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Abstract. In 1889 A. Markov proved that for every polynomial p in one variable the inequality
‖p′‖[−1,1] ≤ (deg p)2‖p‖[−1,1] is true. Moreover, the exponent 2 in this inequality is the best
possible one. A tangential Markov inequality is a generalization of the Markov inequality to
tangential derivatives of certain sets in higher-dimensional Euclidean spaces. We give some mo-
tivational examples of sets that admit the tangential Markov inequality with the sharp exponent.
The main theorems show that the results on certain arcs and surfaces, which have been proved
earlier for the uniform norm, can be generalized to Lp norms.

1. Introduction. Generalizations of the classical Markov inequality have been the sub-
ject of research for 125 years. The development of the theory of the multivariate Markov
inequality and the search for the best exponent in this inequality, called the Markov ex-
ponent, were very extensive in the second half of the twentieth century. Currently, this in-
equality is still being generalized in many different ways. Such research was carried on for
curves and submanifolds in RN (Bos, Brudnyi, Levenberg, Milman, Taylor, Totik, Baran,
Pleśniak, Kosek, Coman, Poletski, Gendre); for Julia sets (Kosek); in Banach spaces
(Sarantopoulos, Harris, Muñoz, Baran); in Lp norms (Tamarkin, Hille, Szegö, Goet-
gheluck, Baran, Sroka) in o-minimal structures (Pleśniak, Pierzchała). More information
on the research carried out in connection with the various generalizations of the Markov
inequality, particularly comprehensive bibliography on these topics, can be found in [P].

Searching for the sharp exponent is more difficult if we consider the Markov-type
inequality in Lp norms. In this case, many more questions remain unanswered. The first
inequality generalized to the case Lp norms was Bernstein’s inequality for trigonometric
polynomials [Z]. The classical Markov inequality in Lp norms was shown a few years later.
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Theorem 1.1 ([HST]). For every p ∈ [1,∞) and a polynomial P such that degP ≤ n,

‖P ′‖p ≤ Cpn2‖P‖p, (1)

where ‖P‖p =
(∫ 1
−1 |P (x)|p dx

)1/p.

Similarly, as in the uniform norm case, the exponent 2 of n2 is the best possible for
Lp norms. Recently, it was proved, that the constants Cp in the inequality (1) can be
chosen such that limp→∞ Cp = 1 ([B]). Research related to the Markov exponent in Lp
norms was also conducted for the multidimensional Markov property. It is known that
for fat sets with locally Lipschitz boundary, the Markov exponent in Lp norms equals 2
([Go2]). Moreover, Goetgheluck has shown the Markov inequality in Lp norms for UPC
sets ([Go1]). It is unknown whether Goetgheluck’s result is optimal, but the methods he
used, have proved to be useful in many other cases. For sharp Markov exponent on the
complex plane using area measures we refer to Theorem 10.1 in [TV]. In connection with
the exploration of the sharp Markov exponent for sets with cusps in Lp norms, a number
of important relationships were discovered, including the polynomial identity proved by
Milówka ([M]) and their generalizations shown in [BMO]. Questions about the Markov
type property in Lp norms can also be considered for the tangential Markov inequality.

Recall that a compact set K ⊂ RN is said to admit the tangential Markov inequality
with an exponent l if there exists a positive constant M depending only on K such that
for all polynomials p,

‖DT p‖K ≤M(deg p)l‖p‖K ,

whereDT p denotes any (unit) tangential derivative of p alongK, ‖f‖K = supx∈K |f(x)| is
the supremum norm of a function f on a setK. According to [BLMT1], a C∞ submanifold
K of RN admits the tangential Markov inequality with the exponent one if and only if
K is algebraic.

For a semialgebraic submanifold K, C∞ class means that K cannot have singular
points. In [BLMT2] we can find examples of curves which admit the tangential Markov
inequality with the sharp exponent greater than 1 and examples of curves which do not
satisfy this inequality with any finite exponent l.

