STUDIA MATHEMATICA 230 (3) (2015)

Completely bounded lacunary sets for
compact non-abelian groups

by

KATHRYN HARE (Waterloo, Ont.) and PARASAR MOHANTY (Kanpur)

Abstract. In this paper, we introduce and study the notion of completely bounded
A, sets (Ag” for short) for compact, non-abelian groups G. We characterize A5" sets in
terms of completely bounded LP(G) multipliers. We prove that when G is an infinite
product of special unitary groups of arbitrarily large dimension, there are sets consisting
of representations of unbounded degree that are A, sets for all p < oo, but are not A;b
for any p > 4. This is done by showing that the space of completely bounded LP(G)
multipliers is a proper subset of the space of L”(G) multipliers.

1. Introduction. Sidon sets and A, sets on compact abelian groups G
have been thoroughly studied for many years. Every Sidon set is a A, set for
all p < 0o, but the converse is not true if G is an infinite group. Both classes
of sets can be characterized in terms of LP multipliers on G. In [I1], Har-
charras introduced the notion of completely bounded (non-commutative) 4,
sets (called A;b sets) for compact abelian groups. These are defined in terms
of the canonical operator space structure on LP(G) obtained using Pisier’s
operator space complex interpolation. All Sidon sets are Af,b and all Agb sets

are /A,. Both inclusions are proper. The relationship between Agb sets and
completely bounded multipliers on LP(G) was studied by Harcharras and
Pisier who showed, for example, that not all LP multipliers are completely
bounded. See [2], [6], [11], [12], [21] for proofs of these various facts.

Sidon and A, sets have also been studied in the context of non-abelian,
compact groups; [10] and [I4] provide good overviews. In this paper, we in-
troduce the analogous concept of completely bounded A, sets for 2 < p < oo,
for such groups. These notions are more complicated than for abelian groups
as the dual object of a non-abelian group does not have a group structure.
As in the abelian case, we show that A;b sets can be characterized in terms
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of completely bounded LP(G) multipliers. Sidon sets are seen to be Agb for
all p and Agb sets are always A,,.

In contrast to the case of abelian groups, not all infinite, compact, non-
abelian groups admit infinite Sidon or even A, sets. An important example
of a group which does is an infinite product of special unitary groups. For
these groups, we provide examples of sets of representations of unbounded
degree that are A, for all p < oo, but are not A]CJb for any p > 4. We do this
by constructing an LP multiplier which is not completely bounded. It would
be interesting to know if there are any Agb sets consisting of representations
of unbounded degree that are not Sidon.

2. Preliminaries

2.1. Lacunary sets on compact groups. Let G be a compact group
equipped with normalized Haar measure dg and denote by G its dual object,
the set of pairwise inequivalent, unitary, irreducible representations of G. For
o€ @, we let d, denote the dimension of the underlying Hilbert space H,,
known as the degree of o. When G is abelian, G is a discrete group consisting
of the continuous characters on G.

Given f € L'(@) and ¢ € @, the Fourier transform of f at o is defined
as

fo) = | f@)o(z™") da,
G

~

f(o) being a matrix of size d, x d,. We call f a trigonometric polynomial

A~

if f(o) # 0 for only finitely many o; then we have

flz) =Y dotr(f(o)o(x))
UE@
where tr denotes the usual matrix trace. (Of course, in the abelian case, for
each x, f(o)o(x) is a complex number.)
 Let EC G. A trigonometric polynomial f is called an E-polynomial if
f(o)=0for all o & E.
DEFINITION 2.1.

(1) Aset E C G is called a Sidon set if there is a constant C' such that
DN 1/2
> dotr [(F)F0)7)] < Ol o

oel
for all E-polynomials f.
(2) Let 2 <p < oo. Aset E C G is called a A, set if there is a constant
C)p such that || f||, < Cp||f||2 for all E-polynomials f.



