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Irreducible Sobol’ sequences in prime power bases
by

HENRI FAURE (Marseille) and CHRISTIANE LEMIEUX (Waterloo)

1. Introduction. The family of low-discrepancy sequences introduced
by Sobol’ in his 1967 paper [19] has had a tremendous impact on the
field of quasi-Monte Carlo methods. Two important ways in which this im-
pact has taken place are: 1) it gave rise to several other important con-
tributions giving variations, extensions, and generalizations of this con-
struction and the concepts used to study it; 2) despite all the general-
izations that have been proposed, this construction continues to play an
important role in the application of quasi-Monte Carlo methods in prac-
tice, with implementations offered in many software/calculation packages
[1, @9, 10} [1T], 23, 24].

The goal of this work is to study generalizations of Sobol’ sequences that
preserve two fundamental properties of the original construction, namely:
(a) one-dimensional projections that are (0, 1)-sequences, and (b) an easy-
to-implement column-by-column construction for the generating matrices,
based on linear recurrences determined by monic irreducible polynomials
over [Fy,, where b is a prime power. We compare this generalization—which, as
announced in the title, we call “irreducible Sobol’ sequences in prime power
bases” —with other closely related families of digital (¢, s)-sequences. In par-
ticular, we describe in detail how our construction is included in the larger
family of generalized Niederreiter sequences introduced by Tezuka [20].

The paper is organized as follows. In Section [2] we recall different frame-
works to build the low-discrepancy sequences that are relevant to this work.
Section [3]is devoted to connections between Niederreiter sequences in base 2
and Sobol’ sequences, with our generalization of the latter introduced in
Section [ along with a description of its relation to generalized Niederreiter
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sequences. An analysis similar to the one in Section [3] for the base 2 case
is performed in Section [5| for the generalized constructions in prime power
bases. We conclude with some final remarks in Section [6l

The remainder of this section is devoted to recalling the basic concepts
that will be used throughout this paper, starting with the notion of discrep-
ancy, which measures the uniformity properties of sequences of points in the
unit hypercube I° := [0,1)*.

Consider a point set Py = {X1,...,Xn} C I®, and denote by J* the
set of intervals J of I° of the form J = [[;_,[0,2;). Then the discrepancy
function of Py on J is the difference

E(J;N) = A(J; Py) — NV (J),

where A(J; Py) = #{n :1 <n < N, X,, € J} is the number of points in
Py that fall in the subinterval J, and V(J) = [[}_; #; is the volume of J.
Then, the star (extreme) discrepancy D* of Py is defined as

Dy = sup |E(J;N)|.
JeJg*

A sequence of points (X, ),>1 in I° is said to be a low-discrepancy se-
quence if the (star) discrepancy D} of its first N points satisfies D}, €
O((log N)?).

The constructions in this paper achieve this low-discrepancy property by
focusing on b-adic intervals of [0, 1)® in the definition of D}, above. That is,
they are built so that an appropriate number of points is placed in intervals
of the form s

E = []laib™%, (a; + 1)b~%)
i=1
(called elementary intervals) with integers ¢; > 0 and 0 < a; < b% for
1 <4 < s. Hence E is of volume b7, where ¢ = >.;_; ¢i. A point set
Py C I° with N = b™ points is said to be a (¢, m, s)-net if every interval E
with ¢ = Y7, ¢; < m —t contains b7 points. It should be clear that a
smaller value of ¢ yields better uniformity properties for Py .

To introduce the concept of (t, s)-sequence, we first need to define the
truncation operator introduced by Tezuka [20] and then Niederreiter and
Xing [16, [I7] to handle new constructions for low-discrepancy sequences.

Let X = Y7, hib~! be a b-adic expansion of X € [0,1], with the possi-
bility that A; = b — 1 for all but finitely many [. For every integer m > 1,
the m-truncation of X is given by [X|pm = >jv; k™! (depending on X
via its expansion). In the case where X € I°, the notation [X]j ,, means the
m-truncation is applied to each coordinate of X.

An s-dimensional sequence (X,,),>1, with prescribed b-adic expansions
for all coordinates, is a (t, s)-sequence (in the broad sense) if the point set
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{{Xnlpm : k0™ <n < (k4 1)b™} is a (t,m, s)-net in base b for all integers
k>0 and m >t

Niederreiter [14] proved that the equidistribution property of (¢, s)-se-
quences over intervals of the form E was sufficient to ensure these sequences
had a low discrepancy, as stated in the next result. Note that this property
was established in [19] and [4] for the specific constructions introduced in
these earlier papers. It reads as follows:

The first N > 1 points of a (¢, s)-sequence in base b satisfy

(L1) Dy < cy(log N)* + O((log N)* 1),

where c; is a constant depending only on s.

The low-discrepancy sequences of interest in this paper are (t, s)-sequen-
ces that all fit within the digital method introduced by Niederreiter [14],
which we now describe. Let b > 2. We first need to choose:

(1) a commutative ring R with identity and card(R) = b;

(2) bijections ¢, : Zy — R;

(3) bijections A\; j : R — Zp for j > 1 and 1 <i <s;

(4) oo x oo generating matrices C(M ..., C) over R with elements de-
(4)

(@) :
noted as ¢; ., and rows denoted by ¢;”, for j,r > 1.

Note that for b a prime power, the ring R is taken to be the finite field T
of order b.
Now, for n > 1, let

n—1= iar(n)br
r=0

be the expansion of n — 1 in base b, where a,(n) € Z;, and a,(n) = 0 for r
sufficiently large. Let n be the vector in R whose rth component is given
by n, = ¥r(ar—1(n)), r > 1. Then let

X =) =2 (5 ),
r=1

and define Xff) = Z;; ij}b_j. The sequence of points obtained by this
digital method is given by (X, )p=1 with X, = (X3, ..., X$).

A desirable property for a (t, s)-sequence is to have one-dimensional pro-
jections that are all (0,1)-sequences. In turn, this requires that the first
m X m entries of each generating matrix form a non-singular matrix for all
m > 1, a condition that is satisfied when using non-singular upper triangu-
lar (NUT) matrices. The Sobol” and (0, s)-sequences introduced respectively
in [19] and [4] are both based on NUT generating matrices. But this is not
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necessarily the case for the generalizations that will be discussed in the
next section, namely for Niederreiter [I5] and generalized Niederreiter [20]
sequences. As mentioned previously, one way in which our proposed gener-
alization of Sobol’” sequences differs from these other ones is that it preserves
this useful property of having NUT generating matrices.

