(1"t
00 Op1-€1 " En_1

det(A) =

Thus whether @ = 0 or not, this linear system has non-zero solutions, and
one of its solutions is

po =00 0p—1,
p1 =01 0p_1,
Pp—1 = 517*1;

4.1
(4.10) M= (00 0p-1—1) - ep-1-¢1,

An—2 = (00 0p—1 — 1) - epn_16n—2,
>\n—1 = (50 tee 5p_1 - 1) cEn—1-

Therefore, for (po,...,pp—1,A1,- .., Ap—1) satisfying (4.10)), we have

p—1 2 2
A pr\ dz= _G@mp dz
fQ—-090= <a + ;;:o 5k> ==, (,0)

z—co z—cy

As a consequence [0, ,/0c](co,0) # 0.

~ Irreducibility of @. For n > 2, ¢} (c,2) is defined by ¢l ,(c,z) =
qﬁL_Lp(c, fe(2)). Interpreting these equations from a topological point of view,
we obtain a sequence of maps
{p%yp : Vﬂ'hp — V’il—l,p’ (c,2) = (e, fe(2)) In>2,p>1,1<j<d-1}.

Note that for n = 1, we can also define a map p{’p : V{,p — Xop by
91 (¢, 2) = (¢, fe(2)). By the smoothness of V4, , we can check the following
results.

e The map p{’p : Vf’p — Xp,p is a homeomorphism. To see this, notice
that q{’p(c, 2) = Qop(c,w™z) (Corollary , s0 we can deﬁng a map qul,p
from Xp, to V{,p by sending (cp,wo) € Xp,p to (co,w’zp) € Vip, where 2g
is the point in the orbit of wy under f,, with f,(20) = wp. By a simple
computation, we can see that Plpo P, = 1dv{,p and g1 , 0 ¢1, = idx,,.
Hence @1 , is a homeomorphism.

e For n > 2, the map p%,p : Vﬂp — Vi—l,p is a degree d branched covering
with critical set

D} p ={(c,0) | g5, p(c,0) = 0},
and each critical point has multiplicity d — 1.
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In fact, (co,wo) € 1% 1\ o(Dj, ) has d preimages (co, z1), - . ., (co, zq)
under @7, ,, where 21, ..., zq are the preimages of wy under fe,. le i€l,d.
If [0q?, /0] (co, zi) # O, then by , [8(]7]'1714)/82] (co,wp) # 0. This implies
that some neighborhoods of (cg, z;) and (cp, wp) can each be parameterized
by ¢. In such two local coordinates, the map @), has a local expression
¢+ c near (co,z;), which means that O is a local homeomorphism near
(co, ). If [0, p/8z](co, z;) = 0, then by (4.6), the fact that z; # 0 and the
smoothness of g5, ,, we find that [aqn 1 p/az](co, wp) = 0 and

i J
2000 (0, ) = aqgcl%o,wo) # 0.
This implies that some neighborhoods of (cg, z;) and (cg,wp) can each be
parameterized by z, and d(z;) = 0. In such two local coordinates, the map

@np has a local expression z — f.(,)(z) near (co, z;). Since z; # 0, we have
dfc(z)(z)

dz ‘z:zi
near (co, 2;).

By the discussion above, we can see that
Ohp  Vip \ (0hp) " (0(D) ) = Vi1, \ o(Di )
is a degree d covering. On the other hand, any point in pn,p(D%JJ) has only

= dz; # 0, which still means that sz,p is a local homeomorphism

one preimage, which belongs to D3, ,,. Hence g : V%p — VTJL_ 1p s a degree
d branched covering (because (g% ,) " (p(D4 ) = Di, and DY, is finite),
and the local degree of p%yp at each point of D%,p is d.

By the smoothness of q%?p(c, z) and the inductive irreducibility assump-
tion, we know that V,]Ilo_lvp :
mann surfaces. Then the restriction of pﬁ? any connected component

and each connected component of V] np are Rie-
of Vj is also a branched covering. Lemma [4.8] implies that the critical set
Djop of p is non-empty. Since each critical point has multiplicity d — 1,
the set V;%, must be connected. By Lemma and the smoothness of qn s
we Conclude that gi’p(c, 2) is irreducible in (C[c z]. m

5. Genus of the compactification of W;p. In the previous section,

we have seen that X, consists of d — 1 Riemann surfaces V}, pairwise
intersecting at the singular points of &), ;. In order to give a complete topo-
logical description of X, ,, we also need the topological characterization of

each Vj .

