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THE STRUCTURE OF SPLIT REGULAR
HOM-POISSON ALGEBRAS

BY

MARIA J. ARAGON PERINAN and ANTONIO J. CALDERON MARTIN (Cédiz)

Abstract. We introduce the class of split regular Hom-Poisson algebras formed by
those Hom-Poisson algebras whose underlying Hom-Lie algebras are split and regular. This
class is the natural extension of the ones of split Hom-Lie algebras and of split Poisson
algebras. We show that the structure theorems for split Poisson algebras can be extended
to the more general setting of split regular Hom-Poisson algebras. That is, we prove that
an arbitrary split regular Hom-Poisson algebra 8 is of the form 8 = U + Zj I; with U
a linear subspace of a maximal abelian subalgebra H and any I; a well described (split)
ideal of B, satisfying {I;, Iy} + I; I, = 0 if j # k. Under certain conditions, the simplicity
of P is characterized, and it is shown that 9 is the direct sum of the family of its simple
ideals.

1. Introduction and first definitions. We recall that a (not neces-
sarily commutative) Poisson algebra is a Lie algebra (P, {-,-}) over a base
field K, endowed with an associative product, denoted by juxtaposition, such
that the Leibniz identity

{zy, 2} = {z, 2}y + 2{y, 2}

holds for any z,y,z € P.

The interest in Poisson algebras has grown in the last years, motivated
especially by their applications in geometry and mathematical physics. For
instance, we can find them in gauge theories, especially in the study of path
integrals in quantum field theory. They can also be seen as a procedure for
the quantization of physical systems with symmetries in the Lagrangian for-
malism (see [5], 14, [17]). As another example, we note that Poisson algebras
are the key to recover Hamiltonian mechanics from the coordinate space of
the theory [2I]. We can list many more applications (see [4} [15, [16] 17, 22]).
A split Poisson algebra is a Poisson algebra P whose underlying Lie algebra
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structure is split, that is,

P=Heo PP

a€eA

where H is a maximal abelian subalgebra of the Lie algebra (P, {-,-}) and
where Py = {vq € P : {h,va} = a(h)v, for any h € H} for o« € H* and
A= {a e H*\{0} : Py # 0}. See [0}, 24].

On the other hand, a Hom-algebra is an algebra such that a linear ho-
momorphism appears in the identities satisfied by its multiplication. In the
case of a Lie algebra, we are dealing with Hom-Lie algebras. This class
of algebras appeared in the study of quasi-deformations of Lie algebras
of vector fields, in particular quasi-deformations of Witt and Virasoro al-
gebras, [13]. Many authors have been interested in the study of Hom-Lie
algebras, motivated in part by their applications in physics; see for instance
[2, B, 10 1T, 12] 18, 19, 20} 23], 25 26, 28]. A Hom-Poisson algebra is de-
fined as a Hom-Lie algebra (3, {-,-}) over an arbitrary base field K endowed
with a Hom-associative product and with both products compatible via a
Hom-Leibniz identity.

DEFINITION 1.1. A Hom-Lie algebra B is a vector space over a base field
K endowed with a bilinear product

{ )} BxP->P
and with a linear map ¢ : B — P such that
(1) {l’,y} - _{yax}y

(2) {{SE), yho(2)}+{{y, 2}, 0(x)} +{{z, 2}, d(y)} = 0 (Hom-Jacobi iden-
tity),

for any z,y, z € L.

DEFINITION 1.2. A Hom-Poisson algebrais a Hom-Lie algebra (3, {-, -}, ¢)
endowed with a Hom-associative product, that is, a bilinear product denoted
by juxtaposition such that

(zy)9(z) = ¢(z)(yz)
for any z,y, z € 3, and such that the Hom-Leibniz identity

{zy, ¢(2)} = {2, 2}(y) + ¢(x){y, 2}

holds for any x,y, z € L.
If ¢ is furthermore a Poisson automorphism, that is, a linear bijection

such that ¢({z,y}) = {d(x), 6(y)} and ¢(xy) = d(x)¢(y) for any z,y € P,

then P is called a regular Hom-Poisson algebra.
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ExampPLE 1.3. Consider a 3-dimensional linear space 3 over a base field
K with basis {ej, e, e3}. Define the products

€i1e1p = ey, €1€2 = €2€] = €3,
{e1,e1} = aea +bes, {e1,e3} = cea + des,
set the remaining products equal to zero, and define the linear map ¢ as
d(e1) = Aea + Aaes,  Pe2) = Azea + Asez,  o(e3) = Asea + Ages,

where a,b,c,d, A1, A2, A3, Ay, A5, A¢ € K. Then 3 becomes a Hom-Poisson
algebra.

