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Noncommutative fractional integrals
by

NARCISSE RANDRIANANTOANINA (Oxford, OH) and
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Abstract. Let M be a hyperfinite finite von Nemann algebra and (My)r>1 be an
increasing filtration of finite-dimensional von Neumann subalgebras of M. We investigate
abstract fractional integrals associated to the filtration (Mg)r>1. For a finite noncom-
mutative martingale * = (zx)1<k<n C L1(M) adapted to (My)r>1 and 0 < o < 1, the
fractional integral of = of order « is defined by setting

1%z = (iday
k=1

for an appropriate sequence ((x)x>1 of scalars. For the case of a noncommutative dyadic
martingale in L1 (R) where R is the type II; hyperfinite factor equipped with its natural
increasing filtration, ¢z = 27 for k > 1.

We prove that I is of weak type (1,1/(1 — «)). More precisely, there is a constant ¢
depending only on « such that if = (2)r>1 is a finite noncommutative martingale in
L1(M) then

11202y 00y oo M) < cllZllzy )
We also show that I is bounded from L,(M) into Ly(M) where 1 < p < ¢ < oo
and « = 1/p — 1/q, thus providing a noncommutative analogue of a classical result.
Furthermore, we investigate the corresponding result for noncommutative martingale
Hardy spaces. Namely, there is a constant ¢ depending only on « such that if z =
(zx)k>1 is a finite noncommutative martingale in the martingale Hardy space H1(M)
then [[792||%, ,,_ .y < cllllag m)-

0. Introduction. For n > 1, let F,, be the o-algebra generated by
dyadic intervals of length 27" in the unit interval [0, 1], F be the o-algebra
generated by J,,~; Fn, and P denote the Lebesgue measure on [0, 1]. A mar-
tingale { f,,}n>1 on the probability space ([0, 1], F,P) adapted to the increas-
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ing filtration {F,},>1 is called a dyadic martingale. The theory of dyadic
martingales has played an important role in the development of classical
analysis such as harmonic analysis and Banach space theory. For instance,
the connection between the study of Haar basis in rearrangement invariant
spaces on [0,1] and dyadic martingales is quite obvious. The monograph
by Miiller [23] contains a very detailed account of dyadic martingale Hardy
spaces and their applications in modern analysis. Dyadic martingales also
appear naturally in various Littlewood—Paley type theories. We refer to the
books [IT], 20] for these historical facts.

Our primary interest in this article is closely related to the so-called
fractional integrals for dyadic martingales. These are special classes of mar-
tingale transforms. Let us review the basic classical setup. Given a dyadic
martingale f = {f,},>1 and 0 < a < 1, the dyadic fractional integral (of
order ) of f is the sequence I*f = {(I*f)n}n>1 defined by setting

n
(01) (Iaf)n = Z 2_kadflﬁ n > 17
k=1

where {dfy }x>1 is the martingale difference sequence of f. Dyadic fractional
integrals are closely related to some particular types of Walsh—Fourier series.
They also appear in various forms in function theory which goes back to
Hardy and Littewood. In [4], Chao and Ombe proved the boundedness of
fractional integrals between various L,-spaces depending on the size of .
Their results can be summarized as follows:

THEOREM 0.1 ([4]).

(1) For1 <p<gq<oo and a =1/p—1/q, there exists a constant Cp 4
depending only on p and q such that

sup (I F)all| < Cpalfll T € Lyl0.1]

n>1

(2) For 0 < a <1, there exists a constant Cy, depending only on « such
that for every f € L1]0,1],
A
]P’[sup|([°‘)|>)\}<0< ) . YA> 0.
n>1

Recall that martingale transforms are of strong type (p,p) for 1 < p < co
and of weak type (1,1). The emphasis here is that the special nature of the
coefficients in the fractional integrals provides these L,-L, type bounded-
ness results as opposed to just the familiar L,-boundedness of martingale
transforms.

Our primary objective in this article is to investigate possible general-
izations of fractional integrals in the general framework of noncommutative
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martingales. This is of course part of the general development of noncom-
mutative martingale theory; we refer the reader to [27, [15, 17, 29] for recent
history and results. We will work with a general hyperfinite finite von Neu-
mann algebra M with increasing filtration (M,,),>1 of finite-dimensional
subalgebras. We consider a unified approach to fractional integrals for non-
commutative martingales adapted to (My,),>1. These abstract fractional in-
tegrals are of course closely connected to the size of the filtration (My,),>1.
For the case of noncommutative dyadic martingales, i.e., when the von Neu-
mann algebra is the hyperfinite type 111 factor R equipped with its natural
increasing filtration, these fractional integrals turn out to be exactly as in
(0.1) (we refer the reader to Section [2| below for details).

The paper is organized as follows. In the next section, we collect notions
and notation from noncommutative symmetric spaces and noncommutative
martingale theory necessary for our presentation. In Section [2], we formu-
late the general fractional integrals and provide systematic studies of their
actions on various spaces. In particular, we prove results that mirror those
from classical settings. Our first result can be roughly stated as fractional
integrals of order a being of weak type (1,1/(1 — «)). Using duality and
interpolation, we also obtain boundedness between various noncommutative
Lorentz spaces. Moreover, they can be strengthened using the noncommuta-
tive maximal functions developed by Junge [I5] (see Theorems and .
These results go beyond Theorem [0.1]in two ways: they provide a unified ap-
proach to fractional integrals that are not restricted to dyadic martingales,
and also the method we use is general enough to include martingales that
are not necessarily regular. We also investigate fractional integrals acting
between noncommutative Hardy spaces. More precisely, we obtain Hi-H,
boundedness of the fractional integral I* where p = 1/(1 — «). This is for-
mulated in Theorem below. In the last section, we explore when the
various results obtained in the previous section can be extended to include
the case 0 < p < 1. This is accomplished through the use of noncommuta-
tive atomic decompositions and noncommutative atomic Hardy spaces for
martingales.

1. Preliminaries and notation. In this preliminary section we intro-
duce some basic definitions and well-known results concerning noncommuta-
tive L,-spaces and noncommutative martingales. We use standard notation
for operator algebras as may be found in the books [19, [30].

1.1. Noncommutative symmetric spaces. In this subsection we will
review the general construction of noncommutative spaces. Let M be a
semifinite von Neumann algebra equipped with a distinguished faithful nor-
mal semifinite trace 7. Assume that M is acting on a Hilbert space H.
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A closed densely defined operator z on H is said to be affiliated with M
if x commutes with every unitary « in the commutant M’ of M. If a is a
densely defined self-adjoint operator on H and a = SR sde? is its spectral
decomposition, then for any Borel subset B C R, we denote by xp(a) the
corresponding spectral projection |, xp(s) de?. An operator z affiliated with
M is called T-measurable if there exists s > 0 such that 7(x (s 0)(|2])) < oo.

Let /z denote the topological x-algebra of all 7-measurable operators.
For x € M,

pe(z) =1inf{s > 0: 7(X(s,00)(|2])) < 2},  t>0.

The function t — p(z) from the interval [0,7(1)) to [0,00] is called the
generalized singular value function of x. Note that p(x) < oo for all ¢ > 0,
and t — p(z) is a decreasing function. We observe that if M = L®(R,)
then M is the space of Lebesgue measurable functions on R, and for any
given f € .K/lv, wu(f) is precisely the classical decreasing rearrangement of
the function |f| commonly used in the theory of rearrangement invariant
function spaces as described in [2] 20]. We refer the reader to [12] for a more
in-depth study of u(-).

