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Connected generalized inverse limits over intervals
by

Sina Greenwood (Auckland) and Judy Kennedy (Beaumont, TX)

Abstract. Suppose that for each ¢ > 0, I; is a closed interval and fiy1 : [i+1 — 2li ig
a surjective upper semicontinuous function with a connected graph. We give a condition
on the graphs called a CC-sequence, and show that @1 (I;, fi) is disconnected if and only if
the system admits a CC-sequence. We also show that 1&1 (I;, f3) is disconnected if and only
if there is a basic open proper subset of HiZO I, that contains a component of m (Liy fi)-

1. Introduction. In this paper we characterize connectedness of gener-
alized inverse limits on intervals where all the bonding maps are surjective
upper semicontinuous and have connected graphs. While there are more
general settings, we focus on the case in which we are interested: Suppose
for each nonnegative integer ¢, I; is a closed interval and f;+q : 41 — 2l
called a bonding map, is an upper semicontinuous mapping of ;1 into the
closed subsets of I;. Then the generalized inverse limit, or the inverse limit
with set-valued mappings, associated with these mappings is the set

I'&n(Ii, fz) = {(.%'Z) S H[Z' :foreachi > 1, x;_1 € fz(l‘z)},
>0
a subspace of [[,~, I; endowed with the product topology.

Generalized inverse limits represent a new topic of study in continuum
theory. They first appeared in 2004 in a paper published by Bill Mahavier
[M]. Soon thereafter, Tom Ingram began studying them (see [IM2], [In2],
[m3] and [Ind]). The topic caught the interest of a number of continuum
theorists, and is currently an intensely studied area, with papers appearing
from many different authors. See for example [B], [BCMM], [CM], [CR], [I1],
K], [Nall, [P], [V]. Tom Ingram and Bill Mahavier included a chapter on
these spaces in their recent book [IMI1], and since then Tom Ingram has
written another book [Ini] on the topic.
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These objects are intrinsically interesting, and unlike any other object
we have encountered, they demand investigation as they present a number
of opportunities for application in other areas:

e They represent a new way of studying multi-valued mappings. Multi-
valued mappings arise in models from many areas of science (e.g. the
Christiano—Harrison model from economics). Finding suitable tools
for effectively studying these mappings has been problematic. Unlike
many other approaches, generalized inverse limits do not “lose” infor-
mation as the system is iterated. (For example, if one takes the clas-
sical Ingram example (see Figure 1 below), adds the vertical line seg-
ment {0} x [0, 1], and calls the resulting bonding map g, then for each
r € [0,1], g*(x) = [0,1], since 0 € g(x) for each x, and g(0) = [0, 1].)
Instead, the information is retained in an infinite sequence of data
points. One does not see only the initial point and the eventual out-
come while losing all intermediate events.

e Generalized inverse limits provide a new technique for building exam-
ples of topological spaces. Unlike standard inverse limits on intervals,
generalized inverse limits on intervals need not be one-dimensional,
nor chainable nor embeddable in the plane, for example. And they
need not be connected, as Ingram’s example (see below) shows.

e Generalized inverse limits provide a new tool for studying some old
unsolved problems in topology. Perhaps even the venerable old fixed-
point problem may fall. (The fixed-point problem is this question:
does every nonseparating plane continuum have the fixed-point prop-
erty? A continuum X has the fized-point property if for every contin-
uous mapping f from X into X there is some point p € X such that

f(p) =p.)

Recall that a function f : X — 2 is upper semicontinuous at a point
x € X if for each open set V in Y containing f(z), there is an open set U
in X containing z such that if y is in U, then f(y) C V; and f is upper
semicontinuous if it is upper semicontinuous at each point z € X. We say
that f is surjective if for each y in Y there is some = in X such that y € f(x).
The graph of f is the set of all points (z,y) such that y is in f(z). If X and
Y are compact Hausdorff spaces then f is upper semicontinuous if and only
if the graph of f is a compact subset of X x Y [IM2, Theorem 2.1]. If for
each i > 0, X; is a topological space and f;y1 : X;41 — 2% is an upper
semicontinuous function, then each function f; is called a bonding map and
Jim (X, fi) is the inverse limit space defined by

@(Xl,fz) = {(l‘z) S HXZ Vi >0, x; € fi+1(xi+1)}

1>0
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(we write (z;) for the point (zg,z1,...)). A space lim (I;, fi) is a generalized
inverse limit.
This paper answers the following problem posed by Ingram:

PROBLEM 1.1 (Ingram [Inl]). Characterize connectedness of inverse lim-
its with upper semicontinuous functions on [0, 1].

Partial answers to this problem, to date, include the following two the-
orems:

THEOREM 1.2 ([IM2, Theorem 4.7]). Suppose that for each nonnegative
integer i, X; is a compact Hausdorff space and fiy1 : Xip1 — 2% is an
upper semicontinuous function. If for each i € N, X; is connected and for
each x € X;1+1, fit+1(x) is connected, then the inverse limit is connected.

THEOREM 1.3 ([IM2, Theorem 4.8]). Suppose that for each nonnegative
integer i, X; is a compact Hausdorff space and fiy1 : Xip1 — 2% is an
upper semicontinuous function. If for each i € N, X; is connected and for
each x € X;, {y € Xit1: x € fir1(y)} is connected, then the inverse limit
s connected.

P
N
N
~
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-
~

Fig. 1

Ingram showed that if for each i > 0, I; = [0,1] and fiyq : ;11 — 2% is
the bonding map whose graph is shown in Figure[I] then the inverse limit is
disconnected. If we change the graph in this example by changing the line
segment from <%, i> to (1,1) to a line segment from <%, % + e> to (1,1) for
any e, 0 < e < %, then the inverse limit is connected. This small change does
not affect any of the topological properties of the graph, nor does it affect
any continuity property of the bonding functions. What it does do is destroy

the alignment of the graph so that, for example, no point (x;) in the inverse
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limit has first three coordinates %, %, %, which in the original example allows

the set
B 1 :Vn >3, x E[Ol] jm(f f)
1’1717 37"‘ . n_ b n bl 19 J1

to be a nonempty clopen subset of l&n (Li, fi)-

The following theorem from |GK] essentially selects a sequence of closed
sets that are appropriately aligned, giving rise to a C-sequence. (The theo-
rem is generalized to compact Hausdorff spaces in [GL]). We will not give
the definition of a C-sequence here, but note that it is similar to that of a
CC-sequence defined in the next section.

THEOREM 1.4. Suppose that for each i > 0, I; is an interval, and for
eachi >0, f; : I; = 25-1 is a surjective upper semicontinuous function and
the graph G; of f; is connected. There exists m > 0 and n > m+1 such that
if m <1 <n then there exists an open interval U; and a closed interval A;
such that A; C U; C I;, U; # I;, and

lim (Z;, £3) 1 (HIx I1 UxHI)

0<i<m m<i<n i>n
= lim (Z;, ) N <HI>< HAXHI);A(Z),
0<i<m m<i<n i>n

if and only if {f; : i > 0} has a C-sequence over [m,n].

However, there may be an alignment that renders an inverse limit dis-
connected, but one that cannot be captured by a C-sequence.

EXAMPLE 1.5. For each i > 0, let I; = [0,1] and let fiy1 : Liy; — 2% he
the bonding function whose graph G;41 is as shown in Figure [2|

=
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Fig. 2
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Consider the basic open set

() (Y ()
12712 12712 6" 36 5
>3

Observe that G1 N ((12, g) X (% 1—72)) has two components. Let C be the
component that contains the point <% %> and let D be the other (see the first
graph in Figure D The set GaN ((% 3—6) (12, }5)) also has two components.
Let D' be the one containing < 3.1) and C’ the other (see the second graph
in Figure [3]).

Let K be a component of U M lim (I;, f;). Either for each (z;) € K,
(x1,0) € C, or for each (z;) € K, (x1,x0) € D, and either for each (z;) € K,
(g, x1) € C', or for each (x;) € K, (x2,21) € D'.

Jun
=

Jun

N
|
|
|
1
1
|

,,,,,,,,,,,,,,,,,,,

12

,,,,,,,,,,,,,,,,,,,,,,,,,,

V)
V)

12 12 6 36
Gl GQ
Fig. 3
Suppose that for each (z;) € K, (z1,209) € C and (x2,21) € D’. Since
(x1,m0) € C, Ty < é nd z; < %; since <:B2,x1> € D, % < 1. Thus
% <z 0 < , and since x1 < % % < x4 < . Thus we have a component K
of lim ( such that
11 15 3 17
K -, = I;
< [6 2} 8 [4’6} {4 18} 11

>3
1 7 1 11 4 35
= - = Z = I
< <12’ 12) x <12’ 12> % <6’36> <112
>3
hence K is clopen, and K # () since ﬁ, i, %) € K.

Thus, simply by considering f; and fo in Example we have shown
that lim (1, f;) is disconnected. Theorem (1.4 gives a condition (the existence
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of a C-sequence over some integer interval [m, n]) that implies disconnected-
ness of a generalized inverse limit. The bonding maps in this example do not
admit a C-sequence over [1,2], as a C-sequence requires strong conditions
which are not satisfied by the graphs in the example. Theorem does not
imply the disconnection observed in this example.

We prove the following theorem (a CC-sequence is defined in the next
section).

THEOREM 1.6. Suppose that for each ¢ > 0, I; is an interval, fit1 :
Iisw — 25 is a surjective upper semicontinuous function and the graph

Git1 of fir1 is connected. The system admits a CC-sequence if and only if
@(Ii, fi) is disconnected.

A CC-sequence picks out a connected subset in each product space I; X
I;_1 over some finite range m < ¢ < n, and describes the possible behaviour
of the graphs G; within these subsets that will ensure that they trap a
component of the inverse limit.

The following result is an immediate consequence of Theorem

COROLLARY 1.7. Suppose that for each i > 0, I; is an interval, fiy1 :
I — 2 is a surjective upper semicontinuous function and the graph of
fir1 is connected. Then @1 (L;, fi) is disconnected if and only if there exist
a component C' of 1&1([1,]‘}) and numbers m,n > 0 such that m < n —1
and m;(C) # I; for each i, m <i <n.

In Section [2] we establish basic notation and definitions, and present
technical lemmas that are required to prove the main theorem, Theorem|1.6
In Section [3] we prove the forward direction of the theorem. In Section [4] we
prove a number of results giving conditions that are necessary for an inverse
limit to be disconnected. In Section [l we complete the proof of Theorem [I.6]

2. Preliminaries. This section presents definitions, notation and lem-
mas required for what follows. Definition of a CC-sequence involves sub-
sets (defined in Definition , with certain characteristics, of the graphs of
bonding functions. Definition [2.20] introduces a property of a graph called
the crossing property, and Proposition [2.23| establishes a relationship be-
tween sets defined in and the crossing property. The remaining results
are of a more technical nature.

NoOTATION. N is the set of natural numbers {0,1,2,...}. If m,n € N and
m < n, then we denote the sequence (m,...,n) by [m,n]. (In each situation
in which we require this notation it will be clear that [m,n] does not refer
to an interval of real numbers.)

The notation below is defined for general topological spaces denoted X,
Y or X; for each 7 € N. In most cases, and in particular in our main results,
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X, Y and each X, are a closed unit interval which we denote by I or I;.
Several of the preliminary results are more general and hold for all compact
Hausdorff spaces.