Completely bounded lacunary sets 267

It is known that all Sidon sets are A, for all p < co and the compactness
of G ensures that any A, set is also a A, set for any ¢ < p. Every infinite
abelian group admits an infinite Sidon set, as well as sets that are A, for all
p < oo, but not Sidon. Proofs of these facts can be found in the standard
references [14] and [16]. It is also known that for each infinite abelian group G
and each p > 2 there are A, sets that are not A, for any ¢ > p. A constructive
proof was given by Rudin [24] for G the circle group and even integers p.
Using probabilistic arguments, Bourgain [4] proved the general case.

In contrast to the abelian case, there are non-abelian groups G which
admit no infinite Sidon or even A, sets. This is true, for instance, if G
is a compact, connected, semisimple Lie group such as SU(2) [15]. For the
structure of groups which do admit infinite Sidon or A, sets and for examples
of both Sidon sets and A, sets that are not Sidon see [5], [8] and [13].

Sidon and A, sets play an important role in the study of multipliers.

Given E C G we denote
1) = {0 = (6(0))rer € [] BHo) :sup [6(0) 501, < o0}

where || - ||5(,) denotes the operator norm.

~

DEFINITION 2.2. Suppose ¢ € [*°(G). An operator Ty : LP(G) — LP(G)
defined by

T,f(0) = ¢(0)f(o) VfeL
is said to be a (left) LP multiplier if it is bounded.

We denote the space of (left) LP multipliers by M,(G). One can anal-
ogously define the space of right LP multipliers, M) (G). It is well known
that M;(G) ~ M(G), the space of finite regular Borel measures on G,
My(G) ~ 1°°(G) and My(G) ~ M}, (G) where 1/p +1/p" = 1 (isometri-
cally isomorphic in all cases).

A duality argument can be used to show that if GG is abelian, then E C G
is Sidon if and only if whenever ¢ € [*°(E) there exists u € M(G) such
that () = ¢(y) for all v € E. Thus Sidon sets are interpolation sets for
M(G). An application of Khintchine’s inequality shows that A, sets are
interpolation sets for M,(G) when p > 2 (see [L1] for a proof).

In the case of a non-abelian group G, Figa-Talamanca and Rider proved
the following analogous result.

THEOREM 2.3 ([§]). Let EC G and 2 < p < oc.
(i) E is A, if and only if whenever ¢ € [*°(E), then there exists €

1°°(G) such that B(c) = ¢(o) for all o € E and Ty € M,(G).
(ii) E is Sidon if and only if whenever ¢ € I*°(E) there exists p € M(G)

such that (o) = ¢(o) for all o € E.
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2.2. Operator space structure for LP(G). For convenience, we will
briefly discuss the basic theory of operator spaces. Let B(H) be the space
of all bounded linear operators on H. A closed subspace E of B(H) is called
a concrete operator space. Given a concrete operator space E C B(H), let
M, (E) denote the set of all n x n matrices with entries in E. The space
M, (F) is naturally embedded into B(H") and with the norm inherited from
B(H") is a Banach space.

Ruan [23] defined abstract operator spaces as follows. Let E be a Banach
space with a sequence of norms || - ||, on M, (E) satisfying

= max([|z[lm, [[y]l») and

m+n

Hawun < lallllal|B] for all a, € M,(C) and = € My (E).

( n(E), ||-]ln) is a Banach space for each n, then FE is called an operator
space. The morphisms in the category of operator spaces are completely
bounded maps. Ruan [23] proved that every abstract operator space is a
concrete operator space.

We refer to [7] and [22] for more detailed information on operator spaces.

DEFINITION 2.4. Let Eq and E5 be operator spaces. A linear map T :
Ey — FEj5 is said to be completely bounded if the maps T'® Iy, : M, (Ey) —
M., (E>) satisfy

1T \|eb(Er,B) = Sup 1T ® I, | B, (1) Mo (o)) < OO
n>

We will denote by CB(Fi,E2) the Banach space of all completely
bounded maps from E; to Ez with the norm || - ||lch(z,,£,) defined above.
The dual of the operator space F, denoted E*, can be defined by taking
M (E*) = CB(E, Ma(C)).

For any compact group G, L°°(G) has a canonical operator space struc-
ture being a C* algebra. Let L'(G) inherit the operator space structure from
the dual space L>®(G)*. By [3], L'(G)* is completely isomorphic to L>®(G).
The canonical operator space structure on LP(G) is the interpolated opera-
tor space structure (L', L°°);, as developed by Pisier [20].