Example 1.2 ([BLMT2]). Consider the curves γr : y = xr, 0 ≤ x ≤ 1, where r ∈ R and
r ≥ 1. Then

• for r = q
p with positive integers q ≥ p in lowest terms, γr admits the tangential

Markov inequality with the exponent l := 2p (moreover, this is the best possible),
• for r irrational, γr does not admit the tangential Markov inequality of any exponent.

A generalization of this example is the result by L. Gendre, who proved that every
singular algebraic curve in RN admits the local tangential Markov inequality at each of
its points. Moreover, he showed that the Markov exponent at a point of a real algebraic
curve A is less than or equal to twice the multiplicity of the smallest complex algebraic
curve containing A (see [Ge]). In Example 1.2 the exponent is equal to twice the multi-
plicity and is the best possible. Now we show that there are curves for which the best
exponent is less than twice the multiplicity.
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Example 1.3. Consider a family of curves

Kq = {(t2, tq) : t ∈ [−1, 1] and q ≥ 2 is an odd number}.

By Theorem 3.2 in [K], each such curve admits the tangential Markov inequality with the
exponent 2. The multiplicity of the smallest complex algebraic curve containing Kq is also
equal to 2. Now we show that 2 is the best exponent for Kq. Indeed, for these curves and
for polynomials Pn(x, y) = Tn(x−1), where Tn denotes the k-th Chebyshev polynomials,
we have |DTPn(0, 0)| = | ∂∂xPn(0, 0)| = |T ′n(−1)| = n2 and degPn = deg Tn = n, which
implies that for such curves Kq the exponent cannot be less than 2. Hence the sharp
exponent is equal to 2, which is less than twice the multiplicity of the smallest complex
algebraic curve containing Kq, i.e. 4.

One may expect that the tangential Markov inequality does not occur on sets which
are not semialgebraic. However, this conjecture is false, the tangential Markov inequality
with the sharp exponent 4 on some exponential curves has been shown in [BBLT].

A simpler proof of the tangential Markov inequality for semialgebraic curves can be
found in [K]. The characterization of semialgebraic curves, proved by Baran and Pleśniak
in [BP1], plays an important role in this proof.

In [BP2] Baran and Pleśniak solved the problem of the characterization of semial-
gebraic sets of a higher dimension in the class of subanalytic sets. In [K] this theorem
was used to prove the tangential Markov inequality on semialgebraic surfaces in R3 with
finitely many singular points.

2. Preliminaries. We recall that a subset of RN is semialgebraic if it is the union of
finitely many subsets of the form

{P = 0} ∩
l⋂
i=1
{Qi > 0},

where l ∈ N and P,Q1, . . . , Ql ∈ R[X1, . . . , XN ].
We call a function semialgebraic if it has a semialgebraic graph. For compact semial-

gebraic sets we have the Łojasiewicz inequality, which is very convenient in applications.

Theorem 2.1 ([S], Theorem 5.2.2). Let K ⊂ RN be a compact semialgebraic set and let
f : K −→ R be a semialgebraic function continuous on K. Then there exist constants
C > 0 and L ∈ N such that for every u ∈ K we have

|f(u)| ≥ C · dist(u, Z)L,

where Z := {x ∈ K : f(x) = 0}.

Let us notice that Theorem 2.1 is a special case of a more general Łojasiewicz inequal-
ity, which has been proved for any R-analytic function f on an open set U ⊂ RN and
any compact subset K of U ([L], Theorem 17). In this section the Łojasiewicz inequality
will be used to show that curves and surfaces which admit an analytic parametrization
are not too thin.

Let K be a compact curve in RN and let I = [−1, 1]. Following [BP1], K is said
to admit an analytic parametrization if there exist r ∈ N, γ > 1 and R-analytic maps
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ϕj = (ϕj1, . . . , ϕjN ) : γI −→ K, j = 1, . . . , r, such that each ϕj |I is a bijection onto
ϕj(I) and

r⋃
j=1

ϕj(I) = K.