In fact, by adding an ideal boundary pomt at each end of Wlp, we ob-
tain a compactlﬁcatlon of Vi ,p» denoted by WL p» such that Vn p is a compact
Riemann surface (see . The genus of Vn,p is calculated in §5.2, Topolog-
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ically, &, , is completely determined by the number of its singular points,
the genus of V) p and the number of ideal boundary points added to Vi p (or
the number of ends of V}, ,).

5.1. Compactification of Vﬁp. Denote by W%,p: Vﬁp — C the projec-
tion from V} , to the parameter plane, i.e., 7, ,(c,2) = c. It is easy to see

that
(5.1) T :WO:pO@{,po"'Opib—l,popgz,p
where 7, is the projection from AXj, to the parameter plane and pﬁp is
defined in the proof of irreducibility. It follows that 77, , is a degree v4(p)d™ !
branched covering. To study the critical points of 77, ,, we define a subset
Ceh (singular) of Cy, p(singular) by
(5.2) C’ﬁﬂf (singular)

= {(c, 2) € Cp p(singular) | f(z) = 0 for some 0 <[ < n — 2}.

LEMMA 5.1. For any l,p > 1, the critical set of 7rlj is the union of
C’lj;p(primitive), Clj;p(sa‘gellite), C’lj;p(Misiurewicz) and Ccrlt(singular), where
C},(M) := Cp,(M)N V], and M indicates different properties.

Proof. We first note that (¢, z0) is a critical point of 7rl if and only if
[8qlp/8z](co, z0) = 0. By Lemma (1v) and the fact that @1 p is @ homeo-
morphism (shown in the proof of irreducibility of ql ), the critical set of 71'1 »
is C’j (primitive) U C{"p(satellite). In the case | = 1, €} ,(Misiurewicz) and
cpe (singular) are empty.

For [ > 2, by Corollary . we have g/ (c,z) = q] ,(c, fi7'(2)). Then a
point (¢, zp) is critical for 7Tl if and only if

J J

o 0
L2 (e, 20) = L (co, S 20)) - (L) (20) = 0.

Equivalently, either (co, f';1(20)) is a critical point of @1 po OT fl(z0) =0
for some 0 < g < n — 2 By Proposition [3.3] the former happens if and
only if (co, 20) € C’lj (primitive) U CY i p(satellite), and the latter if and only if

(co, 20) € C’{p(MlblureWiCZ) U Cﬁgt(singular). ]

From this lemma, we see that the critical value set of 77%47 is contained in
the union of the sets of parabolic, superattracting and Misiurewicz parame-
ters. Hence C\ My contains no critical values. It follows that each connected
component of (g ,)"1(C\ My), called an end of V4, ,, is conformal to C\ D.
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By adding an ideal boundary point at the infinitely far boundary, each end
of Vﬂ;,p is conformal to the unit disk, and thus W@ becomes a compact Rie-
mann surface. This gives a kind of compactification of Vi p, and in the next
subsection we will calculate the genus of this compact Riemann surface.
More precisely, let {& . 11<i< mi, ,} be the ends of VJ,. Denote

the point added at the infinitely far boundary of &l Then the

n,p,t

byoo

n,p,i
.7
surface Vi, := Vi ,U{oo! 7 pitii” is a compactification of Vi, and & =

n,p,i
J

g 7p7 {mn p 7’

extended to

-} is called an end of sz In this case, the map 7rnp can be

SRS ~
T p.Vn7p—>C

J

n,p,i) = 0.

by setting 7?%4,(00
5.2. Calculation of the genus of Vnp Now, for any n,p > 1 and

j € [1,d—1], we have obtained a branched covering 7 P! Vi p— C of degree
v4(p)d™ ! between two compact Riemann surfaces. By the Riemann—Hurwitz
formula, we have

2 — QgZW + total number of critical points of %ﬁ;’p = 2uy(p)d™ 1,

where gﬁp denotes the genus of 17,%17 So in order to calculate the genus
of V] p» we only need to count the number of critical points of 7, with
multiplicity. By Lemma [5.1, we know that the set of critical points of 77,
consists of C%,p(prlmltlve) C’ I o(satellite), C3 ,(Misiurewicz), Cemt (singular)
and maybe some added ideal boundary points. So we will count them class
by class.

