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Positive solution for a quasilinear equation
with critical growth in RY
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Abstract. We study the existence of positive solutions of the quasilinear problem

— Ayu+ V(@)ul¥ 2 = f(u, Vol "2Vu), @€ RY,
u(z) >0, =€RYN,

where Ayu = div(|Vu|Y ~2Vu) is the N-Laplacian operator, V : RN — R is a continuous
potential, f : R x RY — R is a continuous function. The main result follows from an
iterative method based on Mountain Pass techniques.

1. Introduction and main result. In this paper, we study the exis-
tence of positive solutions of the quasilinear problem

—Ayu+V(2)ulN2u = f(u, |[Vu|N2Vu), xcRY,
u(r) >0, xcRN,

(1.1)

where Ayu = div(|Vu|V~2Vu) is the N-Laplacian operator, V : RY — R
is a continuous potential, and f : R x RV — R is a continuous function.

In recent years, quasilinear problems with a gradient term have been
subject to deep investigations: see for example [ClZW. [CWI [FQ) [DS] and the
references therein. This kind of problem arises in numerous physical models:
the turbulent flow of a gas in a porous medium, generalized reaction-diffusion
theory etc. (see [Al I(CH, DI, [CS, [MH]).

We study in particular the so-called p-Laplacian equations, which are
usually seen as the simplest generalizations of the Laplacian equation to the
quasilinear context. The p-Laplacian is the second order nonlinear differen-
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tial operator defined as
Apu = div(|VulP~2Vu).

Here p > 1, and for p = 2 the p-Laplacian is the usual Laplacian. Quasilinear
equations involving the p-Laplacian operator are widely used in physical
models, for example, pseudo-plastic fluids correspond to 1 < p < 2, dilatant
fluids correspond to p > 2, and Newtonian fluids correspond to p = 2 [AE].

It is well known that the classical variational methods are not directly
applicable to equations involving the derivatives of the solution in the non-
linear term. In [FGl, the authors developed an iterative method based on
Mountain Pass techniques to overcome this difficulty. A method inspired by
this technique is applied in the present paper.

The motivation for our investigation is the case 1 < p < N, which was
studied by G. M. Figueiredo [F]. Using Mountain Pass techniques in RY, he
proved the existence of a positive solution in W1P(R™). In this paper, we
are interested in the case p = N. We will use an iterative method to prove
the existence of a positive solution of problem (1.1).

In order to state our main result, we make the following assumptions:

(A1) f(s.[6]V728) = 0/in (—00,0) x RY.
Since we are looking for a positive solution, assumption (A;) is reasonable.

(A2) The function f has exponential critical growth at the origin and at
infinity (see [D]), that is,

N-2
i FOIE0L ey
s|—=0 |s|V-1
and there exists dg > 0 such that
gl (0 > o

lim
ed|s|N/(N=1) oo if d < dy,

|s| =00
for all ¢ € RY.

This assumption is motivated by the Trudinger—Moser inequality for bounded
domains [T}, M].
(As) (see JAE]) There exist constants p > N and 6 > 0 such that
f(s, €N726) > 0sP71, Vs >0, V€ e RY,
where
—N)/N
. (SNZ/(p— N)>(p )/ SPIN.
p(v—N)

S (IVUlY + V(@) |ulY) do

S =
weW LN\ {0} (Spav |ulP da)N/p
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(A4) There exists C' > 0 such that

S €Y < Coxplays™¥ D), s >0, vE € R,

where dy = ijlv/gf_l) > 0 and wy_1 is the (N — 1)-dimensional

measure of the (N — 1)-sphere.
(As) For all [s| >0 and ¢ € RY there exists v > N such that

0 < vF(s, €[N 7€) < sf(s, 1€V 29),
where F(s, [|N72¢) = {J £(t, ||V 2¢) dt.
(Ag) For each ¢ € R, the function g(s) =: f(s, ]§|N_2§)/5N_1 is non-
decreasing for s > 0.
(A7) The function f satisfies the following conditions:

£ (s1, €]V 28] < Lysp — so/¥ 7!
for all s1,s2 € [0, p1] and all [¢] < pa, and
£ (s, 1611V 7261) = f(s, &V 28)| < Lalé — &IV

for all s € [0, p1] and all |£1],|¢|2 < p2, where p; and py depend on
N and v given in the previous assumptions.

The following inequality in RY [DI] plays an important role in our proof:
(1.2) (€% 26 = [nIV 20, & —n) > Cnl¢ — 0|V,

where (-,-) is the usual inner product in RY.
Consider the following conditions on the potential:
(V1) V(z) > Vp > 0 for all z € RY;
(Va) V(z) is a continuous 1-periodic function, that is, V(z +y) = V()
for all y € ZN and all x € RY (see [AT]).