For 0 < p < oo, we recall that the noncommutative L,-space associated
with (M, 7) is defined by L,(M,7) = {z € M : 7(]z[P) < oo} with

Jelly = 72 = (] plap de) "
0

More generally, one can extend the preceding definition to more general
function spaces which we now summarize. We first recall some basic defini-
tions from the general theory of rearrangement invariant spaces. We denote
by Lo(R4) the space of all C-valued Lebesgue measurable functions defined
on R+.

A quasi-Banach space (E, | - ||g), where E C Lo(Ry), is called a rear-
rangement invariant quasi-Banach function space if it follows from f € F,
g € L°(Ry), and u(g) < u(f) that g € E and ||g||g < ||f||z. Furthermore,
(E, |- ||g) is called symmetric Banach function space if it has the additional
property that f,g € E and g << f imply that ||g||g < ||f||z. Here g << f
denotes submajorization in the sense of Hardy—Littlewood—Pdlya:

t t
S,us(g) ds < Sus(f) ds for all t > 0.
0 0

We refer the reader to [20] for any unexplained terminology from the
general theory of rearrangement invariant function spaces and symmetric
spaces.
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Given a semifinite von Neumann algebra (M, 7) and a symmetric quasi-
Banach function space (E, | - ||g) on the interval [0, 00), we define the cor-
responding noncommutative space by setting:

EM,7)={z e M: pu(z) € E}.

Equipped with the quasi-norm ||z| g7 = [[1(2)] £, the space E(M,T)
(or simply E(M)) is a complex quasi-Banach space and is generally re-
ferred to as the noncommutative symmetric space associated with (M, 1)
corresponding to (E, || - ||g). Extensive discussions of various properties of
such spaces can be found in [5], 9, [31].

In this article, we will be mainly working with Lorentz spaces. For 0 <
p,q < 0o, the Lorentz space Ly 4 is the subspace of all f € Lo(Ry) such that

o0 dt 1/q
(S (7)) ) if 0 < ¢ < o,
1 £llpa=q Vo !
sup t/7 () if ¢ = oo.
t>0
is finite. Clearly, L, ,(R;) = Ly(Ry). If 1 < ¢ < p < oo orp =g = o0,
then L, ,(R4) is a symmetric Banach function space. If 1 < p < oo and
p < g < oo, then Ly,(Ry) can be equivalently renormed to become a
symmetric Banach function space. In general, L, ,(R;) is only a symmet-
ric quasi-Banach function space. Basic properties of Lorentz spaces may
be found in [2, 20]. Through the general construction of noncommutative
spaces described above we may define the noncommutative Lorentz space
Ly 4(M,T) associated with (M, ) corresponding to Ly 4(R; ).
We now review some properties of noncommutative Lorentz spaces that
we will need throughout. We will make use of the well-known fact that for
l1<p<ooandz € Ly(M,T),

l2]lp.oe = SuD AT (x(r,00) (12]))) /7.
A>0

The following quasi-triangle inequality is a very simple but useful fact. We
refer to [29] for a short proof.
LEMMA 1.1. If z1,29 € L1 0(M,T) and X > 0,
AT(X(x00) (121 + 22]) < 2AT(X(2/2,00) ([21])) + 2AT (X (A /2,00) (|22]))-

From the general duality theory for noncommutative spaces developed
by Dodds et al. [10], we may also state that for 1 < p,q < oo,

(1'1) (LP,Q(M’T))* = LP/7Q/(M’T)7

where p’ and ¢’ denote the conjugate indices of p and ¢, respectively. Non-
commutative Lorentz spaces behave well with respect to real interpolation.
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Indeed, we may deduce from [3 Theorem 5.3.1, p. 113] and [28, Corollary
2.2] that if 0 < 6 <1, 0 < pj,q; < oo for j € {0,1}, and py # p1, then

(12) Lp,q (Mv T) = [Lpquo (Ma 7_)7 Lp1,Q1 (Mv T)}Q,q

(with equivalent quasi-norms), where 1/p = (1 — 0)/po + 0/p1. All these
basic facts will be used in what follows.

1.2. Noncommutative martingales. In thissubsection, we recall some
background from the theory of noncommutative martingales. Let (M, ),>1 be
an increasing sequence of von Neumann subalgebras of a von Neumann algebra
M such that the union of the M,,’s is w*-dense in M. Assume that there
exists a trace preserving conditional expectation &, from M onto M,, (this is
always the case if M is a finite von Neumann algebra). It is well-known that
& extends to a bounded projection from Lq (M)+M onto Ly (M,,)+M,, and
consequently, by interpolation, from L, (M) onto L,(M,,) forall 1 < p < oco.

A sequence x = (zp)p>1 in L1(M) + M is called a noncommutative
martingale with respect to (My,),>1 if

En(Tnt1) =xpn, Vn>1.
If additionally « C L,(M) for some 1 < p < oo, then z is called an L, (M)-
martingale. In this case, we set

[z|[p = sup [|zn |-
n>1

If ||z|l, < oo, then x is called an Ly-bounded martingale. Similarly, we may
also consider martingales that are bounded in Ly ,(M) when 1 < p < o0,
0 < g < oo and set

z]lp,q = sup [|zn|lp,q-
n>1

We refer to [14] for more information on L, ;-bounded martingales.
For a given martingale z = (x,,),>1, we assume the usual convention that
xo = 0. The martingale difference sequence dz = (dzy)i>1 of x is defined by

dry =xp — Tp_1, k>1.

Let us now recall the definitions of the square functions and Hardy spaces
for noncommutative martingales. Following [27], we introduce the column
and row versions of square functions relative to a martingale = (x5, )n>1:

Senle) = (1), Sute) = (3 ldml?)

k=1 k=1
and
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Let 0 < p < oo. Define (M) (resp., H,(M)) as the completion of the
space of all finite martingales in MNLy,(M) under the (quasi) norm [|z{[3g =
150l (resps zllz; = 1S, (2)llp). When 1 < p < oo, HE(M) and H(M)
are Banach spaces, while for 0 < p < 1 they are only p-Banach spaces.
The Hardy space of noncommutative martingales is defined as follows: if
0 <p<2,then

Hp(M) = Hp(M) + H, (M),
equipped with the (quasi) norm
[@]l3, = mf{{lyllaeg + ll2ll7
where the infimum is taken over all decompositions z = y + z with y €
H,(M) and z € Hy(M). For 2 < p < oo,
Hp(M) = Hp (M) NH,(M),
equipped with the norm
1]l9¢, = max{|z|lwg, 2]}
We also need £,,(L,(M)), the space of all sequences a = (ap)n>1 in Ly(M)

such that
1/p
lalley(zy oty = (3 lanllp) ™ < oo.

n>1

For a martingale x, set

sa(w) = (3 ldaal2) "

n>1

It is clear that for such z, we have
[sa(@)[lp = l[dz|le, (L, A1)

We define hf(M) to be the set of all martingales x such that dz € £,(Ly(M)),
equipped with the (quasi) norm

el = lsa@) -

We mention that there are also other Hardy spaces such as the noncommu-
tative conditioned Hardy spaces in the literature, but they will not be used
in this paper.

Our primary examples are noncommutative bounded martingales in var-
ious Lorentz spaces associated with the type II;-hyperfinite factor R. Let
My be the algebra of 2 x 2 matrices with the usual normalized trace tro.
Recall that

(R, 7) = R)(My, try).