Suppose that X and Y are topological spaces, and f : X — 2Y is a
function. Then:

e Ty : X XY =Y and 7y : X x Y — X are the projection functions.

e f71:Y — X is the function defined by f~!(z) = {y : z € f(y)}.
Observe that if X and Y are compact Hausdorff spaces, then f is
upper semicontinuous if and only if f~! is upper semicontinuous.

e If S C X, define Vg =S5 xY,and if S CVY, define Hg = X x S. If
S = {z} write V, and H,.

Suppose that for each i € N, X; is a topological space, and fi1 : X;+1 —
2Xi ig a function. Then:
e For each i € N, m; : [[,cy Xi — Xj is the projection onto Xj.
e If m,n € N and m < n, then
W[m,n] : HXz — H Xz
1€N m<i<n
m<i<n X;, and
T m,o00) * HXz — H Xi
ieN i>m
is the projection onto [, Xi.
e If m € N and k; € N for each j < m, then

Tko,....km - 1_[)(2 — Xko X - X ka
€N

is the projection onto []

is the projection onto Xy, x - --x X}, . There is no assumption that the
natural numbers k, ..., k,, are ordered. This notation is used, most
frequently to project a subset of an inverse limit into a graph. For
example if x = (2;) € lim (X;, fi), then m1,0(x) = (21, 20), and (z1, 20)
is an element of the graph of f;.

e For each i € N,

Tip1,v - Xip1 X X5 = X; and mipq : Xipn x Xy — Xi
are the projections onto X; and X, respectively.
o If S C X, 11, define VJ"' = § x X;, and if S C X;, define HI*' =
Xip1 xS . If S = {z} write V.J/* and HI*' . Tf it is clear which function

is involved we will drop the superscripts and simply write Vg, Hg, V,
or H,.

Suppose m/,n’ € N, m’ < n’ — 1. Then:
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e Foreachj,m' <j<n/ m;: Hie[m’,n’] X; — X is the projection onto Xj.
e If m,neNand m' <m <n<n/, then
Tim,n] * H Xz'_> H Xi
i€[m’,n’] m<i<n
is the projection onto [[,,<;<,, Xi-
o If m € Nand m' < k; <n' for each j < m, then
Thowokm = L] Xi = Xko X - X X

i€lm/ ,n’]

m

is the projection onto X, x --- x X}, . Again there is no assumption
that kg, ...,k are ordered.

Whenever a projection function is used, it will be clear which domain is
intended.

DErINITION 2.1. If X isa set, A C X, and p and ¢ are two points in A,
we say that p is connected to q in A if there is a connected set C' C A such
that p,q € C. Similarly, if each of the sets £ C A and F' C A is connected,
we say that E is connected to F' in A if there exists a connected subset of A
that contains £ U F.

Unless otherwise stated, all continua and subcontinua are nondegenerate.

A CC-sequence is defined in terms of frames. We first define these notions
for one function and its graph, since we require a number of lemmas that
involve this case.

DEFINITION 2.2. Suppose A; = [a,b] and Ag = [¢, d]. Define

j‘i _ {83 R= (K, x[0,1))UZ,

ng(d’,l]: T = ([0,1] x Ko) U Z,

= 1] B =([0,1] x Jy) U Z,
rR-TUR
Z(e)=((a—€b+e)x (c—e€d+e)) ’
A ([0, 1] x [0, 1]), BL=BUlL
BR=BUR.

L=(J x[0,1])UZ,

Although the sets listed in Definition [2.2] depend on the sets Ag and A1,
there will be no cause for ambiguity as Ay and Ay will always be clear.

DEFINITION 2.3. Suppose that f : [0,1] — 21 is a function with
graph G, Ag = [¢,d] € [0,1] and Ay = [a,b] € [0, 1]. If

e S¢{BL BR,TL, TR}, or

e Ay C (0,1) and S € {L, R}, or

o Ay C (0,1) and S € {B,T},



Connected generalized inverse limits over intervals 9

and there exists € > 0 and a component C” of the set G N Z(e) such that
C’ C S, then any component C of C'NZ is an S-set in G framed by A; x A;_1
and we write G C¢ S.

For example, Figure 4] shows allowable behaviour of G if G Co T'L.

D

Fig. 4. GCc TL

We require the above terms for each member of an arbitrary sequence of
functions.

DEFINITION 2.4. Suppose ¢ > 0, and I; and I;_1 are closed intervals.
Given closed intervals A; = [a;j,b;] C I;, j € {i,i — 1}, and € > 0, define

Ji =10,a;),
7= EbA ﬁ Li=(Ji x 1) U Z,
3= \U5 4 (K . .
Zi=A; x Ajq, = ) 02
Lo \ ) TL; =T, L,
T 7JK 7'71U’Z BLz = Bz ULZ"
i = (L x Kim1) U Z, BR; = B; UR,.

Bl‘ = (Iz X Jz’—l) U ZZ',

Again the sets in Definition [2.4] depend on the sets A;, and again there
will be no cause for ambiguity as the A; will always be clear.

DEFINITION 2.5. Suppose i >0, I; = I;_1 = [0,1] and f : I; — 2i-1 has
graph G. If for each j € {i,i — 1}, A; = [a;,b;] C I;, either

e Se{BL;,BR;,TL;,TR;}, or
e A;,n{0,1} =0 and S € {L;, R;}, or
e A, 1N {0, 1} =0and S € {BZ,TI},
and there exists € > 0 and a component C’ of the set G N Z;(e) such that

C’ c S, then any component C' of C' N Z; is an S-set in G framed by
A; x A;_1, written G C¢o S.
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If the existence of a component C'is clear from the context we will simply
write G C S.

Observe that in Example if Ag = [é,%], A = E, %] and Ay =
[%, %], then A; x Ag frames an L-set which is a subset of C, and Ay x A
frames a T-set which is a subset D’.

NN

BR,, 1 BLyy41 TRyt T Lyt

| >

B, T

Fig. 5. CC-sequences

DEFINITION 2.6. Suppose for each i € N, I; = [0,1], fir1 : Liyg — 25
is a surjective upper semicontinuous function with a connected graph G;,1,
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and m,n € N are such that m + 1 < n. Suppose that there exist

e a closed interval A; C I; for each i, m < i < n, and
e a point

(pr) E@Uhfi)“(l_lhx H A; XHI,-).

For each 7 > 0 let C; be the component of G; N Z; containing (p;, p;—1) and
suppose the following properties hold:

(]—) Gmi1 CCmi Ry or Gyt CCrgt Liy1;

(2) e if n=m+2, then Gpi2 Cc,ryo Tnt2 if Grg1 Tyt Lims1, and
Gm+2 L Cmaa B2 if Gm+1 CCmit Rpyy;

o if n > m+2, then G2 Co,yyy BRimy2 Of G2 £,y BLiyo if
Gm+1 ECerl Rm+1, and Gm+2 ECm+2 TLm+2 or Gm+2 ECerQ
TRm+2 if Gm-‘rl ECm_H Lm-l—l;

(3) if m+2<i<n—1,then Giy1 Coyy,y
if Gz Cc; BR; or Gz Cc; TRi, and
Git1 Ccin TLiy or Giy Copq TRy it G; C¢, BL; or
Gi Co, TL;

(4) ifn > m+2, then Gy, C¢,, By, if Gh—1 Cc,,_, BRy—1 0r Gpo1 Ce,,
TR,_1,and G, Cc, Ty, if G,—1Cc,  BLp—1 0or Gp—1Cc¢, , TLp—1.

BLiyy or Giy1 Coyyy BRija,

i+1

Then {f; : i > 0} admits a component cropping sequence, or CC-sequence,
{4; :m <i<n},

over [m,n] with pivot point (pg). The collection {f; : i > 0} of functions
admits a CC-sequence if there exist m,n € N such that {f; : © > 0} admits
a CC-sequence over [m,n] with some pivot point.

Figure [5| shows the forms of CC-sequences.

COMMENT. The main theorem states that a generalized inverse limit is
disconnected if and only if the bonding maps admit a CC-sequence. If the
length of the sequence is 2, it is reasonably easy to spot L-sets and R-sets
in the first graph, T-sets and B-sets in the second graph and to find a pair
that matches, forming a CC-sequence. A longer sequence is far more difficult
to spot. Detecting L-, R-, T-, or B-sets at least indicates if a CC-sequence
might be present. These are the sets that provide a disconnection. The role
of the intermediary sets (the BL-sets etc.) is to bring an L-set or R-set into
line with a T-set or B-set.

DEFINITION 2.7. Suppose that for each ¢ > 0, X; is a topological space,
and for each i > 0, f; : X; — 2%-1 is a function with graph G;. For all
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m,n € N, 0 < m <n, define G(fy, ..., fn) to be the set
{(xm_l,a:m,...xn> c H X;:Vi,m—-1<i<n,z€ fi+1(xi+1)}.
m—1<i<n
Observe that
b g(fm) = {<y7$> : <$,y> € Gm}v and

e if each bonding map in Definition [2.7]is surjective, then

G(fms-- s In) = Tm—1,n) (@1 (Xi,fz'))~

DEFINITION 2.8. Suppose that for each ¢ > 0, X; is a topological space
and fi11 @ Xip1 — 2%i is a function, and m € N. For every i € N, let
X" = Xiym, and fi1) = fiy11m. Define Jm (X, fi)izm = lim (X3, fi").

LEMMA 2.9. Suppose that for eachi >0, I; = [0,1] and fiyq : L1 — 2%
18 a surjective upper semicontinuous function, m,n € N, m < n+1, for each
i, m <i<mn, A;is a closed subinterval of I;, and (p;) € T&l([i,fi). If C' is
a component of @(Ii, fi)i>m and

(P, Pm+1,--.) €C' C H A; X Hfi,

m<i<n i>n
then Tr[;:oo)(C’) N @(Ii, fi) contains a component C' of @(Ii, fi) and
(pi)ng H I; x H AzXHIz
0<i<m m<i<n >n
Proof. Suppose C’ is a component of @1 (Li, fi)i>m and
(Pm>Pmi1s--) €C'C I Aix [] L

m<i<n i>n
Let C be the component of l(Ln (I;, fi) such that (p;) € C. Then
® Tm.00)(C) is connected, and
® (PmsPmt1,---) € 7T[m,<>o)(c')7
and since
e (' is a component of @1 (Li, fi)izm, and
® (PmsPmt1,--.) S C,
it follows that 7, )(C) € C" and hence C' C [[yc;ep, fi X [[n<icn Ai X
[LispLi-m
Lemma [2.11)(1) below gives a generalization of Nall’s theorem:
THEOREM 2.10 (Nall [Nal|). If X is a Hausdorff continuum and f :

X — 2% s an upper semicontinuous function, then 1&11(]“) is connected if
and only if G(f1,..., fn) is connected for each n > 0.
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LEMMA 2.11. Suppose that for each i € N, X; is a topological space,
and for each i > 0, f; : X; — 251 is a surjective upper semicontinuous
function. Then

(1) @1 (L;, fi) is connected if and only if G(fm,- .., fn) is connected for
allm,neN, 1 <m<n, and
(2) if G(f1,..., fn)is disconnected then G(f1,..., fu) is disconnected for

alln' > n.
Proof. (1) If there exist m,n € N, 1 < m < n, such that G(fp,,..., fn) is
disconnected, then G(f{", ..., f*,,) is disconnected, hence l&n (Xi, fi)izm is

disconnected by Theorem and so @ (I;, f;) is disconnected by Lemma
If for every m,n € N, 0 < m < n, G(fm,..., fn) is connected, then
G(f1,-.., fn) is connected for each n > 0 and hence Jim (I;, fi) is connected

by Theorem [2.10]
(2) Straightforward. =

In some of the proofs in Sections [4] and [5| we take subcontinua of the
graphs of given functions and form new functions whose graphs are the
subcontinua. The following two propositions are required in cases where the
domain or range of one or more of these new functions is a singleton.

