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Abstract. We show that a subset X of a given Polish space X is 33 iff there is an
open set O C X x [w]” such that
X ={z e X:3rew” {z} x[r]” CO}L

This implies that if a set U C w® x (X X [w]”) is universal for G5 subsets of X X [w]*,
then the set of all (v, z) € w* x X such that the section U,, has nonempty interior in the
Ellentuck topology is universal for 33 subsets of X. It follows that the o-ideal of meager
sets in the Ellentuck topology is not X3 on Gj, a fact established recently by Sabok
(2012) with the help of Kleene’s Recursion Theorem.

In the Ramsey space R = |[w]“ of all infinite sets of integers, the Ellentuck
topology, given by the basis

n,r]={seR:rNMnCsCr}, necw reR,
is the least common extension of the Ramsey topology, given by the basis
[r*={seR:sCr}, reR,

and the Baire topology, induced from the Baire space N' = w* by identifying
any r € R with its increasing enumeration (r;);eq-

See [2] for more about the Ellentuck topology. Below, the default topology
on R is the Baire topology. Whenever we want to use the Ellentuck or
Ramsey topology, we will explicitly indicate this, e.g., we write intg; to
denote the interior operator in the Ellentuck topology.

For any sets @, a, and b, let Q, = {c: (a,c¢) € Q} and Qup = (Qa)p-

THEOREM. A subset X of a given Polish space X is X3 iff there exists
an open set O C X X R such that all sections O, © € X, are closed in the
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Ramsey topology and
X ={z € X: intRam O, # 0}.
Proof. <: Note that intgam O, # 0 iff
dre RVseR sCr = s& OO,

which is a 3 statement. (The closedness of the sections is irrelevant for this
implication.)

=: In the Cantor space C = 2¥, choose a dense set {¢;, } <y, and consider
the set

S={seR:Vicw cg,,|i = cgli},
and the functions
Us)=Jesli, ses,
e(r)={teN:Vi<w t(i)<r}, reR.
Note that:

(1) S is closed (in the default Baire topology), and S is dense open in
the Ramsey topology.

(2) ¢ 1is a continuous function from S onto C.

(3) The fibers of ¢ are open in the Ramsey topology, i.e.,

seSATE[s] = reSALr)=1Ls).

All this follows because C is compact and s € S just means that the sequence
(cs,) is a Cauchy sequence converging to (s) in a controlled way.
Note also that:

(4) e is a continuous function from R into the hyperspace of N (the
space of all compact subsets with the Vietoris topology) such that

Vse R N = Uer
re(s]

Fix now X € Z1(X). Since X is the projection of a II} subset of X' x C,
there is a closed set E C X X (C x N) such that

X={xeX:3celC E, =0}
We have
by (2) 3e€C Epe=0IrecS Eyy =0
(4) S IreS Vselr]Y e(s) N Eyyy) =0
by (3) s IreS Vser]Y e ()QEMS) 0
(1) & IreR [r]"C{seR: s€S = e(s)NEy

| |
=
—
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Let
O={(z,5) €cXxR:5€8 = e(s) N Eyys = 0}.

We check that O is open. Since S is closed in R, it is enough to see that
ON(X xS§) is relatively open in X x S. By the basic properties of the Vietoris
topology, if ) and Z are any topological spaces, K is the hyperspace of Z,
FCYxZisclosed, and f: Y — Y and g: Y — K are continuous, then the
set of y € ¥ with g(y) N Fy(,) = 0 is open. Use this for Y =& x S, Z =N,
F =F, and f and g given by (x,r) — (z,€(r)) and (z,7) — e(r).

Finally, we check that all sections O, are closed in the Ramsey topology.
Suppose 7 ¢ Oy. Then r € S and e(r) N Eyy,) # 0. Note that the whole
open neighborhood [r] of r is disjoint from O,: if s € [r], then ¢(s) = ¢(r)
and e(s) 2 e(r), so e(s) N Eyy) # 0, and thus s ¢ O,. =

COROLLARY. A subset X of a given Polish space X is 3 iff there exists
a Gs set G C X x R such that all sections G, x € X, are closed in the
Ramsey topology and

X = {.T € X: intgy Gz # @}
Proof. <: Note that intgy G # 0 iff
dnewdreRVseR rNnCsCr = se Gy,
which is a X3 statement. (The closedness of the sections is irrelevant for this
implication.)