1>1
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For n > 1, we denote by R,, the finite-dimensional von Neumann subalgebra
given by the finite tensor product Q) ;,, (Ms, tra) of R. It is customary to
identify R,, with Ma», where Man is the algebra of 2" x 2" matrices equipped
with the normalized trace tron. Moreover, we view R, as a von Neumann
subalgebra of R, 11 via the inclusion

TER, = @1y, = <$ 0> € Rpt1,
0 z
where 1y, is the identity of Mly. With these inclusions, it is clear that (R, )n>1
forms an increasing filtration of von Neumann subalgebras whose union is
weak*-dense in R. Martingales corresponding to the filtration (R,)n>1 are
called “noncommutative” dyadic martingales. They are indeed generaliza-
tions of dyadic martingales from classical probability theory.

We conclude this subsection with the statement of the noncommutative
Gundy decomposition from [25] which will be crucial in what follows. Below,
supp(a) denotes the support projection of the measurable operator a in the
sense of [30].

THEOREM 1.2 ([20]). If 2 = (zn)n>1 is an Li-bounded noncommautative
martingale and X\ is a positive real number, then there exist four martin-
gales @, ¥, n, and v satisfying the following properties for some absolute
constant c:

(1) 2 =@+ ¢ +n+uv;
(ii) the martingale ¢ satisfies

lel <cllzlln, Nl < ezl el < e
(iii) the martingale ¢ satisfies

> lderlls < cllzl;
k=1
(iv) v and v are Li-martingales with
max{)n‘( \/ supp |d77k|), )\7’( \/ supp |dv,§|)} <c||z|-
k>1 k>1

In the following, the letters C),kyp,... will denote positive constants
depending only on the subscripts indicated, and C, k, ... are absolute con-
stants. All these constants can change from line to line.

2. Noncommutative fractional integrals. In this section, we define
fractional integrals for noncommutative martingales. For the remainder of
the paper, we assume that M is a hyperfinite and finite von Neumann al-
gebra and the filtration (Mj)r>1 consists of finite-dimensional von Neumann
subalgebras of M.
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For k > 1, we define the difference operator Dy = &, —&,_1 where & = 0.
Let

Dip i= Di(Lp(M)) = {z € Ly(My) : Ex_1(x) = 0}

Since dim(My) < oo, the Dy ,’s are finite-dimensional subspaces of
Ly(M) for all 1 < p < oo. Moreover, for p # ¢, the spaces D,,, and Dy, 4
coincide as sets. In particular, the formal identity ¢z : Do — Di2 is a
natural isomorphism.

For k > 1, set

(2.1) G o= 1/l 1%
Clearly, 0 < ( < 1 for all £ > 1 and limg_,, (x = 0. Moreover, for every
x € Dy 2, we have

(2.2) |2]loo < ¢ 212 ]lo-

Furthermore, if we denote by jj the inclusion map from Dy, into My,
then one can easily verify that for every z € Li(My), (jky, 'Dr)*(z) =
Ek(z) — Ep—1(z) € La(My) (here Dy, : La(My) — Dy2). In particular, for
every € Dy 1,

(2.3) lzll2 < 2¢; |||

The following definition constitutes the main topic of this paper. This
was primarily inspired by a similar notion used by Chao and Ombe [4] for
classical dyadic martingales in L;[0, 1] described in the introduction. We
propose a setup that goes beyond the dyadic situation.

DEFINITION 2.1. For a given noncommutative martingale z = (z,)p>1
and 0 < a < 1, we define the fractional integral of order o of x to be the
sequence [z = {(I*z)p }n>1 where for every n > 1,

(I%), = chdazk
k=1
with (Cx)k>1 from (2.1).

Since a > 0, the operation I¢ is a martingale transform with bounded
coefficients, and thus, according to [27, 29], I* of strong type (p,p) for
1 < p < oo and is of weak type (1,1). In particular, if z is an Li-bounded
martingale then {(I*z), },>1 is a martingale (adapted to the same filtration)
that is bounded in L; . (M). At the end of this section we will briefly
discuss the motivation for our choice of the scalar coefficients ((x)x>1 as
defined in and point out that it is the optimal choice for all the
results in this section to hold. We should also emphasize here that for
the case of “noncommutative” dyadic filtration on R, one can easily verify
that ¢, = 27% for k > 1, and therefore our definition is indeed a proper
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generalization of the classical dyadic fractional integrals described in the
introduction.

Our goal is to strengthen the above facts about martingale transforms.
More precisely, we aim to generalize Theoremto our abstract noncommu-
tative settings. In particular, we show that I is of weak type (1,1/(1 —«)).
This specific result leads to various weak-type inequalities and to bounded-
ness of fractional integrals between different Lorentz spaces.

2.1. Weak-type boundedness and consequences. The following
weak-type estimate is the main result of this subsection.

THEOREM 2.2. Let 0 < a < 1. There exists a constant co such that if x
1s an Li-bounded dyadic martingale then

1%L, 0 o) < callele

In preparation for the proof of Theorem we first establish various
preliminary lemmas.

LEMMA 2.3. Let k> 1 and a € Dy . Then:
(i) For any given 0 < o < 1,
Gk llalliya—a) < 2%(all1-
(ii) Forl<p<2anda=1/p—1/2,
Gk llall2 < llallp.
Proof. For (i), we have
Cllallya—ay = (a1 = ¢pr(ja|*/ 0= a]) '~
< Gellall llall ™.
By (2.2) and (2.3)), we have
lallos < ¢ llallz < 2¢; lallr-
When combined with the above estimate, this leads to
Gllallya-a) < 29G¢ llallf llalli™ = 2%(lal):.

The argument for (ii) is similar. Assume oo = 1/p —1/2 and a € Dy, .
Then

lallz = 7(ja*)!/? = 7(|af*?|al")"/? < [la] 7P/ |laly/

< (¢ P2 a) TP alB? < ¢ el S a2,

1/2

This implies that C,?p/2||a||‘g/2 < Ha||£/2, which after raising to the power 2/p

gives the stated inequality. =

As immediate consequences of Lemma we obtain
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LEMMA 2.4.

(i) For 0 < a < 1, the operator I* is bounded from h{(M) into
Lyj(1-a)(M).

(i) If 1 < p <2 and a9 = 1/p — 1/2, then there exists a constant c,
such that for every z € Ly,(M),

1% 2)nll2 < cpll2ll,p-
That is, I* is bounded from L,(M) into La(M).

Proof. The first item is immediate from Lemma [2.3(i). For the second
item, fix z € Ly(M) and n > 1. Then, since for every k > 1, dzj, € Dy, oo,
we may deduce from Lemma [2.3[(ii) that

n n
2
1(T2)nll5 = GElldzels < lldarll?.
k=1 k=1

Using the fact that L,(M) is of cotype 2 ([28]), it follows that there is a
constant x, such that

n
2
I%02), |13 < K]QEH exdz H
1°02)ul < 2|3 eudan|
k=1
where (ef)r is a Rademacher sequence and E denotes the expectation on

the ;’s. Furthermore, by the L,-boundedness of martingale transforms (see
[27]), there is another constant (3, such that

I(Z%°2)ull3 < KpBp 1121l
which proves (ii). m

LEMMA 2.5. Letl1 <p<2,1/p+1/p =1, anda=1/p—1/p’. Then I¢
is bounded from Ly(M) into Ly (M). More precisely, for every z € Ly(M)
andn > 1,

I(I*2)nlly < cpllzllp,
where ¢, is the constant from Lemma (ii).

