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Quantum ultrametrics on AF algebras and the
Gromov—Hausdorff propinquity

by
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Abstract. We construct quantum metric structures on unital AF algebras with a
faithful tracial state, and prove that for such metrics, AF algebras are limits of their
defining inductive sequences of finite-dimensional C*-algebras for the quantum propin-
quity. We then study the geometry, for the quantum propinquity, of three natural classes
of AF algebras equipped with our quantum metrics: the UHF algebras, the Effr6s—Shen
AF algebras associated with continued fraction expansions of irrationals, and the Cantor
space, on which our construction recovers traditional ultrametrics. We also exhibit several
compact classes of AF algebras for the quantum propinquity and show continuity of our
family of Lip-norms on a fixed AF algebra. Our work thus brings AF algebras into the
realm of noncommutative metric geometry.
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1. Introduction. The Gromov-Hausdorff propinquity , , a
family of noncommutative analogues of the Gromov—Hausdorff distance, pro-
vides a new framework to study the geometry of classes of C*-algebras,
opening new avenues of research in noncommutative geometry. We propose

2010 Mathematics Subject Classification: Primary 461.89, 461.30, 58 B34.

Key words and phrases: noncommutative metric geometry, Gromov-Hausdorff conver-
gence, Monge—Kantorovich distance, quantum metric spaces, Lip-norms, AF algebras.
Received 9 December 2015; revised 29 January 2016.

Published online 18 February 2016.

DOI: 10.4064/sm8478-2-2016 [149] @© Instytut Matematyczny PAN, 2015



150 K. Aguilar and F. Latrémoliére

to bring the class of AF algebras into this nascent research project by con-
structing natural quantum metrics on AF algebras endowed with a faithful
tracial state. We prove first that AF algebras endowed with our quantum
metrics are indeed limits of some sequence of finite-dimensional quantum
compact metric spaces for the quantum propinquity. The main application
of our AF quantum metrics is the construction of a natural continuous sur-
jection, for the quantum propinquity, from the space of irrational numbers in
(0, 1) onto the class of the Effros—Shen AF algebras built in 8] from continued
fraction expansion of irrational numbers—these AF algebras were of course
famously employed by Pimsner—Voiculescu [29] to complete the classification
of irrational rotation C*-algebras. We also construct another continuous map
from the Baire space onto the class of UHF algebras, and we prove that our
construction of quantum metrics, when applied to the Cantor space, recov-
ers many standard ultrametrics on that space. Due to this observation, we
name our metrics on AF algebras quantum ultrametrics. Moreover, we ex-
ploit some of the topological properties of the Baire space to exhibit many
compact sets of AF algebras for the quantum propinquity.

Various notions of finite-dimensional approximations of C*-algebras are
found in C*-algebra theory, from nuclearity to quasi-diagonality, passing
through exactness, to name a few of the more common notions. They are
also a core focus and major source of examples for our research in noncom-
mutative metric geometry. Examples of finite-dimensional approximations in
the sense of propinquity include approximations of quantum tori by fuzzy
tori |16, |18] and full matrix approximations of C*-algebras of continuous
functions on coadjoint orbits of semisimple Lie groups |32, [34, 37]. More-
over, the existence of finite-dimensional approximations for quantum com-
pact metric spaces, in the sense of the dual propinquity, were studied in [23],
as part of the discovery by the second author of a noncommutative analogue
of the Gromov compactness theorem [11].

Among all the types of finite approximations in C*-algebras, approxi-
mately finite (AF) algebras occupy a special place. Introduced by Bratteli [3],
following on the work of Glimm [9] on UHF algebras, AF algebras are induc-
tive limits, in the category of C*-algebras, of sequences of finite-dimensional
algebras. Elliott initiated his classification program with AF algebras, and
this project brought K-theory into the core of C*-algebra theory. Among
many problems studied in relation to AF algebras, the fascinating question
of when a particular C*-algebra may be embedded into an AF algebra has
a long history, with the classification of irrational rotation algebras as a
prime example. Thus, the question of making inductive sequences of finite-
dimensional algebras converge to AF algebras, not only in the sense of in-
ductive limit, but also in terms of the quantum propinquity, is very natural
and the seed of this paper.
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In order to address this question, we have to provide a natural con-
struction of quantum metrics on AF algebras. A quantum metric is pro-
vided by a choice of a particular seminorm on a dense subalgebra of a C*-
algebra |17} 30, 31], called a Lip-norm, which plays an analogous role to the
Lipschitz seminorm in classical metric space theory. The key property that
such a seminorm must possess is that its dual must induce a metric on the
state space of the underlying C*-algebra which metrizes the weak™ topology.
This dual metric is a noncommutative analogue of the Monge-Kantorovich
metric, and the idea of this approach to quantum metrics arose in Connes’
work [5, 6] and Rieffel’s work. A pair of a unital C*-algebra and a Lip-norm is
called a quantum compact metric space, and can be seen as a generalized Lip-
schitz algebra [39]. However, recent developments in noncommutative met-
ric geometry suggest that some form of relation between the multiplicative
structure of C*-algebras and Lip-norms is beneficial |19, [21} 23| 24, 33-36].
A general form of such a connection is given by the quasi-Leibniz prop-
erty [23]. As such, we require our quantum metrics on AF algebras to be
given by quasi-Leibniz Lip-norms.

Quantum metrics on AF algebras, in turn, allow us to raise further ques-
tions, such as the continuity of various important constructions of AF al-
gebras, including Effros—Shen AF algebras, or Glimm’s UHF algebras. The
latter problems led us to our construction in this paper. We restrict ourselves
to the class of unital AF algebras with a faithful tracial state, on which we
construct Lip-norms from inductive sequences, the faithful tracial state, and
any choice of a sequence of positive numbers converging to 0. The natural
sequences to consider are given by the dimension of the C*-algebras consti-
tuting the inductive sequences. The requirement of a faithful tracial state
allows us to construct conditional expectations from which our Lip-norms
are built.

We are then able to prove that, equipped with our metrics, and topol-
ogizing the class of quasi-Leibniz quantum compact metric spaces with the
quantum propinquity, the class of UHF algebras is the continuous image, in
a very natural way, of the Baire space, i.e. the space of sequences of nonzero
natural numbers equipped with the standard ultrametric. We then prove that
the function which, to any irrational number in (0, 1), associates the Effros—
Shen AF algebra, becomes continuous as well. This result actually involves
the fact that the set of irrational numbers in (0, 1) is homeomorphic to the
Baire space, and then uses an argument constructed around the continuity of
a field of Lip-norms on a well-chosen finite-dimensional piece of the Effros—
Shen AF algebra. This argument relies, in turn, on computations of certain
traces on these finite-dimensional algebras, using a K-theory argument.

We also prove that our construction of quantum metrics, when applied
to the Abelian AF algebra of C-valued continuous functions on the Can-
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tor space, recovers standard ultrametrics on that space. The importance
of this observation is that our construction can be seen as a generaliza-
tion of ultrametrics to the context of AF algebras, which are, informally,
zero-dimensional quantum compact spaces. We should note that for any two
states ¢, in the state space .#(2) of a unital C*-algebra 2, the function
t €[0,1] — te + (1 — t)7 is a continuous function to . (A) equipped with
the weak™ topology. Thus, no metric which gives the weak™ topology on the
state space of a unital C*-algebra can be an ultrametric (as it would imply
that the segment between ¢ and 1) would be disconnected). Thus, Lip-norms
never induce actual ultrametrics on state spaces, and thus our terminology
will not create any confusion, and rather provide interesting candidates for
possible quantum ultrametrics.

We also address a question which has proven to be an interesting chal-
lenge in general: the identification of certain compact classes of quasi-Leibniz
quantum compact metric spaces for the quantum propinquity. It is unclear
whether any of the classes of AF algebras which we study in this paper
are closed for the quantum propinquity; moreover, the quantum propinquity
is not known to be a complete metric, so for a set, being totally bounded
and closed would not be sufficient for a set to be compact in general—
hence the challenge to find compact classes for quantum propinquity. The
dual propinquity is complete [21], which provides a better framework for
the study of compactness, but as the dual propinquity is weaker than the
quantum propinquity, the question of finding the closure of classes of AF
algebras is generally delicate. However, in this paper, we do exhibit natural
infinite compact classes of AF algebras for the quantum propinquity, using
the topology of the Baire space.

Our construction should be compared with a previous attempt at the
construction of natural quantum metrics on AF algebras. In [1|, Antonescu
and Christensen introduced spectral triples of AF algebras endowed with a
faithful state. As their spectral triples are ungraded and their Dirac opera-
tors are positive, they only contain metric information. However, the metrics
obtained from these spectral triples, when restricted to the Cantor space, are
not explicit and do not agree with the usual metrics for that space. Moreover,
no convergence result is proven using the metrics associated with these spec-
tral triples when working with noncommutative AF algebras, and it is not
clear how one would proceed to prove such results, because the construction
of these spectral triples relies on various constants which may not be easy
to compute. Our work takes a different perspective: quantum metrics arise
naturally from Lip-norms, which need not be defined via spectral triples. In-
stead, we aim at obtaining natural metrics for which we can actually prove
several interesting geometric results, in particular in connection with the
quantum propinquity.
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Our paper begins with a brief section on the notions of quantum compact
metric spaces, quasi-Leibniz Lip-norms, and the quantum Gromov—Hausdorff
propinquity. We then construct our Lip-norms for AF algebras. The next two
sections establish our main continuity results: first for UHF algebras and sec-
ond for Effrés—Shen AF algebras. We then exhibit some interesting compact
classes of AF algebras for the quantum propinquity. In its most general form,
our construction of Lip-norms on AF algebras involves a sequence of nonzero
natural numbers. We conclude our paper with the proof that our construc-
tion is in fact continuous with respect to this parameter.

2. Quantum metric geometry. We begin our exposition with a brief
description of the tools of quantum metric geometry which we will use. We
refer the reader to [22] for a survey of this area. A by-product of this expo-
sition is the introduction of notation which we will use throughout.

NoTATION 2.1. When F is a normed vector space, its norm will be de-
noted by [ - ||z by default.

NoTATION 2.2. Let 2 be a unital C*-algebra. The unit of 2 will be
denoted by 1g. The state space of 2 will be denoted by .#(2), and the
self-adjoint part of 2 by sa(2).

The core objects of noncommutative metric geometry are the quantum
compact metric spaces, which are noncommutative generalizations of the
algebras of Lipschitz functions over compact metric spaces. The key re-
quirement in the following definition—that the Monge-Kantorovich metric
metrizes the weak® topology on the state space—is due to Rieffel. The idea
to employ the Monge-Kantorovich metric as a means to work with noncom-
mutative metrics is due to Connes |5] and was the inspiration for Rieffel’s
work. The quasi-Leibniz property is the second author’s added requirement,
itself largely based on Kerr’s similar notion of the F-Leibniz property [15],
but used for a very different reason—the quasi-Leibniz property is used to
ensure that the Gromov—Hausdorff propinquity has the desired coincidence
property, while Kerr used a similar notion to study the completeness of a ver-
sion of his matricial distance. In [23], the notion of a quasi-Leibniz Lip-norm
is more general than given below, but this will suffice for this paper.

DEFINITION 2.3 (|23} 24}, 30]). A (C, D)-quasi-Leibniz quantum compact
metric space (A, L), for some C' > 1 and D > 0, is an ordered pair where 2
is unital C*-algebra and L is a seminorm defined on some dense Jordan-Lie

subalgebra dom(L) of sa(2() such that
(1) {a €sa(A):L(a) =0} =Rly,

(2) the seminorm L is a (C, D)-quasi-Leibniz Lip-norm, i.e. for all a,b €

dom(L),
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maX{L<ab—£ ba> 7 L<ab2_iba) }
< C(llallalk(b) + [[bllaL(a)) + DL(a)L(b),

(3) the Monge—Kantorovich metric defined, for any states p, 1 € .7 (),
by

mk_ (2, %) = sup{lio(a) = ¥(a)] : a € dom(L), L(a) < 1}

metrizes the weak® topology of .7 (1),
(4) the seminorm L is lower semicontinuous with respect to || - ||g.