By Puiseux’s theorem one can prove that every semialgebraic curve in RN admits an
analytic parametrization.

Lemma 2.2. Let K be a semialgebraic arc having the analytic parametrization

Φ(t) = (ϕ1(t), . . . , ϕN (t))

in the neighborhood of I = [−1, 1] such that in the neighborhood of 0 (0 is the only singular
point) ϕi(t) = αi0 +

∑∞
n=k αint

n and α1k = 1. Then for every constant M ∈ (0, 1] there
exists a positive constant c0 such that for every t0 ∈ I and n ∈ N,∫

I∩[t0−M/n,t0+M/n]

( N∑
i=1
|ϕ′i(t)|2

)1/2
dt ≥ c0n

−k. (2)

Proof. Let

Ant0 := I ∩
[
t0 −

M

n
, t0 + M

n

]
.

By the assumption ϕ1 6≡ const and Φ is analytic on an open interval containing I, so
there exists a positive constant c1 such that( N∑

i=1
|ϕ′i(t)|2

)1/2
≥ c1|t|k−1.

Moreover, ∫
Ant0

|t|k−1 dt ≥ Mk

k
n−k.

Hence, we get (2), where c0 = c1M
k

k .

Now let Bm(u,R) := {x ∈ Rm : ‖x − u‖ ≤ R}, Bm(R) := Bm(0, R), Bm := Bm(1)
and K be a compact subset of RN . Following [BP2], K is said to have an analytic
parametrization of dimension m, 1 ≤ m ≤ n, if there exist ρ > 1, r ∈ N and R-analytic
maps φj = (φj1, . . . , φjn) : Bm(ρ) −→ K, j = 1, . . . , r, such that for each j = 1, . . . , r we
have rankφj = m and

K =
r⋃
j=1

φj(Bm).

Let M be an m-dimensional real-analytic manifold of RN . It is known that every com-
pact semialgebraic subset of M of pure dimension m admits an analytic parametrization
in the sense of the above definition. It is a consequence of the Hironaka Rectilinearization
Theorem.

Lemma 2.3. Let S ⊂ R3 be a compact surface with an analytic parametrization

Φ(u1, u2) =
(
ϕ1(u1, u2), ϕ2(u1, u2), ϕ3(u1, u2)

)
, (u1, u2) ∈ B2,
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such that Φ(0, 0) = 0 is the only singular point. Then for each positive constant M there
exists a constant c0 such that for any u′ ∈ B2 and all n ∈ N,∫∫

B2∩B(u′,M/n)

∥∥∥ ∂

∂u1
Φ(u1, u2)× ∂

∂u2
Φ(u1, u2)

∥∥∥ du1 du2 ≥ c0n
−s, (3)

where s := L+ 2 and L is the exponent from the Łojasiewicz inequality.

Proof. We define
Anu′ := B2 ∩ B(u′,M/n).

Then, by the Łojasiewicz inequality, there exist constants C > 0 and L ∈ N such that for
any u′ ∈ B2 and all n ∈ N,∫

Anu′

∥∥∥ ∂

∂u1
Φ(u1, u2)× ∂

∂u2
Φ(u1, u2)

∥∥∥ du1 du2 ≥
1
C

∫
Anu′

‖(u1, u2)‖L du1 du2. (4)

Moreover, ∫
Anu′

‖(u1, u2)‖L du1 du2 ≥
ML+2

L+ 2 n−L−2. (5)

Combining (4) and (5) we get (3) with c0 = ML+2

C(L+2) .