Proof. Note first that & = 2a where ap is from Lemma [2.4(ii). Fix
y € L,(M) with ||y, = 1. Then

ez, = (2] = e (3 Gdz) (D dui) )|
= HZI; C;?dedyZ> ’ = )T(%: Czaodz’fdyz>
() ()

< ezl [yl -
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It then follows from Lemma (ii) that [(I°z,y)] < c3| z]l,. Since y is arbi-
trary, the desired inequality follows. =

Proof of Theorem[2.3 We have to prove the existence of a constant ¢,
such that for any fixed n > 1 and every s > 0, we have

(24) 7 (X(s.00) (1(T°2)n])) < cal(ll]l1/5)/ ).

By linearity and homogeneity, we may assume without loss of generality
that > 0 with ||z||; = 1. Since the trace 7 is normalized, it is enough to
consider only the case s > 1. Let A = s!/(1=2),

We apply the noncommutative Gundy decomposition stated in Theo-
rem to the martingale x and A > 1. There exist four martingales ¢, ¥,
1, and v with x = ¢ + ¥ + 1 + v that satisfy the properties enumerated in
Theorem Clearly, for any given n > 1 we have

(I%)n = (I0)n + (I"Y)n + (I N)n + (I%V)n.

Using the elementary inequality |a + b|?> < 2]a|? + 2|b|? for operators, we
obtain

|(12)n]* < A[(I%0)nl* + 4| (T%¢)ul? + 4|(I*N)nl* + 4](I%0)n .

Now, according to Lemma [I.1] we have

T(X(s,00) (| (T72)n])) = 7 (x(s2, (!( “z)nl?))
< AT (X (52 /400) (A (T¥)n])) + AT (X (52 /4.00) (4 (T*V)n]?))
+ 47 (X (52 /4,00) (4\(Ia n2 %)) + A7 (X (52/4,00) (4 (T*V)n )
= I+IT+1IT+1V.
It suffices to estimate I, I, I11, and IV separately.
For I, let 1 < p < 2 be such that « = 1/p — 1/p' with 1/p+1/p' = 1.

Then using Chebyshev’s inequality and the result already established in
Lemma [2.5| that I is bounded from L, (M) into L, (M), we get

I =47 (X(s/200)2I(T%@)n]) < 4757V |[(I0)u
< W ol = T (il
= #7127 (|77 < 42 || &I Pl VP
Since ||¢]l1 < ¢ and ||¢]|co < cA, we deduce that
I< 4p’+1cch’sfp’/\(pfl)p’/p < 4(21’*1)/(”*1)0]2)05"/(1’*1))\*1,

which shows the existence of a constant ¢, such that

I<coa b
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For 11, we first apply Chebyshev’s inequality as above to get

IT = 47 (X(s/2,00) 2l (1))
(2—a)/(1—a) .—1/(1—a)||( Ta 1/(1-a)
<4 § (1 @Z’)nHl/(l_a)'
According to Lemma (i), I* is bounded from h{(M) into Lyij—a)(M).
Therefore, we may deduce that

(2.5) IT < cod ™oy

for ¢, = 4(2~®)/(1=) " Combining with Theorem (iii) provides the
desired estimate for I1.

To estimate I11, we note that using polar decompositions of the dny’s,
the operator (I*n), is right-supported by the projection \/k,>1 supp |dng|.
Consequently, the operator |(I“n),| is supported by \/;~, supp |dny| and
thus we may conclude from Theorem 1.2} - iv) that

I1T < 4T< \/ supp ]dnkD < dex 1.
k>1

For IV, we observe that (I“v)* = I*v*. Arguing as in the case of I11, we
find that |(Iv)y,| is supported by the projection \/;~, supp |dvy|. Similarly,
we may deduce from Theorem 1.2] - iv) that

IV = 47 (X(s/2,00) 21T 0)1])) < 4T< \/ supp |dvk\) <dexh
k>1

As noted above, combining the estimates on I-IV proves (2.4). =

We now consider some applications of Theorem 2.2]to strong type bound-
edness of fractional integrals. Given 0 < o < 1, we observe from that
the noncommutative Lorentz space L/, 1 (M) is the Kéthe dual of the non-
commutative symmetric space Ly /(1—qa),00(M) in the sense of [10]. Thus, it
immediately follows from Theorem that restricting the adjoint of I* to
the Kothe dual implies that (I*)* : Ly/q,1(M) — M is bounded. On the
other hand, it can be easily verified from the definition that the adjoint (I¢)*
is formally equal to the fractional integral I¢ itself and thus we may state:

COROLLARY 2.6. Let 0 < a < 1. Then I is bounded from Ly o 1(M,T)
into M.

Using interpolation, we also get:

COROLLARY 2.7. Let 1 <p<g<oo,0<r <oo, anda=1/p—1/q.
The mapping 1% is bounded from Ly (M) into Lq,(M). In particular, I¢
is bounded from L,(M) into Ly(M).
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Proof. Interpolating Theorem [2.2) and Corollary [2.6] we deduce that for
0<f<1land0<r <o,

I : [LI(M)le/a,l(M)]G,T — [Ll/(l—a),oo(M)aLOO(M)]G,r

is bounded. Choosing 6 so that 1/p =1+ (a—1)f and 1/¢ = (1—-60)(1 — ),
the interpolation result in ((1.2)) yields the desired conclusion. m

Next, we consider improvements of Theorem [2.2|and Corollary [2.7 using
maximal functions. For this, let us recall the noncommutative f.-valued
spaces considered first in [26] [I5] for the noncommutative L,-spaces and in
[7] for the more general case of noncommutative symmetric spaces.

Let E be a symmetric Banach function space on Ry and A be a semifinite
von Neumann algebra equipped with a semifinite trace o. We set E(N, o)
to be the space of all sequences z = (z,)>1 in E(N, o) for which there exist
a,b € E@ (N, o) and a bounded sequence y = (yx)r>1 in N such that for
every k > 1,

T = aykba
where E@(N,0) = {a € N : |a]®> € E(N,0)} equipped with the norm
1/2
lall g W) = H\a| HE(N
For x € E(N;{s), we define

T 0. i=inf {||a sup || yx || oo ||| me2) },
1% EWit00) {II @ ) up 19k lloc 101 5 (a7

where the infimum is taken over all possible factorizations of x as described
above. We point out that whenever (|zx|)r>1 is a commuting sequence and
thus the maximal function Mz = supys; |zx| is well-defined, the value of
[ (x)k>1l E(WVes) 18 Precisely the norm of Mz in E(N, o). This justifies the
use of the space F(N; ) as a substitute for the lack of supremum or max-
imum for sets of noncommuting operators. This remarkable discovery was
made by Junge [15] who applied this analogy to formulate the noncommu-
tative Doob maximal inequalities.

Before proceeding, we also need to recall the notion of Boyd indices. Let
E be a symmetric Banach space on (0, 00). For s > 0, the dilation operator
D, : E — F is defined by setting

D, f(t) = f(t/s), t>0,f¢ckE.
The lower and upper Boyd indices of E are defined by
log s

= lim ——— d =
PE = e log | D] ¢ 1P

I log s

im —=——.

s—0+ log || Ds||

It is a well known fact that 1 < pg < gg < co. Moreover, if F = L, for
1 <p < oo then pgp =qr =p.
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The key tool we use is provided by a recent generalization of Junge’s
noncommutative Doob maximal inequality due to Dirksen which we now
state:

THEOREM 2.8 ([8, Corollary 5.4]). Let (£,)n>1 be an increasing sequence
of conditional expectations in (N,o). If E is a symmetric Banach space on
Ry with pg > 1, then there is a constant cg depending only on E such that

[(En(@)nz1llEWitw) < cEllZllEW), € EW,0).