The seminorm L of a quantum compact metric space (2, L) is called a Lip-
norm.

CONVENTION 2.4. When L is a seminorm defined on some dense subset
F of a vector space E, we will implicitly extend L to E by setting L(e) = oo
whenever e € F.

Rieffel initiated the systematic study of quantum compact metric spaces
with the following characterization of these spaces, which can be seen as a
noncommutative form of the Arzela—Ascoli theorem.

THEOREM 2.5 (|28, 30, 31]). Let A be a unital C*-algebra and L a semi-
norm defined on a dense subspace of sa() such that L(a) = 0 if and only if
a € Rly. The following two assertions are equivalent:

(1) the Monge—Kantorovich metric mky metrizes the weak™ topology on
(),
(2) for some state p € (), the set

{a € sa(A) : L(a) <1, p(a) =0}
is totally bounded for || - ||u.

Our primary interest in developing a theory of quantum metric spaces is
the introduction of various hypertopologies on classes of such spaces, thus
allowing us to study the geometry of classes of C*-algebras and perform anal-
ysis on these classes. A classical model for our hypertopologies is given by the
Gromov—Hausdorff distance. While several noncommutative analogues of the
Gromov—Hausdorff distance have been proposed—most importantly Rieffel’s
original construction of the quantum Gromov—Hausdorff distance [38]—we
shall work with a particular metric introduced by the second author. This
metric, known as the quantum propinquity, is designed to be best suited
to quasi-Leibniz quantum compact metric spaces, and in particular, is zero
between two such spaces if and only if they are isometrically isomorphic (un-
like Rieffel’s distance). We now propose a summary of the tools needed to
compute upper bounds on this metric.
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DEFINITION 2.6. The 1-level set .71 (D|w) of an element w of a unital
C*-algebra ® is

{re (@) :o((1 -ww)) =p((1 —ww")) = 0}.

DEFINITION 2.7. A bridge from 2 to 25, where 2l and 9% are unital C*-
algebras, is a quadruple (D, my(, T, w) where

(1) ® is a unital C*-algebra,

(2) the element w, called the pivot of the bridge, satisfies w € © and
L1(Dw) # 0,

(3) my : A =D and my : B — D are unital *~-monomorphisms.

There always exists a bridge between any two arbitrary quasi-Leibniz
quantum compact metric spaces [23] [24]. A bridge allows us to define a
numerical quantity which estimates, for this given bridge, how far our quasi-
Leibniz quantum compact metric spaces are. This quantity, called the length
of the bridge, is constructed using two other quantities we now define.

In the next few definitions, we denote by Hausy the Hausdorff (pseudo)
distance induced by a (pseudo)distance d on the compact subsets of a (pseu-
do)metric space (X, d) |14].

The height of a bridge assesses the error we make by replacing the state
spaces of the Leibniz quantum compact metric spaces with the image of the
1-level set of the pivot of the bridge, using the ambient Monge—Kantorovich
metric.

DEFINITION 2.8. Let (2, Ly) and (B,Ly) be quasi-Leibniz quantum
compact metric spaces. The height ¢(v|Lg(, L) of a bridge v = (D, my, ms, w)
from A to B, with respect to Ly and Lg, is given by

max{Hausmi, (7' (A), 73 (F1(D|w))), Hausmi , (' (B), 75 (L1(D|w))) },
where 73 and 73, are the dual maps of my and 7y, respectively.

The second quantity measures how far apart the images of the balls for
the Lip-norms are in 2 & 9B; to do so, they use a seminorm on 2l & 5 built
using the bridge:

DEFINITION 2.9. Let (2, Lgy) and (B,Ly) be unital C*-algebras. The
bridge seminorm bn,(-) of a bridge v = (D, my, 7, w) from A to B is the
seminorm defined on 2 & B by

bn, (a,b) = [[ma(a)w — wrs ()]0
for all (a,b) € AP B.
We implicitly identify 2 with 2A & {0} and B with {0} & B in A& B in

the next definition, for any two spaces 2l and 5.
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DEFINITION 2.10. Let (2, Lgy) and (*B,Ly) be quasi-Leibniz quantum
compact metric spaces. The reach o(7y|Lg, L) of a bridge v = (D, my, mp, w)
from 2 to B, with respect to Ly and Lg, is given by

Hausbnv(.)({a S ECI(QL) : LQ[(CL) < 1}, {b S sa(%) : L%(b) < 1})

We now choose a natural quantity to synthesize the information given by
the height and the reach of a bridge:

DEFINITION 2.11. Let (2, Ly) and (*8,Ly) be quasi-Leibniz quantum
compact metric spaces. The length A(7y|Lg, L) of a bridge v = (D, 7y, 7o, w)
from 2l to B, with respect to Ly and Lg, is given by

max{c(v|La, Ls), o(v|La, Ls) }-

A natural approach, defining the quantum propinquity as the infimum
of the lengths of all possible bridges between two given (C, D)-quasi-Leibniz
quantum compact metric spaces, for some fixed C > 1 and D > 0, does not
lead to a distance, as the triangle inequality may not be satisfied. Instead,
a more subtle road must be taken, as presented in detail in [24]. The fol-
lowing theorem hides these complications and provides a summary of the
conclusions of [24] relevant for our work:

THEOREM-DEFINITION 2.12 ([23, 24]). Fiz C > 1 and D > 0 and let
QOCMSc. p be the class of all (C, D)-quasi-Leibniz quantum compact metric
spaces. There exists a class function Nc,p from QQOCMSe p x QACMSc.p
to [0,00) C R such that:

(1) for any (A, Ly), (B, Ly) € QOCMSc,p we have
/\C7D((9'[7 LQl)v (%7 L%))
< max{diam (7 (), mky, ), diam(-#(B), mkr, )},
(2) for any (A, Ly), (B, Ly) € QACMSc,p we have
0< AC,D((le LQ[)’ (%’ L%)) = AC,D((%7 L%)’ (le LQl))v
(3) for any (A, Ly), (B,Ly), (¢, L) € QOACMSc p we have
Ac,p (%A, La), (€, Le))
< Ac.p((¥; La), (B, L)) + Ao.n((B, Lw), (€, Le)),

(4) for any (A, Ly), (B, Ly) € QACMSc. p and for any bridge v from 2A
to B we have

Ac,p (% La), (B, Ly)) < A(v[La, L),
(5) for any (A, Ly), (B, Ly) € QOCMSc,p we have
Ac,p (2 La), (B, Ly)) =0
if and only if (A, Ly) and (B, Ly) are isometrically isomorphic, i.e. if
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and only if there exists a *-isomorphism w : A — B with Lyom = Ly,
or equivalently there exists a *-isomorphism 7 : 2 — B whose dual
map 7 is an isometry from (< (B), mky,) into (7 (A), mkr, ),

(6) if = is a class function from QQCMSc p x QOCMSc p to [0,00)
which satisfies properties (2)—(4) above, then

E((Qla LQl)a (ti L‘B)) < AC,D((le LQ[)? (%7 L‘B))
for all (A, Ly) and (B, Ly) in QQCMSc p.

Thus, for a fixed choice of C' > 1 and D > 0, the quantum propinquity
is the largest pseudo-distance on the class of (C, D)-quasi-Leibniz quantum
compact metric spaces which is bounded above by the length of any bridge
between its arguments; the remarkable conclusion of |24] is that this pseudo-
metric is in fact a metric up to isometric isomorphism. The quantum propin-
quity was originally devised in the framework of Leibniz quantum compact
metric spaces (i.e. for C = 1 and D = 0), and as seen in 23|, can be extended
to many different classes of quasi-Leibniz compact quantum metric spaces.

Moreover, we showed in [24] that we can compare the quantum propin-
quity to natural metrics.

THEOREM 2.13 (|24]). If disty is Rieffel’s quantum Gromov-Hausdorff
distance |38|, then for any pair (A, Ly ) and (B, Lsy) of quasi-Leibniz quantum
compact metric spaces, we have

disty (2, Lar), (B, L)) < A((, Lar), (B, L))
Moreover, for any compact metric space (X,dx), let Lq, be the Lipschitz
seminorm induced on the C*-algebra C(X) of C-valued continuous functions
on X by dx. Note that (C(X),Lqy) is a Leibniz quantum compact metric
space. Let € be the class of all compact metric spaces. For any (X,d,), (Y,dy)
€ €, we have
A(C(X), Lax), (C(Y), Lay)) < GH((X, dx), (Y, dy))

where GH is the Gromov-Hausdorff distance |11} 12].

Furthermore, the class function T : (X,dx) € € — (C(X),Lqy) is a
homeomorphism, where the topology on € is given by the Gromov—Hausdorff
distance GH, and the topology on the image of T (as a subclass of the class of
all Leibniz quantum compact metric spaces) is given by the quantum propin-
quity .

As already mentioned, the construction of and much more information on
the quantum Gromov—Hausdorff propinquity can be found in our paper [24],
as well as in our survey [22|. The extension of our original work to the
quasi-Leibniz setting can be found in [23]. Two important examples of non-
trivial convergences for the quantum propinquity are given by quantum tori
and their finite-dimensional approximations, as well as certain metric per-
turbations |16, |18, |20 and by matrix approximations of the C*-algebras of
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coadjoint orbits for semisimple Lie groups |34}, 35, |37]. Moreover, the quan-
tum propinquity is, in fact, a special form of the dual Gromov—Hausdorff
propinquity [19, [21} |23|, which is a complete metric, up to isometric isomor-
phism, on the class of Leibniz quantum compact metric spaces, and which
extends the topology of the Gromov—Hausdorff distance as well. Thus, as
the dual propinquity is dominated by the quantum propinquity |21], we con-
clude that all the convergence results in this paper are valid for the dual
Gromov—Hausdorff propinquity as well.

The present paper establishes new examples of convergence for the quan-
tum propinquity by constructing quantum metrics on certain AF algebras.
All our quantum metrics will be (2, 0)-quasi-Leibniz quantum compact met-
ric spaces. Thus, we will simplify our notation as follows:

CONVENTION 2.14. In this paper, A will mean Ag .

3. AF algebras as quasi-Leibniz quantum compact metric spaces.
We begin by observing that conditional expectations allow us to define (2, 0)-
quasi-Leibniz seminorms on C*-algebras.

DEFINITION 3.1. A conditional expectation E(-[B) : 2 — B onto B,
where 2 is a C*-algebra and B is a C*-subalgebra of 2, is a linear positive
map of norm 1 such that for all b,c € B and a € 2 we have

E(bac|B) = bE(a|B)c.

LEMMA 3.2. Let 2 be a C*-algebra and B C A be a C*-subalgebra of 2.
IfE(:|B) : A — B is a conditional expectation onto B, then the seminorm

S:a €A |la—E(a|B)|a
is a (2,0)-quasi-Leibniz seminorm.
Proof. Let a,b € 2. We have
S(ab) = ||ab—E(ab|B)||«
< [[ab—aE(b|B) o+ [|[aE(b|B) —E(ab|B) |«
< llallalo—E(b[B)]|2
+ [|aE(b|B) —E(aE(b|B)|B) +E(a(E(b|B) —b)[B)||la
< llallalo—E(b[B)[lo+ l[a—E(a|B))([«ED]B) |«
+[[E(a(b—E(b]B))[B)]|x
< llallal|b—E®[B)[lo+[la—E(a|B)||2[E(6]B)||la + [|alla]|b—ED|B) [«
< 2[|al|a|[b—E(b|B)la+[|a—E(a[B))|alb]2
< 2([lallaS(b) +[bllaS(a)).