3. Tangential Markov inequality on curves in Lp norms. In this section we prove
a tangential Markov inequality on semialgebraic arcs in Lp norms (the norms are nor-
malized with the arc length). The proof of the main result will be preceded by a lemma,
which gives an estimation of the uniform norm by Lp norms. This result is a general-
ization of Nikolskii type inequalities, which for 0 < r ≤ p ≤ +∞ and all trigonometric
polynomials T ( 6≡ 0) of degree at most n have the form

‖T‖p ≤ An(p, r)‖T‖r,

where An(p, r) is a positive constant which does not depend on T . More information
about the research related to the inequalities of this type can be found for example in
[MMR, pp. 495–498].

Lemma 3.1. Let K be a semialgebraic arc with the analytic parametrization

Φ(t) = (ϕ1(t), . . . , ϕN (t))

in the neighborhood of I = [−1, 1] such that in the neighborhood of 0 (0 is the only singular
point) ϕi(t) = αi0 +

∑∞
n=k αint

n and α1k = 1. Then for every p ∈ (1,+∞) there exists
a positive constant M such that for every polynomial P ∈ C[x1, . . . , xN ] with degP ≤ n,
we have

‖P‖K ≤Mnk/p‖P‖p.

Proof. Let t0 ∈ I be such that ‖P‖K = |P (ϕ1(t0), . . . , ϕN (t0))|. Then∣∣P (ϕ1(t), . . . , ϕN (t))− P (ϕ1(t0), . . . , ϕN (t0))
∣∣ ≤ ∞∑

k=1

1
k!
∣∣(P ◦ Φ)(k)(t0)

∣∣ |t− t0|k.
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From Theorem 2.1 in [BP1] there exist positive constants M1,M2 such that for every
polynomial P ∈ C[x1, . . . , xN ] we have∣∣P (ϕ1(ξ), . . . , ϕN (ξ))

∣∣ ≤M2‖P‖K if dist(ξ, I) ≤ M1

degP . (6)

Hence for r ≤ M1
n we obtain∣∣∣ 1

k! (P ◦ Φ)(k)(t0)
∣∣∣ =

∣∣∣∣ 1
2πi

∫
|ξ−t0|=r

P (ϕ1(ξ), . . . , ϕN (ξ))
(ξ − t0)k+1 dξ

∣∣∣∣
≤ 1

2π

∫
|ξ−t0|=r

|P (ϕ1(ξ), . . . , ϕN (ξ))|
|ξ − t0|k+1 dξ

≤M2
1

2π · 2πr · r
−k−1‖P‖K = M2r

−k‖P‖K .

Putting r = M1
n we have∣∣P (ϕ1(t), . . . , ϕN (t))− P (ϕ1(t0), . . . , ϕN (t0))

∣∣ ≤M2

∞∑
k=1

nkM−k1 |t− t0|k‖P‖K .

Therefore for |t− t0| < M1
n we get∣∣P (ϕ1(t), . . . , ϕN (t))− P (ϕ1(t0), . . . , ϕN (t0))

∣∣ ≤M2
n|t− t0|

M1 − n|t− t0|
‖P‖K

= M2
n|t− t0|

M1 − n|t− t0|
|P (ϕ1(t0), . . . , ϕN (t0))|.

The assumption |t− t0| ≤ M1
(1+2M2)n yields M2

n|t−t0|
M1−n|t−t0| ≤

1
2 . Hence∣∣P (ϕ1(t), . . . , ϕN (t))− P (ϕ1(t0), . . . , ϕN (t0))

∣∣ ≤ 1
2 |P (ϕ1(t0), . . . , ϕN (t0))|,

so
|P (ϕ1(t), . . . , ϕN (t))| ≥ 1

2 |P (ϕ1(t0), . . . , ϕN (t0))| if |t− t0| ≤
M3

n
,

where M3 = M1
1+2M2

. From this and Lemma 2.2 we have∫
I∩[t0−M3/n,t0+M3/n]

|P (ϕ1(t), . . . , ϕN (t))|p
( N∑
i=1
|ϕ′i(t)|2

)1/2
dt

≥
[1

2 |P (ϕ1(t0), . . . , ϕN (t0))|
]p ∫

I∩[t0−M3/n,t0+M3/n]

( N∑
i=1
|ϕ′i(t)|2

)1/2
dt

≥
[1

2 ‖P‖K
]p
c0n
−k.