EXAMPLE 1.4. Consider a Poisson algebra (33, [,:]) and a linear bi-
jection ¢ : P — P multiplicative for - and [-,-]. Then P with the Hom-
associative product (with respect to ¢) defined by the composition ¢ o- and
the Hom-Lie product (with respect to ¢) given by ¢ o[, | becomes a regular
Hom-Poisson algebra (with respect to ¢).

A subalgebra A of B is a linear subspace such that {4, A} + AA C A
and ¢(A) = A. A linear subspace I of P8 is called an ideal if {I,B} + I} +
PBI C I and ¢(I) = I. A Hom-Poisson algebra P will be called simple if
{9, B} + PP # 0 and its only ideals are {0} and PB. We refer to [20] 27] for
a first approach to Hom-Poisson algebras.

In the present paper we introduce the class of split Hom-Poisson al-
gebras B formed by those Hom-Poisson algebras whose underlying Hom-Lie
algebras are split. We recall that given a Hom-Lie algebra (B, {-,-}, ¢) and
a maximal abelian subalgebra H of 53, for a linear functional

a: H— K,

we define the root space of P (with respect to H) associated to « to be the
subspace

Po = {va € B {h,va} = alh)é(va) for any h € H}.
The functionals a : H — K satisfying B, # 0 are called the roots of ¢ with

respect to H and we denote A := {a € H* \ {0} : P, # 0}. We say that P
is a split Hom-Lie algebra with respect to H if

P =Hao PP
acA
We also say that A is the root system of L.
To ease notation, the mappings ¢|m, (b\;Il : H — H will be denoted by
¢ and ¢! respectively.
We recall some properties of split regular Hom-Lie algebras that can be
found in [I, Lemmas 1.3 and 1.4].
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LEMMA 1.5. Let (B,{-,-},¢) be a split reqular Hom-Lie algebra. Then
for any o, B € AU{0}:

(1> (ﬁ(ma) - moab*l and (bil(ma) C ‘130@-
(2) {moumﬁ} - ;‘Bad)*l—&-&;&*l .
(3) If a« € A then ap™* € A for any z € Z.

(4) Po=H.

DEFINITION 1.6. A split Hom-Poisson algebra is a Hom-Poisson algebra
in which the Hom-Lie algebra (P, {-,-}) is split with respect to a maximal
abelian subalgebra H of (P, {:,}).

Note that by taking ¢ = Id, split Poisson algebras become examples
of split regular Hom-Poisson algebras. Maybe the main topic in the theory
of Hom-algebras consists in studying whether a known result for a class of
nondeformed algebras still holds true for the corresponding class of Hom-
algebras. Following this line, the present paper shows to what extent the
structure theorems obtained in [6] for split Poisson algebras also hold for
the class of split regular Hom-Poisson algebras. All of the constructions
carried out along this paper strongly involve the structure map ¢ which
makes the proofs different from the nondeformed Poisson case.

LEMMA 1.7. Let*B be a split reqular Hom-Poisson algebra. Then for any
o, € AU{0} we have BaPs C Pag-1486-1-

Proof. Let h € H, vy, € P, and vg € Pg, and denote ' = ¢(h). By
applying the Hom-Leibniz identity we get

{hlvvavb’} = {o(h), Uavg}
= —{vah}$(vs) — d(va){vs, h} = a(h)P(va)P(vs) + S(h)P(va)P(vp)
= (a + B)(h)¢(va)d(vs) = (o + B)¢~" (h')(vavp).