For 1 <p < o0, let S}, be the space of compact operators on [? with norm

IT s, = (ex |T[P)"/7
where |T| = (T*T)/2. Denote by LP(G, S,,) (or LP(S,) for short if G is clear)
the Banach space of S,-valued measurable functions f such that

/
s = (17, ar) " < oo,

and by L (G, S,) the set of f € LP(G, S,) with f = 0 off E.
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Pisier’s result stated below provides a condition for a bounded map on
LP to be completely bounded.

ProposiTION 2.5 ([2I]). Let 1 < p < co. A linear map T : LP(G) —
LP(G) is completely bounded if and only if the mapping T ® Is, is bounded
on LP(G,Sp). Moreover,

1Tllebp) == I T llebr, ey = IT @ Is, || Lr(s,) L0 (S,)-
We write Mgb(G) for the completely bounded Fourier multipliers on LP,
MG == {T € Mp(G) : |T|epp) < o0}

When G is a compact group it is known that M;;b(G) = M,(G) if p =
1,2 ([21). As MP(G) € MsP(G), an interpolation argument implies that
M;b(G) C M;b(G) when ¢ > p > 2 ([20]). It was shown in [1], [6] and [21]
that when G is abelian, then Mlgb(G) C My(G) for 1 <p#2 < o0.

2.3. Completely bounded A,-sets. The concept of a completely
bounded A, set, denoted Alc,b, was introduced in [11] for compact abelian
groups.

DEFINITION 2.6. Let 2 < p < oo and G be a compact abelian group.
A subset £ C @ is called a A;b set if there exists a constant C, depending
only on p and F, such that

@.1) ||f||Lstp)<C(H<Zf 7o)+ (3 Feoen) )
P ~vEE P

for all Sp-valued E—polynomlals f defined on G.

REMARK 2.7. (1) By considering f = g ®x, where g is an E-polynomial
on G and x € S, with ||z||s, = 1, it is straightforward to see that Azc,b C 4,.

(2) An application of the operator version of Jensen’s inequality shows
that the right hand side of is dominated by || f|lzr(c,s,)-

(3) Unlike the situation in the classical setting, the fact that Sy C S, for
p > 2 implies we never have L},(G, Sp) = L%(G, S3). However, if E is A5,
then L%(G,S2) C LE(G, Sp).

Completely bounded A, sets in Z were extensively studied by Harchar-
ras [I1]. Motivated by Rudin’s work [24] on A, sets in Z, Harcharras gave a
sufficient combinatorial criterion for the construction of AS? sets for integers
s, and she used this to show that there are ASP sets that are not A, for any
q > 2s. She also showed that Sidon sets in Z are Agb for all p < oo; there
are A, sets that are not ACb, and with Banks [2], that there are non-Sidon
Agb sets in Z. Subsequently, it was shown in [12] that every infinite compact
abelian group admits a non-Sidon, A;b set
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The goal of this paper is to study analogous notions on compact non-
abelian groups. To motivate the definition, we first discuss the Fourier trans-
form of Sp-valued functions on G.

Let f € LY(G, S,). The vector-valued Fourier transform of f at o € G is
defined as ~

flo) =\ fl@)®o(z™")da,
G
where the integral is understood as an element of My (S,), the d, x ds
matrices with entries in S,,. It is convenient to view f(o) as a dy X d, matrix
with entries from S,. For general properties of this Fourier transform we
refer the reader to [9].

Given an Sp-valued matrix A = (A;;)}';—; with A;; € Sp, we define

TrA=3%", A” With this notation, the Sy-valued polynomial f has Fourier

series
(x) = Y dy Tr(f(o)o(x)).
UE@
As before, we call f an E-polynomial if f(a) = 0 whenever o ¢ E.
We are now ready to extend the definition of Alc,b to the setting of a
non-abelian compact group. Note that the adjoint of A = (A;;) € Mg, (Sp)
can be identified with B = (B;;) where B;; = (A;;)* and |A|? = A*A.