Counting the points of C3, p(primitive) and C3, p(satellite). Bousch [B]
counts the number of critical points in Cp ,(primitive) and Cj ,(satellite). His
argument can be directly extended to our case (see also [Sil, Thm. 4.17]),
so we only give the result. The numbers of critical points (counted with
multiplicity) of 7, in C% ,(primitive) and C}, ,(satellite) are

@ Up|(d = Dwalp)fd— Y (va(k)/d)(d ~ Dp(p/h)]
klp, k<p
and
n—1
At Y (valk)/d)(d = 1)e(p/k)k(p/k = 1).
klp, k<p

Counting the points of C3 »(Misiurewicz). Recall that Dip = {(c,0) €

C? ](c, 0) = 0},s > 2, is the set of critical points of @l ,. By Proposi-

tion [3.3} if (¢, 0) € Dsp, then c is either an (s, p)-Misiurewicz parameter or
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a p-superattracting parameter. So we divide D! s,p into
D§7P(Misiurewicz) = {(c,0) € D! 1 p | ¢ is a Misiurewicz parameter},

Dip(period) = {(c,0) € Djp | ¢ is a superattracting parameter}.

By the definition of C%VP(Misiurewmz), we have

n
Cf;,p(Misiurewicz) = U (h{l’syp)*l(Dg,p(Misiurewicz)),
5=2
whereh%sp‘—pgﬂp op%p'V%p%Vj,p
Fix any s € [2,n]. Since the degree of qs,p(c 0) is vy(p)d*=2 (Lemma
and [8(]5 »/0c)(c,0) # 0at each (¢, 0) € D3, (shown in the proof of smoothness
of ¢l y(c, z)), we get #D3, = vg(p)d*—2 By Proposition [3.3(v), D% ,(period)
is non-empty if and only if p | s— 1. In this case, we also see that Dg,p(period) =
{(¢,0) | Qop(c,0) = 0}, so # DI, (period) equals v4(p)/d if p|s — 1, and 0
otherwise. It follows that
vd(p)ds’2 if pfs—1,
va(p)d*=2 — vy(p)/d if p|s—1.
Note that the critical value set of hﬁs,p is disjoint from Dép(MisiureWicz),
SO

#Dg’p(Misiurewicz) = {

1 : .. . . ; L. . n—s
#(hj )~ (Dg’p(MISIUTGWICZ)) = #Dip(MlSIUI‘GWICZ) -d

n,s,p

and each point in (hi, s,) (D4, (Misiurewicz)) is a critical point of 7,
with multiplicity d — 1. Therefore the number of critical points (counted
with multiplicity) of 7%, , in c »(Misiurewicz), denoted by M, p, is

(5.3) My, = #D] (Misiurewicz) - "~ - (d — 1)
s=2

[(n=1)/p)
= va(p)d™2(d — 1) <n —1- Y d—tp).
t=1

Counting the points of ChY(singular). Recall that C¢)f(singular) con-
sists of all points of the form (¢, z) with f271(2) = 0 and such that there
exists [ € [0,n — 2] with f!(z) = 0 and such that 0 is p-periodic.

We divide Gy, p(singular) into subsets C, ,(singular) which consist of
points (c, z) € Cp, p(singular) such that

n—1—tp=min{l | fi(z) = 0}.
Here ¢ can take the values 0,...,[(n —1)/p], where [z] denotes the inte-

ger part of z, and the sets thp are pairwise disjoint and form a partition
of Cpp(singular). From (5.2), we see that Cflfziot(singular) is the union of
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C’fl’p(singular), t > 1. Hence #C,C:;f(singular) =0if n—1 < p. So in the
following discussion, we only treat the case of n—1 > p, i.e., [(n —1)/p] > 1.
Let t > 1. We have (¢, z) € C}, (singular) if and only if

(6,0) € Dfyyp(period),  f177(z) =0 and (S~ 7Y (2) £0.
Hence
Cy, ,(singular)

= (hiz,tp+1,p)_1(Dngrl,p(perlOd)) \ (h (t+1)p+17p)_1(D€t+1)p+17p(per10d))

if (t+1)p+1<n, and C}, ,(singular) = (h? it p)_l(Déﬂp(period)) oth-
erwise. So
#C,, ,(singular)

_ {d”ltp-yd( p)/d if t = [(n—1)/pl,
A" yy(p)fd — d - dP DR L y(p) /i1 <t < [(n—1)/p).