PROPOSITION 2.12. Supposen >0, A C{0,...,n}, A’ ={0,...,n}\A
and the sequence (ig,...,i) lists the members of A’ in increasing order.
Suppose also that for each i < n, X; is a compact Hausdorff space and if
i € A then X; is a singleton, {a;} say, and for eachi < n, fiy1: Xijp1 — 2%
is a surjective upper semicontinuous function. If for each j, 0 < j < k,

o whenever iy € A and ij —1€ A, gj : X;; — 2Xii-1 s the function

whose graph is X;; X X;,_,, and

o wheneveri; € A" andi; —1€ A, g; = fi.,
then G(f1,..., fn) is homeomorphic to G(g1,...,gk).

Proof. 1If ig > 0 then since X; = {a;} for each i < iy,

g(fla"'ufn) -
{{ao, -, Qig—1, Tigs - - s Tn) * (Tigy - - Tn) € G(fig+1, fio+2s -5 fn)}-
Hence G(f1,..., fn) is homeomorphic to
{<a07 .. '7a/i0—1>} X g(fio-‘rlvfio-‘rQ: v 7f7l)7

which is homeomorphic to G(fi,+1, fig+2s -« - fn)-
If iy < n then since f;, 11 : {ai,+1} — 2% is surjective, the graph of
fir, is the set {(a;,,,, =)z € X;, }. Thus

g(fl,...,fn) = {<l’0,...,:Eik,aik+1,...,an> : ({L‘o,...,l’ik> S g(fl,,fzk)}
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Hence G(f1,..., fn) is homeomorphic to

g(fl, .. 7f1k) X {<aik+1,. . .,an)},

which is homeomorphic to G(fi,..., fi,). Thus G(fi,..., fn) is homeomor-
phic to G(fig+1, fig+2,- - - fir)-

Ifi1 — 1€ A, then
G(fiot+1, fiow2 -5 fir) = {{&, i1, - -y i -1, ) 12 € Xy, y € X5, )

Thus, since the range of f;, is {a;,—1} and
fior1 + {aigr1} — 270

is surjective, G(fio+1, fig+2, - - - » fi;) 18 homeomorphic to X;; x X;, which is
the graph of g1, and hence G(f1, ..., fn) is homeomorphic to

g(glufil-‘rla .. 7flk)

If il —1€ A/, then il = i() + 1 and g1 = fz'1 = fi0+1- Hence g(fl, ey fn)
is homeomorphic to

g(glv fio+27 o 7flk) - g(gl7fi1+17 sy flk)
Suppose G(fi,-..., fn) is homeomorphic to

g(gh v 7gl7fil+17‘ . Jflk)

Then similarly, either 4,41 = 4; + 1, and hence f;,, = giy1, or ijy1 #
ir + 1, and G(fi,+1,..., fi,,,) is homeomorphic to X;, , x Xj, which is the
graph of g;+1, and in either case we see that G(g1,..., 9, fi+1,---, fi,) 18
homeomorphic to

g(gla s 7gl+17fil+1+17 e 7flk)

Thus the result follows by induction. m

PROPOSITION 2.13. Suppose m,n € N,0 <m <n, and A= {(i1,...,0n)
is an increasing sequence in N ~ {0}. Suppose also that for each i < n,
fir1 © Xi01 — 2Xi s a surjective upper semicontinuous function whose
graph is connected, and if i; € A then f;; : X;; — 2%ii-1 s the function
whose graph is X;; x Xy, _,. Then G(f1,..., fn) is disconnected if and only if

(1) i1 > 1 and G(f1,..., fi—1) is disconnected, or
(2) im <n and G(fi,,+1,---, fn) is disconnected, or
(3) there ewists j such that G(fi,+1,- ., fi;.1—1) s disconnected.

Proof. This follows from the observation that

G(fi,. s fn) =G(f1s - fi—1) XG(fir41s - - fio—1) % XG(firug1 - frn).
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2.1. G(e), fibre-connected subgraphs, and the crossing property

DEFINITION 2.14. Suppose that f : [0,1] — 2[0:1] is an upper semicon-
tinuous function with a connected graph G. If H is a subcontinuum of G
and for each z € [0,1], either ({z} x f(z))NH =0, or ({z} x f(z)) N H is
connected, then H is a fibre-connected subgraph of G.

PROPOSITION 2.15. Suppose that f : [0,1] — 2091 is an upper semicon-
tinuous function with a connected graph G. There exists an ordinal k and a
fibre-connected subgraph G, C G for each a < k such that

(1) G=U{Ga: aek},

(2) for each o <k, G #\J{Gs: B €k, B # a}, and

(3) if H is any fibre-connected subgraph of G such that G, C H for
some «, then G, = H.

Proof. First, we prove

CLAIM. For each point p € G there is a fibre-connected subgraph G
of G such that if H is any fibre-connected subgraph of G and G, C H, then
Gp,=H.

Proof of Claim. Let P be the collection of all connected subsets S of G
such that

e pe S, and
e for every x € mg(S), f(x) NS is connected (7 is defined on p. [7)).

Clearly “C” is a partial order on P, and the union of any chain in P is
an upper bound of the chain. Hence by Zorn’s Lemma, P has a maximal
element G,,. Clearly G, € P, where G,, is the closure of G, in G and hence
in [0, 1] x [0, 1]. Therefore Gy, is closed (otherwise G} is not maximal). Thus
G, is a subgraph and satisfies the requirements of the claim.

Let Q be the collection of all sets Q@ C {G, : p € G} such that G =JQ
(and hence @ satisfies (1) and (3)). Let < be the partial order on Q where for
all P,Q € Q, P < Q if and only if Q C P. Let (Q, : @ < \) be a chain in Q,
A an ordinal, and let @ = (), Qa. Clearly Q C {G, :p € G}and G = Q,
and hence @) is an upper bound for the sequence. Thus by Zorn’s Lemma
there exists a maximal element M = {G),, : @ < p}for some ordinal p. This M
satisfies (2): if there exists § < p such that G = (J{Gp, : v < p and v # 3},
then M ~\ {Gp,} € @, M < M ~{G),} and M # M ~ {Gp,}, which
contradicts the maximality of M, and so M satisfies (1)—(3). m

DEFINITION 2.16. Suppose that f : [0,1] — 2[%1 is an upper semicon-
tinuous function with graph G, and

(1) k is an ordinal and for each a < k, G, C G is a fibre-connected
subgraph,
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(2) G=U{Gq: a € K},

(3) for each o < k, G # | J{Gp : B € K, B # a}, and

(4) if H is any fibre-connected subgraph of G such that G, C H for
some «, then G, = H.

Then {G, : « € K} is a decomposition of G into fibre-connected subgraphs.
If Kk =1 then G is fibre-connected.

REMARKS. A maximal decomposition of a graph G into fibre-connected
subgraphs need not be unique, and the members of the decomposition will
not be pairwise disjoint if G is connected (and there is more than one member
of the decomposition). It may happen that fibre-connected subgraphs are
trivial. For example, consider a graph that is a pseudoarc. However, our
results involving decompositions into fibre-connected subgraphs will have
finite decompositions.

DEFINITION 2.17. If G is the graph of a function f : [0,1] — 2[%1 then
for each € > 0, let

G<€) = U{([IE — 6T+ 6] X [y —6Y+ GD N [07 1]2 : (x,y> € G}

LEMMA 2.18. Suppose G is the graph of an upper semicontinuous func-
tion f : [0,1] — 2191 and G is connected. For any € > 0 if {Gqo : o € K} is
a decomposition of G(e) into fibre-connected subgraphs, then

(1) G(e) is closed in [0,1] x [0, 1],

(2) for each o, my(Gq) are ma(Gy) are nontrivial intervals, and

(3) K is finite.

Proof. (1) and (2) are straightforward.

(3) Suppose « is infinite. By Definition [2.16{3),

(%) for each a < K, there exists (zq,Ya) € Go such that for every 8 < k,
if 5 # a, then ({za} X f(2a)) NGa NGg = 0.
For each a choose a point (z),,y.,) € G such that
<xavya> € So = [xix - 6,.7}/& + 6] X [ygc - 671/:1 + 6]'
Let S = {Sy : o < K}.

CLAIM. There exists a point a€[0,1] such that A := {a €k : Vo, NS, # 0}
18 infinite.

Proof. The set £ := {Vjc : j € Nand 0 < j < 1/¢} is finite and each
member of § meets some member of E. Since & is infinite and hence § is
infinite, there exists j’ such that {co : Vjre NSy # 0} is infinite. Let a = j'e.

Let m = min{z, : « € A} and M = max{z, : @ € A} (m and M exist
since G is closed in [0,1] x [0,1]). If a < m < M then there exists a point
b € [m, M] such that the set A’ :={a € A:V,NS, # 0 and m <z, < b} is
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infinite. Hence there exists a component £ of [J{S, : a € A’} NV}, such
that the set {a € A’ : Sy NE # 0, V,;, NSy # 0 and V, NS, # 0} is infinite.
This contradicts ().

A similar argument holds if either m < a < M or m < M < a. This
proves the claim, and hence Lemma 2.18. u

THEOREM 2.19. Suppose that for each i € N, I, = [0,1] and fi+1 :
Iiyw — 25 is an upper semicontinuous surjective function with graph G;.
For eachi € N and e > 0, let fit1,e: Lit1 — 2l be the function whose graph
is Giy1(€). If there exists 6 > 0 such that for every e, 0 < e < 4§, Jim (L, fie)
is connected, then @1 (L, fi) is connected.

Proof. Suppose that there exists § > 0 such that for every e, 0 < € < §,
@(Ii,fi,e) is connected. If 0 < €y < €1 < ¢ then clearly @(Ii,fim) C
l'Lm(Ii, fier), so the collection of sets @(Ii,fm) is nested, and hence the
set ﬂ0<6<6@1 (1i, fie) is connected.

Since for each i the graph Gj(e) is closed, it follows that (), .5 Gi(€) = G;.

Observe that x € hHm(Ii, fie) for each € > 0 if and only if m;;_1(x) €
Gi(e) for each i > 0 and € > 0, if and only if m;;_1(x) € G; for each i > 0.
Hence ﬂ0<6<5@(1i,fi76) = @(Ii, fi) and so @(Ii, fi) is connected. =

DEFINITION 2.20.

e Suppose that f:[0,1] — 2[0:1 i5 a function with graph G. We say that
G has the crossing property if for all a, b such that 0 < a < b <1, and
for every component C' of GN V|, CNV, # () and C NV, # 0.

e Suppose S is a subcontinuum of G. If 7y (S) = [s, ], then S has the
crossing property if either s = ¢, or for all a, b such that s <a < b <t,
and for every component C of SN Vi, CNVy # 0 and C NV, # 0.

e Suppose S is a subcontinuum of G. Let S~! = {(z,y) : (y,z) € S}.
If 7y (S) = [s,t], then S~! has the crossing property if either s = t,
or for all a,b such that s < a < b < t, and for every component C of
SOH[a,b}a CNH,#0and CNHy,# 0.