This proves our lemma. =
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Note that the seminorms defined by Lemma [3.2] are zero exactly on the
range of the conditional expectation. Now, our purpose is to define quasi-
Leibniz Lip-norms on AF C*-algebras using Lemma [3.2] and a construction
familiar in von Neumann theory, which we recall here for our purpose.

We shall work with unital AF algebras [4] endowed with a faithful tracial
state. Any unital AF algebra admits at least one tracial state |25, Proposition
3.4.11], and thus simple AF algebras admit at least one faithful tracial state.
In fact, the space of tracial states of a unital simple AF algebra can be any
Choquet simplex [2,/10]. On the other hand, a unital AF algebra has a faithful
trace if and only if it is a C*-subalgebra of a unital simple AF algebra |20,
Corollary 4.3|. Examples of unital AF algebras without a faithful trace can
be obtained as essential extensions of the algebra of compact operators of a
separable Hilbert space by some full matrix algebra. Thus, our context could
be stated as the study of certain Lip-norms on unital AF algebras which can
be embedded in unital simple AF algebras.

Our main construction of Lip-norms on unital AF algebras with a faithful
tracial state is summarized in Theorem 3.5 below.

NOTATION 3.3. Let Z = (,,, ap)nen be an inductive sequence with limit
A = @I. We denote the canonical *-morphism 2(, — 2 by a_}” for all
n € N.

CONVENTION 3.4. In this paper, we assume that for all inductive se-
quences (Ay, ap)nen, the C*-algebras 2, are unital and the *-morphisms a,
are unital and injective for all n € N.

THEOREM 3.5. Let 2 be an AF algebra endowed with a faithful tracial
state . Let T = (U, an)nen be an inductive sequence of finite-dimensional
C*-algebras with C*-inductive limit A, with Ay = C and where oy, is unital
and injective for alln € N. Let m be the GNS representation of 2 constructed
from u on the space L*(2, ). For all n € N, let

E([af(An)) : A — 2A

be the unique conditional expectation from A onto the canonical image g(i’ln)
of Ay, in A, and such that p OE(\CLZ(Q[”)) = p. Let B : N — (0,00) have

limit 0 at infinity. For all a € sa(A), set
L7 ,(a) = sup{|la — E(ala” (A))[|la/B(n) : n € N}.
Then (2, Lg’#) 18 a 2-quasi-Leibniz quantum compact metric space. Moreover
for alln € N,
A(@ L7, 0 %), (L7 ) < B(n)
and thus
lim A((Rn, L, 0a?), (%, 15 ,)) =0.

n—o0
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Proof. To begin with, we note that, from the standard GNS construction,
we have the following:

(1) since p is faithful, the map & : a € A+ a € L?(2A, p) is injective,
(2) since [[§(a)l|r2(a,,) = vV i(a*a) < |lalls for all a € A, the map § is a

continuous (weak) contraction,

(3) by construction, &(ab) = w(a)&(b) for all a,b € A,

(4) if w is {(1y), then w is cyclic and &(a) = 7(a)w.

Let n € N. Then £ o a_}” : A, — L2, p) is a linear, weakly contractive
injection. Since 2, has finite dimension, & o OL)”(an) is a closed subspace of
L?(2, 1). Let P, be the orthogonal projection from L?(2, i) onto foals (An).

Consequently, for all a € 2, we have P, ({(a)) € £ o %”(ﬂn), thus, since &
is injective, there exists a unique En(a) € off(A,) with £(En(a)) = P,(£(a)).

STEP 1. The map E, : A — a_>”(2ln) is the conditional expectation

E(-|aS(An)) from A onto ot (An) which preserves the state pu.

o,
First, if a € Ay, then Ppé(at(a)) = {(aj(a)) so En(a) = o'f(a). Thus E,
is onto o (Ay), and restricts to the identity on o (An).
We now prove that P, commutes with 7(a) for all a € a/y(%Ap). Let
a € ay(2Ap). We note that if b € ot () then m(a)§(b) = £(ab) € £(afy(An))
since a_’;(ﬁln) is a subalgebra of 2. Thus ﬂ(a)(f(a_ﬁ(ﬁln))) C E(OL”)(an)) Since

oz_ﬁ(an) is closed under the adjoint operation, and 7 is a *-representation,
we have 7(a*)(al(%n)) C €(e(An)). Thus, if = € £(CM_>"(an))J‘ and y €
£(a(%n), then
(m(a)z,y) = (x,7(a")y) = 0,
ie. W(a)(f((y_)”(ﬁ N C €(a ”( 2)) L. Consequently, if x € L2(2, 1), writing
x = P,z + Pir, we have
P,7(a)x = Pyr(a)Pyx + Pym(a)Pla = w(a) Py

In other words, P,, commutes with 7(a) for all a € %"(%n)

As a consequence, for all a € OL)n(an) and b € 2,

§(Bn(ab)) = Pam(a)§(b) = 7(a) Pag(b) = m(a)€(En (b)) = {(aEn(D)).
Thus E(ab) = aEn(b) for all a € o (An) and b € 2A.
We now prove that E,, is a *-linear map. Let J : £(z) — &(z*). The key
observation is that, since p is a trace,
(J&(x), JE(y)) = plyz™) = p(z*y) = (z,y),
hence J is a conjugate-linear isometry and can be extended to L2(2A, u). It
is easy to check that J is surjective, as it has a dense range and is isometric,
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in fact J = J* = J~!. This is the only point where we use the assumption
that p is a trace.
We now check that P, and J commute. First note that

(JP,J)(JP,J) = JP,J,
and thus the self-adjoint operator JP,J is a projection. Let a € 2. Then
JP,JE(a) = JPy§(a”) = JE(En(a®)) = E(En(a”)") € &(ay(An)).

Thus JP,J = P,, so P, and J commute since J? = 1%@2(%7”)).
Consequently, for all a € 2,

§(En(a”)) = Pué(a”) = PoJ&(a) = JPuf(a) = JE(En(a)) = £(En(a)”),
so E,(a*) = E,(a)*.

In particular, for all a € 20 and b, ¢ € oz_>"(‘21n) we have

E, (bac) = bE,(ac) = bE, (c*a*)* = b(c"E,(a)*)* = bE,(a)c.

To prove that E,, is a positive map, we begin by checking that it preserves
the state p. First note that 1y Goﬁ(%ln) SO W Ef(%"(%n)), and thus P,w=w.
Thus for all a € X,

1(En(a)) = (m(En(a))w,w)
(En(a)),w) = (Pré(a),w)
(a), Paw) = (m(a)w, Pyw)
m(a)w,w) = p(a).
Hence E,, preserves the state p. More generally, using the conditional expec-
tation property, for all b,c € a_’;(?ln) and a € 2,

H(PEn(a)e) = p(bac).
We now prove that E, is positive. First, u restricts to a faithful state
of oz_:”(an) and Lz(a_T;(an),u) is given canonically by f(a_)”(an)) Let now
a € sa(2A) with a > 0. For all b € /() we have
(En(a)§(b),£(b)) = p(b*En(a)b) = (b ab) > 0.
Thus the operator E, (a) is positive in cﬁi(?ln), so E,, is positive.

=
= (¢
= (¢
=

Since E,, restricts to the identity on %”(ﬂn), it is of norm at least one.
Now, let a € sa(2A) and ¢ € (). Then ¢ o E, is a state of 2 since E,
is positive and unital. Thus |p o E,(a)| < |lalls. As E,(sa(RA)) C sa(A), we
have

(3.1)  Vaesa®) [En(a)lla =sup{lpoEn(a)l: o e L)} < ala

Thus E,, restricted to sa(2() is a linear map of norm 1.
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On the other hand, for all a € 2, we have
0 < En((a —En(a))*(a —En(a)))
=E,(a*a) — E,(En(a)*a) — Ep(a*En(a)) + Ep(En(a)*Ey(a))
=E,(a*a) — E,(a)*E,(a).
Thus for all a € A we have
IEn(@)lI5 = |En(a) En(a)|la < |[En(a”a)|la
< |la*alla = llally by BI).
Thus E,, has norm 1. We conclude that [E,, is a conditional expectation onto
o (A,) which preserves p.
Now, assume 7" : % — «o”(2,,) is a unital conditional expectation such
that poT = u. As before, we have

u(bT(@)e) = p(bac)
for all a € %A and b,c € o(Ay). Thus, for all z,y € L2(Oi;(9/[n),/$) and for
all @ € 2, we compute

(T(a)z,y) = wly"T(a)r) = ply*az) = w(y En(a)r) = (En(a)z,y),
and hence E,(a) = T(a) for all a € A. So E,, is the unique conditional

expectation from 2 onto o () which preserves y.

STEP 2. The seminorm Lgﬂ is a (2,0)-quasi-Leibniz Lip-norm on A, and

E,, is weakly contractive for Lgu and for all n € N.

We conclude from Lemma and from Step 1 that Lg u is a (2, 0)-quasi-
Leibniz seminorm.

If a € sa(2) and L7 ,(a) = 0 then |la — Eg(a)|la = 0 and thus a €
sa(clg((C)) = Rly.

Moreover if a € sa() with Lgu(a) < 1 then |ja — Eg(a)||a < 8(0). Note
that Eg(a) = p(a)ly as Eg preserves p.

For all n,p € N we have E, o E;, = Enn{np) by construction (since
PoPy = Pyingnpy)- Thus, if n < p and a € sa(A) then

(3.2) [En(a) — Ep(En(a))lla = 0.
In particular, we conclude that the dense Jordan-Lie subalgebra
sa( U c1_>”(an))
neN

of sa(2A) is included in dom(Lg ), and thus dom(Lg ,,) is dense in sa(2).
On the other hand, if p <n € N and a € sa(2), then

(3-3) [En(a) = Ep(En(a))lla = [[En(a = Ep(a))lla < lla = Ep(a)]|a-
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Thus, by (3.2) and (3.3)), for all a € sa(2A),
(3.4) L7 (En(a)) < LY (a).

Lastly, let ¢ > 0. There exists N € N such that for all n > N we have
B(n) < e/2. Let

By = {a €sa@Ay) : L7 ,(a"(a)) <1, p(a) = 0}.

Since Eg = p(-)1g, we obtain
By C {acsa@y) : [lalla < B0)},
and since a closed ball in sa(2(y) is compact as 2 is finite-dimensional, we
conclude that B is totally bounded. Let §x be an €/2-dense subset of B .
Let now a € sa(A) with p(a) = 0 and Lg’”(a) < 1. By definition of Lg,u

we have |la — Ey(a)|lg < B(N) < €/2. Moreover, there exists a’ € Fn such
that |[Ex(a) — d|la < e/2. Thus |ja — d'||g < e. Consequently,

{a€sa(): L7 (a) <1, p(a) =0}

is totally bounded. Thus Lg 4 is a Lip-norm on 2.
We conclude with the observation that being the pointwise supremum of
continuous functions, Lg u is lower semicontinuous.

STEP 3. Ifn €N, then (2U,, Lgﬂ o cl’;) is a (2,0)-quasi-Leibniz quantum
compact metric space and N((Us,, Lgu o al), (A, Lg W) < B(n).

The restriction of Lg . o o (An) is a (2, 0)-quasi-Leibniz lower semicon-
tinuous Lip-norm on oz_”>(2ln) for all n € N.

Fix n € N. We now prove our estimate on A((2,,, Lgu o ol;), (2, Lgu))‘

The spaces (A, Lg} ,oat) and ((1_7;(%1), Lg ,,) are isometrically isomorphic
and thus at distance zero for A. Therefore

AT ), (U, L, 0a) = AR LE ), (@7(2n), L7 ).

Let id : 2 — 2 be the identity and let ¢, : ol;(ﬁln) — 2 be the inclusion
map. The quadruple v = (2, 1y, tp,id) is a bridge from oz_?(%ln) to 2 by
Definition We note that by definition, the height of ~ is 0 since the pivot
of v is 1g. Thus, the length of v is the reach of .