On the other hand, hn Iptlp Vn,p — th+1,p is injective in a neighbor-
hood of any point (c,z) € Ct7p(singular), and Wierl,p : Vio1 — C has
local degree d' at (c,0), so the number of critical points counted with mul-
tiplicity in C}, ,(singular) is (d* — 1)#C}, (singular). Thus the total number
of critical points counted with multiplicity in C), ,(singular), in the case of

[(n—1)/p] = 1, is

(5.4)  Kyp:= (d" — 1)#Cz7p(singular)
t=1

= va(p) (™" = 1)d" P (&np — Cnp) + (dTV/PL = 1)y (p)an—2 I pe

where &, 5, = Zl[f(:nfl)/p]fl d7'P=1) and ¢, = 1[5(:171)/1)]71 d-rt,

Note that when [(n — 1)/p] = 0, the number computed by formula (/5.4))
is 0, which is still equal to the cardinality of C’flf]iat (singular). So the number
K, p, defined by , is equal to the number of critical points counted with
multiplicity in C5'}' (singular) in all cases.

Counting the ideal boundary points. Bousch |B| and Milnor [Mill] show
that the local degree of m ), at each ideal boundary point is 2 (in the case
of d = 2) by analysing the asymptotic behavior of f.(z) as (¢, z) goes to an
ideal boundary point on Xj ;. Their argument can be easily generalized to our
case with degree d > 2. Just to be self-contained we give an alternative proof
using the monodromy action (Lemma E 5.3| below). By Lemma |5.3] n the local
degree of V np at each ideal boundary point is d. It follows that the number
of ideal boundary points is v4(p)d" 2 because 73, is a degree vg(p)dP—!
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branched covering. So the number of critical points counted with multiplicity
is vg(p)d"~2(d — 1).

By the Riemann—Hurwitz formula, we have

Fhp =1+ valp )d”’2(pd —p—1- d) %(an + Kn,p)
/k).

ldn 2 Z k’l/d

klp, k<p

Here are the genera of some examples.

d n p vilp) Mnp Knp Ggnp
3 1 1 3 0 0 0
3 2 1 3 4 2 1
2 2 2 2 2 0 0
2 3 2 2 7 1 1
2 2 3 6 6 0 2

COROLLARY 5.2. For fized n,p > 1, the surfaces V%,p, 1<j<d-1,
are pairwise homeomorphic.

Proof. Topologically, the surface Vg,p is completely determined by the

genus and the number of ideal boundary points of ]A)%m, and these two num-
bers are independent of j. =

LEMMA 5.3. All ideal boundary points are critical points of %%,p with
multiplicity d — 1.

Proof. We first give a symbolic description of the dynamics on the filled-
in Julia set for a parameter outside the Multibrot set.

If ¢ € C~\ My, the Julia set of f. is a Cantor set. If ¢ € Ry, (6) with 6 # 0
not necessarily periodic, the dynamical rays R.(0/d),..., R.((6 +d —1)/d)
bifurcate at the critical point. The set R.(6/d)U---UR.((0+d—1)/d)U{0}
decomposes the complex plane into d connected components. We denote by
Up the component containing R.(0) and by Uj,...,Uz—1 the other compo-
nents in counterclockwise order.

The orbit of a point © € K, has an itinerary with respect to this partition.
In other words, to each x € K., we can associate a sequence in ZdN whose
jth entry is k if f&/7!(z) € U. This gives a map ¢ : Ko — ZY, which is
bijective for any ¢ € C\ My. Moreover, the dynamic of f. on K. is conjugate
to shift on ZY via the map ..

n,p,t

Fix g € C\ (Mg U Ry, (0)) with d’ = #(x~(co)). Since

n,p,t

Now let 7 := W%’p’{;j . The map 7 : &, — C\ M, is a covering of
n,p,i

degree &

n,p,i°

& s connected, the monodromy group induced by 7, denoted by Mon(r),

n,p,t
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acts on 7 !(cp) transitively. Thus for any fixed (cg,20) € 7 !(co), the set
7 1(cp) is exactly the orbit of (cg, 29) under Mon(7).