Our next result follows by combining Theorem Corollary The-
orem [2.8 and the fact that if 1 < p < oo and 1 < ¢ < oo then the upper
and lower Boyd indices of Ly 4(Ry) are both equal to the first index p (see
for instance [2, Theorem 4.6]). It provides noncommutative generalizations
of classical results stated in Theorem [0.1]

THEOREM 2.9.

(1) Let 0 < a < 1. There exists a constant ¢, such that if x is an
L1-bounded noncommutative martingale then

1%, 0 it < Callalh.

(2) Let 1 <p<g<oo,0<r<o0, and a =1/p—1/q. There exists a
constant Kq,r such that if x is a noncommutative martingale that is
bounded in Ly (M), then

HIQxHLq,T(M;Ew) < Ha,r‘|x||p,r-

In particular, there exists a constant ko such that if x is a martingale
that is bounded in L,(M), then

112 L, (Mitoe) < Fallz]lp-

We conclude this subsection with a note that all the indices involved in
Theorem are optimal. In fact, they cannot be improved even for classical
dyadic martingales. We assume that these facts are known but we could not
find any specific reference in the literature. For completeness, we include a
simple example to support these claims.

ExaMPLE 2.10. We consider classical dyadic martingales and fractional
integrals as defined in (0.1). Fix N > 1 and set fy := 2NX[072—N). Then we
have the following properties:

6) Il =1
(11) For every 0 < e < 1, HfNH(4—€)/3 = 24-¢
(iii) (|12 x> = /N/2.

(iv) 14 f 2 ~ 2/

N
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Consequently, we may deduce that
lim (|72 fxllo/|lfnli =00 and  lim [[TY* fulla/| fxlla—epss = oo
N—o0 N—o0

The first two items can be easily verified. For the last two, we note first
that for every 1 < k < N, fr = E(fn/Fk) = 2kX[0’2—k) and therefore dfy, =
2k_1X[0,2—k) - 2k_1X[2—k72—(k—1))- One can then easily see that ||dfy||3 = 2+~1
for 1 < k < N and thus

N
112 fn 3 =D 27 ) dfi3 = N/2.
k=1

Moreover, for I'/4 we have the identities

N
T4 fnl13 =" 2742 dfiI3
k=1

N
_ 2271@/221@71 _ (2N/2 -1)/(2 - \/5)
k=1

This verifies the last item. The statements about the two limits clearly follow
from the four items listed. =

Example shows that I/2 is not bounded from L1[0,1] into Ls[0, 1].
In particular, the weak-type (1,1/(1—c«)) boundedness of I in Theorem [2.2]
cannot be improved to strong type. Moreover, the index 1/(1—«) is the best
possible, as I'/2 cannot be bounded from L1[0, 1] into Ly 0[0,1] for any g > 2
since the formal inclusion is bounded from Lg [0, 1] into L2[0,1]. On the
other hand, Example also shows that for any given 0 < ¢ < 1, I'/* is
not bounded from L4_.)/3[0, 1] into L3[0, 1]. Taking the adjoint and setting
§ = 3¢/(1—¢), we find that I'/* is not bounded from L0, 1] into Ls,5[0, 1]
for any 6 > 0. This reveals that the indices in Corollary are the best
possible in the sense that if o = 1/p — 1/¢q with 1 < p < ¢ < 0o then L,-L,
boundedness of 1% is optimal.

2.2. Fractional integrals and Hardy spaces. In this subsection, we
will examine boundedness of fractional integrals with respect to martingale
Hardy space norms. The following theorem is our primary result in this
subsection. It may be viewed as the Hardy-space version of Theorem

THEOREM 2.11. Let 0 < a < 1. There exists a constant ¢, such that for
every v € H{(M),

1olus, < callalln.

For the proof, we first establish the following lemma. It relates the frac-
tional integrals I and I?® when 0 < a < 1/2.
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LEMMA 2.12. Assume that 0 < o < 1/2. For every a € Li(M) and
n>1,

(2'6) Mt(Sc,n(Iaa)) < ,ut/Z(Sc,n<I2aa))1/2Mt/2(Sc,n(a)>1/27 t>0.

Proof. Denote by (e;;) the canonical matrix of M,,. Then

n
S2,(I%) @en =Y Gi¥dag|* ® en
k=1

= (ﬁ: 2 day,| ® em) <Zn: |dag| ® €n1> — AB.
k=1 k=1

Taking singular values relative to M,, ® M,,, we have

1e(S2(170) ® e11) < puyja(A)pya(B) = peja(AA*) 21y o (B* B2,
Since AA* = Y"1, (p¥dag|* @ e1y = S2,,(I*a) ® e11 and B*B = 52, (a) ®
e11, the above inequality translates into

(2 (%) @ en1) < gy (52, (1*%a) @ e11) g a(S2 (@) @ enn) /2,
which is equivalent to . "

As a consequence of Lemma we may deduce the next statement.

LEMMA 2.13. Assume that 0 < a < 1/2. For every a € H{(M) and

n>1,
1/2
Hij1-20)

1/2
a3

Proof. Let u =1/(1 —«a) and s = 2/(1 — 2a). Then 1/u = 1/s+ 1/2.
Using Holder’s inequality on (2.6)), we have

e (Sean(I*a)) lu < Mlpgya(Sen (@) 2 s - 1t /a(Sen(@)) 22

This can be easily verified to be equivalent to the statement of the lemma. =

(I a)allg,, . < 20721 *a)nl|

We are now ready to provide the proof of Theorem [2.11
Proof of Theorem Let 0 < a < 1 and let v € N be such that
/27" <a<1/2%.
The proof is done by induction on v.

ev =0,ie, 1/2 < a < 1. Let u =1/(1 —«a). Then u > 2. By the
noncommutative Khintchine inequalities [21} 22], for every n > 1 we have
n
2
|l < B3 Grenda|
u
k=1

where () is a Rademacher sequence and E denotes the expectation on the
er’s. From the fact that L, (M) is of type 2 (see [28]), there is a constant 7,
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such that
(%% )n 3 < 77UZ:C;§C“IId$kII2

Now we apply Lemma (1) to find that since dxj, € Dy, o for every k > 1,
we have

(2% 2)n 17y < nuz ldz 13-

Using the fact that Lj(M) is of cotype 2, and the noncommutative Khin-
tchine inequality once again, we deduce that there is a constant x such that

I(1%2)nll#g < mnu inf {H (ga/?ak)m”l + H (;bkb’:)mHJ

where the infimum is taken over all decompositions dzy = ay + b for k > 1.
A fortiori, we obtain

1)l < mnullellag < moullllag-

Taking the limit in n proves the case v = 0.

e Assume that the assertion is true for v > 0 and fix a € [27#+2) 2=(+1)),
Note that in this case, necessarily 0 < o < 1/2 and therefore Lemma
applies. We then have 2=t < 24 < 27 and thus by assumption there
exists a constant cs, such that

1P @)l ) < C2allelig

for all x € H{(M) and all n > 1. Combining the latter inequality with
Lemma we deduce that

1@l ) < 207 e s,
which proves that the assertion is true for v + 1. =

REMARKS 2.14. (a) Working with adjoints, we also have the row version
of Theorem R.111

(b) For 1/2 < e < 1, the argument above provides the stronger statement
that for every x € H1(M),

(2'7) Hlamuﬂl/(lﬂx) < CO&HxHHr
The next result extends (2.7)) to the full range 0 < a < 1.