That is, vavg € Pog-1484-1- =

The paper is organized as follows. In §2 we develop connections of roots
techniques in the framework of split regular Hom-Poisson algebras 3, and
show that any of these algebras is of the form P = U + Zj I; with U
a linear subspace of H and any I; a well defined ideal of B, satisfying
{1, I} + I;I;, = 0 if j # k. Finally, in §3, and under mild conditions, the
simplicity of B8 is characterized, and it is shown that B is the direct sum of
the family of its simple ideals.

Throughout this paper we will denote by N the set of all nonnegative
integers and by Z the set of all integers. Finally, note that our split regular
Hom-Poisson algebras are of arbitrary dimension and over an arbitrary base
field K.
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2. Decomposition as direct sum of ideals. In the following, 3 de-
notes a split regular Hom-Poisson algebra and

P=Ho PP
ac
the corresponding root space decomposition. Given a linear functional « :
H — K, we denote by —a : H — K the element in H* defined by (—a)(h) :=
—a(h) for all h € H. We also write
—A={—-a:ae A}

DEFINITION 2.1. Let a, 8 € A. We will say that « is connected to (5 if
either
B =eap® for some z € Z and € € {£1},
or there exists {ay,...,ar} C £A4, k > 2, such that:
(1) oy € {ap™ : n € N}
(2) alqb_l + aggb_l € +4,
Oél(Z)_ + a2¢_ + Oé3(b_1 € +A,
oqu + a0 + azop 2+ aup ! € £4,

oqu + Oéqu + Oégqb i+l + -+ Oéi+1¢ € :|:A,

041<Z> k+2+a2¢ k+2+a3q§_k+3+ oy ¢—k+l+ s te+a
{:N:Bqﬁ_m :m E N}.

In this case, we will also say that {aq,...,ax} is a connection from « to (.

The proof of the next result is analogous to the one of [I, Proposition
2.4]. For the sake of completeness we give a sketch of the proof.

PRrROPOSITION 2.2. The relation ~ in A, defined by o ~ B if and only if
a s connected to B3, is an equivalence relation.

Proof. Clearly a ~ a. If a ~ (3, then either § = ea¢® for some z € Z
and ¢ € {1}, and so [ is connected to «; or there exists a connection
{a1,...,ar} C £A, k> 2, from « to 8 with

1™ 4 apg™M g™ b o™ = e

for some € € {1} and some m € N. Then we can verify that

- —1 - - —2k
{/6¢ m7 _6ak¢ ) —GOék_1¢ 35 —60[k_2d) 57 ey _6a2¢ +3}
is a connection from S to a and so the relation ~ is symmetric.

Finally, suppose @ ~ 8 and 8 ~ . In case 8 € ea¢® or v € €S¢® for
some z € Z and € € {£1}, we easily find that « is connected to 7. Hence,
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suppose {aq,...,ax}, k> 2, is a connection from « to § which satisfies
a1 " b g g 4 T =B

for some m € N, € € {£1}; and {hy,...,hy,} is a connection from S to .
Then {a1, ..., o, €hy, ..., €hy} is a connection from a to v, so the connection
relation is also transitive. m

From Proposition we can consider the quotient set
A ={Ja] : € 4},

with [a] being the set of nonzero roots connected to a.
Our next goal is to associate an ideal I, to any [a]. Fix [a] € A/~. We
start by defining

Iy o) = spang {{PBp, PB_s} + PsPB_p : B € [a]} C H.

Next, we define
Vial = €D Bs.
B€[a]

Finally, we denote by I|,) the direct sum of the two subspaces above:
Tia) = Tt jo) © Via-
PROPOSITION 2.3. Let [a] € A/~. Then:
(D) {Lja)s Ly} + L) L1y € L)

(2) oliy) = L1
(3) For any [8] # [a] we have {I[a]vl[,@]} + Ijo)l1g) = 0.