2. Frameworks for the construction of (¢, s)-sequences

2.1. The framework of Sobol’. The construction introduced by
Sobol” [19], mentioned in the introduction, was originally named L P;-se-
quences, but is now widely known as Sobol’ sequences. It was the first digital
sequence that was proposed. It is defined in base 2, which makes its sequence
generation very fast, a property that has contributed to its popularity with
practitioners. For this sequence, the generating matrices C@ in the digital
method are constructed column by column, using monocyclic operators (ob-
tained from primitive polynomials over Fy) and so-called direction numbers,
which are used to initialize the first columns of the generating matrices.

To simplify the presentation, we explain how to construct a given gener-
ating matrix based on a primitive polynomial p(z) over Fa[z], thus dropping
for now the index i denoting the dimension 1 < ¢ < s considered.

Let p(z) = aex® + ae_12°71 4+ -+ + a;x + ag be a primitive polynomial
in Fo[z] of degree e > 1. Let V. be a column vector of infinite length with
entries in Fa, with its jth entry denoted v;,., for j,r > 1. For r = 1,... e,
let d, be an odd number between 1 and 2", and let the first e entries of

Vi,...,V, be defined via
;i: =Y vj,27
j=1

and v;, = 0 for j > r. Note that since d, is odd, v, = 1 forr = 1,...,e. The
e integers dy,...,d. are called the direction numbers associated with p(x).
The remaining vectors V; for j > e are obtained using the following linear
recurrence associated with p(z):

1
(2.1) Vite = ?QOV; +aoVe +ar1Vep1 + - ae1Vigeo1, r2>1,

where 1/2¢ in the first term indicates that we multiply by 27¢ the fraction
whose binary expansion is contained in V., or equivalently, the jth entry of
(1/2¢)V, is given by the (7 — e)th entry of V. for j > e, while the first e
entries are 0.

The generating matrix C is then obtained by taking V,. as its rth column,
for r > 1. It is easy to see from and the property that v,, = 1 for
r = 1,...,e (by definition of the direction numbers) that the matrix C' is
NUT and therefore yields a (0, 1)-sequence.
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We point out that Sobol’ uses the term direction numbers for all vec-
tors V., r > 1, while we call direction numbers only the first e ones giving
the first e columns of C. Hence, in terms of generating matrices, the direc-
tion numbers associated with p(x) can be defined as the NUT e x e direction
matric D = (vj,)1<j<r<e (the first infinite vectors V,. of C' being filled in
with zeros).

As shown in [19] (but using a different terminology), Sobol’ sequences
are (t, s)-sequences in base 2 with ¢t = "7 ;(e; — 1), where e; is the degree
of the primitive polynomial used to construct the ith generating matrix.

2.2. The framework of Faure—Niederreiter. The second family of
digital (¢, s)-sequences that was proposed by the first author [4] was the
construction for (0, s)-sequences in a prime base b > s, later generalized
to prime power bases b > s by Niederreiter [I4]. The key idea to get the
optimal value of 0 for ¢ is to work with the NUT Pascal matrix P over [y,
whose element in the jth row and rth column is given by

r—1
Pj”":<j—1>

for r > j > 1. The ith generating matrix is then obtained as C(9) = pi~1
for i = 1,...,s. As noted in [4, Sect. 3.1], this implies that for 2 < i < s,
C® has entries of the form

i , _ifr—1
(2.2) ) = (i — 1y <j } 1)
forr>j>1.

The construction proposed in [I4, Thm. 6.18] extends the above Faure
sequences to prime power bases b. The matrices C¥) are defined similarly
to the above, but with the term ¢ — 1 in replaced by some element
B; of Fy, with ;’s distinct for ¢ = 2,...,s. Note that the construction in
[14, Thm. 6.18] is in fact defined for arbitrary bases b, but as discussed in
[14, Cors. 6.19 and 6.20], the restriction to prime power bases ensures the
existence of a (0, s)-sequence for any s < b, while for arbitrary bases this
can only be ensured if s < 2. Hence the appropriate generalization of Faure
sequences from [4] is the one based on prime power bases.

2.3. The framework of Niederreiter. The next family of construc-
tions are the Niederreiter sequences introduced by Niederreiter [15]. Al-
though this construction is described for a general base b in [I5 Sect. 4],
here we assume b is a prime power. The construction requires s pairwise co-
prime polynomials p;(x),...,ps(x) € Fy|x] of respective positive degrees e;,
and then a series of polynomials g; j(z) € Fy[z] for i =1,...,s and j > 1
such that ged(pi(x), gi j(x)) = 1 for all ¢, j. The generating matrices are de-
fined through their rows by first developing the formal Laurent series (where
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0 <k < e, and w <1 may depend on i, j, k)

(2.3) o gm Z O Gk, r)z™.

The elements of the generating matrices are then defined as

ngz =a9(qg+1,u,r)
for r > 1, and where ¢ and u depend on ¢ and j through the relation
j—1=qe;+uwith0<u<e —1.

Let us explain in more detail the “mechanics” behind this definition for
a given i. Consider the first block of e; rows of C). The (k + 1)th row
is obtained via the coefficients a(¥)(1,k,r) of the formal Laurent series of
z%g; 1(x)/pi(z). To get the next block of e; rows, we change the polynomial
gi1(z) to gi2(x) and raise the power p;(x) used in the denominator to 2,
i.e., the (e; + k + 1)th row contains the coefficients of the formal Laurent
series of 2% g; o(7)/(pi(z))?, for k =0,...,e; — 1. The jth block of e; rows is
obtained in a similar fashion, using the polynomial g; j(x) in the numerator
and raising p;(z) to the power j in the denominator.