Let ¢; : [0,1] — C\ My be an oriented simple closed curve based at cg
that intersects Ry, (0) only at ct,. Let z; be the (n, p)-preperiodic point of f,
obtained from the analytic continuation of zy along ¢;. Note that as ¢ varies
in C\ (MqU Rp,(0)), the (n, p)-preperiodic points of f. and the dynamical
rays R.(0) and R.((0. + s)/d) (s € Zq) vary continuously. Consequently,

{ te,(2t) = tey(20)  for t €0, ¢0),
te,(2t) = tey(z1)  for t € (to, 1].

Furthermore, on the one hand, z; and R, (0) vary continuously for ¢ € [0, 1].
On the other hand, when ¢; passes through Rjz,(0), the dynamical rays
Re,((0:+5)/d) (s € Zg) jump from Re, ((0;_ + s)/d) to Re,, ((0¢, +s+1)/d),
t- <to<ty.Soif ie(20) =P Pr€1- €, then

(5.5) teo(1) = (B + 1)+ (1 + V(e 1)~ (e + 1.

Hence o, , the element of Mon(7) induced by ¢; maps (cg, 2z0) to (co, z1) with
z1 satisfying (5.5)). Since 71 (C \ My, co) = (¢t), we have

(ﬂ.gL,p|gZL’pyi)_1(CU)
= {(Co,z) | Lco(z) = (Bn + 5) T (ﬁl + 5)(61 + S) s (Ep + S), S Zd}.

J _
As a consequence, dn,m =d. u

6. The Galois group of @, ,(c, z). The objective here is to study A}, ,
from the algebraic point of view by calculating its associated Galois group.

Recall that C denotes the ring C[c|, and K is a fixed algebraically
closed field containing C. Since the characteristic of C(c) is 0, any poly-
nomial f € C[z] induces a finite Galois extension C(c)(f) over C(c) (see [W],
Thms. 3.2.6, 2.7.14|), where C(c)(f) is the splitting field of f, and hence a
Galois group G(f) := Gal(C(c)(f)/C(c)). In particular, we denote the Galois
group of Q. p by Gy p.

For all n > 0 and p > 1, denote by R, the set of roots of @, € Clz].
By , we have f.(R,p) = Rn—1p if n>1 and f.(Rop) = Rop. Set

mgn,p = U %lyp‘
0<i<n
Then f.(R<np) C R<np and the action of f, induces a directed graph
structure consisting of a certain number of disjoint cycles of order p, to
each vertex of which is attached a tree of height n. More precisely, for each
0 <1 < n, we consider the roots in i, as the vertices of level [, and two
vertices A1, Ay € R<,,,, are connected by an oriented edge from A; to Ay if



Preperiodic dynatomic curves for z — 2% + ¢ 63

fe(Ar) = Ag. Thus R<,, ), has a graph structure, and we denote this graph
by %gmp (see Figure 1).

ExamMpPLE. For d = 3, p = 4, n = 2, the directed graph 9{2274 has 18
pairwise isomorphic connected components. We draw one below.

O OO V00 V0O V0O V0O V00 OO O level2

level-0

level-1

Fig. 1. A connected component of 9{22’4

On the other hand, note that R<, , is the set of roots of

n
Qznp =] [ Qup € CL2l.
=0
So, correspondingly, we consider the Galois group G<;p of Q< p. Firstly,
we have the following simple result.

PROPOSITION 6.1. For all n >0 and p > 1, we have Gy, p = G<p p.

Proof. By (3.2)), any root of Q;; € C[z] (0 <1< n) can be written as a
polynomial with coefficients in C of roots of @, ;. It follows that the splitting
field of Q<pnp = [}y Qip over C(c) is the same as that of @, over C(c).
Hence G<pp = Grnyp.

By this proposition, computing the Galois group Gy is equivalent to
computing G<yp. Let 0 € G<y, . Since it fixes the base field C(c) pointwise,
we have 0(;,) = R, and feoo = oo f.. Hence o induces an automorphism
of the graph iﬁzn’p, i.e., o is a permutation of the vertices of iﬁzn’p of each
fixed level, and Ay, Ay € R<,,, are connected by an edge from A; to Ay
if and only if o(A;),0(Az) are connected by an edge from o(A;) to o(As).
Clearly, different elements of G<,, ;, induce different automorphisms of %zn’p.