Proof. (1) Let us begin by showing that {I},), I|o} C I[4)- We can write

(2.1) Uiap Lyt = U o) + Viap Laja) + Viag

- {IH,[a}, ‘/[a}} + {V[a}y ‘/[a}}'
Since Iy o) C H, we have ) Via)} € V]o)» and so consider the prod-
uct {Vjg); Vjay} in . If we take 8,7 € [ such that {¥Bz,B,} # 0, in
case v = —f3 clearly {‘135,‘137} C Ip o). So suppose v # —f3. By Lemma
., {‘B/g,‘ﬁw} C Pgp-14+4-1, and since {#,~} is a connection from 3 to
Bot + o1, we get {Bs, P} C Via)- Consequently, {Ii4]; [jo)} C I[q)-

Second, let us verify that Iy Ijq) C I[o)- We have
(2.2) Iyl = Upja) + Vi) Ua jo) + Vo)
C T o) + 1101 Via) + Vel i o) + Vie) Via)-

By arguing as above, but now taking into account Lemma we have

TH [ VIa) + Vil lH o) + ViVia] C 1H [a)-
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Hence it just remains to study the product Iy [41x o) in (2.2). To do so,
observe that

(23) Tl © (Y (P Bs) + PP o) ) H

pele]
(SR Bah) H+ (3 WP o) H.
Belal Belal

Consider the first summand on the right hand side of (2.3). By the Hom-
Leibniz identity we have
{Bs,P-p}oo™ (H) C {Pso™ (), 6(B-3)} + ¢(Ps){o™" (H), B}
C {PBoo-1sPB-ps1} +PBoo1Ppo C L fa)-
Finally, consider the last summand in (2.3)). By Hom-associativity,
(BsP-p)0(¢~ (H)) = ¢(Bp)(PB-pod™ ' (H)) C Ppg1 P g1 C Lai[a]-
(2) is a consequence of Lemma [L.5[1).
(3) We have to study the expression {4, [j5} + Ijo)l[5)- Observe that
(24) Uia)s I} = L ) @ Via)s Lar ) © Vig)}
< Un oy Vigrt + g Vit + {Viap Vil
and
25) il = (afa) © Via)) (e g @ Vig)
< Il p) + Tm g Vig) + Viel m g + Vi Vig)-
We begin by showing that
(2.6) {Va}, V[m} + Vaﬂ/[ﬁ] =0.

Indeed, if there exist v € [a] and p € [3] such that 0 # {B,,B,} + BB, C
Po-14p9-1 then {7, p, —v¢~ '} would be a connection from v to p, a con-
tradiction.

Consider now the first summand {/y (4], V[3)} on the right hand side of
and the second one, Iy 4V, of ; and suppose there exist v € [a]
and p € [0] such that

{{‘B% m—7}7 mp} + {"B’Ym—’w mp} + {"B’Y) ‘B—’Y}‘Bp + ("B’ng—’y)mp 7é O
Then some of the four summands are different from zero.

If
B BB} #0,
then the Hom-Jacobi identity gives
0 # {Py. B}, o6~ (Bp)}
CHB 0 (B} 0B} + (o (Bo) B}, (B}
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Hence

{P: 67 (B} + {07 (o)} #0,
which contradicts (2.6). Hence, {{3,,B_,},B,} = 0.

If the second, third or fourth summand were nonzero, we can argue as
above but using the Hom-Leibniz or Hom-associativity identities to show
that these products are zero. Consequently,

{I o) Vigy} + Lh, ) Vig) = 0.

In a similar way we prove that the remaining summands in and ( .
are zero, and the proof is complete. =

LEMMA 2.4. For any [a] € A/~ we have I jo)H + Hlp o) C Ip o
Proof. Fix any 8 € [a] . On the one hand, by the Hom-Leibniz identity
we get
{Bs, B-pH + H{Ps, B} = {Bs, B} o(H) + ¢(H){Ps, B—s}
CA{PBsH, d(PB-5)} + ¢(Pe){H, B-s} + {HPBs, d(B-p)} +{H, B-_}0(Ps)
C{PBas1:PBogo17 +PBas1Ppgp1 +Ppp-1PBpp-1 L [o]-
On the other hand, by Hom-associativity,

(BsP-p)H + H(BsPB-5) = (BsP-p)0(H) + 6(H)(BsP-5)
C ¢(Bp)(B-pH) + (HPBs)d(P-5) C Bpg—1B_pg-1 C In o)
Since Iy (o] = > geja) ({Ba: B-p} + PBsPB-p) the proof is complete.
THEOREM 2.5.
(1) For any [a] € A/~, the linear subspace Ijq) = I o) © Vi of B

associated to [a] is an ideal of B.
(2) If B is simple, then there exists a connection from a to [ for any