It is shown in [I5] that the construction thus obtained is a digital (¢, s)-
sequence in base b with ¢t = >~7 | (e; — 1), provided lim;_,(je; — deg(gi,;))
= oo for all 1 <1 < s. This formula for ¢ is also valid for the Sobol’ sequence,
as explained in Section but with primitive polynomials. Here, however,
the requirement on the polynomials p;(x) is that they be co-prime, and thus
typically p;(x) is taken to be the ith element in a list of monic irreducible
polynomials over [, sorted in non-decreasing order of degrees, so as to obtain
the best possible t. This implies that Niederreiter sequences in base 2 are
known to be (t,s)-sequences with a value of ¢ smaller than the one that
works for Sobol’ sequences. Note, however, that the expression » > ;(e; — 1)
is an upper bound on ¢, and thus it is possible that the construction obtained
is a (t*, s)-sequence for t* < t. The smallest such value of t* is often referred
to as the “exact t”. Conditions under which ¢t = "7 ,(e; — 1) is exact are
given in [3].

2.4. The framework of Tezuka. The next and last family of construc-
tions that is of relevance to this work is the one introduced by Tezuka [20],
also discussed more comprehensively in [2I]. Here we follow the framework
given in [2I] to describe this construction, which is called generalized Nieder-
reiter sequences by Tezuka. The way in which it generalizes the construction
discussed in Section is that is replaced by the expansion

(1) oS
y/L’k ;= Z a(Z) (j? k? T)z_’r7

pi(x)?

r=w
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where 1 <i <'s, j,k > 1, and the polynomials y; ;. (x) must be chosen so that
the (residue) polynomials y; () mod p;(z) for (j — 1)e; < k—1 < je; are
linearly independent over F,. The generating matrices C(*) are then obtained
as

CS)T =q (i + 1k, 1),

where ¢; = [ (k—1)/e;].

Following [21, Remark 4], we note that for Niederreiter sequences, we
have y; 1(z) = 2%g; j(x), where u and j satisfy k — 1 = (j — 1)e; + u with
0<u<e;.

For the Sobol’ sequences [21, Remark 2], and as explained in Section
the direction numbers determine the e; x e; direction (sub)matrix D® of
C® | and thus correspond to choosing certain polynomials Vi1 (x), ..., Yie ()
that will be described in Section [4] more precisely in Theorem We note
that having vﬂ =1for r =1,...,¢; implies that y;, is of degree e¢; — r for
1 < r < e;, and thus the linear independence property mentioned above is
satisfied (of course, this fundamental property is proved by Sobol’ [19] in
another way).

3. Sobol’ and Niederreiter sequences in base 2

3.1. A founding example. We consider the first non-trivial primitive
polynomial p(x) = z24+x+1 corresponding to the monocyclic linear operator
Uit2 +uir1 + u; of order 2 in [19] (the monocyclic operator of the first order
corresponds to the Pascal matrix modulo 2).

In the framework of Sobol’, we consider the matrix associated with p,
with starting direction numbers (1, 3), resulting from the recurrence relation
Vigo = Vig1 + Vi + V;/4 on column vectors (see [19, Section 3.2]).

In the framework of Niederreiter, we consider the matrix associated
with p, generated row-by-row by the formal Laurent series z¥/p(z)7,
0 < k < 2 (see [15], Section 6]).

A simple examination of these two matrices shows they are the same
after permutation of odd and even rows of one of them. Details are shown in
Figure(l] Also, it is easy to check for these two matrices that the recurrence
relation of Sobol” applies to the Niederreiter matrix. In other words, taking
7% /p(z)? (0 < k < 2) in equation (2.3 gives the Sobol’ matrix above. As
mentioned before, the Sobol’ matrices are NUT and therefore they gener-
ate (0,1)-sequences. This is an advantage since there is no “leading-zeros
phenomenon” (see [2, Section 3.3]) for Sobol’ sequences. Another advan-
tage for implementation is that there is only one recurrence relation for the
whole Sobol” matrix instead of a recurrence relation for each odd row of a
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Niederreiter matrix in base 2. Hence the interest of a generalization of our
example.

110110110 011011101
011011011 110110110
001010001 000101000
0001 11O0O0O0 001010001
000011101 0000O0O1110

Fig. 1. Generating matrices based on p(x) = 2 + 2 + 1 for: Sobol’ sequence with starting
direction numbers (1, 3) (left); Niederreiter sequence based on g; ; = 1 (right).

3.2. Generalization

LEMMA 3.1 (Fundamental lemma for base 2). The matriz of a Nieder-
reiter sequence in base 2 generated by the formal Laurent series x* /p(x)I
(for0 <k < e and j > 1), where p is an irreducible polynomial of degree e,
satisfies a Sobol’ recurrence relation associated with p.

Proof. We only consider irreducible polynomials p(z) of degree e > 2,
since the case e = 1 concerns the van der Corput sequence and its image by
the Pascal matrix for which the matrices coincide.

Let p(z) = @ex® + ae_12° 1 +- - -+ a1z + ag, where a. = ag = 1 (we keep
ae and ag for more clarity). Then

I i Uy > Uy
p(:E) r=1 v r=e r
with u; = -+ =ue—1 =0, ue = 1 and Getlpre = AUy + -+ + + Ge—1Upye—1 for
all » > 1.

We say that the linear recurrence relation formally associated with p is
the relation (where + means addition modulo 2)

1 1 e—1
Vige = ?QOVI” +agVe+arVigr + -+ ae1Vije1 = gaovr + Z apViin
h=0

for all » > 1, where V, is the rth column of the generating matrix associated
with p in the framework of Sobol” (see Section 2.1). Of course, in the case
where p is primitive, this relation coincides with equation .

Our goal is to prove that the matrix generated by the formal series
2% /p(x)7 in the framework of Niederreiter satisfies such a relation. To this
end, we establish the link between 1/p(z)’ and 1/p(x)’*! thanks to the
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product of the formal series 1/p(z)? and 1/p(z). Set

00 00 00 00
1 Uy Uy 1 Wy Wy
Pl " e T 2 M g T e T 2
r=1 r:ej r=1 T:6j+6
Then, for r > ej + ¢,
r—ej
Wy = UeVUp—e + Uet1Vr—e—1 + *** + Up_ejVcj = § UJVp—]-
l=e

Hence, our objective is to prove the following linear recursion for the entries
wy of the e(j + 1)th row in relation with the entries of the ejth row (for the
remaining rows the property will follow from multiplication by the successive
powers of x):

e
X i=agwr + -+ QeWrge = Zafwrﬂc =wv, forallr>1.
f=0

To this end, for r > ej + e, we collect the summands in X' according to the
factors v; for ej <1 <r:

2 = acuevr + (ae—lue + aeue—i-l)'l)r—l + (ae—2ue + Ge_1Uer1 + aeue+2)vr—2
+---+ (aOurfej +a1Ury1—ej + - F aeur‘«#efej)vej-

Now we observe that all factors corresponding to v,_1,v,_2,...,0,; are
nought since they correspond to the recurrence relation in the expansion

of p(x)~!. m

In the case of primitive polynomials, Lemma[3.1]gives rise to the following
generalization of the example in

THEOREM 3.2. After reordering the rows to get NUT matrices, Nieder-
reiter sequences in base 2 generated by the formal series x* /p;(x)7, where p;,
1 <1 < s, are distinct primitive polynomials, are Sobol’ sequences associated
with the polynomials p;.