COROLLARY 2.15. Let 0 < o < 1. There exists a constant c, such that
for every x € Hi(M),

11429410y < Callll-
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Proof. As noted in Remark [2.14(b), we only need to consider the case
where 0 < a < 1/2. Then 1 < 1/(1 —a) < 2. Let z € H1(M) and € > 0.
Fix a € H{(M) and b € H (M) so that:

(1) z=a+1b
(2) llallss + 10l < llliz, +e

From Theorem and Remark [2.14(a), we have

1H%allws, . < callallug and [[1%b]l3y, < callbllag-

Adding the two inequalities gives

I allag )+ 1Bl < callleli +2).

The left hand side of the last inequality is clearly larger than ||I%z|4, /o
Since ¢ is arbitrary, we obtain the desired statement. m

X

REMARK 2.16. Using the noncommutative Burkholder-Gundy inequal-
ities from [I7, 27], one can show that Corollary is equivalent to the
statement that for any given 0 < a < 1, I* is bounded from H;(M) into
L1 /(1—a)(M). This is often easier to apply when dealing with dualities.

Before stating the next result, let us recall the notion of BMO-spaces
for noncommutative martingales introduced in [27]. Let

BMOc(M) = {a € L*(M) : sup Hz‘,’n\a - En,1a|2Hoo < oo}.
n>1
Then BMOa(M) becomes a Banach space when equipped with the norm
1/2
lallsmoe = (sup Eala — En-1aloc) -
n>1

Similarly, we define BMOgr(M) as the space of all a with a* € BMOg(M)
equipped with the norm |la|[gmo, = [|a*]|Bmo- The space BMO(M) is
the intersection of these two spaces:

BMO(M) := BMOc(M)NBMOgr(M)
with the intersection norm
lallsamo = max{|alsmoc lallsamog}-
We recall that as in the classical case, for 1 < p < oo,
M C BMO(M) C Ly(M).

For more information on noncommutative martingale BMO-spaces, we refer
to [27, 17, 24], 16]. It was shown in [27] that the classical Feffermann duality
is still valid in the noncommutative settings. That is, we have

(Hi(M))* = BMO(M),  with equivalent norms.
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Our next result should be compared with Corollary 2.6] above. It is a
direct consequence of Corollary and duality. Note that it is the non-
commutative analogue of [4, Theorem 3(v)]. See also the next section for
more discussion of other items of [4, Theorem 3].

COROLLARY 2.17. For 0 < «a < 1, the operator I% is bounded from
Ly /(M) into BMO(M).

We remark that as shown in Example I'/2 is not bounded from
L5[0,1] into Ls[0,1] for the case of a dyadic filtration. Thus, in general
BMO(M) in Corollary cannot be replaced by the von Neumann alge-
bra M.

We also have a closely related result which follows from Corollary
but cannot be directly formulated in the language of fractional integrals
since we only defined the latter with 0 < a < 1. See the Appendix below
for a more detailed discussion of this.

PROPOSITION 2.18. There is an absolute constant k such that for any
(finite) martingale difference sequence dx = (dxy)}_, in Hi1(M),

n n
dx H </<;H dx H .
HkZ1<k K BMO — kzl K Ha

Proof. Apply the fact that I'/2 is bounded simultaneously from (M)
into La(M) and from Lo(M) into BMO(M), and then use composition. m

We end this section with a short discussion of our choice of the scalar
sequence ((x)r>1 introduced in and used in Definition Fix an ar-
bitrary sequence v = (vj)k>1 of nonnegative scalars and consider fractional
integrals using v. We denote them by I. That is, ISz = >, -, vidxy, for
every finite martingale x.

For fixed k > 1 and a € Dy, let do = (0ra);>1 where d;, = 0
for j # k and d; = 1. Then dz is a martingale difference sequence. If
is the corresponding martingale then it is easy to check that ||z|gmoc =

lallso and |[z]|2 = |lall2. Similarly, |[19%||grmor = villalleo. If I/? satisfies
Corollary 2.17‘7 that is, if 1}/% is bounded from Ly(M) into BMO(M), then
there is an absolute constant c¢ such that

1/2
e lalloo < cllal]a.

Since this is valid for all @ € Dy, o, we deduce from (2.1]) that Ck_l/2 < cyk_l/z.

This yields ¢ 2y, < (i for all k£ > 1. In particular, it shows that (modulo
some constants) our initial choice of ((x)r>1 in Definition is the best
possible.
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Appendix. The case 0 < p < 1 and open problems. In this sec-
tion, we explore the boundedness of fractional integrals when the domain
spaces are Hardy spaces indexed by p € (0,1). Our primary tool is the
atomic decomposition for martingales. We begin by recalling the concept of
noncommutative atoms introduced in [I] for general noncommutative mar-
tingales.

DEFINITION A.1. Let 0 < p < 2. An operator a € La(M) is said to be a
(p, 2)c-atom with respect to (My,)p>1 if there exist n > 1 and a projection
e € M,, such that:

(i) gn(a) =0;
(i) ae = a;
(iii) [lall2 < 7(e)"/2~1/7.
Replacing (ii) by (i)’ ea = a, we have the notion of (p, 2),-atoms.

Clearly, (p, 2).-atoms and (p, 2),-atoms are natural noncommutative ana-
logues of the concept of (p,2)-atoms from classical martingales.
Let us now recall the atomic Hardy spaces for 0 < p < 2.

DEFINITION A.2. We define the atomic column martingale Hardy space
hi™* (M) as the space of all z € L,(M) which admit a decomposition

T = Z ApO,
k

where for each k, ap is a (p,2)c-atom or an element of the unit ball of
LP(Ml)a and (\;) C C satisfies Zk |I\e|P < oo.

We equip hy* (M) with the (quasi) norm

. 1/p
Jxllpent = inf (Z | Mp) ,
k

where the infimum is taken over all decompositions of z as above.
Similarly, we define the row version hy® (M) as the space of all z €
Ly(M) for which z* € hi™(M). The space h;* (M) is equipped with the
(quasi) norm Hl‘”h;,at = ||:c*]]h;,at.
The atomic Hardy space of noncommutative martingales is defined as
follows:
d
R (M) = WEM) + B (M) + e (M),
equipped with the (quasi) norm
lallnge = inf {wllg + [9lyger + l<llppor

where the infimum is taken over all w € hd(M), y € hg™ (M), and z €
hy™ (M) such that 2 = w4y + 2. We refer to [I}, [I3] for more details on the

concept of atomic decomposition for noncommutative martingales.
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One can describe the dual space of h§* (M) as a Lipschitz space. For
B >0, we set

AG(M) = {z € Lay(M) : [|z[[ag < oo}

where

H(xfn(fc))ellz}

HQUHA;;, :max{”é’l(x)ﬂoo, sup sup (o)

n>1 e€ My, projection

The space A%(./\/l) is called the Lipschitz space of order 3. For 0 < p <1
and 8 =1/p — 1, it was shown in [I] that

(A.1) (h&™(M))* = AG(M),  with equivalent norms.
Our first result shows that fractional integrals essentially transform (p, 2).-

atoms into (g, 2).-atoms for appropriate values of p and ¢. This could be of
independent interest.

PROPOSITION A.3. Assume that 0 < p < 1, p < q¢ < 2, and o =
1/p—1/q € (0,1). There exists a constant Cy, such that if a is a (p,2).-atom
then C; 1% is a (q,2)c-atom. In particular,

Hlaath,at S COZ'

Proof. Let a be a (p,2).-atom. There exist n > 1 and a projection
e € M,, such that

(i) [lalla < (e)/2 /7.

Clearly, £,(I%a) = 0 and (I“a)e = [“a. We treat the cases 0 < aw < 1/2 and
1/2 < a < 1 separately.