If a € sa(2) with L7 (a) <1, then

la —En(a)lla < B(n).
Since Ey, is positive, we thus have E,(a) € sa(a’)(%n)). By (3.4),

L7 ,(En(a)) < 1.
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Since Oi;(mn) is contained in 2A, we conclude that the reach of v is no more
than B(n).
Therefore, by definition,
A((Q(An), L7 ), (A, LF ) < B(n).
As (B(n))nen converges to 0, we conclude that
Tim A((R,L7, 0a%), (A,L7,) =0,
and thus Theorem 3.5 is proven. =

REMARK 3.6. We may employ similar techniques to those used in the
proof of Theorem [3.5] to show that AF algebras equipped with the Lip-
norms defined from spectral triples in [1| are limits of finite-dimensional
C*-subalgebras. We shall see in this paper, however, that the Lip-norms we
have introduced in Theorem [3.5] provide a very natural framework to study
the quantum metric properties of AF algebras.

Theorem provides infinitely many Lip-norms on any given unital AF
algebra 2A, parametrized by a choice of an inductive sequence converging to
2l and a sequence of positive entries which converge to 0. A natural choice
of a Lip-norm for a given AF algebra, which will occupy a central role in our
current work, is described in the following notation.

NoTAaTION 3.7. Let Z = (2,,, a)nen be a unital inductive sequence of
finite-dimensional algebras whose inductive limit 20 = lim (2,,, @, )nen has a
faithful tracial state u. Assume that 2 is infinite-dimensional. Let & € N,
k> 0and 38 = (1/dim(A,)*),en. We note that lims, 8 = 0. We denote the
Lip-norm Lg’ u constructed in Theorem H by L% - If £ =1, then we simply

write Lz, for L%,u'
Our purpose is the study of various classes of AF algebras equipped with

Lip-norms constructed in Theorem [3.5] The following notation will prove
useful.

NotaTIiON 3.8. The class of all (2,0)-quasi-Leibniz quantum compact
metric spaces constructed in Theorem [3.5]is denoted by AF. We shall endow
AF with the topology induced by the quantum propinquity A.

Furthermore, for any k € (0, 00), let

37 € Ynductive-f-d A = lim 7,
AFF = { (A, Ly) € AF : Ty faithful trace on 2 such that Ly = L%M,
2l is infinite-dimensional,

where Jnductive-{-d is the class of all unital inductive sequences of finite-
dimensional C*-algebras whose limit has at least one faithful tracial state.
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A first corollary of Theorem [3.5] concerns some basic geometric properties
of the class AF*:

NoTATION 3.9. We denote the diameter of any metric space (X,d)

by diam(X,d). For any quantum compact metric space (2,L) we denote
diam (7 (), mky) by diam™(2(, L).

COROLLARY 3.10. Let Z,J € Tnductive-{-d and 3, be two sequences
of strictly positive real numbers, converging to 0. Let u, v be faithful tracial
states on ligI and liglj, respectively. Then

diam* (lim Z, L7 ) < 28(0)
and
A Z, L7 ), (lim 7, L)) < max{5(0), '(0)}.
In particular, for all k € (0,00),
diam(AF"®,A) < 1.

Proof. Let % =1im7 and B = lim J. Let a € sa(2A) with Lgu(a) <1
Then ||a — p(a)|ly < 5(0). Thus for any ¢, € (), we have

lp(a) = ¥(a)| = lp(a — p(a)le) — ¥(a — p(a)la)| < 25(0).

Now, let ® = A% be the free product amalgamated over Cly and Clgy.
Let m: A — ® and p : B — D be the canonical unital *~-monomorphism.
The quadruple v = (D, 19, 7, p) is a bridge from A to B.

Let a € sa(2) with Lgu(a) < 1. Then

Im(a)le — lop(u(a)ls)llo = lla — p(a)lalla < 5(0).
The result is symmetric in 2 and 8. Thus the reach of v is no more than
max{3(0),3'(0)}. As the height of v is zero, we have proven that

Al Z,17 ), (lim 7,15 ) < max{8(0), 8(0)}.
Note that this last estimate is slightly better than what we would obtain
from [24], Proposition 4.6].
We conclude our proof noting that if (A, Lz) € AF* then 3(0) = 1. m

4. The geometry of the class of UHF algebras for A. Our purpose
in this section is to study the topology of the class of uniformly hyperfinite
algebras equipped with the Lip-norms from Theorem [3.5] We begin with an
explicit computation, in this context, of the conditional expectations involved
in our construction in Theorem 3.5l We then establish the main result of this
section, by constructing a continuous surjection from the Baire space to the
subclass of AF* consisting of UHF algebras.
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NOTATION 4.1. For all k € (0,00), we let UHF* be the subclass of AF*
of (2,0)-quasi-Leibniz quantum compact metric spaces of the form (2, L)
with 21 a UHF algebra.

4.1. An expression for conditional expectations

NoTATION 4.2. For all d € N, we denote the full matrix algebra of d x d
matrices over C by 9(d).

Let %:@;V:l M(n(j)) for some N eN and n(1),...,n(N)eN\{0}. For
each k € {1,..., N} and each j,m € {1,...,n(k)}, we denote the matrix
((5&’,75))“’@:17“"”(;6) by ek jm, where we have used the Kronecker symbol

517 i { ]. lf a = b,
a .
0 otherwise.

We note that for all j,m,j’,m’ € {1,...,n(k)} we have

tr(ez7j7mek7j/7m/) = {

where tr is the unique tracial state of 9 (n(k)).

Now, let i be a faithful tracial state on B. Then p is a convex combina-
tion with positive coefficients of the unique tracial states on M(n(0)),...,
M (n(N)). Hence

{exjm:ke{l,...,N}, j,me{1,...,n(k)}}
is an orthogonal basis of L2(B, u).

Let us further assume that we are given a unital *-monomorphism
a®B — 2 into a unital C*-algebra 2 with a faithful tracial state. The restric-
tion of p to a(*B) is thus a faithful tracial state on a(B). We will use the
notation of the proof of Theorem Let m be the GNS representation of 2
defined by p on the Hilbert space L?(2A, i) and let éa € A+ a € L2(2A, ).

We can then regard L?(a(B), 1) as a subspace of L3(%, 1) (as noted in
the proof of Theorem L*(a(B), p) is a(B), endowed with the Hermitian
norm from the inner product defined by p). Let P be the projection of
L2(2A, ) onto L?(a(B), it). Then for all a € A, we have

1/n(k) if j =7 and m =m/,

0 otherwise,

N n(k) n (62 'm)a)
(41) =2 Z I ek jan)-
k=1 j=1 m= 1 ek,]m k.3, m))

We also note that if E(:|a(B8)) is the conditional expectation from 2
onto a(B) which preserves p constructed from the Jones projection P as in
Theorem [3.5] then £(E(ala(B))) = P¢(a) for all a € 2A.

4.2. A Hélder surjection from the Baire space onto UHF". A uni-
form hyperfinite (UHF) algebra is a particular type of AF algebra obtained
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as the limit of unital, simple finite-dimensional C*-algebras. UHF algebras
were classified by Glimm [9] and, as AF algebras, they are also classified
by their Elliott invariant [7]. UHF algebras are always unital simple AF
algebras, and thus they admit a faithful tracial state. Moreover, the tracial
state of a UHF algebra 2l is unique, as is seen by noting that it must restrict
to the unique tracial state on the full matrix subalgebras of 2 whose union
is dense in .

Up to unitary conjugation, a unital *~-monomorphism « : B — 2 between
two unital simple finite-dimensional C*-algebras, i.e. two nonzero full matrix
algebras 2 and B, exists if and only if dim QA = k?dim B for k € N, and «
must be of the form

A
(4.2) AeB— e
A

To characterize a unital inductive sequence of full matrix algebras, it is
thus sufficient to give a sequence of positive integers:

DEFINITION 4.3. Let Z = (2, ay)nen be a unital inductive sequence of
unital simple finite-dimensional C*-algebras, with 2o = C. The multiplicity
sequence of I is the sequence

dilen_H
V' dim2, neN

A multiplicity sequence is any sequence in N\ {0}. A UHF algebra is
always obtained as the limit of an inductive sequence in the following class:

NOTATION 4.4. Let StrcetZullTndwctive be the set of all unital induc-
tive sequences of full matrix algebras whose multiplicity sequence lies in
(N\ {0,1})N and starts with C.

UHF algebras have a unique tracial state, which is faithful since UHF
algebras are simple. We now make a simple observation relating multiplicity
sequences and tracial states of the associated UHF algebras, which will be
important for the main result of this section.

LEMMA 4.5. Let T = (Ap, n)nen in StecctZallTuductive. Let A =
liﬂI and let pg be the unique tracial state of . Let 9 be the multiplicity
sequence of T.

(1) If a € Ay, then

of positive integers.

o
[172 90)

where Tr is the unique trace on A, which maps the identity to dim2A,,.

Tr(a)

na (@) =
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(2) Let J = (B, &) )nen in StrcetZallJnductive and set B = lim 7.
Let pss the unique tracial state of 5. If the multiplicity sequences of
Z and J agree up to some N € N, then for alln € {0,...,N}, we
have A, = B, and moreover, for all a € A,, =B,

piy 0 ay(a) = pg 0 o (a).

Proof. Assertion (1) follows from the uniqueness of the tracial state on
A, for all n € N.
Assertion (2) follows directly from (1). m

The set A of sequences of positive integers is thus a natural parameter
space for the classes UHF". Moreover, .4 can be endowed with a natural
topology, and thus we can investigate the continuity of maps from the Baire
space to (UHF®,N).

DEFINITION 4.6. The Baire space .4 is the set (N\ {0})Y endowed with
the metric d defined, for any (z(n))nen, (y(n))nen in A7, by

d((z(n))nen; (¥(n))nen)
_Jo if z(n) =y(n) for all n € N,
| g min{neN:z(m)Zy(m)}  otherwise.

REMARK 4.7. It is common, in the descriptive set theory literature, to
employ the metric on .4 defined by setting, for (z(n))nen, (¥(n))nen € A,

d'((z(n))nens (y(n))nen)
B { 0 if z(n) =y(n) for all n € N,

otherwise.

1
1+min{neN: z(n)#y(n)}

It is however easy to check that d and d’ are topologically, and in fact uni-
formly, equivalent as metrics. Our choice will make certain statements in our
paper more natural.

We now prove the result of this section: there exists a natural continuous
surjection from the Baire space .4 onto UHF" for all k € (0, 00). We recall:

DEFINITION 4.8. A function f : X — Y between two metric spaces
(X,dx) and (Y,dy) is (¢,r)-Hélder, for some ¢ > 0 and r > 0, when

dy (f(z), f(y)) < cdx(z,y)" forall z,y € X.
THEOREM 4.9. For any 8 = (8(n))nen € A, define the sequence X3 by

1 ifn=20,
Xj:n €N { ngol(ﬂ(]) +1) otherwise.
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Then define, for all 5 € A, the unital inductive sequence

Z(B) = (M(KB(n)), an)nen

where M(d) is the algebra of d x d matrices and for all n € N, the unital
*-monomorphism o, is of the form given in (4.2]).
Define a map u from A to the class of UHF algebras by

(B(n))nen € A = u((B(n))nen) = Lim Z(3).

Let k € (0,00) and 8 € A . Let Lg be the Lip-norm L%) L On u(B) given by
Theoremﬁ, the sequence 9 : n € N KB(n)* and the unique faithful trace
wonu(B). The (2,0)-quasi-Leibniz quantum compact metric space (u(f3), Lg)
will be denoted by ubf(B, k).
Then for all k € (0,00), the map
ubf(-, k) : A — UHFF
is a (2, k)-Holder surjection.

Proof. We fix k € (0,00). Let 8 € A and write Z(5) = (2, an)nen-
Note that 2, = M(XPB(n)) for all n € N. Moreover, denote ubf(3, k) by
(A, Lgy).