3.3. A further example with a non-primitive polynomial. We
consider here p(x) = z* + 2% + 22 + 2 + 1, a non-primitive irreducible poly-
nomial of degree 4. The recurrence relations to expand the formal series
in the framework of Niederreiter are v,14 = vp43 + Vpp2 + vp41 + v, for
the first row, v,48 = V16 + Upya + Vg2 + v, for the row of rank 5, and
so on. The linear (non-monocyclic) operator in the framework of Sobol’ is
Viga = Vigs + Viga + Vig1 + Vi + V;/16. The NUT matrix resulting from the
permutation of rows of the Niederreiter matrix generated by x*/(p(x)7 (for
0 <k < 4) is equal to a Sobol’ type matrix with starting direction numbers
(1,3,3,3) and the linear operator above. This relation is also satisfied by
the Niederreiter matrix according to Lemma [3.1] and can easily be checked
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on the matrices, as illustrated in Figure 2] But formally, we cannot speak of
Sobol’ matrices and sequences since the latter are only defined for primitive
polynomials in base 2.

110001100 000110001
011000110 0011000011
001100011 011000110
000110001 110001100
00 001O01O00O0 00 00O0OO0OO0OT1OQ0
000 0O0O1O0T10QO0 00 00O0O0OT1OQO0T1
00 00O0O0O1OQO0T1 0000O0O1O0T10Q0
000 0O0OO0OO0OT1FPO 00 001O01O00O0

Fig. 2. Generating matrices based on p(z) = z* 4+ 2% 4+ 2? 4+ x + 1 for: Sobol’ sequence
with starting direction numbers (1,3, 3,3) (left); Niederreiter sequence based on g; ; = 1
(right).

4. Irreducible Sobol’ sequences in prime power bases

4.1. Definition and generalization of Theorem Here is the
natural extension of the original Sobol’ sequences in base 2 with primi-
tive polynomials to arbitrary prime power bases and with monic irreducible
polynomials.

DEFINITION 4.1. Let p(z) = 2¢ — @e_12°71 — -+ — a17 — ap be a monic

irreducible polynomial of degree e over Fy, where b is a prime power. Define
a generating matrix C' associated with p by the linear recurrence relation
(4.1) Vive — et Verer =+ = @Vet — aoVi = 22V,

where V. (r > 1) is the rth column of C, and with e starting direction
numbers di, ...,d. (1 < d, <b" with ged(dy,b) = 1) defining an NUT e x e
direction matrix D for C' (see Section . Then, according to the general
principle of construction, an s-dimensional irreducible Sobol’ sequence is ob-
tained from s different monic irreducible polynomials p; generating s such
matrices C'(*) (typically, one chooses the first s ones in a list of all monic irre-
ducible polynomials sorted according to non-decreasing degree, as is done for
Niederreiter sequences). For short, we will often refer to irreducible Sobol’
sequences as IS-sequences. Note that when working in a general prime power
base b, one also needs to choose bijections v, and A; j to go back and forth
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between Fj, and Z; so that points in [0,1) can then be defined (see the
definition of the digital method in Section [1f).

By construction, the generating matrices of irreducible Sobol’ sequences
are NUT, so that their one-dimensional projections are (0,1)-sequences.
Also, it is worth noting that no truncation is required in their definition
(in contrast with other types of low-discrepancy sequences).

Further, we point out that column-by-column constructions other than
and our proposed generalization have been used elsewhere. Namely,
Hofer [7] and Hofer and Niederreiter [8] have recently introduced different
families of low-discrepancy sequences that also use this principle to construct
their underlying generating matrices. However, the nature of their construc-
tions is quite different; in particular, the columns are not defined through a
recursive relation based on a given polynomial as in and .

Next, we prove the analog of Lemma [3.1] for irreducible Sobol’” sequences
in prime power bases. Then, we show their close relation with the class
of Niederreiter sequences generated by formal Laurent series of the form
z* /p;(x)7, i.e., Niederreiter sequences whose polynomials are g; ; = 1 (this
is the class for which Dick and Niederreiter determine the exact t-value in
[3, Section 3]).

LEMMA 4.2 (Fundamental lemma for prime power base b). The matriz
of a Niederreiter sequence in prime power base b generated by the formal
Laurent series x¥ /p(z)7 (for 0 < k < e and j > 1), where p is a monic ir-
reducible polynomial over Fy, with deg(p) = e, satisfies the Sobol’ recurrence
relation associated with p.

Proof. First, as was noted in the proof of Lemma (the case b = 2),
we only need to consider polynomials of degree e > 2.

Let p(z) = 2° — ae_12° ' — --- — a12 — ag (we adopt the notation of
Niederreiter as in [I5, Section 6]). Then

o0 o

1 Uy Uy
(4.2) =) L=
p(ﬂ?) r=1 xr r=e "

with w1 = -+ = Ue—1 = 0, ue = 1 and GeUrie = AUy + -+ + Ge—1Upte—1

for all » > 1. For b = 2, we recover the expression for p in the proof of
Lemma [3.1] (since —1 = 1 in Fy).