In Section [4] we require the following definition.

DEFINITION 2.21. Suppose f : [0,1] — 2% is a function with an upper
semicontinuous graph G, and S is a subcontinuum of G. Then S is a CP-
subcontinuum of G if both S and S™' = {(x,9) : (y,x) € S} have the
crossing property.

LEMMA 2.22. Suppose that f : [0,1] — 2% is a function with a con-
nected graph G. If {G4 : a € K} is a decomposition of G into fibre-connected
subgraphs, then each subgraph G, has the crossing property.

The proof is straightforward, so we omit it.
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PROPOSITION 2.23. Suppose that f : [0,1] — 2091 is a surjective upper
semicontinuous function with a connected graph G. Then G has the crossing
property if and only if G does not admit an L-set or an R-set, and the graph
of =1 has the crossing property if and only if G does not admit a B-set or
a T-set.

Proof. Suppose G does not have the crossing property. Then there exist
a,b € [0,1], a < b, and a component C' of GNV/, ), such that either CNV, = 0
or C NV, = 0. Suppose C NV, = (. Then C' must intersect one of the sets
Vo or Vi, 80 C NV, # 0. Let M = max(ng(C)), and hence M < b.

Let my(C) = [¢,d] and observe that [c,d] # [0, 1] since there must exist
some component D of G N V| such that D meets both V, and V3, and if
[e,d] = [0,1] then C'N D # (), which is a contradiction.

Thus

C C la, M] x [c,d],

[c,d] is a closed proper (possibly degenerate) subinterval of [0, 1],

M # 1, and

a # 0: otherwise, since C' is a component of GNV], 3 and CNV}, = 0, if
a = 0 then C is a component of GG, a contradiction since G is connected.

Hence [a, M] X [c,d] frames an L-set in G.

Similarly, if C NV}, # 0 but C NV, =0, we get an R-set in G.

Suppose [a,b] x [c,d] frames an L-set C' in G. Then there exists ¢ > 0
such that the component of [a,b+ €] x [¢ — €,d + €] containing C' is C, and
hence C'is a component of G NV}, 4 q and CNVpye = (). Thus G does not
have the crossing property. Similarly, if G admits an R-set, G does not have
the crossing property.

The remaining claim can be proved similarly. m

LEMMA 2.24. Suppose that f : [0,1] — 20011 is an upper semicontinuous
function with a connected graph G, G has the crossing property, [a,b] C [0, 1],
and K is a component of G N Vi, Then there exists a fibre-connected
subcontinuum C of K such that C' meets both V, and Vj, and C has the
crossing property.

Proof. 1f either a = b or 7y (K) is a singleton, the result follows. If
a < b and 7y (K) is not a singleton, then without loss of generality we can
assume that [a,b] = [0,1] since we can regard K as the graph of an upper
semicontinuous function with domain [a, b].

Let Cy = K. Choose a component E of V 5N K. Since G has the crossing
property, there are components C1,9 of KNV|g 1 /9] and C11 of KNV[y 5 1] such
that 01,0 N 01’1 =F, 0170 NV 75 0 and 01’1 an% 75 0. Let Cq = Cl,O U 01,1.
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By induction, for each n € N and each m < 2™, we can choose a con-
tinuum Cy, , that is a component of K N Vi, /9 (mi1)/20), Cn = U{Cnm :
m < 2"} is connected and Cj,11 C C,.

Let C =, Cn- Then C' is a fibre-connected subcontinuum of K:

e The collection of sets C,, is nested, so C' is a subcontinuum of K.

e For each z € [0,1] let Y, = CNV,. If © = m/2" for some m,n,
then Y, = ({C),4;2im : J = 0}. Since each C,,;j,, is a continuum,
and the sets C, i, are nested, Y, is connected. If for each n € N
and m < 2" x # m/2", then for every n there exists m, such that
mp /2" <z < (my, +1)/2", and hence Y, = ({Cypm, : n € N}. Once
again we see that Y, is connected and hence C' is fibre-connected.

Since 7 (C) = [0,1], C is fibre-connected and C' is a continuum, it follows
that C also has the crossing property. m

3. Sufficiency

THEOREM 3.1. Suppose that for each i € N, I; = [0,1] and fit1: Ii11 —
2l s a surjective upper semicontinuous function with a connected graph
Git1, and suppose there exist m > 0 and n > m + 1 such that {f; : i > 0}
has a CC-sequence over [m,n]. Then @(Ii,fi) s not connected.

Proof. Suppose {4; = [a;,b;] : m < i < n} is a CC-sequence admitted
by the system, with pivot point (pg) (recall that a CC-sequence, defined on
p- requires a pivot point). Clearly {f/ : i € N} admits a CC-sequence
over [0,n — m], so by Lemmas and we can assume that m = 0 and
we need only show that G(f1,..., f,) is disconnected.

Since (po, . ..,pn) € G(f1,. .-, fn)ﬂnogign Ai, G(f1,- s fn)mnogign A
# (), and since Ag # Ip and each f; is surjective, G(f1,..., fn) N [lo<icp A
# (. We will show that [[,,~, Ai contains a component of G(fi,..., fn)
and hence G(fi1,..., fn) is not connected.

Let C be the component of G(f1, ..., f,) containing (pg, ..., py). For each
i, 0 < i < n, let C; be the component of 7; ;1 (C') N Z; containing (p;, pi—1),
and let S; be the member of

{Li,R;,B;,T;,BL;, BR;,TL;, TR;}
such that G; C¢, S;, as determined by the CC-sequence. For each 7, by the
definition of S; there exists €; > 0 such that the component D; of G; N Z;(e;)
that contains Cj is contained in S;.

Let D = {{(xo,...,xn) € G(f1,.., fn) : Vi < n, (xit1,2;) € Diy1} and
hence D # () since (py,...,pn) € D.

Suppose n = 2. Let G C¢, L1, G2 Ce, To and (zg,x1,22) € D. If
(x1,20) & Zp then 1 < a;. But since mp1(D) C Ts, we have x; > ay,
a contradiction, so (r1,z9) € Zj. Thus xg € Ag and x; € A, and since
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Gy Cey, T3, it follows that 9 € As. Thus D = C C Ag x A1 x Az and hence
C 7é g(fl,.. . ,fn)’
A similar argument applies if G; C Ry and G,, C Bs.
Suppose n > 2. Let (xq,...,x,) € D.
If G1 C Lq then either Go — TLy or Gog T TRy and 21 € I1 ~ K. It
follows that
{ L~ Ky if Go T TLo,
xo €
I~ Jy if G2 C TRs.
If G; T R; then either Go T BL9 or Go T BRy and 21 € I ~ J;1. Hence
{ Iy~ Ky if Gy T BLs,
X9 €
I~ Jy if G2 C BRs.
Consider the four conditions where 1 < i < n:
(i) z; € I; N K; and G; C TL;,
(ii) r; € I; N J; and G; C TR;,
(iii) z; € I; ~ K; and G; C BL;,
(iV) z; € I; N J; and G; T BR;.
If (i) holds then either G;+1 = T'L;+1 and hence ;41 € Ij11 ~ K41, or
Gz’—i—l C TR 11 and hence Tix1 € Lig1 N Jit1.
If (ii) holds then either G;4+; C BL;+1 and hence x4 € Ij11 \ Kiy1, or
Gi+1 C BRi_H and hence Tir1 € Ii+1 AN Ji+1-
If (iii) holds then either G;11 C T'L;+1 and hence z;41 € I;11 \ K41, or
Gi+1 C TR 11 and hence Tit1 € L1 N Jig1.
If (iv) holds then either G;+1 = BL;41 and hence x;jy1 € Ij11 \ Kjy1, or
Gi—f—l C BRi—I—l and hence Tir1 € Ii+1 AN Ji+1-
Thus

e Iisi N Kip1 if Gig1 CTTLipq or Gip1 C BLjj,
i+l .
Iivi~Jiq1 £ Gip1 TTRiq or Gip1 C BRiya.

It follows by induction that if 1 < i < n then one of conditions (i) to (iv)
must be the case.

If G,, C B, then either G,,_1 C BR,_1 or G,,_1 C TR,,_1, and in either
case Tp_1 € In_1 ~ Jp_1, so x, € A,. Since z,, € A,, G, C B, and
Tpn-1 € In_1 ~ Jp_1, we have x,_1 € A,_1. Similarly, if G,, C T,, then
Ty € Ay and 1 € Apq.

Suppose i > 1 and x; € A;. If condition (i) holds for ¢ then G; C T'L; and
hence x;_1 € I,_1~ J;_1. Since G; C T'L; it follows that either G;_1 T T'L;_1
or G;_1 C BL;_4. In either case x;_1 € I;_1 ~ K;_1, and so x;_1 € A;_1.
Similarly, if any of the remaining conditions occurs, then x;—1 € A;_1. Thus,
by induction, x; € A; for each i, 0 < ¢ < n. Since either G C Ly or G1 C Ry,
it follows that zg € Ag.
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Thus, D\[];<, Ai = 0,50 C € D C [],.,, A; and therefore G(f1,..., fn)

is disconnected. m

i<n

4. Necessary conditions. This section provides conditions that are
necessary for an inverse limit to be connected. Some are more of a technical
nature and are required for the proof of the main theorem in Section

The following result implies both of Ingram’s theorems [IM2, 4.3 and
4.5].

LEMMA 4.1. Suppose that for eachi >0, I; = [0,1] and fiy1 : Ii4q — 25
is a surjective upper semicontinuous function with a connected graph Gii1.
If either

e G(fa,..., fn) is connected, and
o (71 is fibre-connected,

or

e G(f1,.-., fn-1) is connected, and
e the graph of f; ! is fibre-connected,

then G(f1,..., fn) is connected.

Proof. Suppose that G(f1,..., fn—1) is connected and for each x € X,,_1,
f-Y(x) is connected. Suppose G(fi,...,fn) = AU B where A and B are
nonempty closed subsets and A N B = (. Since G(fi,..., fn—1) is con-
nected, 7o ,,—1)(A) N 7o,n—1](B) # 0. Choose (po, ..., pn—1) € Tgu_1(A) N
71-[0,7’L—1](B)‘ Then both {<p07 <+ Pn—1, I’> €A: $€Xn} and {<p07 -+ Pn—1, 1’>
€ B : z € X,} are nonempty, closed and disjoint. But then f,!(p,_1)
X {pn—1} is disconnected, giving a contradiction. The proof is similar if
G(fa,..., fn) is connected and for each x € X3, fi(z) is connected. =

THEOREM 4.2. Supposen > 1, for eachi < n, X; is a connected compact
Hausdorff space, and for each i < n, fiy1: Xip1 — 2% is a surjective up-
per semicontinuous function whose graph Git1 is connected, G(f1,..., fn—1)
is connected and G(fa,..., fn) is connected. If either there exists a decom-
position {G14 : @ < K} of Gy into fibre-connected subgraphs such that for
each o, m1 17 (Gia) = X1, or there exists a decomposition {Gpa @ @ < K}
of G;;1, the graph of f, !, into fibre-connected sets such that for each «,
v (Gna) = Xn—1, then G(f1,..., fn) is connected.