We begin with a uniform estimate on the propinquity.

Fix n € N. By definition, X3(n) > 2". By Theorem

AR, La), (@2(RAn), L) < BB(n)F < 277,
Now, (ol;(an)7 Ly) and (A, Ly o OLT;) are isometrically isomorphic, so

Let now n € A and write Z(n) = (B, ) )nen. Note that B, =
M(Kn(n)) for all n € N. Moreover, denote ubf(n, k) by (B, Ly).

Let N = —logyd(8,n) —1 € NU{-1}.

If N = —1 then the best estimate at our disposal is given by Corol-
lary and we conclude that

Assume now that N > 0. By definition, 5(j) = n(j) for all j€{0,...,N}.
By Lemma [1.5] 2An = By = M(XB(N)), and moreover

MQ[OOLJ;ZIU,%OQ/;Z foralle{O,...,N}.

We now employ the notation of Section For all j € {0,...,N}, we
fix the canonical subset {ey,, € M(XB(j)) : k,m € I;} of M(XB(j)), where

I ={(k,m) e N*: 1 < k,m < XB(j)}.
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From (4.1)), for all a € M(H(N)) we have

o (0) — E(od (@)lad ()l = ad(a) — 30 P2EDBLD)

Consequently, by definition

Ly o a_N> =Lgo oﬂ
SO
(44) A((Qle Ly o 04_N>)7 <%N7 (e (ﬂ)) =0.

Hence, by the triangle inequality applied to (4.3)) and (4.4)),

AO(B, 1), ubi0, ) < Sz < 24(5,m)"

Lastly, we show that the map ubf(-, k) is a surjection. If 4 is a UHF
algebra, then there exists an inductive sequence Z = (2, @y )nen of full
matrix algebras whose limit is {{ and 2lg = C, while the multiplicity sequence
B of Zisin N\ {0,1}. Thus u((8(n) — 1)pen) = L. Moreover, any Lip-norm
L on 4 such that (8, L) € UHF* can be obtained, by definition, from such a
multiplicity sequence.

This concludes the proof of Theorem 4.9. u

REMARK 4.10. Inequality is sharp, as it becomes strict for the

sequence 5 = (1,1,...) € A4, and we note that the UHF algebra u(3) is the
CAR algebra.

REMARK 4.11. Since d is an ultrametric on .4, we conclude that d”
is a topologically equivalent ultrametric on .4 as well. Hence, we could
reformulate the conclusion of Theorem by stating that ubf(-, k) is 2-Lip-
schitz for d¥.

5. The geometry of the class 235y of Effr6s—Shen AF algebras
for A. The original classification of irrational rotation algebras, due to Pim-
sner and Voiculescu [29], relied on certain embeddings into the AF algebras
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constructed from continued fraction expansions by Effr6s and Shen [§].
In [18], the second author proved that the irrational rotational algebras
vary continuously in quantum propinquity with respect to their irrational
parameter. It is natural to wonder whether the AF algebras constructed
by Pimsner and Voiculescu vary continuously with respect to the quantum
propinquity if parametrized by the irrational numbers at the root of their
construction. We shall provide a positive answer to this problem in this
section.

5.1. Construction of 2F, for all § € (0,1) \ Q. We begin by recalling
the construction of the AF C*-algebras 2§y constructed in [8] for any irra-
tional € in (0,1). For any 6 € (0,1) \ Q, let (r;);jen be the unique sequence
in N such that
(5.1) 6 = lim ro+

n—00 1

T+

g
n

The sequence (r;) e is called the continued fraction expansion of 6, and we
will simply denote it by writing 6 = [ro,r1,r2,...] = [rj]jen. We note that
ro = 0 (since 0 € (0,1)) and r, € N\ {0} for n > 1.

We fix § € (0,1) \ Q, and let [r;];en be its continued fraction expansion.
We then obtain a sequence (pf /¢?)nen with pf € N and ¢ € N\ {0} by

setting
(P(f in> . <7’07‘1 +1 T1>
vy af ro 1)’

<pn+1 qn+1> — (T +1 ) ( Pn g" > for all n € N'\ {0}.

[ 1 0o/ \pl_, &,

(5.2)

Note that (p% /¢?)nen converges to 6.
(5.2)) is the crux of the construction of the Effrés—Shen AF algebras.

NoTATION 5.1. Throughout, we write z@y € X @&Y to mean that x € X
and y € Y for any two vector spaces X and Y whenever no confusion may
arise.

NOTATION 5.2. Let 6 € (0,1)\Q and let [r;]jcn be its continued fraction
expansion. Let (p?),en and (¢2)nen be defined by (5.2). We set AFg0 = C
and, for all n € N\ {0},

AFo., = M(q%) & M(qf_1),
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and

agp:a®be ATy, — D a € AFgn+1,
a
b
where a appears r,+1 times on the diagonal of the matrix. We also set g to

be the unique unital *-morphism from C to 2Fy1.
We then define the Effros—Shen C*-algebra AFg, after |§|, by

ATy = Lim (ATg,n, 6,0 )nen-

In [29], Pimsner and Voiculescu construct, for any 6 € (0,1) \ Q, a unital
*-monomorphism from the irrational rotation C*-algebra 2ly, i.e. the uni-
versal C*-algebra generated by two unitaries U and V subject to UV =
exp(2im0)VU, into AFy. This was a crucial step in their classification of
irrational rotation algebras and started a long and fascinating line of inves-
tigation of AF embeddings for various C*-algebras.

In order to apply our Theorem we need to find a faithful tracial state
on 2AFy for all # € (0,1) \ Q. This is addressed in the next subsection.

5.2. The tracial state of AFy. We shall prove that for all 8 € (0,1)\Q,
there exists a unique tracial state on 2§y, which will be faithful as AFy is
simple (note that there must exist at least one tracial state on any unital
simple AF algebra). The source of our tracial state will be the K-theory
of AFy.

We refer to |7, Section VI.3| for the computation of the Elliott invariant
of ATy, which reads

THEOREM 5.3 ([8]). Let 6 € (0,1) \ Q and let Cy = {(z,y) € Z* :
Ox+y > 0}. Then Ko(AFg) = Z* with positive cone Cy and order unit (0,1).
Hence the only state of the ordered group (Ko(2§s), Cy, (0,1)) is given by the
map

(z,y) € Z* — 0z + .

Consequently, ATy has a unique tracial state, denoted by oy.

NOTATION 5.4. Let 6 € (0,1) \ Q and k € (0,00). The Lip-norm L%
on AFy is the lower semicontinuous, (2,0)-quasi Leibniz Lip-norm Lé(e)m)
defined in Notation 3.8/ based on Theorem 3.5 where Z(0) = (AFg 5, g 5 )nen
as in Notation 5.2

As Theorem provides Lip-norms based, in part, on the choice of a
faithful tracial state, a more precise understanding of the unique faithful
tracial state of AFy is required. We summarize our observations in the fol-
lowing lemma.
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LEMMA 5.5. Let 0 € (0,1)\ Q, let o be the unique tracial state of ATy,
and fir n € N\ {0}. Using Notation let

Tgm = 09O Oﬁ-

Let try be the unique tracial state on MM(d) for any d € N, and let (p%)nen
and (¢%)nen be defined by (5.2). Then
Opnta®b € AFpyn — 10, n)try (a) + (1 —1(0, n))trqet1 (b),
where oy ;
t(0,n) = (=1)"""¢,(0¢5 1 — pp—1) € (0,1).
Proof. The map 0y, is a tracial state on AFg,, = M(¢)) ®M(¢?_,), and
thus there exists t(n, ) € [0, 1] such that for all a ® b € AFg ,

oon(a®b) = (0, n)tree (a) + (1 — (0, n))trqzil(b).

Let 0, : Ko(AFg) — R be the state induced by oy on the Ky-group of 2AFy.
We then have

(5.3) t(0,n) = 09.n(Lonege) ©0) = 0p 0 oﬁ(lm(qz) ®0)

)

where Ko(oﬁ) is the map from Ko(AFgn) = Z* to Ko(AFy) = Z* induced
by ay. By construction, following |7, Section VI.3|, we have

ot (1) = o () ()

for all (21,22) € Z%. Therefore

t(6,n) = (=1)" o, <(_q]§ﬁ_ll _p%g) <q§>>

el 1 )) = ot - st

—pz—ﬂz
Since 6 is irrational, ¢(6,n) # 0. Since Lon(qe) © 0 is positive in AFy ,, and
less than lgg, , we conclude that ¢(6,n) € (0,1].
To prove that t(6,n) < 1, we may follow two different routes. Applying
a computation similar to , we get

0 0 0
09,00 ® longo_ ) = (=1)"qn_1(0q, — pr),
and again as @ is irrational, this quantity is nonzero. As
L= 06.n(Lon(gg) @ Lames_,)):

our lemma would thus be proven.
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Instead, we employ properties of continued fraction expansions and note

that since plq® | —p% 1¢% = (=1)""!, we have

1—t(0,n) =1—(=1)""'q5(0¢)_ — p)_1)
= (=)™ (=1 = b 0g) 1 — Pl 1))
= (=" hdn—1 — Pa1dh — an (O — Ph—1))
= (=1)™(g0(0g5 1) — phdh—1) = (—1)"q5_1 (0, — D)),

which is nonzero as @ is irrational, and is less than one since ¢(6,n) > 0. This
concludes our proof. =

REMARK 5.6. We may also employ properties of continued fractions ex-
pansions to show that ¢(¢,n) > 0 for all n € N. We shall use the notation of
the proof of Lemma [5.5] We have

0 0

b
1% <0< §n+1’
don 2n+1

and thus 0¢5, —pf, > 0 and p}, ., —0¢5, ;1 > 0, which shows that ¢(6,n) > 0
for all n € N (note that ¢ € N\ {0} for all n € N since 6 > 0).

We wish to employ (4.1)); to this end, the following computation will be
helpful:

LEMMA 5.7. Let § € (0,1)\ Q and n € N\ {0}. Let {e1jm € Ao :
1< jm < g’} and {eajm € ATpn : 1 < j,m < ¢%_,} be the standard
families of matriz units in, respectively, M(q2) and M(q?_,) inside AT =
M(q?) @ M(q®_,), as in Section and with (p°)nen and (¢2)nen defined
by (5.2). For 1 <j,m < ¢, we have

oo(as (€1 jme1,jm)) = ()" (08—, — %))
while, for 1 < j,m < qg_l,
a9(al (€5 jme2,gm)) = (—=1)" (05, — pf)-
Proof. Let 1 < j,m < ¢%. By Lemma we have

o9(al (€1 jme1m)) = 10, n)tres (€1 jmerjm) + (1 —1(0,n)) -0

t(0,n e
= (ngL ) = (—1) 1(961271 —szl)-

A similar argument proves the result for the other matrix units. m

5.3. Continuity of 6 € (0,1) \ Q — AFy. Our proof that the map
0 € (0,1)\ Q+— (AFg, Lp) is continuous for the quantum propinquity relies
on a homeomorphism between the Baire space of Definition 4.6/and (0,1)\Q
with the topology of a subspace of R. Indeed, the map which associates to an
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irrational number in (0, 1) its continued fraction expansion is a homeomor-
phism (see, for instance, [27]). We include a brief proof of this fact because,
while it is well-known, the proof is often skipped in references. Moreover,
this will serve to set some useful notation.

NoOTATION 5.8. Define cf : (0,1) \ Q — 4" by setting cf(0) = (bn)nen if
and only if 8 = [0, by, b1, ...]. We note that cf is a bijection from (0,1) \ Q
onto .4, where .4 is the Baire space of Definition The inverse of cf is
denoted by ir: A4 — (0,1) \ Q.

NOTATION 5.9. We will denote the closed ball in (.4, d) of center x € A"
and radius 2=V by A4[z, N] for N > 0. It consists of all sequences in .4~
whose first IV entries are the same as the first IV entries of x.