DEFINITION 2.8. Let E C G and 2 < p < oo. We say that F is a
completely bounded A, set (/1;b set) if there exists a constant C' such that

(2.2)  |[[fllzra,s,)

<c(l(s amiron) ], (S i) ],)

o~

whenever f = ) __pdsTr(f(o)o) is an Sp-valued trigonometric E-poly-

nomial.

REMARK 2.9. (1) The definition reduces to that in Definition when
G is abelian.
(2) In Prop. we show that the opposite inequality always holds.

cel

3. A multiplier characterization of Agb sets. The goal of this sec-
tion is to obtain an LP multiplier space characterization of A;b in the spirit
of Theorem [2.3(i). In order to prove Theorem [2.3(i), Figa-Talamanca and
Rider [8] (see also [I8, Remark 2.7]) obtained a non-abelian variation on
Khintchine’s inequality. To be precise, they showed that if A, is a d, X d,
matrix and »__ads tr(A, A7) < oo, then given any p < oo there exist uni-
tary transformations {U, } such that ) d, tr(Us Ayo(x)) is the Fourier series
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of an LP(G) function. For this, they considered certain lacunary subsets of
the set of irreducible unitary representations of the compact group

g= H U(da)a

o€l

where U(d) denotes the group of d x d unitary matrices. Motivated by their
strategy, we first obtain the following estimate, which was the genesis of the
definition of A;b.

Given V € G, we write V = (V) .a where V; € U(d,) and denote by
dV the Haar probability measure on G.

THEOREM 3.1. Let G be any compact group and G =[] _aU(dy). For

each p > 2 there is a constant C' = C(p) such that given any finite collection

{A%} s with A° € My, (Sp), we have

av

p
Sp

31) | H 3 d, Tr AV,
e

ceG

<cul(Xd )"+ (X e Y1)
o 4,1 o Jil

Proof. Let {x;‘k 1<, k<d,, o€ (A?} be a collection of independent,
complex-valued, Gaussian random variables with mean zero and variance 1,
defined on a probability space (21, P;). For each w € 21, let X, (w) be the
random operator on the Hilbert space H,4, represented by the matrix

1
—a0 (w):1<j,k<d
{1 <k <a)
with respect to the standard basis. These are independent random operators.
Let 7y : G — U(d,) be the projection maps, so that m,(V) = V.. These
are independent random variables that are uniformly distributed on U(d,).
Now view the {X,} and {m,} as independent random variables defined

in the obvious way on the probability space ({2 , P), where 2 = (2; x G and
P is the product measure.

We have
S H Z dy TrA”ﬂ'U(w)H]; dP(w) = S H Z dy Tr AV, ]; dv,
e ? 9 oel i

hence upon applying [I8, Cor. 2.4, p. 84|, we see that for each 2 < p < o0
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there is a constant ¢ = ¢(p ) such that

H 3 d, Tr A%V, H 3 d, T A%l ap
Sp
UGG UGG
<c S > dyTr ax,|” ap.
2 5e@ P

Expanding out gives
1
TrA°X, = E — A% 29,
o 7 tikv ik
J:k do

Applying Lust-Piquard’s non-commutative Khintchine inequality [I7] (see
also [21), p. 105]), for another constant C' = C'(p) we deduce that

HZd Tr A7V, || Lvsel HZ\FZA]kmngZ dp
P

oed UGG
<oul(Xd 1) + (X de Sl )] -
a 4.l o gl

We also need the following proposition, a vector-valued Jensen inequality.
This is known in more generality, but for the sake of completeness we include
the proof for the version we use.

PROPOSITION 3.2. Let G be a compact group and A’ € Mg (Sp) for
each o € G. If p > 2, then

H ng TI'(AUO')‘ !

ocG Fr(G5)
L[ (D) (Do i)
oed ocel

Proof. Since G is compact, the vector-valued Jensen’s inequality (c.. [19])
implies

I:= HZ d» TI‘(AUO')‘ !