Oé,,@ S A and H = ZaeA({mm‘B—a} + mam—a)'
Proof. (1) Since {Ij4), H} C Ij,), Proposition shows that

{1 Bt = {I[a]vH@ (@ ‘»136> (@ ‘Bw)} C Iy

B€lo]
By Lemma [2.4] and Proposition eWe also have
TP + Pl
=i (H2( D %) (D %))+ (#2( D 3:) (D %) Jea iy
€la YE | B€|a YEl

As by Proposition (2) also ¢(I4))=1[4], we conclude that If,) is an ideal
of I.
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(2) The simplicity of B implies Ij,; = *B. Hence it is clear that [a] = A
and H = Zae/l({q:;onm—a} + mam—a)- L]

THEOREM 2.6. We have
B=U+ >
[a]eA/~
where U is a linear complement in H of spang{{Pa,P-a} + PaP-o :
a € A} and any Iiy) is one of the ideals of ‘B described in Theorem (1),
satisfying {Ia]; I} + Ly L1g = 0 if [a] # [B].
Proof. Ij,) is well defined and, by Theorem [2.5(1), an ideal of %, since

it is clear that
P=Ho (@%) =U+ > Iy
ac/A [aleA/~
Finally Proposition (3) gives {I[q], [} + Lo djg) = 0 if [a] # [B]. =
Denote by Z(B) = {v € B : {v, B} + vV + Pv = 0} the center of P.

COROLLARY 2.7. If Z(B) =0 and H =3 c ;({PaP-a} + BaP-a),
then B is the direct sum of the ideals given in Theorem [2.5

P= P I

[o]eA/~
with {I[a],f[ﬁ]} +I[a]l[,8] = 0 if [o] # [3].

Proof. Since H=3_,c s({Ba, B-a} +BaPB-a) we get B=3"1c 4/~ La-
To verify that the sum is direct, take some v € I N Z[B]GA/N, 181]al I
Since v € Ij,), the fact that {Ij4], [j5)} + I[o){[s) = 0 when [a] # [5] gives

{“’ > I[m}”( > fw])Jr( > f[m)v:()-

(BleA/~, [B]#[e] (BleA/~, [B]#[e] [B1€A/~, [B)#]el]
In a similar way, since v € }Z51¢ /0, 18£]a] (8] We 8t {v, (o)} + V(o) + Tja)v
= 0. That is, v € Z(3) and so v =0. =

3. The simple components. In this section we are going to present
a framework in which the decomposition of P given in Corollary is
actually by means of the family of its minimal (simple) ideals, thus getting a
second Wedderburn type theorem for the class of split regular Hom-Poisson
algebras. We recall that a root system A of a split regular Hom-Poisson
algebra B is called symmetric if o € A implies —a € A. From now on we
will suppose A is symmetric.

LEMMA 3.1. Suppose H = s({Ba, B-a} +PBaPB—a). If I is an ideal
of B such that I C H, then I C Z(P).
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Proof. Observe that {I,H} C {H,H} =0 and
{1 W)+ (D) + (D)1
ac acd acd
cIn (@%) CHN (@fpa) —0.

aeA aeA

Since H =3 c A({Pa» B-a} +PBaP_a), we also infer, by Hom-associativity,
the Hom-Leibniz identity, and the above observation, that HI + ITH = 0.
Consequently, I C Z(B). =

Let us introduce the concepts of root-multiplicativity and maximal length
in the framework of split Hom-Poisson algebras, in a similar way to the
cases of split Lie algebras, split 3-Lie algebras, split Lie superalgebras or
split Poisson algebras (see [6, [7, 8, 9] for these notions and examples).

DEFINITION 3.2. A split regular Hom-Poisson algebra P is root-multi-
plicative if whenever «, 3 € A are such that agp™'+8¢~1 € A, then {Ba, Bs}

=+ mamﬁ + mﬁma 7£ 0.

DEFINITION 3.3. A split regular Hom-Lie algebra B3 is of mazimal length
if dim P, =1 for any a € A.