So G'<yp can be seen as a subgroup of Aut(RZ ), the automorphism group

<n,p
of the graph i}{gn’p.
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In the case d = 2, Bousch [B| proved that
GSWP = Aut(mgn,p) = H§n7p(fc)7

where H<,, p(f.) denotes the set of all permutations of R<y, ;, that commute
with f.. In the general case, the result is similar but needs a small modifi-
cation. We will exhibit this point in the following.

Let 0 € G<pp. As o fixes the field C(c) pointwise, it must satisfy the
following two conditions:

(P1) o commutes with f., i.e., 0o f. = fooo.

(P2) o commutes with the rotation of argument 1/d. That is, if 0(A) =
Afor A,A € R<np, then o(w’A) = wi A, where w = 2™/d and
1<j<d-1

Therefore, if a permutation of Si<,, ,, is to be a candidate for being an element
of G<y,p, it should satisfy conditions (P1) and (P2).

In fact, in the case of d = 2, condition (P1) implies (P2). To see this, let
Ap—1 be a root of Qn—1, (n>1) and A, —A, be its preimages under f..
Let 0 € G<pp and set A, = o(4,,). By (P1), 0 must map —A,, to — Ay,

o (P2) holds. Therefore, (P1) alone may be sufficient for a permutation of
MR<pp to be an element of G<;, ,, and Bousch [B] proved this point.

However, the situation is a little different in the case of d > 3. With
the notations A, _1, A,, 4, and ¢ as above, A,,_1 has now at least three
preimages, which are A,,wA,,...,w%'A,. From condition (P1), we only
know that o maps {wA,,...,w% 1A} bijectively to {wANn, . ,wdilﬁn},
but cannot get o(wiA,) = wi(A,) for 1 < j < d — 1. So, in case d > 3,
condition (P2) cannot be omitted.

We wish to prove that, except (P1) and (P2), no other restrictions are
imposed on G<y, . The proof is similar to that of [B, Chapter III, Theorem 4].

THEOREM 6.2. The Galois group G<yp consists of all permutations on
R<n,p which commute with f. and with the rotation of argument 1/d.

Proof. We denote by rq the rotation of argument 1/d, and by H<y, ,,(fe, 7a)
the set of permutations of i<, ;, which commute with f. and r4. By the
definition, it is not difficult to check that H<, ,(fe,7q) leaves each 9, and
hence R, invariant for 0 <1 < n.

Define a group homomorphism

On - ng,p — HSn,p(fm Td)
by letting ¢, (o) be the restriction of o to B<y, . According to the discussion
above, we just need to prove the surjectivity of ¢,.
Note first that the result is true for n = 0 by Lemma [2.4|vi).
For n = 1, since H<jp(fe,7q) leaves R invariant, there is a natural
homomorphism from H<y p(fe,7q) to H<op(fe,7a) With 7 = T|x, . It has
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an inverse which maps 7 € H<o,(fe,7a) to T € H<1p(fe,7a) such that
Tlwy, = 7 and T(w/ A) = w/T(A) for each A € Rop,j € [1,d — 1]. Thus
H<ip(fe,ra) =~ H<op(fe,rq). Note that G1, = Go, (because the splitting
fields of Qo and Q15 over C(c) coincide), so the result is true for n = 1.

Now we argue by induction on n. Assume ¢y,—1: G<p—1p = H<n—1,p(fe,7d)
is surjective (n > 2).

Let 7 € Hep p(fe,7q). As T commutes with f., it leaves R<;,_1 p invariant.
Then 7|,—1, the restriction of 7 to R<y,—1 p, belongs to H<p,—1 ,( fe, 74). By the
inductive assumption, there is a 0,—1 € G<p—1,p With ¢p_1(0p—1) = T|p—1.
From Galois theory (see [W, Thm. 2.88|), we can find ¢ € G<,, whose
restriction to the splitting field of Q<p—1, over C(c) coincides with o,,—;.
Set 7/ :=7-¢,(c) 1. Then 7/ € H<ypp(fe, ra) and 7/ fixes R<,—1, pointwise.
Now it remains to prove that G<j,, contains 7/, i.e., there exists 0’ € G<p
with ¢,(c’) = 7/, because if so, then 7 = ¢,,(c")pn(0) = ¢p(c’c), which
implies ¢,, is surjective.