PROPOSITION 5.10. The bijection cf : ((0,1) \ Q,|-|) = (A,d) is a
homeomorphism.

Proof. The basic number theory facts used in this proof can be found
in [13]. Since every irrational in (0,1) has a unique continued fraction ex-
pansion of the form given by , and every sequence of positive integers
determines the continued fraction expansion of an irrational via the same
expression, cf is a bijection.

We now show that cf is continuous.

Let b = (by)nen € A and let

6= lim €(0,1)\ Q.

n—00 1

bo +
by + ———

Let V.= A4[b, N] for some N € N\ {0}.
Let n € f (V) and let (z,)nen = cf(n). Thus, for all j € {0,..., N—1},
we have x,, = b,. Define Iy, as the open interval with end points

1 1
and ,

bo + bo +

A b L
1 1 1t 1

.. + -
bn-1 by_1+1

g

and let Oy, = Iny, \ Q.

By construction, Oy, is open in the relative topology on (0,1) \ Q,
and since 7 is irrational, we conclude that n € Oy, \ Q. Furthermore,
cf(On,y) € V, which finishes the argument since the set of open balls in
A is a topological basis for 4.
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Next, we show continuity of ir by proving sequential continuity. Let
(b™)nen be a sequence in A4, where, for all n € N, we write b" = (b],)men-
Assume (b"),en converges to some b € A4 in the metric d.

For each n € N, define

N(b",b) = min{m € NU {oo} : b;,, # b, },
where N(b",b) = oo if b" = b. Let § = ir(b) € (0,1) \ Q. By Definition [4.6 of
our metric d on .4, we conclude that

(5.4) lim N(b",b) = cc.

n—oo

We choose, in particular, M € N such that N(b",b) > 1 for all n > M.

We also note that if 6,, = ir(b™) for n € N, then, using Notation
p? = p and ¢, = ¢ for allm € {0,..., N(b",b) —1}. Thus, for all n € N
with n > M, standard estimates for continued fraction expansions lead to

lir(0™) — 6] = |ir(d") — P?v(bn,b)q/ngwbn,b)q "‘P?\J(bn,b)q/qJOV(bn,b)q — 9|
< [ir(b"™) _p?v(b”,b)fl/qle\f(b",b)fl‘ + ’p?\f(b",b)fl/qlo\/(b”,b)fl — 0|
= |0 — p%(bn7b)_1/q]9\?(bnvb)_1| + |p?v(b",b)—1/q10\f(b",b)—l — 0|
<1/ (@ gnpy-1)* + 1/ (@ -1)? = 2/ (@)™
Thus by (5.4), we conclude that lim,, . ir(b") = 6 = ir(b) as desired, and

our proof is complete. m

Our main result will be proven in four steps. We begin by observing
that the tracial states of 2Fy provide a continuous field of states on various
finite-dimensional algebras.

LEMMA 5.11. Let 6 € (0,1)\ Q and N € N. Let (p%)nen and (¢%)nen be
defined from cf(0) using (5.2)). For alln € {0,...,N}, the map

(5.5) S (x,a) € A[cf(0), N + 1] x AFg., — a;rm(o&;(a))

is well-defined and continuous from A [cf(0), N +1] X (ATg 1, || - [lag,.,.) to R.

Proof. Let z,y € A[cf(#), N] and set n = ir(x) and £ = ir(y). Since d is
an ultrametric on .4, we note that d(z,y) < 1/2V.
We note that the result is trivial for n = 0 since sg is the identity on
C=AZ,0 forall z € A,
We now use the notation of . The key observation from ([5.2)) is that
the functions
2 € N[cf(0), N + 1] (¢, pli))

n

are constant for all n € {0,..., N}, equal to (¢2,pf)—since d(z,cf(9)) <
1/2¥+1 implies that the sequences x and cf(f) agree on their first N entries.
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Thus, setting B,, = 2§y ,, we have
M(qy) ® Mgy 1) = Bn

for all n € {0,..., N}, and the maps defined by (j5.5)) are well-defined.
Now let n € {1,..., N} be fixed. Let a € B,, and write a = a’ ® d” €
M) @ im(qu 1). By Lemma we compute

|og o _§> ( )| = (&, m) — t(n,m))(trgg (a) —trge_ (a”))]
< 2[t(&,n) —t(n,n)||lal».,
=2|¢5(&qh 1 — P5_1) — db(ndl_y — b))l llall,,
= 2|gha) 11 1€ — nlllals,
= 2|ghg) 1| lir(y) — ir(@)] [l s, -

As n < N is fixed, and ir is a homeomorphism, we conclude that if (y;,)men
is a sequence in A[0, N + 1] converging to = then

lim _[0i(y,,) © iy, (@) — oy © Oﬁ(a)! =0.

m

Thus we have established that the partial functions s,(-,a) are continuous
for all a € B,,.

We now prove the joint continuity of our maps. Let a,b € 9, and n,§&
be as above. Then

(g (@) = oe(ag (b))]
= lom(ay(@)) = oylay (5)) + Un(a”(b)) - Us(og(b))l

< Ian(Oﬁ(a)) - Un(_z( DI+ \Un( - Us(Og”
< lla = blla, + |Un(‘ﬁn(b)) - U&(i(b)»

It follows immediately that the map s, defined by (5.5) is continuous as
desired. =

Our second step is to prove that, thanks to Lemma the Lip-norms
induced from 2AFy on their finite-dimensional C*-subalgebras form a contin-
uous field of Lip-norms [38|. Moreover, we obtain a joint continuity result for
these Lip-norms, which are thus in particular continuous rather than only
lower semicontinuous.

LEMMA 5.12. Let 6 € (0,1)\ Q and N € N. Let (p%)nen and (¢%)nen be
defined from cf(8) using (5.2)). For alln € {0,...,N} and k € (0,00), using
Notation[5.4], the map

(5.6) ln : (z,a) € A[cf(0), N + 1] x AFg, — Likr(:c)(o‘ﬁ(xg (a))
is well-defined and continuous from A [cf(8), N + 1] x (B, || - ||, ) to R.
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Proof. We note that the proof of Lemma [5.11] also establishes, by a sim-
ilar argument, that the maps |,, are well-defined for all n € {0,..., N}. We
also note that lg is constantly 0, and thus the result is trivial for n = 0.

Fix n € {1,...,N}. Let z,y € A[cf(#), N + 1] and write n = ir(x) and

§ = ir(y). As in the proof of Lemma |5.11) we note that ¢ =ql = qﬁ and

similarly pf = p = p5 (using the notation of )

We set B, = AT, = AF,)n = AF¢,,- We employ the notation of Sec-
tion thus we have a set {e1 jm € B, : 1 < j,m < gy} of matrix units
of M(gn) C By, and a set {e2jm : 1 < j,m < gp—1} of matrix units for
m(Qn—l) g an

To lighten our notation in this proof, let

L={1jm) eN*:1<jm< g},
L={(2,j,m) eN*:1<jm< g1},
I=1Ul.

Let a,b € B,,. By (4.1) we have

HIO@”(@) — Elag(@)lay (Bn))llag, = [lag (b) = E(ag (b)lag (Bn)) 2,

ooy 5= D
e jelan(oﬁ(@;@y) A3,

AT ¢

< [la —bll», +

To(ag(ac)  oelag(be))
)

n n -
jGZh <qn—1n — Pn-1 qg_lé - pfl_l B

(Un(Oﬁ(ae}f)) Js(a_g}"(bei))).

J
jel gun — pn 0E — 1 B,
sn(,ae?) sn (1, be*)
—Jla - blls, + Z( o) ) ),
jell qTL—l p'n,—l qn_l y pn_l B,
r (e, i),
o \aiir(z) —ph - a@icy) = i) s,

where we have used Lemma in the next to last equation above, and s, is

defined by (5.5). Now, since ir is a homeomorphism from .4, and the map
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Sy, is continuous by Lemma we conclude that, as I = I U I, is finite,

(5.7)  (z,a) € N[cf(0),N +1] x By,

1 n B
mHOM(G) L(IZ ‘Lﬂ H%m

is continuous, where B(n) = 1/((¢%)? + (¢¢_,)*)*.
Lastly, we note that since for all j > n we have

E(aﬁ(z (a)|a|]r(xz(9’l397])) = aﬁ(m (a)7
the function |, is the maximum of the functions given in (5.7)) with n ranging
over {0,...,N}.
As the maximum of finitely many continuous functions is continuous, our
lemma is proven. =

Our third step establishes a bound for the propinquity between finite-
dimensional quantum compact metric spaces which constitute the building
blocks of the C*-algebras 2AFy.

LEMMA 5.13. Let 6 € (0,1)\ Q and N € N. Let (p!)nen and (¢%)nen
be defined from cf(0) using (5.2). For alln € {0,...,N} and k € (0,00),
setting By, = AFq p, the map

(5.8) Qn : & € N [cf(0), N +1] = (B, LF () -I@)

defined using Notation is well-defined and continuous from (A ,d) to
the class of (2,0)-quasi-Leibniz quantum compact metric spaces metrized by
the quantum propinquity N.

Proof. The statement is obvious for n = 0.

Let n € {1,...,N}. Let 20 be any complementary subspace of Rly in
sa(B,,)—which exists since sa(B,,) is finite-dimensional. We shall denote
by & the unit sphere {a € 20 : |lal]|s, = 1} in 20. Note that since 20 is
finite-dimensional, & is a compact set.

We let x € A[cf(0), N+1]. Let (ym)men be a sequence in A [cf(0), N+1]
converging to x. Let

S={x,ym:meN} x &,
which is a compact subset of .4 x 20. Since the function

o+ (z,0) € A [cF(0), N] x By, = L (aﬁi;(a))

is continuous by Lemma [5.12] |,, reaches a minimum on S; thus there exists
(z,¢) € S such that mingl,, = I,,(z,¢). In particular, since Lip-norms are
zero only on the scalars, we have I,,(z,¢) > 0 as ||c|loy = 1 yet the only scalar
multiple of 1g, in 20 is 0. We denote mg = l,,(z,¢) > 0 in the rest of this
proof.
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Moreover, |, is continuous on the compact S, so it is uniformly continu-
ous.

Let € > 0. As |, is uniformly continuous on S, there exists M € N such
that for all m > M and all a € & we have

|l (Ym, @) — ln(z, a)| < m?S'a
Then, for all a € G and m > M,

| I — | :
hlmea) | Mm@ =)l s
ln(z,a) ||y, In(z,a) ms
Similarly
5.9 -7 < mge.
( ) H In(ymva) B, =

We are now ready to provide an estimate for the quantum propinquity.
Fix m > M. Write id for the identity of 9B,,. Then the quadruple
v = (B, 1y, id, id)

; ; k n k n
is a bridge from (B, L () © air(ym;) to (B, L: ) © oy

ir(ym Ym )

As the pivot of 7 is the unit, the height of ~ is null. We are left to compute
the reach of ~.
Let a € B,,. We proceed in four steps.

STEP 1. Assume that a € Rlg, .
Then |y, (Ym,a) =0 and ||a — al|s, = 0.
STEP 2. Assume that a € S.
We note again that I, (z,a) > mg > 0. By (5.9),
In (2,
Ha_ (z,a) "

<emg <celp(x,a
|n(ym’a) ’I’L( b )7

Bn

while I, (ym, I:E;iag) a) = ln(z,a).
STEP 3. Assume that a = b+ tlyg, withbe &.

Note that I, (z,b) = I,(x,a). Therefore, let b € sa(B,,) be constructed
as in Step 2. We then check easily that

la— (V' + 1y, )]s, = b= Vs, < elu(z,a),
while |y, (Ym, V' + tlg ) = ln(Ym, V') < (2, a).
STEP 4. Let a € sa(*B,,).