Finally we get

‖P‖p =
(

1
|K|

∫ 1

−1
|P (ϕ1(t), . . . , ϕN (t))|p

( N∑
i=1
|ϕ′i(t)|2

)1/2
dt

)1/p

≥
( 1
|K|

)1/p 1
2 ‖P‖Kc

1/p
0 n−k/p,

where |K| is the arc length of K. Hence ‖P‖K ≤ 2|K|1/pc−1/p
0 nk/p‖P‖p.
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We formulate the main result of this section.

Theorem 3.2. Let K be a semialgebraic arc with the analytic parametrization

Φ(t) = (ϕ1(t), . . . , ϕN (t))

in the neighborhood of I = [−1, 1] such that in the neighborhood of 0 (0 is the only singular
point) ϕi(t) = αi0 +

∑∞
n=k αint

n and α1k = 1. Then there exists a positive constant D1
such that for every polynomial P ∈ C[x1, . . . , xN ] with degP ≤ n, we have

‖DT P‖p ≤ D1n
k+k/p‖P‖p.

Proof. For every polynomial P ∈ C[x1, . . . , xN ] we have

‖DT P‖p =
(

1
|K|

∫ 1

−1
|DT P (ϕ1(t), . . . , ϕN (t))|p

( N∑
i=1
|ϕ′i(t)|2

)1/2
dt

)1/p
≤ ‖DT P‖K .

From the tangential Markov inequality on curves in the uniform norm ([K, Theorem 3.2])
there exists a positive constant D such that for every polynomial P ∈ C[x1, . . . , xN ] with
degP ≤ n, we get ‖DT P‖K ≤ Dnk‖P‖K . Hence

‖DT P‖p ≤ Dnk‖P‖K .

Finally, Lemma 3.1 implies

‖DT P‖p ≤ D1n
k+k/p‖P‖p,

where D1 = D ·M and M is from Lemma 3.1.

4. Tangential Markov inequality on surfaces in Lp norms. Another generalization
of the tangential Markov inequality in Lp norms can be proved on semialgebraic surfaces
with finitely many singular points in R3. As before we start from providing estimates for
the norms. In this section we consider ‖ ·‖p norms, which are normalized with the surface
area.

Lemma 4.1. Let S ⊂ R3 be a compact surface with the analytic parametrization

Φ(u1, u2) =
(
ϕ1(u1, u2), ϕ2(u1, u2), ϕ3(u1, u2)

)
, (u1, u2) ∈ B2,

such that Φ(0, 0) = 0 is the only singular point. Then for every p ∈ (1,+∞) there exists
a positive constant D2 such that for every polynomial P ∈ C[x1, . . . , xN ] with degP ≤ n,

‖P‖S ≤ D2n
s/p‖P‖p,

where s is defined in Lemma 2.3.

Proof. Let (u0
1, u

0
2) ∈ B2 be such that ‖P‖S = |(P ◦ Φ)(u0

1, u
0
2)|. Then

∣∣(P ◦ Φ)(u1, u2)− (P ◦ Φ)(u0
1, u

0
2)
∣∣ ≤ ∞∑

l=1

1
l!

∣∣∣∂l(P ◦ Φ)
∂lu2

(u0
1, u

0
2)
∣∣∣ |u2 − u0

2|l

+
∞∑
k=1

∞∑
l=0

1
k!l!