Proof. Recall the definitions of ;v and 7; i on p. m

Suppose {G14 : @ < K} is a decomposition of G into fibre-connected
subgraphs, and for each «, m g (Gia) = X1.

For each a let D, = 71 y(G1a), and let h, @ X1 — 2P« be the function
whose graph is Gi,. For each a < &, if D, is a singleton, {s,} say, then
let Ho = {8a} X G(f2,..., fn), and if D, is not a singleton then let H, =
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G(ha, f2,.. ., fn). By Lemma each G(hqa, fo,..., fn) is connected, and
since G(fa, ..., fn) is connected, each {s,} X G(f2,..., fn) is connected.

Suppose G(f1,...,fn) = AU B where A and B are nonempty closed
subsets and AN B = (). For each «, since H, is connected, either H, C A
or Ho € B. Let X = J{G1a: Ha € A} and let Y = |J{G14 : Ho € B} and
hence G; = X UY. Since (1 is connected, X NY # (), so there exist a, 3 and
(y,z) € Gp such that G1o C X, G135 C Y and (y,z) € G1oNG13. Since each
function f; is surjective, there exists a point (x,y, z2,...,2,) € G(f1,.-., fn)-
But if (z,y, 22,...,2n) € G(f1,..., fn), then (z,y, 22, ..., 2,) € HoaNHp and
hence (x,y, z2,...,2,) € AN B, giving a contradiction. Thus G(f1,..., fr)
is connected.

A similar argument applies if G;;' = {{y,z) : (z,y) € G,} has a de-
composition into fibre-connected subgraphs, {G,, : @ < k}, such that for
each «, Wn,V(Gna) = Xn—l- u

LEMMA 4.3. Suppose that for eachi € N, I; = [0,1] and fiy1 : L1 — 25
s a surjective upper semicontinuous function with a connected graph Giy1.
If l&n (I;, fi) is disconnected, then for every set G(fm, - .., fn) that is discon-
nected, where 0 < m < n, and neither G(fm+1,---, fn) 10T G(fm, -\ fn-1)
1s disconnected, G, contains an L-set or an R-set, and G,, contains a T-set
or a B-set.

Proof. Suppose that G, does not have an L-set or an R-set and both
G(fm+1,--+, fn) and G(fm,..., fn—1) are connected. By Lemmas and
211 we can assume that m = 1.

Let {G14 : @ < Kk}, £ an ordinal, be a decomposition of G; into fibre-
connected subgraphs. If kK = 1 then Gy is fibre-connected, and so by Lem-
ma G(f1,--., fn) is connected. Hence k > 1.

CLAIM. For each o, m g (G1a) = 1.

Proof. Suppose there exists « such that 7 g(G1o) = [c,d] and d # 1.
Let E = ({d} x fi(d)) N G1, and hence E is a continuum contained in
Via,1) N G1. By Proposition (G1 has the crossing property. Let C' be the
component of Vjg )N G1 that contains £, and hence C' meets V1. By Lemma
there exists a subcontinuum D of C such that

(1) D meets both E and V7,
(2) D has the crossing property, and
(3) for every z € [d, 1], V, N D is a component of V,, N G;.

Without loss of generality assume that D is maximal, that is, if D’ satis-
fies (1)—-(3) and D C D’ then D = D’. Then Gy, U D is connected since
G1,o N D = E, and has the property that for every x € [c, 1],

({z} x f1(z)) N (Gra U D)
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is connected. It follows that G is not maximal, giving a contradiction, so
d = 1. Similarly, ¢ = 0 and the claim follows.

Thus, for each o, 71 g (G14) = I1, and for each « € I, ({z} x fi(2))NG1a
is connected. So by Theorem G(f1,--., fn) is connected.

A similar argument applies to show that G,, does not have a T-set or a
B-set. =

Recall the definition of a CP-subcontinuum on p.

COROLLARY 4.4. Suppose that for each i > 0, I; = [0,1] and fiy1 :
Iiy1 — 2 is a surjective upper semicontinuous function with a connected
graph Giy1, n > 1, G(fa,..., fn) is connected and G(f1,..., fn-1) 1S con-
nected. Suppose that for each i € {1,...,n}, S; is a CP-subcontinuum in G;
such that m; g (S;) = miy1,v(Siq1) for i #n. Then the set

S={(x0,...,Tn) : Vi <n, (Tit1,7;) € Siy1}
is connected.

Proof. Let Xo = m,y(51), X», = T m(Sp) and if 0 < i < n let X; =
mi,m(Si) = Tit1,v(Sit1). For each i < n let g1 @ Xiy1 — 2Xi be the
function whose graph is S;+1. Observe that S = G(g1,...,9n).

Suppose that each set X; is nondegenerate. Since each .S; is a continuum,
each X; is a continuum, and since each S; is a CP-continuum, by Proposition
2.23| none of the functions g; admits an L-set or an R-set. Hence by Lemma
S is connected.

If any set X; is a singleton, then by Proposition [2.12] S is homeomorphic
to G(h1,. .., hm) for some m < n and functions h; : [0,1] — 201 such that
either h; = f; for some j or the graph of h; is [0,1]%. Hence for each i the
graph of h; does not admit an L-set or an R-set, and so § is connected. m

Many of the following proofs involve L-sets and R-sets. However, it is
possible to define a number of different L-sets (infinitely many) that are
essentially the same one; see the first two graphs in Figure [6] below, for
example. The following definition introduces the notion of the frame of an
S-set for each S € {L, R, T, B}, in order to overcome this lack of uniqueness.

DEFINITION 4.5. Let Iy = I; = [0,1] and Ay x A9 C I; x Iy, and let
f : I; = 210 be an upper semicontinuous function with graph G.

Suppose A1 x Ag frames an L-set D such that Ay = [a1,b1] = 7. 5#(D)
and Ag = m (D). Let M < a; be the maximum value such that if E
is the component of Vjjrp,1 N G containing D, then for every = such that
M < x < ay, ENVyy, is disconnected (M exists since by # 1). Let C” be
the component of V7,1 N G containing D, and let C' be the closure of c’
in G. Then C is an L-set framed by 75 (C) x 7/(C), and C is the minimum
L-set associated with D (see the third graph in Figure @ for example).
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Suppose Ay x Ag frames an R-set D such that A; = [a1,b1] = 71 (D)
and Ag = w1y (D). Let M > by be the minimum value such that if F
is the component of V|, 1 N G containing D, then for every z such that
M > x> b1, EN Vg, 4 is disconnected (M exists since a1 # 0). Let C” be
the component of V,, y) N G containing D, and let C' be the closure of C’
in G. Then C' is an R-set framed by 7y (C) x 7/ (C), and C' is the minimum
R-set associated with D.

Observe:

e Since a; # 0 and by # 1, the component E in the definition is not G.

e a1 and b; in the definition are not equal.

e Clearly, if D is an L-set and C' is the minimum L-set associated with D,
then for any L-set C’ such that D C C’, we have C C C’. Similarly
for an R-set.

e An L-set is not an L-set.

e The graph in Figure |§| has three L-sets.

Fig. 6. L-sets D and D’ and an L-set C

By Lemma [£.3]if an inverse limit is disconnected, then one of the graphs
must contain an L-set or R-set. Such a graph is necessary for the system
to admit a CC-sequence. Lemma [1.6] below ensures that if an inverse limit
lim (3, f;) is disconnected, then there is a component K C lim (I3, f;) and an
L-set or R-set C' C G}, for some i, such that m; ;1 (K) C C. This provides
a component around which to build a CC-sequence.

LEMMA 4.6. Suppose that n > 1, for each i < n, I; = [0,1], for each
i <n, fig1: Liv1 — 2% is a surjective upper semicontinuous function with a
connected graph Giy1, and G1 has a finite decomposition into fibre-connected
subgraphs. If G(fi,..., fn) is disconnected and neither G(fa,..., fn) nor
G(f1,--, fn—1) is disconnected, then there exist a set Ay x Ag C Iy x Iy that
frames either an L-set or an R-set, and a component C of G(f1,...,fn)
such that mo(C) C Ag and m1(C) C A;.

Proof. Since G has a finite decomposition into fibre-connected sub-
graphs, the total number of L-sets and R-sets in (G; is finite. We use in-
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duction on this number, proving both the base case and inductive case si-
multaneously, as the reasoning in each case is essentially the same.

By Lemma since G(fi,...,fn) is disconnected and neither
G(fa, ...y fn) nor G(f1,..., fn—1) is disconnected, G; contains at least one
L-set or R-set. Suppose G has a total of N L-sets and R-sets. Thus either

e N =1, the base case, or
e N > 1, in which case assume that the result holds for any system that
admits fewer than N L-sets and R-sets in its first graph.

Suppose there does not exist a component K of G(f1,..., fn) such that
m1,0(K) is contained in either an L-set or an R-set. In other words, for any
L-set or R-set C’, if K is a component of G(f1,..., f,) then 7 o(K) is not
a subset of C’. It follows that

(%) if D is any L-set and D is framed by [a, b] X [c,d], then there does
not exist €, 0 < € < b—a, and a component K of G(f1,..., fn), such
that m1,0(K) € DN (Vigqep)), and if D is any R-set and D is framed
by [a,b] X [c,d], then there does not exist ¢, 0 < ¢ < b —a, and a
component K of G(f1,..., fn), such that m19(K) € DN (Vigp—q)-

Without loss of generality, suppose there is at least one L-set (if not,
the proof is analogous if based on an R-set). Choose an L-set C' with frame
[a,b] x Ag say, and such that a is minimal, that is, if D is an L-set with
frame [c,d] x A, then a < ¢. Such a minimal value a exists since G has a
finite decomposition into fibre-connected subgraphs.

Let M = max{x : (a,z) € C} and let m = min{z : (a,z) € C}. We
require the following sets: let B be the union of all components of V, N G
that meet C' (and hence C'U B is connected), and

C:={{xo,...,2n) €G(f1,..., fn) : {(x1,20) € C},
B:= {<$0,...,$n> € g(fla"'vfn) : <IE1,$0> S B}7
W= {a} x [m, M),
W= {{xo,...,2n) € G(f1,..., [n): (x1,20) € W}.
CLAIM.
1) WNB=WnG.
(2) Ewvery point in C is connected in G(f1,..., fn) to a point in B.
(3) Every point in G(fi,..., fn) N C is connected in G(fi,..., fn) to a
point in B.
(4) Any two points in B are connected in G(f1,..., fn)-
Proof of Claim. (1) Suppose Y := {a} X [¢,d] is a component of
(W NG) ~B. Then m < ¢ < d < M, so the component Y; of
G1 N ([a,b] x Ag) containing Y is a subset of [a,b) X int(Ag) since C is
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connected, (a,m),{a, M) € C and Y N C = (). Furthermore, there exists
€ > 0 such that the component Y3 of G1 NVj,_, 4 containing Y is contained
in [a—e€,a]lx[c—e,d+¢€], and [c—€,d+ €| # [p. But then Y1 UY3 is an L-set
contradicting the minimality of a.