~ LP(G7SP)
oceG

= |t [(Z d, (Tr(A%0))* 2 d, Tr(A”a))p/ 2} dg

oeG ceG

. p/2
tr[ (30 dody [ (Tr A0 (9))* (Tr A%0(g)) dg) .
07111
Upon expanding the Tr function and using orthogonality of the coordinate

v
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functions, it follows that

1>tr(2d2§Z|A 2low(g |2dg)/ :tr<ZdUTr|A"|2>p/2.

o G k|l

We can similarly deduce that I > tr(}", d, Tr|(A%)*|2)P/2 using commuta-
tivity, and this completes the proof. =

Here is our multiplier characterization of ACb sets, the non-commutative
analogue of Theorem [2.3] -

THEOREM 3.3. Let p > 2. The subset E C G is Agb if and only if
whenever ¢ € 1°(E), then there exists § € 1°(G) such that B|lg = ¢ and
Tlg S MCb(G).

Proof. Suppose FE is ACb Assume first that ¢(o0) = U, is a unitary
matrix for each o € E. Set B(o) = ¢(o) for all 0 € E and B(o) = 0
otherwise. Let

= 3" d, Tr(As0(g)) € LN(G, S)).

As Eis AS" and T ® Is,(F) = Y. cp do Tr(UsAy0) is an E-function,
there is a constant C' (independent of F') such that

||T,B ® ISp(F)Hip(sp)

p/2 p/2
SCtr[(Z dGTHUgAUF) + (Z dUT&“](U(,AU)*P) }
ock
Because U, is unitary, Tr |U, A,|? = Tr |4,|? and Tr |(U, A, )*|? = Tr| A% %
From Prop. [3.2] we deduce that

175 ® Is, (F) sy < 2°ClF I s

proving that T ® I, is a bounded operator from LP(S)) to LP(S)). Thus
Tg S Mgb(G)

Since any ¢ in the unit ball of [°°(F) can be written as the average of
four functions, ¢; € [°°(F), where ¢;(c) is unitary for every o € F, the
same conclusion follows by the triangle inequality for all ¢.

Conversely, assume that given any ¢ € [(E) there exists 8 € [°°(G)
such that 8| = ¢ and T € MP(G). Let V = {T, € M*(G) : ¢|p = 0} C
Mgb(G). It is easy to see that V is a closed subspace of M;b(G).

Now consider the map @ : I*°(F) — Mgb(G)/V that sends ¢ to the
equivalence class of T € Mgb(G) with S|g = ¢. An application of the
closed graph theorem shows that this map is bounded. Hence there is a
constant Cj such that given ¢ € [°°(E), there is a choice of 8 € [*°(FE) such
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that 5| = ¢ and
1 Tslebp) < Coll¢lloo-
Let f =Y, cpdo Tr(Aso) € L1(G,Sp) be an E-polynomial. Set B, (g)

= As0(g) and define F' on G x [[ .5 U(dy) by
F(g,U):= Y do Tr(UsAgol(g (Z d, Tr(B:U?) ) .
ocel occl

Let G =[], g U(ds) and define F; on G by Fy(U) = F(g,U). By Theorem
3.1 there is a constant C' such that for any (ﬁxed) g €q,

1By g,y < Ctr[(3 do Tr|BU|2) (X daTr|B;;|2)p/2}
o€l ocel
B 2\P/2 «12\P/2 _.
—Ctr[(;dUTﬂAg\ ) + (U;dUTrAUy ) } RHS,

and the latter is finite by Prop. Integrating both the sides over G gives

| 1F(U)Ig, dU dg = VIF@ 0", .5, 49 < RHS.
GG G
Hence there exists some U € G such that

IF(g,0)I% dg < RHS.
G

But F(g,U) = Ty ® Is,(f)(g9) (understanding U = (Us,) € 1°°(G) in the
natural sense), thus

1Ty ® I, ()5 cs,) = § I1F (9. U)I1%, dg < RHS < co.
G

Let ¢ € [*°(F) be defined by ¢(c) = U} for all 0 € E. As ||¢]| < 1, there
exists § € [°°(G) such that B|p = ¢, T € MCb(G) and

HTEHCb( HTﬁ ® IS HLP ) —LP(S,) < Cy

where Cp is the constant found above. Since f(0)U, = I, for all o € E,
one can easily see that f =Ts ® Is, o Ty @ Is,(f). Thus

HfHLp (G,Sp) HTB ® ISp oIy ® ISp(f)HLP(S y = COHTU ® IS ( )Hip(sp)
< CCyu[ (S dy Tr |4, ) + (D0 doTrla?) ]
ocelk ocElk

Since f was an arbitrary E-polynomial, this proves F is A;b. .
We can quickly deduce from this that the ACb sets are nested, as expected.