CASE 1: 1/2 < a < 1. First we note that since a~! <2, from Hoélder’s
inequality we have

lalla-1 = llaefla—1 < [lafar(e)*"/2.
By Corollary there exists a constant C,, such that
(A.2) Cq % allsmos < CLH I allsmo

< flalla-1 < llallzr(e)*1/? < 7(e) /.

Next, we estimate the Lo-norm of I%a. Since &,(I%) = 0 and e € M,,,

S2(1%a) = 3 |di(I%) —e<2|dk (I%) )

k>n k>n
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We have
Iral3 = 7(D ld1ma)Pe) = (D lau(1°a)P] )
k>n k>n
<||&a[ X o0l _r(e).
k>n

Since &,(|I% — En—1(I%a)|?) = En(Dksn |d.(I%a)|?), we deduce that
11%all2 < [ 1*allspmoe ().
Combining the preceding inequality with (A.2), we conclude that
O 11%all2 < (e)'/271a,
which is equivalent to C;; 1% being a (g, 2).-atom.

CASE 2: 0 < o < 1/2. Fix 1 < r < 2 such that « = 1/r — 1/2. By
Corollary I is bounded from L,(M) into La(M). Taking adjoint, I :
Ly(M) — L,/(M) is bounded where 1/r+1/r" = 1. There exists a constant
C\, such that
(A-3) Co 1%l < llall2 < (e)' /217,

On the other hand, from Holder’s inequality, we have
17%all3 = 7(|1%a|%e) < 7(|1%[")*/" 7(e)' /"
Therefore,

(A.4) 17%all2 < 1Tl (e)'/274"".
Combining (A.3) and (A.4), we get

COTIHIaaHZ < 7_(6)1—1/1:)—1/7” — 7_(6)1/7'—1/12.
From the choice of r above, we have 1/r — 1/p = 1/2 — 1/q. That is,
CYI%all2 < 7(e)Y/?~1/4, which again shows that C;'I% is a (g,2)-
atom. m

The next theorem is an immediate consequence of Proposition and
duality. We leave the details of its proof to the reader.

THEOREM A 4.

(a) Assumethat0 <p<1l,p<q<2,anda=1/p—1/q€ (0,1). Then
I is bounded from h§™ (M) into hy* (M).
(b) For>0and0 < a <1, I%is bounded from AG(M) into A%,  (M).

So far we have considered only fractional integrals of order v under the
assumption that 0 < a < 1. Indeed, all the results stated in Section 2
do require this assumption. In fact, both the statements and techniques of
proofs used in Theorems and highlighted the need for 1 — « to
be nonnegative. However, when considering the case 0 < p < 1, the situation
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is different. For instance, both statements in Theorem [A-4] still make sense
without the assumption 0 < a < 1.

To avoid any potential confusion, we will introduce different notation for
the general case. Let v > 0. We denote by I7 the transformation defined
by setting, for any martingale z = (z,,)n>1, I’2 = {(I7%)n}n>1 where for
n>1,

n
INx), = Z ¢ dxy.
k=1
Clearly, I is simply I? when 0 < v < 1. Moreover, when v > 1, set n(y) :=
|7v] +1 where |-| denotes the greatest integer function and a(y) := v/n(y).
Then clearly 0 < a(y) < 1 and we may view 7 as the composition of the
fractional integral %) with itself n(y) times. )
We now consider boundedness properties of I7 as a linear transformation.
The following theorem should be compared with [4, Theorem 3].
THEOREM A.5.
(i) If 8> 0and0 < ~, then I is bounded from A%({Vl) into A, (M).
(i) If 0 <p<qg< oo andy = 1/p—1/q, then I7 is bounded from
hy™ (M) into HE(M).
(iii) For every v > 0, I" is bounded from BMO(M) into A5 (M).
(iv) If 1 < p < oo and v > 1/p, then I is bounded from L,(M) into
Afy—l/p(M)‘ ~
(v) If v > 1, then I7 is bounded from H1(M) into AS_;(M).

Proof. Ttem (i) is already the second part of Theorem ifo<y<l1.

Assume that v > 1 and let «(y) and n(y) be as described above. From the

second part of Theorem 1°0) is bounded from AG L k-1)a(y) (M) into

A ko) (M) for all integers k € [1,n(v)]. We apply I*") successively n(7)
times and get I7 as the composition

7o) 7o)

I A5 (M) — AG oty M) —— AG 94y (M) =
. 7o) c
B Aﬁﬂfa(v) (M) — ABM(M)'

This shows that I7 : AG(M) — A5, (M) is bounded.

(ii) follows directly from (i) by duality when 0 < p < ¢ < 1. So we
assume that ¢ > 1. Fix ¢ > 0 such that 0 < p < 1 —¢. Let 71 =
1/p—1/(1 —¢), 7o :== 1/(1 —¢) — 1, and 73 := 1 — 1/q. Then I :
he™ (M) — h$™ (M) is bounded. Also since 0 < 3 < 1, Theorem [A.4{a)
shows that 172 : h$ (M) — h$*(M) is bounded. From the inclusion

h$* (M) C HS(M) [I, Proposition 2.2, also I : h{™ (M) — H{(M)
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is bounded. Furthermore, since 0 < 73 < 1, Theorem shows that

3 H{(M) — Hg(M) is bounded. We conclude that IV = 12 s
bounded from h§* (M) into Hg(M). For ¢ = 1, we only need to consider v,
and s.

(iii) is an immediate consequence of (ii) by duality and ¢ = 1.

For (iv), we observe from Corollary that if « = 1/p then I :
Ly(M) = BMO(M) is bounded. A fortiori, I* : L,(M) — BMO(M) is
bounded. On the other hand, by (iii), so is 7% : BMO(M) — A5 (M).
Thus, (iv) follows by taking composition.

(v) follows by comblmng Proposition and (iii). Indeed, from Propo-
sition u 2.18, I' : Hi(M) — BMO(M) is bounded, and from (iii), I7~?
BMO“(M) — A5 (/\/l) is bounded. =

REMARK A.6. All the results in Theorems [A.3] and [A5] are valid for the
corresponding row versions.

For the case of mixed Hardy spaces, we may also state:

COROLLARY A.7. If 0 < p < q < oo andy = 1/p—1/q, then I s
bounded from h3'(M) into Hy(M).

Proof. Tt is enough to prove that I7 is bounded from hg(/\/l) into hg(/\/l).
In view of the proof of Theorem ii), it suffices to verify the special case
0<p<g<1land~e€(0,1). This can be deduced from the following claim:
for every k > 1,
Glal|d < [lallb for all a € My,

To prove this claim, we apply Lemma (1) to |a|P and any 0 < 8 < 1 to
get
(1—
G/ (| ) < 7(|al?).

Take § such that p/(1 — §) = g. One can easily verify that 5/(1 — 3) = ~q.
This proves the claim. =

In [4, Theorem 3], the classical dyadic filtration was handled without
specifically referring to atomic decompositions or atomic Hardy spaces. We
do not know if the use of atoms and more specifically of Proposition [A.3| can
be avoided. More precisely, we do not know if the atomic Hardy spaces in the
statements of Theorems and can be replaced with the usual Hardy
spaces. This of course is closely connected with the problem of atomic decom-
position for noncommutative martingales. We leave this as an open question.

PROBLEM 1. Is I” bounded from Hy (M) into Hg(M) when 0 < p <
g<landy=1/p—1/q?