We first recall the link established in that proof between 1/p(x)’ and
1/p(x)7*1 (thanks to the product of the series 1/p(z)’ and 1/p(z)): with

o o0 o0 o0
1 Uy Uy 1 Wy Wy
(V:§}7: o md e T 2 T > —
T x x T T x
p r—1 r=ej p r=1 r=ej+e
for r > ej + e, we have w, = uUeVr_e + Uet1Vr—e—1 T == ° + Up—ejVej =

r—ej
Do v
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According to the form of the linear recurrence relation (4.1]), we have to
prove that for » > 1 (see the proof of Lemma for more details),
e—1
Y= Wrpe — e 1Wrie—1 — "+ — QQWrt1 — QOWr = Wrte — Zafwr—i—f = Ur.
f=0
To this end, for r > ej 4 e, we collect the summands in Y according to the
factors v for ej <[ < r:

X = uevyp + (ue—i-l - ae—lue)vr—l + (ue+2 — Qe—1Ue+1 — ae—Zue)'Ur—Q
+ 4+ (urJrefej — Qe—1Upte—1—ej — " — A1Ur41—ej — aOurfej)Uej-

Now we observe that all factors corresponding to v,._1,v,_2,...,0¢; are

nought, since they correspond to the recurrence relation in the expansion of
1

p(z)". =
As announced earlier, we can now provide the analog of Theorem
adapted to the more general context of this section.

THEOREM 4.3. After reordering the rows to get NUT matrices, Niederre-
iter sequences in a prime power base b generated by the formal Laurent series
z¥ /pi(x)7, where p;, 1 < i < s, are distinct monic irreducible polynomials,
are IS-sequences associated with the polynomials p;.

4.2. Characterization within the family of generalized Nieder-
reiter sequences. In this section, we study the connections between ir-
reducible Sobol’ sequences and generalized Niederreiter sequences, starting
with the following result.

THEOREM 4.4 (Membership property). Irreducible Sobol’ sequences in
a prime power base are generalized Niederreiter sequences (in the frame-
work of Tezuka) in which the polynomials p; are distinct monic irreducible
polynomials and the polynomials y; j, equal y; j,, where deg(y; ») = e; —h and
h =k —1mod e; + 1. More precisely, the polynomials y; j, are given by the

povlynomz'al part of pz-(x)(vs)hx_h + v,(zi’)}L+1a:_(h+1) +---+ v,(z)e:c_e), where the
v}(f% for 1 < h,l < e; are the entries of the direction matriz D(i), 1< <s.

Conversely, in the next result, we identify which generalized Niederreiter
sequences are irreducible Sobol’ sequences. To do so, we make use of the
matrix of direction numbers
r,@ @ (@ 7

Ue ' Ugyq --- Ugl_g

0 W ),

(4.3 Dy = M

o o0 u
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where the u!” come from the expansion of 1/p;(z) as in (4.2). (When we
write Dyn without the superscript i, we refer to the matrix associated
with the coefficients of 1/p(x).)

Note that the IS-sequences mentioned in Theorem [4.3] are based on di-
rection matrices given precisely by Déi]z, for 1 <i<s.

THEOREM 4.5. Generalized Niederreiter sequences (in the framework of
Tezuka) in a prime power base in which the polynomials p; are distinct monic
irreducible polynomials and the polynomials y; i, equal y; p, where deg(y; n) =
ei —h and h = k —1mod e; + 1, are irreducible Sobol’ sequences based on
the polynomials p; and direction matrices D) = Y(i)D;Z]i[, where the (1,7)th

r

entry of YO is given by the coefficient of ¢ in yii(x), 1 <lr<e.

REMARK 4.6. In his book [2I], Definition 6.6], Tezuka gives a definition
of what he calls generalized Sobol’ sequences in base b = 2 as a special case
of his definition of generalized Niederreiter sequences in which all mappings
Ai,j and 9, are identity mappings and the polynomial p; is the ith irreducible
polynomial in a list of all irreducible polynomials in base 2 sorted according
to non-decreasing degree. But curiously, he does not require any condition
on the polynomials y; 1, as he did in his interpretation of Sobol’ sequences
in his framework [21, Remark 2] where our condition above is mentioned.

In order to prove Theorems[i.4)and [£.5] we use the following two technical
lemmas, which help understand the relation between different IS-sequences
and different generalized Niederreiter sequences, respectively.

LEMMA 4.7. Consider an IS-sequence in prime power base b based on the
monic irreducible polynomial p of degree e and with e x e direction matriz D.
Consider the IS-sequence also based on p but with a direction matriz given by
the identity matriz. Let their generating matrices be denoted by Cp and Cj,
respectively. Then Cp = ACT, where A is a block diagonal matriz with e X e
blocks given by D.

LEMMA 4.8. Consider a generalized Niederreiter sequence in a prime
power base b based on the monic irreducible polynomial p of degree e and
generated by the polynomials yy(x) = 2", where h = k — 1 mode + 1,
for k > 1. Let its generating matriz be denoted by Cyn. Consider another
generalized Niederreiter sequence in base b based on the same monic irre-
ducible polynomial p, but generated by polynomials yi(x) such that y(x) is
of degree e — h for k > 1, with h defined as above. Let its generating matrix
be denoted by C. Then C' = ACyN, where A is a block diagonal matriz with
blocks A; of size e x e and (h,r)th entry given by the coefficient of x°~" in
yi(z), where (k—1) = (j — e+ (h —1).
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Lemmais straightforward once we observe that each polynomial y ()
associated to C is a linear combination of the polynomials {1,x,..., 2 '}
that are associated with the matrix Cyn, and therefore the expansion of
yr(z)/(pi(x)?) is obtained by taking an appropriate combination of the rows
of the jth block of Cyn. Lemma is closely related to [13 Proposition 2],
except that the latter is for a Sobol’ sequence in base 2 based on primitive
polynomials. However, the proof given there rests on the fact that the cor-
responding generating matrix is built on a recurrence of the form , and
hence can be easily adapted to the case of a prime power base and a monic
irreducible polynomial, as shown below.

Proof of Lemma[{.7]. We first define the matrices

ap 0O --- 0
Q al ao . 0
Qe—1 -+ A1 QQ

and Ry, which is an e x e matrix with zeros everywhere except in the first
k — 1 entries of the kth column, given by a._(_1),...,ac—1. We also define

F:(I+R2)"'(I+Re)7

where [ is the e x e identity matrix. Finally, we split the generating matrix
Cp into blocks By, of size e X e, in such a way that

Bin Bip B3
0 DBss Bsz ---
C - 9
0 0 Bsg -

where the 0’s indicate an e x e zero matrix, i.e., By, is the zero matrix when
[ > r. The main ingredient of the proof is to observe that (4.1)) implies that
the blocks are updated recursively using

(4.4)
Bl,r = Bl,rleF for r > 1, Bl,r = (Bl,r—lQ + Bl—l,r—l)F for I,r > 1,

with B1; = D as a starting matrix (which leads to B;; = DF'=1 as the
starting matrix for the ith row of blocks).