COROLLARY 3.4. If 2<p<qg<oo and E is ACb then E is ACb
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Proof. Assume FE is /lgb and let ¢ € [*°(E). Obtain 8 € [* such that
Ble =¢and T € Mc‘jb(G). But M;b(G) - Mgb(G), thus the other direction
of the theorem implies F is Agb. "

Theorem |3.1|implies that if G = []; U(n;) and E' = {m;} where ; is the
unitary representation on G defined by 7;(U) = Uj, then E is a Agb set. In
fact, F is known to be a Sidon set [§]. More generally, one can deduce from
the previous theorem that all Sidon sets are A;b.

COROLLARY 3.5. Let G be a compact group. Then any Sidon set is Agb
for all p > 2.

Proof. 1If E is Sidon, then the multiplier characterization of Sidon (Thm.
implies that for every ¢ € [°°(E) there is a finite, regular, Borel measure
w such that fi|p = ¢. It is known that all such measures act as completely
bounded operators on L' and L>, and hence on all L” by Pisier’s complex
interpolation theorem [20]. By Theorem Eis A;b forallp> 2. u

4. Multipliers that are not completely bounded; A, sets that
are not Ajb. It is well known that there are infinite, compact, non-abelian
groups that do not admit infinite Sidon or even A, sets. The product group
G = Hj SU(n;) is the prototypical example of a group that does. Indeed,
let mj : G — SU(n;) be the projection onto the jth factor. The set {m;,7; :
j = 1,2,...} is known as the FTR set (for Figa-Talamanca and Rider).
As explained in [5], it is the prototypical example of a Sidon set in the
non-abelian setting. When n; — oo, the set E = {mg; x mj41:j =1,2,...}
is known to be A, for all p < oo, but not Sidon [I3]. In this section we will
show that F is not Af,b for any p > 4. Our method is inspired by Pisier’s

construction of a A, non—/lgb set in the abelian setting [21].

For notational simplicity we will write w57 = x” and w9741 = ¥”’. There
is no loss in assuming 4 < ngy < nojyi1. If we represent XJ X 1/1‘] as a
matrix with respect to the standard basis, then the diagonal entries are
(X730 ke where j = 1,...,nay, k=1,...,ngy1 and (x7) 5, () are
the diagonal entries of the standard matrix representations of x” and v”,
respectively. We will refer to (x7);; (¢ )kx as the (j, k) diagonal entry.

. ~1/2 .. —1/4
For j,k = 1,...,n9y, let u;fk = nQJ/ exp(2mijk/nay), b}-]k = nQJ/ ujk
and a}jk = n;/fu;]k For j=1,...,n257, k =nay+1,...,n2741, let a;fk = 1.

Note that (u}lk)?if:l is an ngy X ngy unitary matrix. We define a multiplier

T, by setting ¢(x”’ x ¥”) to be the diagonal matrix whose (j,k) diagonal
entry is a}-]k. Define ¢(c) = 0 for o ¢ E. Since |ajx| = 1, each ¢(x? x ¢7) is
a unitary matrix. Because E is A, for all p < oo, we have Ty € M,(G).
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Consider the functions Fy : G — 5S4 given by

naJj
Filg) = Y biEuxjvin(9),
jk=1
where {E;;} is the canonical basis for S;. The functions F; are E-functions
and the multiplier T acts on F); by

na2Jj

Ty(Fr)(g) = Z ajkbjkEij}]j(g)wgk(g)'
k=1

We will show that

1T (F)ll (s
17N sy

If 8| = ¢, then T(Fy) = T4(Fy), hence Tz ¢ MSP(G). It follows from

Theorem that E is not ASP.