(2) Let (xq, ..., zn) € C~\W and let K be the component of G(f1,..., fn)
containing (xo, ..., xy). By (%), m10(K) ¢ C ~ W. Hence

KO (G(frr-. s fa) (€N W) £0,

and so by the cut-wire theorem [Nad, Theorem 5.2, p. 72], KN (WNC) # 0,
and (2) follows since WNC C B.
(3) Let E = (G1 ~ C)UW. Clearly E is connected and m y(E) = I;.
Let g : I; — 2™.V(P) be the function whose graph is E. Observe that
g(gvf27"'7fn) - WU (g(fla"'afn) \C)

_ Since C' is not an L-set admitted by g, E has fewer than N L-sets and
R-sets. Then G(g, fa,..., fn) is connected:

e Since Ay # Iy and b < 1, m; y(FE) is a nontrivial interval.
e If N =1thenG(g, f2,..., fn) is connected by Lemma[t.3] and if N > 1
it is connected by the inductive hypothesis and (x).

If (xo,...,2n) € G(f1,--., fn) N~ (BUC) then

(o, yxn) €G(g, fo,- oy fn) N W.

Let K be the component of G(fi,...,f,) containing (xzg,...,x,). Since
G(g, fa, ..., fn) is connected, and by (1),

(g(g,fQ,...,fn)\W)\(g(g,fQ,--.,fn)\W) gB:

by the cut-wire theorem again, K N B # () and (3) follows.
(4) Suppose x = (g, ..., xn), Y = (Yo, - - -, Yn) € B and hence 1 = y; = a.

If there exists a sequence (zg, ...,zg) in G(f1,..., fn) such that
(I) zop and x are connected in G(f1,...,fn), Zx and y are connected
in G(f1,...,fn), and for each i < k, z; and z;+1 are connected in
g(fla SRR} fn)7
then x and y are connected in G(fi,..., fn).
If there does not exist such a sequence, that is, no sequence (zo, ..., zg)
in G(f1,..., fn) satisfies (I), then there exist two points p = (po,...,Pn)
and q = (qo,-..,qn) in B (hence p; = ¢ = a) and a subcontinuum S C

containing p and q such that m; o(S) C W and m1(S) C H}?.
For each i, 1 <i < n, let S; = m;;—1(S). Observe that So C H, N Ga.
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For each = < a let K, be the component of V|, ) N G containing C. If
m1,1(Kq) # [a,b], then let ¢ = a, otherwise let

c=inf{x <a:m pg(K;)=[z,b]}.

Thus ¢ < a. Let Dy be the component of V|, N G1 containing C' and
hence D; contains (p1,po) (and (g1, qo)), and let Dy be the component of
H|.5NG2 containing Sy. See Figuremfor an example: C'is the subgraph con-
tained within the rectangle shown by the solid lines, and D is the subgraph
contained within the rectangle shown by the dashed lines in the first graph;
Dy is the subgraph contained within the rectangle shown by the dashed lines
in the second graph.
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| i ;
d c a b
Fig. 7

For each x < a let K be the component of H [z, 1 G2 containing Sy and
let d =sup{z < a:[z,b] = m v(K])}.

Clearly d < a. Suppose d < c¢. Then d < a and so by the definition
of d as a supremum, there exists € > 0 such that Dy C Hj.;_q N G2 and
hence Dy is a B-set framed by my g (D2) X [c,b]; see the second graph in
Figure [7l Since d < ¢, we have ¢ # 0. Thus by the definition of ¢ as an
infimum, Dy is an R-set framed by [c, b] x 71 v(D1); see the first graph in
Figure [7| It follows that {7y (D1), [c,b], m2 u(D2)} is a CC-sequence with
pivot point (po,p1,p2) (recall from Definition 2.6 that a CC-sequence re-
quires a pivot point), and hence by Theorem there exists a component
K of G(f1,..., fn) containing p such that m o(K) is contained in the L-set
Dy, giving a contradiction.

Thus ¢ < d. Let X = mpy (7 Y([d, b)) N G(f1,--., fn)) and let K be the
component of X containing 7y ,(S); it exists since

Scara)NG(g, fa--s fn)
and a € [d,b]. If b ¢ m (K) then K C [d,b) x[[5<;<,, Li- Either d = 0 or there
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exists € > 0 such that K C (d—e, b) x[[5<,; <, ;. It follows that K is a compo-
nent of G(fa, ..., fn), but as all graphs are surjective, 71(G(fo, ..., fn)) = I1
and hence K # G(f2,..., fn). Since G(fo,..., fn) is connected we have a
contradiction. Thus b € 71 (K) and hence [a,b] C m(K). Let [e,b] = m1(K)
and hence a € [e, b].

Let C7 be the component of V|, ;) NG containing C', Xo = 71,y (C) and
X1 = [e,b]. For each i, 1 <i <, let X; = m;(K) and C; = m;,—1(K) and
let g; : X; — 2%-1 be the function whose graph is the continuum Cj. Since
po # qo and (p1,po), {(q1,q0) € C C C1, Xo is nondegenerate. So is X7 since
a < band [a,b] C X;.

By Proposition there exist & < n and for each 7, 0 < i < k,
a function h; whose domain and range are intervals, and G(gi,...,9gn) is
homeomorphic to G(hi,...,h). Since the graph of h; is C; (this follows
from the definition of h; according to Proposition , it has fewer than
N L-sets and R-sets, so G(hi,...,hy) is connected and hence G(g1, ..., gn)

is connected. Clearly (pg, ..., Pn){qos--->qn) € G(g1,- - 9n) T G(f1,---, [n)
and hence (po, ...,pn) and (qo,...,qn) are connected in G(f1,..., fn).

It follows from the claim that G(f1,..., fn) is connected. m

5. The main theorem. This section completes the proof of the main
theorem. The theorem is first proved for the case where graphs have fi-
nite decompositions into fibre-connected subgraphs (Lemmas and .
Given a system (I;, f;), if we “fatten” the graphs of the functions by e as
in Definition then by Lemma the resulting graphs have finite de-
compositions into fibre-connected subgraphs. By Theorem [2.19] if the inverse
limit @n (I;, fi) is disconnected then there exists € > 0 such that 1£1 (Li, fie)
is disconnected, where each f; . is the function whose graph is f; fattened
by €. Hence {fi¢: ¢ > 0} admits a CC-sequence. The final part of the proof
demonstrates how to trim a fattened graph so as to destroy a CC-sequence.
The trimmed graphs contain the original graphs, and if the system (I;, f;)
does not admit a CC-sequence then we obtain a contradiction.

5.1. Finite decompositions into fibre-connected subgraphs

LEMMA 5.1. Suppose that Iy = I = I = [0,1], f1 : I1 — 2 and
fo i Iy — 211 are surjective upper semicontinuous functions, the graphs G
and Gy of the functions fi and fo are connected, and Gi and G2_1 have
finite decompositions into fibre-connected subgraphs. Then G(f1, fa) is dis-
connected if and only if {f1, f2} admits a CC-sequence.

Proof. If {f1, fo} admits a CC-sequence then by Theorem G(f1, f2)
is disconnected.
Conversely, suppose that G(f1, f2) is disconnected.
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Since G has a finite decomposition into fibre-connected subgraphs, the
number of L-sets and R-sets is finite. We prove by induction on the total
number of L-sets and R-sets that {fi, f2} admits a CC-sequence. Let m
be the number of L-sets and R-sets in G1. By Lemma if m = 0 then
G(f1, f2) is connected.

Suppose that m > 0 and whenever f] : Iy — 2/ and f} : I, — 211
are surjective upper semicontinuous functions with connected graphs, and
the graphs of f] and (f5)~! have finite decompositions into fibre-connected
subgraphs, if the total number of L-sets and R-sets in the graph of f] is less
than m and G(f7, f3) is disconnected, then {f{, f4} admits a CC-sequence.

By Lemma there exists a component K of G(f1, f2) and either an
L-set or an R-set C' such that mo(K) C C. Without loss of generality
suppose that C' is an L-set. Let D be the minimal L-set associated with C
and suppose that D is framed by [a, b] x Ag. Let C = 71 9(K), Co = w21 (K)
and let D’ be the component of H, [a,p) N G2 containing Cs.

If H, N D’ = () then there exists € > 0 such that a + € < b and

m1(C2) C (D) = [a +¢€,b].

Let E be the component of V|, 5 containing Cj. It follows that D’ is a T-set
framed by mo g (D’) X [a + €,b] (here my g (D") # Iy since fo is surjective),
and since D is an L-set, E is an L-set framed by [a + €,b] x 71 v (E), and
since K C m vy (E) x [a + €,b] x mo,g(D"), {m v(E),[a+ €b],mou(D")} is
a CC-sequence and contains a pivot point. Recall the definition (2.6) of a
CC-sequence, and in particular the requirement that a CC-sequence has a
pivot point.

Suppose H, N D" # (.

If b € moy(D') then let E be the component of an;V(CQ) N G contain-
ing C1. If a & m g(E) := [¢/,V], then E is an R-set framed by m1,5(E) x
m1,v (E). Furthermore, D' is a B-set framed by o ;7 (C2) x [a/, b']. Thus, since

K C 7T17v(E) X [a’,b'] X 772’[—](02),

{mv(E),[d V], 72 1 (C2)} is a CC-sequence and contains a pivot point.

If b € may(D') then let g; : [a,b] — 240 be the function whose graph
is D, and let gy : myg(D') — 21*% be the function whose graph is D’
Observe that g; and g2 are both surjective and have connected graphs. If
either Ay or mo g (D’) is a singleton then G(g1,g2) is connected.

Suppose neither set is a singleton. Now K C G(g1, g2) since m o(K) =
Ci1 € D and mp(K) = Cy C D/, and a ¢ m(K) since mo(K) C C € D.
So K # G(g1,92) and hence G(g1,¢2) is disconnected. The graph of ¢;
has fewer than m L-sets and R-sets. Thus by the inductive hypothesis,
since G(g1, g2) is disconnected, {g1, g2} admits a CC-sequence { By, B1, Ba}.
Clearly {By, By, B2} is a CC-sequence admitted by {fi, fo}. »
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DEFINITION 5.2. If a,b € [0, 1] are such that a < b, and G C [0, 1] x [0, 1],
then A is a subset of G about H, and Hy, if my(A) = [a,b], and A is a subset
of G about V, and Vj, if 7 (A) = [a, b].

LEMMA 5.3. Suppose that for each i > 0, I; = [0,1], fiy1 : i1 — 25
1§ a surjective upper semicontinuous function, the graph Giy1 of fiy1 is
connected and has a finite decomposition into fibre-connected subgraphs, and
the graph of fijrll has a finite decomposition into fibre-connected subgraphs.
Suppose n > 1, G(f1,..., fn) is disconnected and for all k,l such that 1 <
kE<l<n,G(fx,...,[1) is disconnected if and only if k =1 and | = n. Then
the system admits a CC-sequence.

Proof. Suppose G(f1,..., fn) is disconnected. We prove the result by
induction on the number n of functions such that G(f1,..., f,) is discon-
nected. By Lemma the result holds for n = 2. Suppose n > 2 and the
result holds for all systems where the number of functions is less than n. We
prove the inductive case by induction on N, the total number of L-sets and
R-sets in G1.

For our proof by induction on N we consider the base case and the
inductive case simultaneously, as the arguments are similar. Thus either

e N =1 for the base case, or
e N > 1 and we assume that the result holds for any system with fewer
than N L-sets and R-sets in the graph of the first function.

Observe that N is at least 1 by Lemma

Thus, I; x Iy contains an L-set or an R-set C' framed by A; x Ag say, such
that there exists a component C of G(f1,..., fn) such that m o(C) C C;.
Suppose that C7 is an L-set.