By definition of & there exist r,t € R such that a = rb + tlg, with
beS. Let b € sa(2) be constructed from b as in Step 3. Then set a’ = rb'.
By Step 3, we have |, (ym, V') <1,(z,a’) and ||a’ — V||, < ely(z,a’).
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Thus by homogeneity,

(5.10)  Va € sa(B,,) Jd’ € sa(B,,)
la —d'||s, <el(z,a) and |y(ym,ad") < ln(z,a).

By symmetry in the roles of x and y,, we can conclude as well that

(5.11)  Va € sa(B,,) Jda’ € 5a(B,,)
la —d|s, <ellym,a) and l,(z,a") < 1p(Ym,a).
Now, (5.10) and ((5.11]) together imply that the reach and hence the length

of the bridge v is no more than €.
Therefore, for all m > M, we have

A((%n) In(Iy ))7 (%n) In(yma ))) S €,
which concludes our proof. m
We are now able to establish the main result of this section.

THEOREM 5.14. For all k € (0,00) and using Notations and[p.4] the

function
6 (0,1)\Qr> (Ao, Lf) € AF"

is continuous from (0,1)\ Q, with its topology as a subset of R, to the class of
(2,0)-quasi-Leibniz quantum compact metric spaces metrized by the quantum
propinquity N.

Proof. Let ¢ = (1 +v/5)/2 be the golden ratio and & = ¢ — 1 = 1/¢ be
its reciprocal. The continued fraction expansion of @ is

1
45:

1+
1+
1+

1

14+ .
and 2AFg is sometimes called the Fibonacci C*-algebra |7]. Its importance
for our work is that the associated sequence (¢2),en defined by is the
least possible sequence of the form (¢?),en given by the same expression,
over all possible 6 € (0,1) \ Q (where the order is defined entrywise).
Let 8 € (0,1) \ Q. By Theorem we have, for all n € N,

(5.12)  A((AFg, Lg), ATom: n(8,-)))
1 k
((q$)2+(qff_1)2> ’

<

: <<q>+1<q>>

where |, is defined in Lemma, [5.12
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Let (0m)men be a sequence in (0,1) \ Q converging to 6. Let ¢ > 0. Let
N € N be such that for all n > N,

IN
l\D_\ ™

1 k
((q?f)2 + (QS1)2>
Then, for all m € N,

(5.13)  A(A3s, L5), (AFo,.,L5,.))
< e+ A(ATo,n In (6, -)), (Ao, IN (O )))-
Now, let @, = cf(6,,) for all m € N and x = cf(6). Since cf is continuous,
the sequence (x,)men converges to x in 4. Thus there exists M; € N such
that for all m > M; we have d(z,z,,) < 1/2M* ie. z,, € A [z, N + 1].
We apply Lemma to deduce from that
A( A3, L), (ATo,,, L5,)) < &+ Aan(6), an (0m))-

Now, Lemma [5.13| establishes that qu is continuous. Hence
lim sup A((AFp, L§), (A3o,.. Lf,,)) < e.
m—0oQ

As € > 0 was arbitrary, Theorem 5.14 is proven. m

6. Some compactness results for AF algebras. The search for com-
pact classes of quantum compact metric spaces for the quantum propinquity
is a delicate yet interesting challenge. The main result on this topic is given
by the following analogue of the Gromov compactness theorem, proven in [23]
by the second author; we quote it only for the case of (C, D)-quasi-Leibniz
quantum compact metric spaces rather than the more general quasi-Leibniz
quantum compact metric spaces of |23|, as this suffices for our current set-
ting.

DEFINITION 6.1 (|23, Definition 4.1]). Let C' > 1 and D > 0. The cov-
ering number cov(c,py(2, L[e) of a (C, D)-quasi-Leibniz quantum compact
metric space (2, L), for some e, is

(B, L) is a (C, D)-quasi-Leibniz quantum
inf < dim¢ 2B : compact metric space with
A((Ql’ L)’ (%7 L%)) <e

THEOREM 6.2 (|23, Theorem 4.2]). Let A be a class of (C,D)-quasi-
Leibniz quantum compact metric spaces, with C' > 1 and D > 0, such that
cov(o,p) (3, L)|e) < oo for all e > 0 and (A,L) € A. The class A is totally
bounded for the quantum propinquity Ac,p if and only if the following two
assertions hold:

(1) there exists A > 0 such that for all (A,L) € A,
diam* (2, L) < A,
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(2) there exists G : (0,00) — N such that for all (A,L) € A and alle > 0,
cov(c,p) (A, Lle) < Ge).

Our construction in Theorem [3.5] is designed so that AF algebras with
faithful tracial states are indeed limits of finite-dimensional quasi-Leibniz
quantum metric spaces, so we may apply Theorem [6.2] to obtain

THEOREM 6.3. If U,L : N — N\ {0} are two sequences in N\ {0}
such that lims L = limeo U = oo while L(n) < U(n) for all n € N, and if
k € (0,00), then the class
17 = (anyan)nGN 2A = hgll-,
A =C,

AFF(LU) =S (A, Ly) € AF* :¥n e N L(n) < dim®A, < U(n),
dp faithful tracial state on A

— |k
\ LQ[ - LI,/.L Y,

is totally bounded for the quantum propinquity.

Proof. Let € > 0. Let N € N be such that L(n) > {/1/e for all n > N.

If (24, L) € AF¥(L,U) then by definition, A = lim 7 where 7 = (A, o)
with U(n) > dimc ™, > L(n) for all n € N and L = L%u for some faithful
tracial state p of 2.

Therefore, by Theorem [3.5]

1 1
A((2,L Loa™)) < < <e.

Thus cov (g 0)(2, L[e) < U(N). Moreover, diam* (2, L) < 2, and thus by The-
orem the class AF*(L,U) is totally bounded in the metric A. m

The quantum propinquity is not known to be complete. The dual propin-
quity [21], introduced and studied by the second author, is a complete metric
and the proper formulation of Theorem can thus be used to character-
ized compactness of certain classes of quasi-Leibniz compact quantum metric
spaces. However, we face a few challenges when searching for compact sub-
classes of AF".

As the quantum propinquity dominates the dual propinquity, Theorems
3.5 and are all valid for the dual propinquity, as is Theorem
However, we do not know what is the closure of the classes described in
Theorem for the dual propinquity, and thus we cannot conclude whether
these classes are, in general, compact. It should be noted that, as shown by
the second author in [23|, there are many quasi-Leibniz quantum compact
metric spaces which are limits of finite-dimensional quasi-Leibniz quantum
compact metric spaces for the dual propinquity.
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Moreover, we do not know either what the completions of the classes in
Theorem [6.3] are for the quantum propinquity. Thus it is again difficult to
describe compact classes from Theorem [6.3]

Yet, the situation is actually quite interesting if looked at from a some-
what different perspective. Indeed, Theorems and provide us with
continuous maps from the Baire space to subclasses of AF*. Thus, knowl-
edge about the compact subsets of .4 provides actual knowledge of some
compact subclasses of AF* for the quantum propinquity.

To illustrate this point, we begin by giving a theorem characterizing
closed, totally bounded, and compact subspaces of the Baire space. This
theorem is well-known in descriptive set theory; however the proofs of these
results seem scattered in the literature and, maybe more importantly, rely on
a more complex framework and terminology than is needed for our purpose.
We thus include a short proof for the convenience of our readers.

NOTATION 6.4. If x € A4 and n € N then we denote the finite sequence
(o, .., Tpn) by Z|pn.

THEOREM 6.5. The Baire space A is complete for the ultrametric d,
defined for all x,y € N by

d(z,y) = 2~ min{neN{oo}:lnyln}

Thus the compact subsets of A are its closed, totally bounded subsets. More-
over, for any X C A,

(1) the closure of X is the set

{reNV :YneNIyeX x|, =y}

(2) X is totally bounded if and only for alln € N, {z|, : x € X} is finite.

Proof. We prove each assertion in a separate step.

STEP 1. The space (A ,d) is complete.

Let (z™)men be a Cauchy sequence in (.47, d). For all n € N, there exists
M € N such that, if p,q > M, we have d(zP,27) < 1/2". Since d is an
ultrametric, we have equivalently d(z™,zP) < 1/2" for all p > M; thus for
all m > M we have ™|, = 2P|,. In particular, (™)en is an eventually
constant function for all n € N. It is then trivial to check that the sequence

(limyy—y00 TP )nen is the limit of (2™),en.
STEP 2. The closure of X C A is
Y={ze NV :VneNIyecX z|, =y}

Note that by definition, X C Y. We now check that Y is closed. Let
(z™)men be a sequence in Y converging to some z € 4. By definition
of d, for all N € N, there exists M &€ N such that for all m > M we have
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d(z™, z) < 1/2V. Thus 2|y = z|n by definition. So z € Y as desired, and
thus Y is closed.

Let now y € Y. Let n € N. By definition, there exists ™ € X such that
2" = Yln, i-e. d(z",y) < 1/2". Thus (2")nen converges to y. Hence Y is in
the closure of X. Since Y is closed, it follows from the minimality of closures
that Y is indeed the closure of X.

STEP 3. A characterization of totally bounded subsets of the Baire space.

Assume now that X is totally bounded. Then for all n € N there exists
a finite subset X, of X such that for all x € X there exists y € X,, with
d(z,y) < 1/2", or equivalently z|, = y|,. Thus {z|, : z € X} = {z|, :
x € X,}, the latter being finite. Conversely, note that X,, converges to X
for the Hausdorff distance Hausy, and thus if (X,,),cn is finite for all n € N,
we conclude easily that X is totally bounded. =

REMARK 6.6. Theorem is well-known in descriptive set theory,
though the proof is often presented within a much more elaborate frame-
work. Our assertion about the closure of sets is often phrased by noting that
a subset of .4 is closed if and only if it is given as all infinite paths in a
pruned tree. In this context, a tree over the Baire space is a subset of the
collection of all finite sequences valued in N\ {0} with a simple hereditary
property: if a finite sequence is in our tree, so is its subsequence obtained by
dropping the last entry. A pruned tree is a tree T such that every sequence in
it is a proper subsequence of another element of T'. Lastly, a path is simply
a sequence x € .4 such that z|, € T for all N. This relates Theorem
and the terminology of certain branches of set theory.

Moreover, a tree is finitely branching when given a finite sequence x of
length n in the tree, there are only finitely many possible finite sequences
of length n + 1 whose first n entries coincide with z. It is easy to see that
Theorem exactly states that a subset of the Baire space is compact if
and only if it consists of all infinite paths through a pruned tree with finite
branching (and our theorem makes the tree explicit).

We now apply Theorem to identify certain compact subclasses of
UHF algebras and Effrés—Shen AF algebras.

COROLLARY 6.7. For all k € N and all sequences B : N — N\ {0} with
VB(n+1)/B(n) € N\ {0,1} for alln € N, the class

UHF* N AFH((2")nen, B)
is compact for the quantum propinquity \.
Proof. Let

X=Sze N :VneN z,+1< M
B(n)



186 K. Aguilar and F. Latrémoliére

By construction, ubf(X, k) = UHF* N AF*((2")nen, B) (the lower bound
on the dimension of the matrix algebras was observed in the proof of Theo-
rem . On the other hand, by Theorem the set X is compact and by
Theorem , the map ubf(-, k) is continuous. So UHF* N AF*((2")nen, B)

is compact. =
We also obtain:

COROLLARY 6.8. Let C,B € .4, and set

1 3\
0 = lim
n—00 1
r1+ 1
X ={0e(1)\Q: o ——
..._l’_i
T'n
andVn € N C(n) <r, < B(n)

Then the set {(A,L) € AF* : A € AFx} is compact for the quantum propin-
quity N.

Proof. This follows from Theorem and the continuity established in
Theorem [5.14] =

We have thus been able to obtain several examples of compact classes of
quasi-Leibniz quantum compact metric spaces for the quantum propinquity
and consisting of infinitely many AF algebras, which is a rather notable
result. We also note that since the dual propinquity [21] is also a metric up
to isometric isomorphism and is dominated by the quantum propinquity, the
topology induced by the quantum propinquity and the dual propinquity on
these compact classes must agree.