To see why this holds, first consider the case | = 1. The (j, c)th entry
of By, is obtained by first taking the product of the jth row of Bi,_1 by
the vector containing ¢ — 1 zeros followed by ay, . .., Ge_e, Which is precisely
what the multiplication by @ achieves. To this product, we must then add
@e—c+1 times the first entry in the jth row of By ,_1Q), plus ae—c42 times the
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second (updated) entry in that same row, up until a._; times the (¢ — 1)th
(updated) entry in that row. This is done via multiplication by I + R.. But
first we need to perform successive multiplications of By ,_1Q by I + R; for
[ =2,...,c—1 to ensure the previous elements of the row are updated.
Multiplication by I 4+ R; for [ > ¢ has no effect on entry (j,c).

The case [ > 1 is obtained similarly, but before applying F—which, as
we just saw, has the effect of adding the terms that come from the current
block itself—we must add to B;,_1@ the block B;_;,_; corresponding to
the term V;./b¢ in ([4.1)).

The recursions given in show that each block has the form B;, =
DH,, where H;, does not depend on D. Observing that C; is made up of
the blocks H;, yields the desired result. m

We can now prove the two preceding theorems. In both cases, we show the
result for a given dimension ¢ and drop the index i to ease the presentation.
Also, both results make use of the direction matrix Dyn given in (4.3]).

Proof of Theorem[{.4} From Theorem [4.3|we can see that the generating
matrix of an IS-sequence based on the direction matrix Dyy is equal to
the generating matrix of a generalized Niederreiter sequence based on the
polynomials yy(z) = 2" for k > 1, where h = k—1 mod e + 1. Denote this
common generating matrix by Cyn.

Then, Lemma [4.7] shows that the generating matrix C' of an IS-sequence
based on a general direction matrix D is related to Cyn via the relation
C = ACyn, where A is the block diagonal matrix with a common NUT
e X e block matrix Ap given by Ap = D - D;Al,.

Next we need to show that the matrix C corresponds to a generalized
Niederreiter sequence, but this follows from Lemma [4.8] which implies that
the generalized Niederreiter sequence based on the polynomials yi(z) =
ap(x) where ap(x) = ah7hxe*h + ahyhﬂxe*h*l + - +ape for 1 < h <e,
and where ap; is the entry on the Ath row and /th column of Ap, has a
generating matrix given precisely by AC,y.

The last step is to show that these polynomials a;(x) are in fact given by
the polynomial part of p(x)(vh’hx_h + vh7h+1x_(h+1> + - 4 vpex”¢), which
we denote as yp(x) for 1 < h < e, and where the vy, ; are the entries of the
direction matrix D. In other words, we want to show that the rows of the
matrix Ap = DDg_]\I, are given by

(45) Ah == (07 o 707 yh,effw yh,e—h—h ey yh,O) fOI' 1 S h S €,

where the y;; are such that y,(z) = yh@,hxe*h + yh’e,h,lxe*h*I + -+ 1yo.
We actually show instead the equivalent statement that the matrix Ap
defined by (4.5) satisfies ApDyn = D. Obserwe that by definition of yj(z),

(4.6) Yhe—l = Vhl — Qe—1Vh 141 — " — Ge_(j—p)Vh,n  for h <1 <e.
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Now, to establish that Ap D,y = D, we must prove

(4.7)  (0,...,0,Yne—h> Yhe—h—15-- - Yh,0)
(Ueti—1, Ut =25 - -+, Ue, 0,...,0) = vpy

for 1 < h,l < e. We first note that if [ < h, then both sides of (4.7)) are 0. If
[ > h, then we replace each yj,; on the left-hand-side of (4.7)) by its definition

given in (4.6). Hence we get

(4.8)  Uepi—nUn K + Ueti—h—1(Vn ht1 — Qe—1Un 1)

+ o Ue(Vh — Ge—1VRI-1 = — Qe (1—h)Vh,h)
= Uh,h(ueﬂfh — Ge—-1Uet]—h—1 — """ — ae—(l—h)ue)
+ Uh,h+1(ue+l—h—1 — Qe—1Uet]—h—2 — """ — ae—(l—h—l)ue)

+ .+ Uh,lfl(ue—i-l — ae_lue) + Up,lUe = Un,

since in (4.8)) the term multiplying vy ; for h < ¢ < [ is 0, by definition of
the w;’s, while vy, ; is multiplied by ue = 1. =

Proof of Theorem[{.5. From Theorem we can see that a generalized
Niederreiter sequence based on y; = 2" where h = k — 1 mod e + 1,
has the same generating matrix as an IS-sequence based on the direction
matrix Dyy. Denote this common generating matrix by Cyn.

Next, we observe (from Lemma that the generating matrix of a
generalized Niederreiter sequence as in the statement is C' = ACyy, where
A is a block diagonal matrix with blocks Y of size e x e given by

Yle—1 Yle—2 --- Y10
0 Y2,e—2 -+ Y20

Y = . _e . . )
0 e 0 Yeo

where the y; come from the polynomials yp,(x), i.e., yp(z) = yh,e_hzne_h +
-+ +ypo for 1 < h < e. We thus need to show that C satisfies the conditions
of an IS-sequence. This is achieved via Lemma [4.7] which implies that C' =
ACyy is an IS-sequence based on the direction matrix D = Y Dyn. =

4.3. Discrepancy properties of irreducible Sobol’ sequences. In
this section, we collect the main properties of irreducible Sobol’ sequences
regarding discrepancy and resulting from the membership property stated
in Theorem .4l We thus view them as corollaries of this result.