Set x; := vg(p)(d — 1)d"~! for each [ > 1 (which is the number of roots
of @), and denote

Rnp = {A WAL T AT

n

Since 7’ fixes R<;,—1,, pointwise and commutes with both f. and rg, it can
be expressed as a product

Kn—1

=1 (Gisi+1,...,d=1,0,...,8 - 1),

i=1
where (s;,8;+1,...,d—1,0,...,s;—1) is the cyclic permutation of (A%, ...,
wa=LA?) mapping A% to w® A% and so on. Notice that all these cyclic per-
mutations (s;,...,s; — 1) pairwise commute.

The argument in this section is a classical correspondence between Galois
theory and covering theory (see [Z] for the details). Let V;,,, be the set of
singular values of the projection 7 : A, ,, = C. Then m, , restricts to a cover
from the complement of the preimage of V,,, in &), , to the complement of
Vpp in C. For all ¢g not in V;, ,, there is thus an action of 71 (C\ V;,p, cp) on
the roots

Znp={zh, .. wi iy

of Qnp(co,2) seen as a polynomial in z with complex coefficients. By the
correspondence between Galois theory and covering theory (see [Z, Thm. 1)),
there is a (non-unique) choice of bijection between the roots of @y, € C[z]
and the roots of @y, ,(co, z) € C[z] such that the set of permutations induced
by the Galois group on fR<, ;, is conjugated by this bijection to the set of
permutations of Z, , induced by m1(C \ V,, , o). Thus we get a surjective
(non-injective, usually) morphism from m;(C\ V;, ,, co) to the Galois group.
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Moreover, this bijection is such that any polynomial relation between the Al
with coefficients in C(c) will give a relation between the z¢, with ¢y being
substituted for ¢. This implies that the action of 71 (C \ Vn,p,co) on Znyp
preserves commutation with multiplication by w.

Therefore, by the discussion above, to obtain the required permuta-
tion 7/, we only need to find a path in the basic group m(C\ V;,p, ¢o) whose
monodromy action on {(z,..., w4 122)}"" " induces the same permuta-
tion as 7/. We now show the following result, which is sufficient: for any
i € [1, kp—1], there exists a path in 71 (C\ V}, 5, co) whose monodromy action
induces the permutation (s;,s; +1,...,s; — 1).

Fix any i € [1,,_1]. Suppose that {(co, 2%), (co,wz?), ..., (co,w?121)}
belong to V), . Let ¢ be an (n, p)-Misiurewicz parameter with (¢,0) € V}, ,
Such a ¢ exists because the set D, ,(Misiurewicz) is non-empty (see Sec-
tion 5.2). By ., we have (¢,¢) € Xn 1,p- Since ¢ is a Misiurewicz param-
eter and the orbit of ¢ does not contain 0, the point (¢, ¢) belongs to no
sets in Lemma in the case [ = n — 1. Hence w = ¢ is a simple root of
the equation Q1 ,(¢, w) =0 (in w). So by the Implicit Function Theorem,
the equation @Qn—1p(c,w) = 0 has a unique solution w = w(c) close to é
fullfilling w(¢é) = ¢. Thus, a neighborhood of (¢,0) in A}, ; can be written as

{(¢,2) U (c,wze) U---U(e,w?12) | e — & < e},

where z. is one of the preimages of w(c) under f, near 0.

When ¢ makes a small turn around ¢, the set {z., wz,... ,wdilzc} gets
a cyclic permutation with w’z. mapped to w/t!z., because Tn,p 18 a degree
d covering in a punctured neighborhood of (¢,0) (which is shown in §5.2),
and the other (n,p)-preperiodic points of f, remain fixed, since 7, is in-
jective around each point (¢,€) with £ a non-zero (n,p)-preperiodic point
of fs So if we choose a path v € m(C\ V,p,co) homotopic to ¢, the
permutation induced by +’s monodromy action gives the cyclic permuta-
tion (2,...,d,1) of (2,wzy,...,w?12%) for an (n,p)-preperiodic point z
of fe, fullﬁlhng (co,2}) € Vn p» and keeps the other (n, p)-preperiodic points
of f., fixed. Now we join (cg, 2) and (co, 2}) by a curve from (co, 2) to
(co,25) in V], \ 7, (Vap), and denote its projection under 7, , by 8. Then

g em(C\ V,w7 co) and the path B -~% - 7! is what we expect. =

Applying this theorem, we can also characterize the Galois group G<y
by the automorphisms of the directed graph %gnm, as in the d = 2 case.