Let Ay = [ag,bo] and A; = [a1,b1]. Without loss of generality assume
that Ay = m g(C1) and a1 € m(C). For each i, 1 < i < n, let 4; =
[ai, bl] = WZ(C) and let C; = Wi,ifl(ci)- Since C7 is an L-set, A1 N {0, 1} =0
and AO 75 IQ.

Let C={(zo,...,zp) : Vi < n, (xiy1,z;) € C;}. Clearly C C G(f1,..., fn)-

Cram. If C is disconnected then {fi,...,fn} admits a CC-sequence
with a pivot point.

Proof of Claim. For each i < n let giy1 : [ait1,bi41] — 2lai-bi] pe
the functions whose graph is C;. Suppose that for each i < n, a; < b;.
By our inductive hypothesis with respect to n, either G(ga,...,gn) is con-
nected or {go,...,gn} admits a CC-sequence with a pivot point. Clearly if
{B4i,...,B,} is a CC-sequence admitted by {g2,...,gn}, then {By,..., B}
is a CC-sequence admitted by G(fi,..., fn)-
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Suppose G(ga, ..., gn) is connected. Either

e N = 1 and therefore [a,b1] x [ag,bo] does not contain an L-set and
R-set, thus by Lemma C =6G(g1,-.-,9n) is connected, or

e N > 1 and therefore [a1, b1] X [ag, bo] has fewer than N L-sets and R-
sets, thus by the inductive hypothesis with respect to N, G(g1, ..., gn)
is connected or {g1, ..., gn} admits a CC-sequence with a pivot point.

Again, if {By,...,B,} is a CC-sequence admitted by {g1,...,9n}, then
{Bo, ..., By} is a CC-sequence admitted by G(f1,..., fn)-

Suppose that there exists ¢ < n such that a; = b;. By Proposition [2.12
there exist k& < n and functions hy, ..., hi such that G(gi,...,gn) is home-
omorphic to G(hy,...,h). If G(h1,..., hy) is disconnected then by Propo-
sition there exist j, j' such that 1 < j < 5/ < n and G(gj,...,gj) is
disconnected, and hence by the inductive hypothesis with respect to N,
{9j,--.,g5r} admits a CC-sequence with a pivot point. Since any CC-
sequence admitted by {g;,...,g;} must also be a CC-sequence admitted
by {fj,--., fj}, by Theorem G(fj,---, fy) is disconnected, contradict-
ing one of our assumptions. Thus G(hq,...,h) is connected and hence
G(g1,---,9n) is connected.

Thus if C is disconnected, { f1, ..., fn} admits a CC-sequence with a pivot
point, and the claim is proved.

Suppose C is connected and hence C = C. Then since for each i, 0 <
i < n, G; is connected, G; and G ! have finite decompositions into fibre-
connected subgraphs, m;(C;) = [a;, b;], mi—1(Ci—1) = [ai—1,bi—1] and C is
connected, the following hold:

(F1) For each i, if b; —a; # 0 then there exist € > 0 and CP-subcontinua
Sa; and Sy, in C; such that m; 5 (Ss,) = [ai, a; + €] and m; g (Sp,) =
[b; — €,b;], and if b1 — a;—1 # 0 then there exist ¢ > 0 and
CP-subcontinua S,, , and Sy, , in C; such that m; (S, ,) =
[ai—1,ai—1 + €] and m; v (Sy,_,) = [bi—1 — €, bi—1].
For each ¢ € (a;,b;) there exist ¢ > 0 and a CP-subcontinuum
S C Cj such that m; g (S) = [c—¢€, c+¢€], and for each ¢ € (a;—1,bi—1)
there exist ¢ > 0 and a CP-subcontinuum S C C; such that
miv(S) =[c—€c+e.

(F2) Any subcontinuum of G; that connects a point in C; to a point in
G;i~ (A; x A;_1), contains a CP-subcontinuum that meets C; and
is a subset of one of the following sets:

RTLZ = ([0 ai) X (bl 1, 1]) U {<ai,b¢71>}, RTi =A; % [bl;l, 1],

RT ((blv 1] ( i—1, ]) U {<biabi—1>}7 RLi = [O,Cl@'] X Ai—l?
Rpr, = ([0,a:) x [0,a;-1)) U {{ai, ai-1)}, R, = [bi, 1] X Aiy,
RBRl ((bz, 1] [0 a;—1 )U {(bi,ai_1>}, RBZ- =A; x [O,Gi_l].
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See Figure[§] Observe that some of the sets will be empty if a; = 0 or b; = 1.
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For each 0 < ¢ < n, let KC; be the collection of all CP-subcontinua
T C G; such that T C C; (including degenerate subcontinua), let H; be the
collection of all CP-subcontinua T' C G; such that

e T is contained in exactly one of the sets Rryr,, Rrr,, Rr,, Rr,, RBL,
and RB R;»

e T meets C;, and

e 7; g (T) is nondegenerate,

let V; be the collection of all CP-subcontinua T° C G; such that

e T is contained in exactly one of the sets Rrr,, Rt,, Rrr,, RBL,, RB,
and Rpg,,

e T meets C;, and

e 7,y (T') is nondegenerate,

and let A; = H; UV; and F;, = A; UK,;.

Observe that if T' € A; then T N C; is a subset of the boundary of
Ai X Aifl.

Since (1 is an L-set, there exists Y7 € H; about Va’il and Va];l ,» for some
~v1 > 0, and hence Wl’H(Ylﬂcl) = {(11} (and Y| C ({0, al) XIO)U({CLl} XAQ)).
Suppose there exist v > 0 and Sy € Vs about H,{f and Hﬂ{f—“f such that
Sy C Rp, and hence 3y (S2 N Ca) = {a1}. We can assume that y; = 7. Let
[c,d] = w2, (S2) and hence [c,d] C [ag,b2]. Then

(%) there exists a point (x,a;) € S2 N Cy and we can assume that for
some € > 0, mp i (S2) = [¢,d] = [x—€,x] or [x,x+¢€] (if € = 0 then Sy
is a vertical line segment), and hence by (F1), if € is small enough,
there exists S3 € K3 (possibly degenerate) about HP and HC};S.
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By induction we can choose S5; € K; for each i, 2 < ¢ < n, such that
i 1 (Si) = mip1,v(Siy1) for each i < n. Let S; =Yj. Then

S = {<l’0, .. .,l‘n> Vi< n, <:El'+1,l‘i> S Si+1}

is connected by Corollary meets C' by the connectedness of C (= C),
and is nondegenrate. But 71(S) ¢ A; giving a contradiction.

Thus for every « > 0 there does not exist Sy € Vs about Hg:f and H({f_v
such that S2 C Rp,.

The comment (%) illustrates a technique that will be used throughout
the rest of this proof. We will not provide as much detail again.

Since Gg is connected and surjective and 0 ¢ A; (since C is an L-set),
it follows that As # Is.

Suppose ag # 0 and there exists Sy € Hg such that Sy C Rr, U Rpr,. If
Sy C Rpr, then let S; = Y] as defined above such that m; g (S1) = 721 (S2),
and if So C Ry, then choose S € Ky such that m g (S1) = w2,y (S2), which
is possible by (F1).

If there exists S; € F; for each i, 2 < ¢ < n, such that m; 1 (S;) =
7Ti—1,H<Si—1) for 1 < i <n, then

S ={{xo,...,2n) : Vi <n,(xiz1,2;) € Siz1} # 0,

S is connected by Corollary and meets C, but m2(S) ¢ Ag. Thus either
there does not exist Sy € Ha such that So C Ry, U Rpr, (this includes the
case az = 0), or it is not the case that for each i, 2 < i < n, there exists
S; € F; such that Wifl,H(Si—l) = Wi,V(Si) for 1 <i<n.

Similarly, either there does not exist S € Hy such that S, C Rr,URBR,,
or it is not the case that for each 2 < i < n, there exists S, € F; such that
mi—1,0(Si_q) = mv(S)) for 1 <i <mn.

Thus there are four possibilities to consider.

(P1) If there does not exist S € Ha such that Sy C Rr, U Rpr,, and
there does not exist S5 € Hy such that Sy C Rr, URpR,, then Cy is a T-set,
and hence {Ag, A1, A2} is a CC-sequence. If n = 2 we are done. If n > 2 we
have a contradiction, and hence either there exists a set Ss, or there exists
a set S).

(P2) Suppose both sets So and 5% exist. Then it is not the case that
there exists S; € F; for each ¢, 2 < ¢ < n, such that m;_1 g(S;—1) = m v (S;)
for 2 < i < n, and neither is it the case that there exists Sz{ € F; for each i,
2 < i <, such that m;_; g(S/_;) = m v (S]) for 2 <i <n.

Let L be the set of natural numbers greater than 1 where j € L if and
only if

(i) for each i, 2 < i < j, there exist S;, S! € H; such that S; C [0, a;]x I;—;
and S} C [b;,1] X I;_1 (so a; # 0 and b; # 1), or
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(ii) for each 1 < j, Wifl,H(Si—l) = Wi,V(Si) and 7Ti,17H(SZ{_1) = 7Ti7v(SZl»)
where S; = Y7 or S1 € Ky chosen appropriately, or
(iii) each of the sets

S = {<170, .. .,33j> Vi < j, <$i+1,1:7;> c Si+1},
S = {<x0, .. .,xj> (Vi< g, <$¢+1,xi> S Sl{-i-].}
meets G(f1,- .., f;) ~\ 7o,4(C)-
Observe that by the definition of 2 and the sets A;, and by (ii), both S
and S" meet 7y ;1(C). Let | = max(L).
Suppose | = 2. If there exist S3 € V3 such that either S3 C Rp, or

S3 C Rp, then there exist S; € K; for each i, 3 < @ < n, such that m; y(S;) =
Tit1,v (Siy1) for i < n, and the set

{0, ..., 2n) : Vi <n, (Tig1,25) € Sip1 U S}

is nonempty and meets both C' and G(fi,..., fn) ~ C (where S; is chosen
appropriately), giving a contradiction.

Thus either C3 is an L-set or an R-set, or there exist S, S% € Hg such
that S C [0,a3] x Iy and S§ C [bs, 1] x I. Suppose the latter is the case.
Then since (ii) and (iii) hold for ¢ = 2, once again there does not exist
S; € A; for each i, 3 < i < n, such that m;_1 5 (S;—1) = 7, (S;), and neither
is it the case that there exists S; € A; for each i, 3 < i < n, such that
Ti—1,1(Si_1) = Ti,v (5}).

Suppose | > 2. By the maximality of [ we can present a similar argu-
ment to that above to show that there does not exist 7' € A; 1 such that
T C Rr,, URp,,, and either Cjy; is an L-set or an R-set, or there exist
Sl+l7 Sl/—i-l € Hl+1 such that Sl—i—l € [O,alH] x I} and Sl/—i-l € [bl—i-la 1} x 1.

By induction there is a maximum r > 2 such that there exist Sj, S; € H,
where S; € [0,a;] x [j—1 and S} € [bj, 1] x I;—1 for each j < r (so clearly
r #n), and for any T' € H,41, either T ¢ [0, ar41] X I or T ¢ [byy1,1] X I
We can also show that ' ¢ Ry, U Rp_,, by a similar argument to that
above, and hence C,; is either an L-set or an R-set.