COROLLARY 4.9. An IS-sequence in prime power base b based on distinct
monic irreducible polynomials p; of respective degrees e; has the following
properties:
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(1) It is a digital (t,s)-sequence in base b with t = > _(e; — 1).
(2) Its discrepancy satisfies (1.1]) with

o b 1)(b_1>s if b is even (from [5]),

sl 2(b2 — 2logb
cs =
V1/b—1Y\°
— = = ] } 12]).
o 2<210gb> if b is odd (from [12])
(3) In the framework introduced in [22], it is also a (0, e, s)-sequence in
base b with e = (eq,...,€s).

(4) Its discrepcmcy also satisfies (1.1) with

(=23 J—
s =3 H 2bel loglb (from [22] for b odd and [6] for b even).

As mentioned above, once we have the membership property given in
Theorem [£.4] the above properties follow from known results on gene-
ralized Niederreiter sequences. More precisely, property (1) follows from
[21, Thm. 6.3 and Lemma 6.1], while property (3) follows directly from
[22, Thm. 1]. Once we have these two properties, we simply recall the best
known discrepancy bounds for (¢, s) and (0, e, s)-sequences in properties (2)
and (4), respectively.

It is worth mentioning that in base 2, the expression for ¢s obtained from
the (0, e, s)-sequence representation of an IS-sequence (given in property (4)
above) is shown to satisfy ¢; = O(1/(s(21log2)%)) in [22, p. 246], which goes
to 0 with s. The proof relies on a result of Pollack [18] on the prime num-
ber theorem for polynomials over a finite field, combined with Atanassov’s
approach to studying the constant ¢s for Halton sequences. Since this result
requires the underlying sequence to be based on a list of all irreducible poly-
nomials over Fy sorted by non-decreasing degree, it holds for IS-sequences,
but not for the original Sobol’ sequences. For the latter, based on the bound
given in property (2) above and the known behaviour of ¢ as a function of s
for these sequences, the constant ¢, instead goes to infinity with s.

5. Niederreiter sequences compared to Sobol’ sequences in
prime power base. In this section, our aim is to investigate which Nieder-
reiter sequences (with g; ; = g; for all j > 1) are IS-sequences after reordering
of the rows of their generating matrices, so as to situate these two families
of generalized Niederreiter sequences in the framework of Tezuka.

First, we proceed to a direct study to find which necessary conditions a
Niederreiter sequence has to satisfy to be an IS-sequence. Then, we will give
a characterization of such sequences.

Our first observation is that a Niederreiter sequence based on a monic
irreducible polynomial p with deg(p) = e can be an IS-sequence only if there
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exists a polynomial z(x) € Fy[z]/(p(z)) such that {z(z), zz(z), ..., 2 z(z)}
has exactly one polynomial of degree [ for 0 < | < e (see the definitions
of Niederreiter sequences and IS-sequences). Such a polynomial z(x) then
becomes a candidate for g;(x).

So, we first need a polynomial of degree 0 in the above set, which im-
plies the only possible polynomials z are the inverses of powers of z in
Fy[z]/(p(2)). In order to determine these inverses, we observe that the poly-
nomial (where p(z) = 2¢ — ae_12°71 — -+ — ayz — ap)

e—2

9(x) = (p(x) + ap) [z = 2" — e ce—agr — a4y

is the inverse of 2/ag, so that ¢! is the inverse of (z/ag)’ for 0 < I < e. There-
fore ¢ = 1,g,...,9° " are the only polynomials among the 2¢ polynomials
in Fylz]/(p(x)) that can be suitable. Notice that the case e =1 is trivial (in
this case, the generating matrices are the powers of the Pascal matrix for
both families), hence from now on we take e > 2.

Next, we have to deal with the condition on the degrees, which (as we are
going to see) involves the coefficients of p. We already have the degrees 0 and
e — 1 with ¢° and g¢. For the other powers of ¢, we consider the polynomials
p from binomials to the general case where, for some 0 < m < e, a,, # 0.

e First let p(z) = 2¢ — ag. In this case g(x) = 21, so g'(z) = a1z

for 0 < [ < e, and hence all powers of g are suitable (notice that this case
does not occur if b = 2).

e Next let p(x) = 2¢ — ae_12°" ! — ag with a._; # 0. In this case, g(z) =
2 —ae_12°72, 50 g(x) = ab /2t = (ah 7 /2t N g(x) = ab et N (r—ae_1),
and hence deg(g') = e —1 for 1 < < e— 1. Here also we find that all powers
of g from 0 to e — 1 are suitable.

1_..._afxf—aowithaf750

e Further, suppose p(z) = ¢ — ae_12°~
(1 < f<e—1). In this case,
g(x) =27
Hence, ¢'(z) = ab/a! = (ah'/zt"Vg(z) = al el (xe) — - — ap) for
0 <1< f,sothat deg(g') =e—1for0 << f. But

_ae_lxe_Q_..._afxf_l :xf_l(xe_f__af+1x_af)

g =glg=al '@~ —a)ao/z = af (@~ —ap - g(2)).
Thus deg(g/*!') = deg(g) = e — 1, which implies that g/™! does not sat-
isfy the condition on the degrees since we have already selected g. And so
neither do the next powers of g because multiplication by powers of z still re-
introduces g to the list (indeed, for f+1 < I < e, we have g(z) = 2!~ !¢'(z)).
We conclude that when ay # 0 there are exactly f + 1 polynomials satis-
fying the condition on the degrees: ¢°,g,...,¢ . In the end, if a; # 0, i.e.,
f =1, we only have the two polynomials we found when starting the process:
g" and g.
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From the preceding direct study, we are now in a position to state the
following characterization.

THEOREM 5.1. Let p(z) = 2°—ae_ 121 —---—a1x—ag be a monic irre-

ducible polynomial over Fy where b is a prime power base. The polynomials
z € Fy[x]/(p(x)) such that {z*z(z)/p(x) : k =0,...,e—1} generates an exe
NUT matriz are the polynomials ¢°, g, ..., g/ where g(x) = (p(z) + ag)/z
and where f is the least positive index satisfying ay # 0.