We will use the following calculations.

(4.1) as J — o0.

LEMMA 4.1.

(1) SSU(N) Vik|*dV =2/(N(N +1)) for allk=1,...,N.

(i) Ssu vy Vi [Vim[? dV = 1/(N? = 1) for k #m.

Proof. Part (i) is [14, Lemma 29.10]. (It is proven there for U(N), but
the same arguments hold for SU(N)).

For (ii), fix p # 1,2 and write n, = 1 and n; = j for j # p. Set as =1
and a; = 0 for j # 2. Then vazl Vi, j|*% = |[Vao?, so the same reasoning
as for [14, Lemma 29.8] implies that

VIV Vaol® = (14 ap) | Vi P T Vi,
= (L an) | Vool [T Vsl = § Vil Va2

Summing over p # 2 and using the fact that Z]]DVZI ]VIPF =1 gives
1
2 2 2 )
S|V11‘ [Vao|” = ﬁzx [Vip|“| Va2

p#2

1
- ﬁ(ZS [Vip|*[Vaol” — |V12’2|V22\2)
p

1

= 51 (Vv = § VaaPval?)

1 (1 (N=Dr Y
N-1\N (N+2-1)!) N2z2-1
where the last but one equality comes from [14, 29.9 and 29.10]. =
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We will temporarily fix J. For notational convenience we will omit the
subscripts or superscripts J and write N = najy, M = najy1. To prove ,
we begin by noting that since Ey;Ep, = 0if j # m, EyjE,., = Ej, if
j =m, and Ej*k, = E};, we have

N
HFHg'Al =tr [( Z (bjkEijjj¢kk)* Z bmnEmnXmmwnn> 2:|

7,k=1 m,n

N _ 2
= tr[ (D Dby B s PPkt |
Ji:km
N — JE—
= Z bjkbjnbrnbrk‘ijlz‘erP‘wkk‘QlwnnP-
j7k7n7T:1

After substituting for the coefficients b;;, etc. we see that

1F I scsy = > N Twujntmmtin | s 2Pl 1 6nnl* dg.

J.km,r G
Now
S ‘ij’2|xr7“|2‘wkk‘2’wnn’2dg: S ‘ij|2‘X7“r‘2dgl S \¢kk\2’¢nn’2d92,
G SU(N) SU(M)

and these integrals depend on whether or not j = r and/or k = n. Thus we
write

N
IF a5 = N7 SV Pl (T + 1) dgs

kn=1SU(M)
where
N 2
_ 120, 12 4 _
I= Z!ugkl fugnl® Y Il dgr = NN’
j=1 SU(N)

I'=> g, | X512 dgi.
ot SU(N)
(The calculation of I follows from Lemma [1.1{i) and the fact that |uj| =
N~Y2)) To calculate I’, we use the fact that (u;;) is unitary so

N
> UgujnTmter = Y Wikttjn (Skn — Wintije) = Opn — N7
AT =1
where 0, = 1 if K =n and 0 else. Consequently, Lemma (ii) implies
1
I'= —— (6 — N71).

N2 -1
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Applying Lemma again to evaluate SSU \T/Jkk| [Vnn|?dga, we deduce
that there is a constant c;, independent of N M such that

(4.2) 1F s,y < calN72M 2

Similar arguments establish that

”T¢(F)||§4 = Z cji'kcjnﬂcﬂfx ’ij|2‘er‘2|¢kk’2|wnn|2
Jrkm,r G

where cjp = ajpbjr = N—3/% After applying Lemma one final time
we see that there is a constant ca > 0 (independent of N, M) such that
| Ty (F )HL4 (54) = coN~1M~2. This bound, coupled with || certainly im-

plies (4 . To summarize, we have just proven that T, ¢ M{°(G) and hence
E is not A$". Moreover, the nestedness of the spaces M;b(G) implies the
following;:

THEOREM 4.2. Let G = Hj SU(nj). If nj — oo, the group G admits a
set of representations of unbounded degree that is A, for all 1 < p < oo, but
not A;b for any p > 4. Further, M;b(G) C My(G) for all p > 4.
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