THEOREM 3.4. Let P be a split regular Hom-Poisson algebra of maximal
length and root-multiplicative. Then B is simple if and only Z(P) = 0,
H=3 ci{PBa,PB-a}+PaPB-a) and A has all of its elements connected.

Proof. Suppose B is simple. Since Z(P) is an ideal of B, we have
Z(B) = 0. Now Theorem [2.5(2) completes the proof of the direct impli-
cation.

To prove the converse, consider a nonzero ideal I of . Since I is also
an ideal of the split regular Hom-Lie algebra (B, {-,-}), by [I, Lemma 4.3]
we can write [ = (INH) ® (P, La), where I, = I NPB,. By the maximal
length of B, if we denote A; := {a € A : I, # 0} we can write I =
(INH)® (Baea, Pa), where A # () as a consequence of Lemma Pick
ap € A; with 0 # PBao, C I. Since ¢(I) = I, Lemma [L.5(1) allows us to
assert that

(3.1) if € Ay then {a¢®: z € Z} C Aj,
that is,
(3.2) {PBage: 12 € Z} C 1.

Now, take any 8 € A satisfying 5 ¢ {£ap¢® : z € Z}. Since o and ( are
connected, we have a connection {aq,...,ax}, k > 2, from «ag to [ satisfying:



HOM-POISSON ALGEBRAS 11

(i) a1 = aogi)_” for some n € N.
(ii) alqﬁ_ + a2<;5_1 €A,
041¢ + 062¢ + azp™ L e A,

efep~"™ for some m € N and €€ {il}.

Taking into account that ay,as € A and a1~ + anp™ ' € A, the root-
multiplicativity and maximal length of 3 allow us to assert that either

0 7é {(’Baumaz} = ma1¢—1+a2¢—1 or0 7& r’palmaQ +ma2q30¢1 = malqb—l—&-agqﬁ—l'
Since 0 # P, C I as a consequence of (3.2), we get

0 # ‘Bal¢71+a2¢71 c I
A similar argument applied to a1~ + ¢!, a3 and
(¢ +a2p o +aszg ™ =10+ age P+ agd
gives 0 # By 624056 2+ag0-1 C . Continuing, we get
0 # ‘Bald,—k-u+a2¢—k+1+a3¢—k+2+_..+ak¢—1 C I,

and so
either Pgy-m C I or P_gy-—m C 1.

From (3.1) and (3.2]), we now get
(3.3) either {*Boy-:2€Z} CTor {P_pp=:2€Z} CI forany a € A

This can be reformulated by saying that for any a € A either {agp* :
z € Z} or {—a¢p* : z € Z} is contained in A;. Taking into account H =

Eae/l({momm—a} + mam—a) we have
(3.4) HcCI.

Now for any « € A, since B, = {H,P,} by the maximal length of B, (3.4)
gives P, C I, and so [ =P. That is, P is simple. m

THEOREM 3.5. Let B be a split reqular Hom-Poisson algebra of maximal
length, root-multiplicative, with Z(PB) = 0 and satisfying

H= Z({moum—a} + {‘Bm‘ﬁ—a})‘

acA

T= P Ia

[aleA/~

Then

where any Ijq) is a simple (split) ideal whose root system, A][a], has all of
its elements /11[&] -connected.
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Proof. By Corollary . we can write P as the direct sum @[ a]ed/~ I
of the family of ideals

Iio) = I o) © Via) = spang {{¥s, P 5} + BB p: € [a]} @ @ B,
Bela]

where each [, is a split regular Hom-Poisson algebra with root system
Ay, = [a]. To make use of Theorem [3.4] in each I},], we observe that the
root-multiplicativity of 98 and Proposition (3) show that Ay has all of its
elements AI[Q]-connected, that is, connected through connections contained
inA I,)- Moreover, each I|,) is root-multiplicative by the root—multiplicativity
of PB. Clearly Ij,) is of maximal length, and finally Zj (I a]) = where
21, (Ijo)) denotes the center of Ij) in Ij)), because {I[a],[{ﬁ}}—i—l[a I{B

if fa] # [B] (Theorem and Z(P) = 0. We can apply Theorem |3 to
any [, to conclude that I, is simple. It is clear that the decomposmon
L= @[a} eAfm I, satisfies the assertions of the theorem. =
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