REMARK 1.1. Condition (Vi) ensures that X below is a reflexive Banach
space for the norm ||u]|.

In this paper, we always assume V(x) satisfies (V1) and (Vz). Before
stating our main results, we give some notation.
For 1 < p < 0o, LP(RY) denotes the Lebesgue space with the norm

fully = (§ updz) "
RN
Define the function space
WEYRN) = {u e LNRYN) : |Vu| € LY (RN)}
with the usual norm

iy = (§ (Tl + ju™yar)
RN
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Let
X = {u e W N®N): | (VN + V@) V) dr < oo}.
RN
Then X is a reflexive Banach space with the norm

1/N
Jull = (§ (9ul™ + V@)™ de)
RN
and for all N < ¢ < oo,
(1.3) X < WHNRN) — LI(RY)

with continuous embeddings (see [DS]).
The main result in this paper is as follows.

THEOREM 1.2. Assume (A1)—(A7) hold. Then problem (1.1) admits a
positive solution in WHN(RN) provided

Cyn — Ly Ly \YW
_ d —_— 1.
Cn >0 an <CN — L1> <

2. Preliminary results. The following lemma is a version of the Trudin-
ger-Moser inequality for RY.

LEMMA 2.1 (Trudinger-Moser inequality for unbounded domains; see
also [BJ, Lemma 1)). Given any u € WEN(RN) with N > 2, we have

S (ed|“‘N/(N71) — Sn-2(d,u)) dz < 00 for every d > 0.
RN
Moreover, if |Vul|N < 1, |lully < M < o0 and d < dy, then there ezists a
positive constant C = C(N, M,d) such that

| (™ Sy a(d,w)) de < C,
RN

where dy = Nw]lv/gf_l) > 0 and wy—1 1s the (N — 1)-dimensional measure

of the (N — 1)-sphere, and

2
&

SN 2 d U Z v |Nk/(N—1)
k=0

>

First, we consider the problem
(2.1) —Anu+ V(2)|ulN"2u = f(u, Vo[V 2V0), xRV,
. u(z) >0, x€RY,

for ve X NCE*(RN) with 0 < a < 1.

loc
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DEFINITION 2.2. A function u € X is said to be a (weak) solution of
(2.1) if for any ¢ € X,
S (IVulN2VuVe + V(z) [uN 2up) dz = S f(u, VN 2V0)p da.
RN RN
It is clear that problem (2.1) has a variational structure. The Euler
functional associated with (2.1)) is
1

Jo(u) = 5 [lull™ = } Fu,|Vo|V?V0) da.
RN

We say that J, € C'(X,R) and its Gateaux derivative is given by
Tiwe = | (IVul"">VuVe + V(2)ulN?up) da
RN
— S f(u, Vo[V 2 Vo) da.
RN
It is well known that the weak solutions of (2.1]) are the critical points
of the energy functional J,(u).

LEMMA 2.3. Suppose that (As) holds. Let v € X N CL*(RN) with 0 <

loc

a < 1. Then there exist 3,p > 0 such that J,(u) > > 0 for all u € X with
[ull = p.
Proof. By (Ag), given £ > 0 and s > 1, there exists C. = C(e,s) > 0
such that, for every d > d,
Bt JN 29 < Y + Celt (MY — Sy_a(d, 1))

for all t € R and ¢ € RY.
The following inequality can be found in [DJ, [DS]:

[l (™™ — Sy_y(d,w)) dz < C(d, N)|ull®,
RN
provided that ||u|| < §, where the positive constant ¢ is sufficiently small.
Using the Holder inequality, we get

1 € s w|N/(N—1)
700 = lul™ = Sl = €2 |l e~ 8y a(d, ) do
RN

1
> Sl — S CulullY - Caljul
with small [|ul|. Taking ¢ = 1/(2C1), we deduce that

1 N
> — s,
Jolw) = Slull™ = Callul
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Choosing s > N, we can consider p > 0 sufficiently small satisfying
B = %pN — Cyp® > 0.
For ||u|| = p, we have
Jo(u) > %pN —Cyp*=3>0.m
LEMMA 2.4. Suppose that (A1)~(As) hold. Let v € X N Cllo’Ca(RN) with
0<a<1andw € CEMRY) with |wolx = 1. Then there exists T > 0,
independent of v, such that
(2.2) Jy(two) <0 forallt>T.
Proof. For s € R, we define
L(t) =tV F(ts, [€]¥7%€) — F(s, €[V %), t>1.
Then it follows from (Aj) that
L'(t) = 7" (st f(ts, [§]"72) — vF (ts, |€]¥7%€)) = 0
for all t > 1. Hence, L(t) > L(1) =0 for all £ > 1 and then
F(ts, [€[V72€) > ¢/ F (s, |€]V2¢).