∣∣∣∂k+l(P ◦ Φ)
∂ku1∂lu2

(u0
1, u

0
2)
∣∣∣ |u1 − u0

1|k |u2 − u0
2|l.
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By Theorem 4.5 in [BP2] there exist positive constants C3, δ3 such that

∀P ∈ C[x, y, z] |P (Φ(ξ))| ≤ C3‖P‖S , if dist(ξ,B2) ≤ δ3

degP . (7)

Hence for r1, r2 ≤ δ3
2n we have∣∣∣ 1

k!l!
∂k+l(P ◦ Φ)
∂ku1∂lu2

(u0
1, u

0
2)
∣∣∣

=
∣∣∣∣ 1
(2πi)2

∫
|ξ1−u0

1|=r1

∫
|ξ2−u0

2|=r2

(P ◦ Φ)(ξ)
(ξ1 − u0

1)k+1(ξ2 − u0
2)l+1 dξ1 dξ2

∣∣∣∣
≤ C3

1
(2π)2 · 2πr1 · 2πr2 · r−k−1

1 r−l−1
2 ‖P‖S = C3r

−k
1 r−l2 ‖P‖S .

Then for r1 = r2 = δ3
2n we obtain

∣∣(P ◦ Φ)(u1, u2)− (P ◦ Φ)(u0
1, u

0
2)
∣∣ ≤ C3

∞∑
l=1

(2n
δ3

)l
|u2 − u0

2|l‖P‖S

+ C3

∞∑
k=1

∞∑
l=0

(2n
δ3

)k+l
|u1 − u0

1|k|u2 − u0
2|l‖P‖S .

Hence for |u1 − u0
1| < δ3

2n and |u2 − u0
2| < δ3

2n , since (u0
1, u

0
2) is such that ‖P‖S =

|(P ◦ Φ)(u0
1, u

0
2)|, we get∣∣(P ◦ Φ)(u1, u2)− (P ◦ Φ)(u0

1, u
0
2)
∣∣

≤ C3

( 2n
δ3
|u2 − u0

2|
1− 2n

δ3
|u2 − u0

2|
+

2n
δ3
|u1 − u0

1|
(1− 2n

δ3
|u2 − u0

2|)(1− 2n
δ3
|u1 − u0

1|)

)
|(P ◦ Φ)(u0

1, u
0
2)|.

If |u1 − u0
1| ≤ δ3

6(1+4C3)n and |u2 − u0
2| ≤ δ3

6(1+4C3)n , we obtain

C3

( 2n
δ3
|u2 − u0

2|
1− 2n

δ3
|u2 − u0

2|
+

2n
δ3
|u1 − u0

1|
(1− 2n

δ3
|u2 − u0

2|)(1− 2n
δ3
|u1 − u0

1|)

)
≤ 1

2 .

Hence ∣∣(P ◦ Φ)(u1, u2)− (P ◦ Φ)(u0
1, u

0
2)
∣∣ ≤ 1

2 |(P ◦ Φ)(u0
1, u

0
2)|,

which gives

|(P ◦ Φ)(u1, u2)| ≥ 1
2 |(P ◦ Φ)(u0

1, u
0
2)|, if (u1, u2) ∈ B((u0

1, u
0
2),M4/n), (8)

where M4 = δ3
6(1+4C4) . Applying Lemma 2.3 we obtain∫∫

B2∩B((u0
1,u

0
2),M4/n)

|(P ◦ Φ)(u1, u2)|p
∥∥∥ ∂

∂u1
Φ(u1, u2)× ∂

∂u2
Φ(u1, u2)

∥∥∥ du1 du2

≥
[1

2 |(P ◦ Φ)(u0
1, u

0
2)|
]p ∫∫

B2∩B((u0
1,u

0
2),M4/n)

∥∥∥ ∂

∂u1
Φ(u1, u2)× ∂

∂u2
Φ(u1, u2)

∥∥∥ du1 du2

≥
[1

2‖P‖S
]p
c0n
−s.
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Finally we obtain

‖P‖p =
(

1
|S|

∫∫
B2
|(P ◦ Φ)(u1, u2)|p

∥∥∥ ∂

∂u1
Φ(u1, u2)× ∂

∂u2
Φ(u1, u2)

∥∥∥ du1 du2

)1/p

≥
( 1
|S|

)1/p 1
2 ‖P‖Sc

1/p
0 n−s/p,

where |S| is the surface area of S. Therefore ‖P‖S ≤ 2|S|1/pc−1/p
0 ns/p‖P‖p.