7. Quantum ultrametrics on the Cantor set. The Gel'fand spec-
tra of Abelian AF algebras are homeomorphic to compact subspaces of the
Cantor set. In this section, we will explore the Monge-Kantorovich metrics
induced by the Lip-norms defined in Theorem [3.5| on the Cantor set itself.
We will prove, in particular, that the standard ultrametrics on the Cantor
set can be recovered directly from our construction.

There are many standard presentations of the Cantor set, and we shall
pick the following for our purpose:

NOTATION 7.1. Let Zy = {0,1} with the discrete topology. The Cantor
set is given by
C:{(Zn)HENZTLEZQ}: HZ2
neN
with the product topology.
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In order to fit the Cantor set inside the framework of this paper, we
shall specify a natural inductive sequence of finite-dimensional Abelian C*-
algebras converging to the C*-algebra C(C) of C-valued continuous functions
on C.

NotrAaTION 7.2. For all n € N, we denote by 7, the evaluation map
(2m)men € C = 2. Note that n,, € C(C) is a projection and u, = 29, —1¢(c)
is a self-adjoint unitary in C(C).

We set g = Clg(cy and, for all n € N\ {0}, we set

A, = C*({1¢(c), uo, - - - s Un—1})-
By definition, 2, is a finite-dimensional C*-subalgebra of C(C), with the
same unit as C'(C). Moreover, 2, C 2,41 for all n € N. Lastly, it is easy to

check that [ J,,cx 2, is a unital *-subalgebra of C'(C) which separates points;
as C is compact, the Stone—Weierstrafl theorem implies that

cC) = closure( U an)
neN
If we denote the inclusion map A, — 20,41 by «, for all n € N, then
cC) = liﬂT where T = (2, a,). We note that of course, o is just the
inclusion map of 2, into C(C) for all n € N; whenever possible we will
therefore omit the maps «,, and oz_>” from our notation.

We now have our standard description of C(C) as an AF algebra, and a
specific inductive sequence to use in Theorem [3.5] We also require a partic-
ular choice of a faithful tracial state; as C'(C) is Abelian, we have quite some
choice of such states. We will focus our attention on a specific construction.

NOTATION 7.3. The set C = [],cnZ2 is a group for pointwise addition
modulo 1. As C is compact, there exists a unique Haar probability measure,
which defines by integration a faithful tracial state A on C(C).

It is easy to check that, for any finite, nonempty F' C N, we have

AT m) =27+
JEF
where #F is the cardinality of F. Indeed, [] jer T is simply the indicator
function of the subset

{(zn)nen €C:Vj € F z; =1}.
It is then easy to check that C is the union of 27 disjoint translates of F.

The primary advantage of our choice of tracial state is illustrated in the
following lemma.

LEMMA 7.4. In Notations and [7.3], if we endow C(C) with the inner

product
(f,9) € C(C) = A(f9),



188 K. Aguilar and F. Latrémoliére

then w, € A for all n € N. Moreover (Il;er uj)per, where F is the set of
nonempty finite subsets of N, is an orthonormal family in L*(C(C), \).
Proof. For all n € N\ {0}, we let
B, = {10(0), H uj : F' is a nonempty subset of {0,...,n — 1}}
JEF
We note that B, is a basis for ,. We also note that ([[;cpuj)rer is a

Hamel basis of | J,,cx 2Un.
Now, let n € N and F C {0,...,n — 1} be nonempty. We have

) A(un TTw) =A@ = 1ee) TT @0~ 1)

jEF jEF
= /\< T @n- 1C(C)))
jeEFU{n}
_ Z (_1)#F+1—#G2#G)\(H nj)
GCFU{n} jeG
— Z (_1)#F+1*#G2#G27#G
GCFU{n}
#F+1 ,
5, e
jeFU{n} J

= (1-1** =y,

Since B, is a basis for 2,,, we conclude that indeed u,, € 2[7%

Moreover, we note that also proves that 95 is an orthogonal family
in L2(C(C),\). As the product of unitaries is unitary, our definition of the
inner product then shows trivially that the family 8 is orthonormal. m

We now have the tools needed to state our main theorem for this section:
Lip-norms defined using Theorem [3.5] with the ingredients described in this
section naturally lead to ultrametrics on the Cantor space via the associated
Monge-Kantorovich metric.

THEOREM 7.5. Let f : N — N\ {0} be a decreasing sequence with
limy B = 0. Identifying the Cantor space C with the Gel’fand spectrum of
C(C), and using Notations cmd we have, for all x,y € C,

0 if =y,
mk'-ﬁT,A(x’y) B { 2f(min{n € N: x, # yn}) otherwise.

By construction, mk s is an ultrametric on C.
TA

Proof. In this proof, we will denote by E(:|2l,) the conditional expecta-
tion from C(C) onto 2,,, which leaves A invariant.
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Fix z # y € C. By Theorem
mk g (@,y) =sup|f(z) - f)l: [ € C(C), L7 A(F) <1}

Our computation relies on the following observation. Let n > k € N.
Since u,, € A in L2(C(C), A) by Lemma we conclude that E(u,|Ay) = 0.
Of course, if k > n € N then E(u,|x) = u,. Thus, for all n € N,

Lg—’)\(un) = maX{HunHC(c) tk < n}

B(k)
{ 1 k< } i it
= maxs ———— : n as u, is unitary,
B(k+1) Y
1
= —— as [ is decreasing.
B(n)

We thus have L7 (8(n)u,) <1 for all n € N.
Let N = min{n € N: z,, # y,}. Then |un(z) — un(y)| = 2 and so

mkes (29) = BVl (@) - ux(y)| = 28(V).

On the other hand, for all n € N, 2, is the C*-subalgebra generated by
the evaluation maps 7; for j = 0,...,n and the identity. Therefore, for any
f €C, we have E(f|2,)(x) = E(f|,)(y) for all n < N.

Let f € C(C) with L7 (f) < 1. Then for all n < N,

[f(@) = f(W)l = [f(z) = E(f[%) (@) = (f(y) = E(f1%n) ()]
<2[f = E(f[Rn)llce) < 26(n+1).
Since (8 is decreasing, we get
[f(2) = f(y)] < 2min{f(n +1) :n < N} = 25(N).
We thus conclude that kag A(:1:, y) = 26(N), as desired. It is easy to check

that mk s defines an ultrametric on C since 3 is decreasing. =
TA

We thus recognize standard ultrametrics on the Cantor set:

COROLLARY 7.6. Letr > 1, and set B, :n € N — %7“_”. Then, for any
z,y € C, using the notation of Theorem[7.5], we have
0 if =y
K, s, = . ’
m L%A(% y) { prmin{ne€N:znFyn}  otherpise.

8. Family of Lip-norms for a fixed AF algebra. In this section, we
fix a unital AF algebra with a faithful tracial state and consider the con-
struction of the Lip-norm from Theorem in which we vary the sequence
(8. From this, we describe convergence in quantum propinquity with respect
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to this notion. We note that Section [5| essentially provides an outline for the
process.

NoTATION 8.1. Let 8 : N — (0,00) be a positive sequence that tends
to 0 at infinity. Denote by co(N,R) the space of real-valued sequences that
converge to 0. Define

cg={rec(N,R):VneN 0<z(n) <B(n)}.

THEOREM 8.2. Let A be an AF algebra endowed with a faithful tracial
state . Let T = (Up, ap)nen be an inductive sequence of finite-dimensional
C*-algebras with C*-inductive limit A, with Ao = C and where o, is unital
foralln € N. If 8: N — (0,00) is a positive sequence that tends to 0 and

(¥ pew U {2} C cg 1s such that z* converges pointwise to x, then in the
notation of Theorem [3.5),

lim A(LLE,), (A, LF,)) = 0.
Proof. The proof follows the procedure from Section [5] We begin by
verifying some details.
Let 8 and (2%)geny U {2} C cg be as in the statement. We will show

convergence of the finite-dimensional spaces 2, for all n € N. Thus, fix
N € N. Let y € cg, so that y(n) > 0 for all n € N, and let a € Ay. Then

{ lo¥(a) — E(a (@)l ()l

y(n)

E oz_>N(a) = max

EN,nSN}.

Define
RY ={y = (y(0),y(1),...,y(N)) e RY* :¥n € {0,1,..., N} y(n) > 0}.
For z,y € RY, define

doo(z,y) = max{|z(n) —y(n)| : n € {0,1,...,N}}.
Thus, (Rf,doo) is a metric space. Define ¢ : Rf x Any — R by
{ laN(a) — E(af(a)]a?(An)) [l

y(n)
which is finite by definition of Rf . Therefore,
g9 (RY,doo) x (An, || - [lay) = R

is continuous. Denote the class of all (2,0)-quasi-Leibniz quantum compact
metric spaces by QQCMS3 0. Next, define G : R_],\_f — QOCMS, by

G(y) = (An,9(y,-)),

which is well-defined by definition of g. Thus, following the proof of Theo-

rem we conclude that G : (R}, ds) = (QQCMSs 0, \) is continuous. If
y € RN, then we denote y|y = (y(0),y(1),...,y(N)). Since (z*)renU{z} C cg,

g(y,a) = max :neN,nSN},
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we see that (2%|n)reny U {z|n} C RY. Furthermore, the assumption that z*
converges pointwise to = implies that limy_,s deo (2¥| 5, |5) = 0. Therefore,

lim A(G(z"|n), G(z|n)) = 0.
k—o0
But, for all k € N,

itk
M@, L, 0 o), RAn, LT, 0 o)) = ANG(2¥|n), G(z|n)).
We thus have

. ok
(5.1) Jim A((@y, L5, 0 a), (2, L, 0 ) =0.

As N € N was arbitrary, we conclude that (8.1)) is true for all n € N.

We are now ready to prove convergence. Let € > 0. There exists M € N
such that G(n) < /2 for all n > M. Hence, if n > M, then by Theorem
and definition of cg,

A(An, LT, 00"), (%, 15,) < 2¥(n) < B(n) < &/2
for all £ € N and
AN, L7 0 %), (Ql Lzu)) z(n) < B(n) <e/2.
By the triangle inequality and , we thus get
lim sup A((2, LIM) (&,L7,)) <e.

k—o00
As e > 0 was arbitrary, limg_,o A((2, L%]ju), (2L, L%,#)) =0. m

In particular, for the Cantor set, we can use this result to discuss conti-
nuity in quantum propinquity of the continuous functions on the Cantor set
with respect to the quantum ultrametrics discussed in Section [7] All that is
required is a sequence in cg which converges pointwise to some element in
cg. We present this in the case of the standard ultrametrics, and note that
although we are using the same C*-algebra, C(C), if r # s, the associated
standard ultrametrics on the Cantor set are not isometric. This implies that
the function defined in the following corollary is not constant up to isometric
isomorphism.

COROLLARY 8.3. Let v > 1, and set B, : n € N — %r‘". Using the
notation of Theorem [3.5] along with Notations[7.2] and [7.3] the function

u:r e (1,00) = (C(C), L?{A)

is continuous from (1,00) to the class of (2,0)-quasi-Leibniz quantum com-
pact metric spaces metrized by the quantum propinquity A.

Proof. Let (rn)neny U {r} C (1,00) be such that lim,_, |, — 7| = 0.
Since (7p)nen U {7} is a compact set, there exists some a > 1 such that



192

K. Aguilar and F. Latrémoliére

Tn, 7 € [a,00) for all n € N. Therefore, 3,8, € cg, for all n € N. The
sequence (S, )nen converges pointwise to [3, since

i [, (m) — B,(m)| = lim | §r,™ — 2" = 0

for all m € N. Hence, by Theorem [8.2]

nh_g)lo A(u(ry),u(r)) = 0.

Thus, sequential continuity provides the desired result. m
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