Using this it is easy to check that

1
Jy(twg) < NtNHwOH — " | F(wo,|Vo|"N"?Vv) da.
RN
Since v > N, we have J,(twg) — —oo as t — oo. Hence, there exists a
constant 7" > 0 such that (2.2)) holds. =

LEMMA 2.5. Under assumptions (A1)-(As), problem (2.1) has a positive
solution wu, € Clt’f N L®(RN) with 0 < a < 1 for any v € X N C’llo’ca(]RN).
Moreover, there exist constants p1,p2 > 0, independent of v, such that
HuvHCIOO»g(RN) < p1 and HvuvHC&s‘(RN) < p2.

Proof. By Lemmas 2.3 and 2.4, the functional J,, satisfies the geometric
conditions of the Mountain Pass Theorem. Hence, by a version of the Moun-
tain Pass Theorem without the (PS) condition [W], there exists a sequence
{un} C X satisfying

Jy(up) = ¢, and  J)(u,) — 0, asmn — oo,

where

» = inf Ju(y(t)) > 0,
¢v = lnf max (v(?))

with
I'={y e C([0,1],X) : v(0) = 0, v(1) = Two},

where wy and T are as in Lemma, 2.4.
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By virtue of (Aj), we have

1 1 1
v n n1>Jv mn *Jl n n> N nN-
ot ]+ (1) 2 o) + 5 fn)in = (5= 3 )l

When n is sufficiently large, we get

1 1
oot ol 2 (= 3 ) Il

Denoting C3 = 1/N — 1/v, we obtain
Cslunl|Y < o+ flunll.

Thus, {u,} is bounded in X. Hence, there exist u, € X and a subsequence
of {uy}, still denoted by {u,}, such that

(2.3) Up = Uy in X,
(2.4) Up = u, in L (RY) for N < s,
(2.5) Un(z) = uy(z)  ae. in RY,
Also, as proved in [D], we get
Oouy, Ou,

oz, () — oz, () ae. in RY.
Passing to a subsequence if necessary, we can deduce that
(2.6) Vi, (z) = Vuy(z) ae. in RY.
Thanks to , we obtain
|V, | N2V, — [V |V "2V, ae. in RY.
Since {|Vun|N~2Vu,} is bounded in LY N-1D(RN), we conclude that
V|V 2V, — [V |V 2V,  in LY WV-D(RM),
Therefore

S |V | N2 Vu, Vo dr — S |V |N 2V, Vo d
RN RN
for all p € X.
Similarly, we have

S |Vt | N 2unp dz — S || N 20y da
RN RN
for all p € X.
By using assumptions (Ag) and (Ay), given € > 0, ¢ > 0 and 5y > 1
there exists C, > 0 such that
(2.7)  f(s, 61V 72€) < sV 4+ Oust(exp(Bods™ V) — Sn_o(Bod, 5))
for all s > 0 and & € RV,
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Thanks to the proof of Lemma 3 in [AF] we conclude that
< v—N
YT 8NNy
From (2.3)—(2.5) and (Aj) we obtain
. o 1,
¢y = lim Jy(uy,) = nh_)rglo <Jv(un) — l/%(“n)”n)

n—0o0

C

- N
lim sup S (IVun N + Volua[N) da.
n—oo RN

v
>

It follows that
Nve, 1

lim sup [|[Vu|y < <-—<1
lglolip” ully < - — o

and

Nve
lim sup ||u, || < ———2—.

Then, based on Lemma 2.1, we conclude that there exist C' > 0, and By, > 1
close to 1, such that the sequence {G,} given by

G () = exp(Bodn|un| NN V) — Sn_a(Bodn, un)

belongs to L™ (RY) and |G, ||, < C for all n € N.
Applying (2.7) and the Dominated Convergence Theorem [B], we have

28) | flun IVl 2V0)pds = | fluy, [Vol¥2V0)pda
RN RN
for all p € X.