Theorem 4.2. Let S ⊂ R3 be a compact surface with analytic parametrization
Φ(u1, u2) =

(
ϕ1(u1, u2), ϕ2(u1, u2), ϕ3(u1, u2)

)
, (u1, u2) ∈ B2,

such that Φ(0, 0) = 0 is the only singular point. Then there exist positive constants M1
and k such that for every polynomial P ∈ C[x, y, z] such that degP ≤ n,

‖DT P‖p ≤M1n
k+s/p‖P‖p,

where s is given in Lemma 2.3.
Proof. For every P ∈ C[x, y, z] we have

‖DT P‖p =
(

1
|S|

∫∫
B2
|DT P (Φ(u1, u2))|p

∥∥∥ ∂

∂u1
Φ(u1, u2)× ∂

∂u2
Φ(u1, u2)

∥∥∥ du1 du2

)1/p

≤ ‖DT P‖S .
By the tangential Markov inequality on surfaces in uniform norm ([K], Theorem 4.1),
there exist constants D > 0 and k ∈ N such that for each polynomial P ∈ C[x1, x2, x3],
‖DT P‖S ≤ Dnk‖P‖S . Therefore

‖DT P‖p ≤ Dnk‖P‖S .
Finally, using Lemma 4.1, we have

‖DT P‖p ≤M1n
k+s/p‖P‖p

with M1 = D2 ·D, where D2 is from Lemma 4.1.
Notice that we presented proofs in R3, but it is a minor modification to state and prove

Theorem 4.2 for surfaces in RN for N ≥ 3. Namely we can consider a compact surface
S ⊂ RN with an analytic parametrization Φ(u1, u2) = (ϕ1(u1, u2), . . . , ϕN (u1, u2)),
(u1, u2) ∈ B2, such that Φ(0, 0) = 0 is the only singular point and Lp norms associ-
ated with the surface measure in RN , i.e.

‖f‖p =
(

1
|S|

∫∫
B2
|f(Φ(u1, u2))|p

×
( ∑

1≤i1<i2≤N

∣∣∣∣∣ ∂
∂u1

ϕi1(u1, u2) ∂
∂u2

ϕi1(u1, u2)
∂
∂u1

ϕi2(u1, u2) ∂
∂u2

ϕi2(u1, u2)

∣∣∣∣∣
2)1/2

du1 du2

)1/p
.

Then by the same argument as before we get the generalization of Lemmas 2.3 and 4.1,
in particular,∫

Anu′

( ∑
1≤i1<i2≤N

∣∣∣∣∣ ∂
∂u1

ϕi1(u1, u2) ∂
∂u2

ϕi1(u1, u2)
∂
∂u1

ϕi2(u1, u2) ∂
∂u2

ϕi2(u1, u2)

∣∣∣∣∣
2)1/2

du1 du2 ≥ c1n
−l (9)
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with some positive constants c1 and l. Moreover,
‖P‖S ≤ D3n

l/p‖P‖p
for every p ∈ (1,+∞) and P ∈ C[x1, . . . , xN ] with degP ≤ n, where l is from (9) and
D3 is a positive constant, independent of polynomial P . Finally, the tangential Markov
inequalities in Lp norms hold for every compact and semialgebraic sets K in RN with an
analytic parametrization of order m having finitely many singular points.

Acknowledgments. The author wishes to express her gratitude to the anonymous ref-
eree for all his/her comments and especially for the suggestion of the simpler proof of
Lemma 2.2.
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