To complete this circle of ideas, we consider maximal Hardy spaces. Let
us recall the classical Davis theorem [6] that for every commutative martin-
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gale x € H; we have ||z|3, ~ Hsupk \Ek(m)ml Following the ideas described
in Subsection [2.1] one can define the maximal Hardy space of noncommu-
tative martingales H***(M) as the space of all martingales « € Li(M) for
which ||z[[3max = [[(Ex(2))k L, (Msese) 18 finite. The Davis theorem stated
above is equivalent to saying that for the commutative case, the Hardy
spaces H! and HI'®* coincide. Unfortunately, the Davis theorem does not ex-
tend to the noncommutative case. Indeed, it was shown in [I8, Corollary 14]
that #; and H}"** do not coincide in general. The following problem was
motivated by Theorem [2.11

PROBLEM 2. Is I bounded from H}**(M) into Hy/(1_q)(M) for 0 <
a <17

Acknowledgements. This work was completed when the second-named
author was visiting Miami University. She would like to express her grati-
tude to the Department of Mathematics of Miami University for its warm
hospitality.

Wu was partially supported by NSFC (No.11471337) and the China
Scholarship Council.

References

[1] T. N. Bekjan, Z. Chen, M. Perrin, and Z. Yin, Atomic decomposition and interpo-
lation for Hardy spaces of noncommutative martingales, J. Funct. Anal. 258 (2010),
2483-2505.

[2] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, Boston,
MA, 1988.

[3] J.Bergh and J. Lofstrom, Interpolation Spaces. An Introduction, Grundlehren Math.
Wiss. 223, Springer, Berlin, 1976.

[4] J. Chao and H. Ombe, Commutators on dyadic martingales, Proc. Japan Acad. Ser.
A Math. Sci. 61 (1985), 35-38.

[5] V. I Chilin and F. A. Sukochev, Symmetric spaces over semifinite von Neumann
algebras, Dokl. Akad. Nauk SSSR 313 (1990), 811-815 (in Russian).

[6] B. Davis, On the integrability of the martingale square function, Israel J. Math. 8
(1970), 187-190.

[7] S. Dirksen, Noncommutative Boyd interpolation theorems, Trans. Amer. Math. Soc.
367 (2015), 4079-4110.

[8] S. Dirksen, Weak-type interpolation for noncommutative mazimal operators, J. Op-
erator Theory 73 (2015), 515-532.

[9]] P. G. Dodds, T. K. Dodds, and B. de Pagter, Noncommutative Banach function
spaces, Math. Z. 201 (1989), 583-597.

[10] P.G.Dodds, T. K. Dodds, and B. de Pagter, Noncommutative Kéthe duality, Trans.
Amer. Math. Soc. 339 (1993), 717-750.

[11] R. E. Edwards and G. 1. Gaudry, Littlewood—Paley and Multiplier Theory, Ergeb.
Math. Grenzgeb. 90, Springer, Berlin, 1977.

[12] T. Fack and H. Kosaki, Generalized s-numbers of T-measurable operators, Pacific J.
Math. 123 (1986), 269-300.


http://dx.doi.org/10.1016/j.jfa.2009.12.006
http://dx.doi.org/10.3792/pjaa.61.35
http://dx.doi.org/10.1007/BF02771313
http://dx.doi.org/10.7900/jot.2014mar12.2022
http://dx.doi.org/10.1007/BF01215160
http://dx.doi.org/10.2140/pjm.1986.123.269

[13]
(14]
(15]
[16]
[17]
(18]

(19]

Noncommutative fractional integrals 139

G. Hong and T. Mei, John—Nirenberg inequality and atomic decomposition for non-
commutative martingales, J. Funct. Anal. 263 (2012), 1064-1097.

Y. Jiao, Burkholder’s inequalities in noncommutative Lorentz spaces, Proc. Amer.
Math. Soc. 138 (2010), 2431-2441.

M. Junge, Doob’s inequality for mon-commutative martingales, J. Reine Angew.
Math. 549 (2002), 149-190.

M. Junge and M. Musat, A noncommutative version of the John—Nirenberg theorem,
Trans. Amer. Math. Soc. 359 (2007), 115-142.

M. Junge and Q. Xu, Noncommutative Burkholder/Rosenthal inequalities, Ann.
Probab. 31 (2003), 948-995.

M. Junge and Q. Xu, On the best constants in some non-commutative martingale
inequalities, Bull. London Math. Soc. 37 (2005), 243-253.

R. V. Kadison and J. R. Ringrose, Fundamentals of the Theory of Operator Algebras.
Vol. I, Pure Appl. Math. 100, Academic Press , New York, 1983.

[20] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces. II, Springer, Berlin, 1979.

[21] F. Lust-Piquard, Inégalités de Khintchine dans Cp (1 < p < o0), C. R. Acad. Sci.
Paris Sér. I Math. 303 (1986), 289-292.

[22]] F. Lust-Piquard and G. Pisier, Noncommutative Khintchine and Paley inequalities,
Ark. Mat. 29 (1991), 241-260.

[23] P.F.X. Miiller, Isomorphisms between H' Spaces, IMPAN Monogr. Mat. 66, Birk-
h&user, Basel, 2005.

[24]] M. Musat, Interpolation between non-commutative BMO and non-commutative LP -
spaces, J. Funct. Anal. 202 (2003), 195-225.

[25]  J. Parcet and N. Randrianantoanina, Gundy’s decomposition for non-commutative
martingales and applications, Proc. London Math. Soc. (3) 93 (2006), 227-252.

[26] G. Pisier, Non-commutative vector valued Ly-spaces and completely p-summing
maps, Astérisque 247 (1998), vi+131 pp.

[27]] G. Pisier and Q. Xu, Non-commutative martingale inequalities, Comm. Math. Phys.
189 (1997), 667-698.

[28] G. Pisier and Q. Xu, Non-commutative LP-spaces, in: Handbook of the Geometry
of Banach Spaces, Vol. 2, North-Holland, Amsterdam, 2003, 1459-1517.

[29] N. Randrianantoanina, Non-commutative martingale transforms, J. Funct. Anal.
194 (2002), 181-212.

[30] M. Takesaki, Theory of Operator Algebras. I, Springer, New York, 1979.

[31]] Q. Xu, Analytic functions with values in lattices and symmetric spaces of measurable
operators, Math. Proc. Cambridge Philos. Soc. 109 (1991), 541-563.

Narcisse Randrianantoanina Lian Wu

Department of Mathematics School of Mathematics and Statistics

Miami University Central South University

Oxford, OH 45056, U.S.A. Changsha 410085, China

E-mail: randrin@miamioh.edu and

Department of Mathematics
Miami University

Oxford, OH 45056, U.S.A.
E-mail: wul5@miamioh.edu


http://dx.doi.org/10.1016/j.jfa.2012.05.013
http://dx.doi.org/10.1090/S0002-9939-10-10267-6
http://dx.doi.org/10.1090/S0002-9947-06-03999-7
http://dx.doi.org/10.1214/aop/1048516542
http://dx.doi.org/10.1112/S0024609304003947
http://dx.doi.org/10.1007/BF02384340
http://dx.doi.org/10.1016/S0022-1236(03)00099-5
http://dx.doi.org/10.1017/S0024611506015863
http://dx.doi.org/10.1007/s002200050224
http://dx.doi.org/10.1017/S030500410006998X




	0 Introduction
	1 Preliminaries and notation
	1.1 Noncommutative symmetric spaces
	1.2 Noncommutative martingales

	2 Noncommutative fractional integrals
	2.1 Weak-type boundedness and consequences
	2.2 Fractional integrals and Hardy spaces

	References