So, we obtain J(uy)e = 0 for all ¢ € X.
Suppose u, Z 0. By (A1), we get u, > 0 and u, € Cllo’?(RN) N L>®(RN)

for some 0 < o < 1. By the Harnack inequality, u, > 0 for all z € RY.
Moreover, similar to the proof in [BE], there exist constants pi,p2 > 0,
independent of v, such that HUUHCO,Q(RN) < p1 and HVUUHCO,a(RN) < pa.

loc loc

If u, = 0, we first prove that there exist a sequence {z,} C R" and
a1, R > 0 such that

(2.9) VN de > o
Br(zn)
Supposing the contrary, we have
lim sup S |un | dz = 0.

n—oQ

yeRN  Br(y)
Applying [L, Lemma 8.4], we obtain

up, — 0 in LYRY) for all t € (N, 00),
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which implies that
Jp(un) =0 asn — oo.

This is absurd because it implies ¢, = 0. Let wy(x) = up(z + z,). Since
V(z) is a 1-periodic function, we can use the invariance of R" under trans-
lations to conclude that J,(w,) — ¢, and J,(w,) — 0. Moreover, up to a
subsequence, w, — w, in X and w, — w, in LY (Bg(0)) with w, being a
critical point of J, and w, # 0. In the similar manner to the proof of the
case u, # 0, we conclude that w, is a nontrivial solution of (1.1), and the
lemma is proved. =

LEMMA 2.6. Letve XN C'ﬁ)f(RN) with 0 < a < 1. Then there exists a
constant K > 0, independent of v, such that ||uy|| < K for all solutions u,
obtained in Lemma 2.5.

Proof. Using (Ag), we obtain

cy = inf sup J,(tu).
we oy S Julf)

By (As), there exist constants a,b > 0 such that
F(s, [€[Y72€) > als|” — b

for all s € R and ¢ € RV,
Choosing wp in Lemma 2.4 and by (As), we obtain

1 N 1 N
(2.10) Jy(two) < | 1V (two)| do + | Vi@)ltwoN do
RN RN
- | (at"wol” = b) da
supp wo
1
< NtN — C3t” + blsupp wo|.
Denote

tN y
max (N — Cst” + b|supp w0\> =: k.

Then ¢, < k. By (Ag), we obtain
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3. Proof of Theorem 1.2. Thanks to Lemma 2.5, we construct a
sequence {up} C X N C’ﬁ)’g‘ (RY) with 0 < a < 1 as solutions of

(P)  —ANun + V(@) uaN2u = f(u, [Vun_1|V *Vu,_1), xRV,

starting with an arbitrary ugp € X N Cl’o‘(RN), with

loc

”“n”Cﬁ;g(RN) <p1 and HVUnHC&g(RN) < p2-
Since uy41 is the solution of (P,41), we have

(31) S (\VunH\N_QVunH . Vun+1 + V(SL‘)|un+1|N_2un+1 . un—i—l) dx
RN
= S f(ung1, \Vun\N*QVun)unH dz
RN

and
(3.2) S (\VunH\N_QVunH - Vu, + V(a:)|un+1\N_2un+1un) dx
RN

= S Flnst, |Vun [N 72V, )y, da.
RN

Applying (3.1)) and (3.2)), we see that

33) | [Vuns1 N2 Vng1 (Vin 1 — Vuy) do

RN
+ S V(x)|un+1\N_2un+1(un+1 — uy,) dz
RN
= | fltng1, VU N2 V) (un 1 — up) da.
]RN

Similarly, since u,, is the solution of (P, ), we have

(3.4) S Vi |V 2V, (Vg 11 — V) do
RN
+ S V(x)|un|N_2un(un+1 - Un) dx
RN
= | flun, [V [N 72 V1) (g1 — ) da.
RN



Positive solution for a quasilinear equation 261

By (1.2)), (3.3) and (3.4)), we obtain

|tnt1 — UnHN
1

< | (Funi, [Vun V72 Vun) = fun, Jun N V)6 (uy) do
Cn 2,
1
+ 07 S (f(un’ |vun|N_2vun) - f(unu ‘vun—l’N_2vun—l))5(un) dz,
N
RN

where §(up) = Upt1 — Unp.
Applying (A7), we obtain
Cn— Iy

Cn

Lo _
ltns1 — un | < Cn S Vi, — Vi 1| N g1 — uy| da.
RN

Then, by Holder’s inequality, it follows that

Ly 1/(N—1) .
[unt1 — un|| < (CN—L1> [tn = un—1l] =t kflun — un—1],

where k = (ﬁ) V(=1 Since the coefficient % is less than 1, the sequence

{un} strongly converges in X to some function v € X. Furthermore, by
Lemma 2.3, we know that v > 0 in R"V. Theorem 1.2 is proved.
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