For d > 3, denote by Aut(RE ,,rq) the set of automorphisms of RL | , that
commute with the rotation of argument 1/d, and by He<yp(fe,7a) the set
of permutations on <, , that commute with f. and the rotation of argu-

ment 1/d.
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COROLLARY 6.3. Forn >0 and p > 1,
Gﬁn,p = AUt(%g,pﬂ Td) = HSWP(va Td)‘

Following Bousch B, Chap. 3, III] and Silverman [Sil, §3.9], we express
the Galois group G, (n > 2) as a wreath product.

DEFINITION 6.4. Let G be a group and X be a subgroup of S,,,, where
S, denotes the set of permutations of {1,...,m}. Denote by X x G™ the
wreath product of G and X. As a set, it consists of g = o(g1, ..., gm) where
g;i € G and o € Y. The multiplication is defined by

g h = 09(917 s agm) ' Uh(h17 . 7hm) =0y Oah(gah(l) : hl?' <590, (m) hm)

Under this multiplication law, X' x G™ is a group with
-1 _ _—1/, -1 -1

g _Jg (gUgl(l),’gUgl(l))

and unit element (1,...,1).

Bousch [B] showed that Gy is isomorphic to S, )/ X (z/pz)va®)/p
(see also [Sil, §3.9]). From the proof of Theorem we have seen that
Gl’p = GO,P? SO

Gl,p ~ Syd(p)/p X (Z/pZ)Vd(p)/p.
For n > 2, we can give inductively an isomorphic model of G, , by a wreath
product. Recall that , = v4(p)(d — 1)d"~! (n > 1) is the number of roots

of Qnp-

PROPOSITION 6.5. For n > 2, we have Gy p = Gp_1p X (Z/dZ)" 1,
where the action of Gp—1 on (1,...,ky—1) comes from the action of G,—1,
on the roots of Qn—1p, of which there are exactly ky,—1.

Proof. For n > 2, we denote by (AY_;)"" the roots of Q,_1, € C[2],
and denote by
({An,wdy, . WA
the roots of @, such that f.(AY) = AL _;.

1 2 Kn—1
An_q A5y A"
Kp —
A A2 Apn?

Ky —
wAL wA?2 . wAR" !
d—1 A1 d—1 A2 d—1 Akn—1

w4, WAL L. WAL

We define a group homomorphism

W : Gnp — Guot1p % (Z/dZ)"1
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by W(o) = o|p-1(s1,-.-,Sk,_,), where o|,—_1 is the restriction of ¢ to the
splitting field of Q—1, over C(c), and the ith digit in (s1,...,s,_,) is s
if and only if once o(A%L_;) = Al | for some 1 <t < y,_1, then o(AY) =

w®i AL . The injectivity of W is straightforward by the action of Gy, ;, on R<y, p,
and the surjectivity of W is due to Theorem .

To end this section, we compute G, for some small n,p. Note that
although G is isomorphic to a subgroup S, /p X (Z./pz)va®)/P of Svup)s
it is indeed a subgroup of S, (,)(4—1)- So mimicking the action of G, on

{wAl, ... ,wA'fd(p); Cowdial ,wd_lAlf’i(p)},
we define a subgroup Pyd(p)(d—l),d of Syd(p)(d_l) such that 7 € Pz/d(p)(d—l),d
if and only if
T(Lsva(p)i -5 (d = 2)valp) + 1, (d = 2)va(p) + va(p))
= (0(1), ceyo(wa(p); .. (d=2)vg(p) +o(1),...,(d—2)vy(p) —|—J(1/d(p)))

for a o € S,,). Then P, ;ya-1)a = Suyp) = Gip, and Py yi—1)a =
Sy, (p) in the case d = 2. The results of computation are listed in the following
table.

d n P valp)  Kno1 Gnp(d)

3 1 1 3 - Sz ~ Ps 3

3 2 1 3 6 Pe,s x (Z/37)°

3 3 1 3 18 (Po 3 x (Z/37)%) % (Z/37)"®

2 3 2 2 4 (z/272) x (Z./27)*) x (Z/27)*

2 2 3 6 6 ((z/22) % (Z/37)*) x (Z/27)°
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