=-: The Ramsey interior of ) C R is nonempty iff the Ellentuck interior

of
Q"={reR:Vnew r\necQ}
is nonempty. (We have: [r]|CQ = [0,7]CQ* and ['\m|CQ < [m,r]CQ*.)
Use the O of the Theorem and define G by G, = (O;)* forz € X. u

REMARK 1. The Corollary is a slightly rephrased result of Sabok [3] that
X € ZL(X) iff there exists a Gg set G C X x R such that

X = {x € X: G, is Ellentuck nonmeager}.

Just recall that: Borel sets (in the Baire topology) have the Baire property
in the Ellentuck topology; and in the Ellentuck topology, meager sets are
nowhere dense. It follows that in the Ellentuck topology, G, has nonempty
interior iff it is nonmeager.

REMARK 2. Suppose that V and X are Polish spaces. Let a set U C
VY X (X x R) be universal for open subsets of X x R, i.e., for any open set
H C X xR there is v € ¥V with H = U,.. Then the set

P={(v,x) €V x X: intgam Upz # 0}

is universal for X subsets of X.
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Indeed, given a £ set X C X, take O given by the Corollary, find v € V
with U, = O, and note that

r€X & intRam Oz #0 & intram Upe #0 & x € P,.

REMARK 3. By the < argument of the Corollary, given a Polish space
X and a I} set Q C X x R, the set

{z € X: intg) Q. # 0}

is 1. This is also true if @ is ] (folklore, see [3, Lemma 5]). Similar remarks
apply to the Ramsey topology.

REMARK 4. Becker-Kahane-Louveau [I| give the following characteri-
zation: X € 33(C) iff there exist continuous f,: C x C — 2, n € w, such
that

(1) X={zeC:3IreR (fulx,))ner converges pointwise to 0}.

This can be deduced from our characterization as follows.
Fix X € 31(C). Pick an open O C C x R with all vertical sections closed
in the Ramsey topology such that

X ={z € C: intram O, # 0}.
Find clopen CY C C* C C? C --- C C x C such that
O= (xRN Jcm

(Subsets of w are identified with their characteristic functions here.)
Define a continuous function f,: C x C — 2 by

fa(z,s) =1 & nes¢ CL.

For C in , fix x € X and take r € R with [r]“ C O,. Given s C w,
to see that (fyn(x,s))ner converges to 0 note that if s N r is finite, then the
clause n € s fails for almost all n € r. If s N r is infinite, then sNr € O,
by [r]Y C Oy, so s € O, since O, is closed in the Ramsey topology. As
O, =, CF , the clause s ¢ C} fails for almost all n € w.

For D in (), fix z ¢ X and consider any r € R. Choose s € [r]“\O;. Then
for infinitely many n € r (all n € s), we have n € s ¢ C?, so fp(z,s) =1. It
follows that (f,,(z,s))ner does not converge to 0.

REMARK 5. Note that we have not used much the assumption that X is
a Polish space; it can be any topological space (with obvious adaptations of
the notions of X3 and IT} sets).

REMARK 6. The following two examples show that some care has to be
exercised when playing with the Mathias forcing.
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Let L be the constructible universe. Consider the ¥3 set X = L NC.
Then the G§ set G of the Corollary is coded in L and

L =Vz € C Gy is Ellentuck nonmeager,
V =Vzx € C\ L G is Ellentuck meager (in fact empty).
Let M be the minimal countable transitive model of ZFC. Consider the
E% set
X={zeC:x=xA3ImeC mcodes M}.
Then the G§ set G of the Corollary is coded in M and
M EVz € C G, is Ellentuck meager (in fact empty),
V EVz € C G, is Ellentuck nonmeager.
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