Proof. The direct part follows from the observations above. Conversely,
suppose that f is the least positive index for which af # 0. Then p(x) =
x/h(z) — ap with deg(h) = e — f and h(0) # 0, so that g(z) = ag/r =
o/=h(z) and g¢'(x) = al 'a/'h(z). Hence, deg(g') = e —1 for 1 <1 < f.
Moreover, g/t = agh(:p)/m, which implies that deg(g/*!) = deg(g) (since
h(0)/z = g(x)h(0)/ap) and the same holds for the next powers of g. Thus
we have shown that z(z) € Fy[x]/(p()) of the form ¢°, g, ..., g/ is such that
z¥z(x)/p(z) generates an NUT matrix (but not the next powers of g). u

Using the characterization provided in Theorem we can now deter-
mine which Niederreiter sequences are also IS-sequences. It turns out that
the only ones are those based on g; j(x) =1 for all ¢ and j. The other poly-
nomials g found in Theorem do not yield IS-sequences because, although
they provide an NUT matrix for the upper left e x e block of the generating
matrix, this property does not hold on the following blocks, as shown in the
proof of the next result.

THEOREM 5.2. The only Niederreiter sequences in a prime power base b
that are IS-sequences (after reordering the rows to get NUT matrices) are
those based on g; j(x) =1 for all i =1,...,s and j > 1.

Proof. From Theorem@ we already know that taking g; ; = 1 yields an
IS-sequence. Drop the subscript ¢ and focus on a given coordinate based on
a monic irreducible polynomial p; what remains to be proved is that taking
gi(z) = ¢g'(x) with 1 <1 < f for all j > 1, with g(z) and f as described in
Theorem does not yield an NUT matrix.

By definition, g'(z) is of degree e — I. Thus the expansion of g'(z)/p*(z)
has a non-zero coefficient for z=¢~!. This implies that the expansion of
2*¢!(2)/(p*(x)) has a non-zero coefficient for z=(¢+=*) and e +1 -k < e
when k£ > [, which is a valid value for &k since it runs from 0 to e — 1 and
1 <[ < e— 1. Since we have a non-zero coefficient in one of the first e
columns and on a row with rank larger than e, the corresponding matrix is
not NUT. u

From the proof of Theorem we can see more precisely why we do
not get an NUT matrix when g; ; # 1: the problem is that in the defi-
nition of Niederreiter sequences, rows are obtained using the expansion of
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z*g; j(z)/p’(x), where polynomials are multiplied in Fj[z] in the numerator
rather than in Fy[z]/p(x). Since this yields numerators with degrees larger
than e — 1, when dividing by p?(z) with j > 1, we obtain non-zero coef-
ficients to the left of the diagonal. This suggests a simple modification to
the definition of Niederreiter sequences in order to allow for the existence
of such sequences that are also IS-sequences, other than those generated by
gi; = 1, as we now describe.

DEFINITION 5.3. A reduced Niederreiter sequence in a prime power base
b is obtained by choosing s pairwise co-prime polynomials p;(x),...,ps(x) €
Fy[x] of respective degrees e;, and a series of polynomials g; j(x) € Fy[z] for
i =1,...,s and j > 1 such that gecd(g;;(x),pi(x)) = 1 for all 4,j. The
generating matrices are defined through their rows by first developing the
formal Laurent series

a:k 1,72 ) MO i\ L > i)/ - —r—
(5.1) 9, ((pi(x))?p( ) = Za( ) (4, ky )z~ L

The elements of the generating matrices are then defined as

) = (g +1,u,r — 1),
where ¢; and u depend on i and j through the relation j — 1 = ¢;e; + v with
0<u<e —1.

Hence a reduced Niederreiter sequence only differs from the original def-
inition through the modp;(z) operation applied to z¥g; ;(x) before dividing
by p{ () to get the formal Laurent series expansion. It thus belongs to the
larger set of generalized Niederreiter sequences. With this simple modifica-
tion, the characterization provided in Theorem tells us which reduced
Niederreiter sequences yield IS-sequences, as stated in the next result.

THEOREM 5.4. The only reduced Niederreiter sequences in a prime power
base b that are IS-sequences (after reordering the rows to get NUT matrices)
are those based on g; j(x) = gi(x), for all i =1,...,s and j > 1, with g;
given by the characterization of Theorem [5.1].

Proof. We consider a fixed dimension ¢ and show the result is true for
that coordinate, dropping the subscript ¢ to simplify the notation. We also
use zj(x) to represent a feasible polynomial for the jth block of rows, i.e.,
zj(x) is such that taking g; j(x) = z;(x) for j > 1 yields an IS-sequence on
the ¢th coordinate.

We already know from Theorem that z(x) must be in {¢°,..., ¢/}
in order for the NUT property to hold on the first e rows, where we recall
that f is the least positive index such that a # 0 in p(x) = 2¢ —ae_12° ! —
-+ — a1z — ap. What we need to establish is that taking z;(x) = z(x) for
all j > 1, where z(z) € {¢°,...,¢/}, is the only possible choice to get an
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IS-sequence. But this follows directly from Theorem [£.4] which implies that
a generalized Niederreiter sequence must satisfy the condition ;1 = v
with h =k — 1 mod e+ 1 for all £k > 1 in order to be an IS-sequence. In the
above setting, this can only happen if z;(z) = z(z) for all j > 1. =

6. Conclusion. In this paper, we have introduced a generalization of
Sobol’ sequences that preserves two key properties of this widely used con-
struction, namely (0, 1)-sequences for each one-dimensional projection, and
an easy-to-implement column-by-column construction for the generating
matrices based on linear recurrences determined by monic irreducible poly-
nomials over Iy, where b is a prime power. Our generalization, which we
call irreducible Sobol’ (IS) sequences, is included in the very wide family of
generalized Niederreiter sequences introduced by Tezuka [20], and we have
shown precise connections between these two constructions. We have also
shown that Niederreiter sequences and IS-sequences are quite different, as
they intersect only for one specific choice of parameters, and after reordering
the rows of the Niederreiter sequences to get NUT matrices.

An immediate item of interest for future work would be to search for
good direction matrices for our proposed IS-sequences, initially for base 2
but for other prime power bases as well. A starting point to do so will be the
implementation developed in [2] and its accompanying comparative study
of different sequences. While in that work, the basic Niederreiter sequences
(with g; ; = 1) were seen to suffer from the leading-zeros phenomenon, this
problem is avoided by IS-sequences by design, since they are based on NUT
matrices. We thus expect that when tools to implement IS-sequences are
developed and their performance in practice is assessed, their potential for
use in quasi-Monte Carlo methods will become very clear.
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