If C,41 is an L-set say, then

(%*) there exists Sy41 € Hy41 such that S, C [0,a,41] X I, and by
the maximality of r there exist 5; € F; for each i, 0 < i < 7, such
that

S ={(zo,...,xr) 1 Vi <7, (Tig1, 7)) € Sipa} # 0,
S is connected, meets 7y ,417(C), and 711(S) € A1
Similarly if C4; is an R-set. In either case it follows that n # r+1, otherwise
G, C A, x A,,_1, which is impossible.
If C; is neither an L-set nor an R-set for every j < r + 1, then the ar-
gument we develop to show that there is a CC-sequence relies only on the
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existence of Y7 and the properties of C;. It will be clear that we can present
exactly the same argument starting with the graph G, instead of Gp, the
role of Y7 can be filled by S,41, through (xx), and that of C; by C,41, to
obtain a CC-sequence with a pivot point admitted by {f,41,..., fn}. We
would then deduce that G(fr41,..., fn) is disconnected, getting a contra-
diction since 7 + 1 > 1. This implies that there does not exist j > 2 such
that C; is either an L-set or an R-set.

(P3)&(P4) It follows from (P1) and (P2) that exactly one of the sets So
and 5% exists. Thus, either there exists a set Sy and Ga T TLg, or there
exists a set S and G2 C T'Ra.

By a similar argument it follows that if C; is an R-set in (G, then
{f1, f2} admits a CC-sequence {Ag, A1, A2} if n = 2, and if n > 2, then
either Go C BRy or Gy C BLs.

Thus, if n > 2, there exists a CP-subcontinuum Y7 of GGy, and:

Go C T'Ly and there exists Yo € Hg such that Yo C Ry, U Rpp,, or
G2 C BLy and there exists Y5 € Ha such that Yo C Rpr, U Ry, or
Go C TRy and there exists Yo € Hg such that Y5 C R, U Rpg,, or
G2 C BRj and there exists Y € Ha such that Yo C Rrg, U RRg,.

Note:
(a) In each case there exists S; € F; such that the set

{{zo, z1, 22) : (w0, 21) € S1, (w2, 1) € Yo}

is a connected nondegenerate subset of G(f1, f2) (S1 = Y7 if Ya C
I, x [0, a;], otherwise S € K1).

(b) If Go  TLy or Go C TR2 and hence Gy C L1, since there does not
exist S1 € H; such that S7 C ‘/[1{1171}’ if So9 € Vo, Sy C H[J;Zhl] and
S is the component of {(zg,z1,x2) € G(f1, f2) : (x2,21) € S} that
meets 7o 2](C), then S C g 9(C) and m1(Sz2) = {b1}.

(¢) Similarly if Go C BLg or Gy C BRy and G C Ry, since there does
not exist S1 € Hy such that S C V[g,lal], if S5 € Vo, Sy C H[](c)2,a1] and
S is the component of {(zo,x1,2z2) € G(f1, f2) : (x2,21) € S} that
meets 7y 2] (C), then S C 7 9)(C) and m1(Sz2) = {a1}.

Suppose 2 < k <n — 1 and the following conditions hold:
(IH1) For each i, 1 <i < k:

e G, C TL; and there exists Y; € H; such that Y; C R, URpy,, or
e G, C BL; and there exists Y; € H; such that Y; C Ry, URy,, or
e G; C TR; and there exists Y; € H; such that Y; C Rr, URBR,, or
e (§; C BR,; and there exists Y; € H; such that Y; C Rrg, U Rp,.
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(IH2) For each i, 1 <i < k, there exists S; € F; such that the set

{<:C0, ceey xk) S Q(f1 ceey fk) : <xk,xk,1> €Y.

and Vj < k —1, <$j+1,1,‘j> S Sj-‘rl}
is a connected nondegenerate subset of G(fi..., fr) that meets
both 7 4 (C) and G(f1 ..., fx) ~ 7o,k (C)-

(IH3) e If Gy C TLy or Gy C TRy, Sy € Vy and Sy, C Vi |,

{<$0, cee ,Z‘k) € g(fl?' . afk) : <$k7$k+1> € Sk} C 7T[O,k](c')‘
e If G, C BLy or G, C BRy, S € Vi and S C V[(J)tkak]’ then

{<$0, . ,:Ek> S g(fl, ey fk) : (xk,a:k+1> € Sk} C F[O’k](C).

By (IH1), Ay # Ij. In fact, since if Gy C T Ly there exists S; € H; such
that S; C (R, URpL,), it follows that a; # 0 (moreover, if a; = 0 we would
have a T-set). Similarly, if G; C BL; then ay # 0, and if either G; C TR;
or G; C BR; then b # 1.

(I) Suppose Ay x Ap_1 frames a T L-set.

Suppose there exists Sg11 € Vg41 such that Siy1 C Rp, -

Since Ay x Ay_; frames a T'L-set, Y, C Ry, U Rpr, by (IH1). Without
loss of generality we can assume that 741 v (Sk+1) = T 1 (Ye)-

By (IH2) it follows that for each i, 1 < i < k, there exists S; € F; such
that the set

{<SCO, ... ,$k+1> € g(f1 e fk+1) Vi< k+1, <.’Ej+1,£l7j> S Sj+1}

is a connected nondegenerate subset of G(fi..., fk+1) that meets both
Tok4+1)(C) and G(f1 ..., frt1) N 7o k41)(C)-

Since Tg41, 1 (Sk+1) C Ak+1, by (F1) and by induction for each i, k+1 <
i < n, we can choose S; € K; such that m; v (S;) = mi—1, g (Si—1) for i > k+1,
and hence the set {(xg,...,zn) : Vi < n, (zjy1,z;) € S;11} contains a
connected subset of G(f1,..., fn) that meets C, but m;(S) € Aj. Hence if
Sk+1 € Viy1 then Spi1 & Rp, ;-

Suppose Ski1 € Hir1 and Spy1 C R, ., URpr,,,- If

(%) foreachi, k+1 < i <mn, there exist S; € F; such that m;_1 g (Si—1) =
mi,v (5i),

then

then
S ={(xo,...,zn) : Vi <n, (Tiy1,2i) € Siy1}
is a connected subset of G(f1, ..., fn) that meets C, but is not a subset of C'
since 7g41(Si+1) € Agt1. Thus either no such S exists, or (x) does not
hold.
Similarly, either there does not exist S; | € Hyq1 with Sj ., C Rg,,, U
RpR,.,, or it is not the case that
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(xx) foreach i, k+1 < i < n, there exist S] € F; such that m;_1 g(S/_;) =

i,y (S7)-
Suppose neither of the subcontinua Si4; and S}, 41 exist. Then Sk C
Tk+1, and since Sy C T'Lg, {Ao, ..., Arr1} is a CC-sequence, giving a con-

tradiction since k < n — 1.

If neither (%) nor (xx) holds, then by a similar argument to the one in
(P2) we obtain a contradiction.

Thus, either Gyy1 C T Liy1 or Gia1 C T Ry11.

(IT) All other cases are similar.

By induction we see that the sets Ag,...,A,_1 are consistent with the
first » members of a CC-sequence.

Suppose Gp—1 C T'L,,_;. If there exists S,, € H,, with S,, C Ry, U Rp,,
then by (F1) for each ¢ < n there exists S; € K; such that m; g(S;) =
Tit1,v (Si+1), and so the set S = {(xo,...,xn) : Vi < n, (Tiy1,2i) € Sit1}
is a connected subset of G(fi,..., f,) that meets C, but m,(S) Z A,. Thus
such a CP-subcontinuum does not exist.

If there exists S, € H, such that S, C I, x [0,a5,—1], then we know
that for each i, 1 < ¢ < n, there exists S; € F; such that m; g(S;) =
Tit1,v (Sit1), where S,_1 = Y,,_1, and hence the set S = {(zg,...,zp) :
Vi <n, (xiy1, ;) €Si+1} is a connected subset of G(f1,. .., f,) that meets C,
but m,—-1(S) € An—_1.

Thus an—1 # 0 (by (IH1) since G,—1 C T'Ly,—1), and as Gy, is connected,
bp—1 # 1 and A,, # I,. Thus G,, C T, and hence {Ay,...,A,} is a CC-
sequence and any point in C' is a pivot point.

In every other case, by a similar argument we conclude that { A, ..., A,}
is a CC-sequence with a pivot point. =

5.2. The general case

LEMMA 5.4. Suppose that In = I = I, = [0,1], f1 : [ — 20, fy :
I, — 21" are surjective upper semicontinuous functions, and the graphs
G1 and Gy of fi and fo are connected. Then G(f1, f2) is disconnected if
and only if { f1, fo} admits a CC-sequence.

Proof. Suppose G(f1, f2) is disconnected and {f1, fa} does not admit a
CC-sequence.

For each € > 0 and i € {1,2}, let g; be the upper semicontinuous
function whose graph is G;(e). Then there exists ¢ > 0 such that for each
€ <€, G(g1,e 92,) is disconnected.

Suppose € < €. Both g1 and g5 51 have finite decompositions into fibre-
connected subgraphs, and hence b3; Lemma {91,¢,92,c} admits a CC-
sequence.
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Let S = {(Siq1 x Sip,C;) : i < mp} be the collection of all pairs such
that C; is an L-set in Gy (€) framed by Si1 % Sipo. Clearly S is finite since
G'1(e) has a finite decomposition into fibre-connected subgraphs. In the same
way that L-sets extend to L-sets we want to extend T-sets to T-sets. Let
T ={(Ti2 x Ti1,D;) : i < nr} be the collection of all pairs such that Dj is
an R-set in the graph of f2_1 framed by T;1 x T;9; call D; a T-set in Ga(e)
framed by T; 2 x Tj 1.

For each i < mp, let S;1 = [a;1,bi1]. If b1 — a;1 < € then let

left(i) = C; N ((ai1,bi1] X Ao),
otherwise let left(:) = C; N ((bs,1 — €, b;,1] X Ap). Let
Gy (e) = Gule) ~ | J{left(d) - i <mp}.
For each i < mp let T;1 = [aj,, b} 1]. If b } —a}; < e then let
top(i) = Ci N (Az x [aj 1, b5 1)),
otherwise let top(i) = C; N (A2 x [a; 1, a}; +¢)). Let

Gy " (e) = Gae) ~ | J{top(i) : i < nr}.

We are effectively removing a left portion of each L-set in Gy(e) and a
bottom portion of each T-set in Ga(¢€). Observe that since C; is an L-set, we
have a1 7'5 bi,l-

Clearly G1 C G7(e) € Gile), G2 € G5 T (€) C Ga(e) and each G (e)
and each G5 7 (¢) is connected and closed (we have removed from each graph
a finite union of sets open in G () or in Ga(€), which do not disconnect the
graph).

If € > b; 1 — a;,1 then there is no L-set in G;L(e) that is a subset of C;.

If € < bi1 —a;;1 and [¢,d] x B frames an L-set E C C; in Gl_L(ﬁ), then
by the definition of an L-set, EN ({b;1} x B) # 0, hence ({c} x B)NGy # 0
and therefore [c,d] x B frames an L-set E' C E in G1. Similarly if By x By
frames a T-set in G 7 (¢) then By x By frames a T-set in Go.

Let fie : It — 200 be the function whose graph is GIL(E), and let
f2.e : Iz — 271 be the function whose graph is GQ_T(e). Suppose {Ap, A1, A2}
is a CC-sequence admitted by {fi, f2,c}, and suppose A; x Ay frames an
L-set E and Ay x A; frames a T-set E'. Let p; € m g(E) N,y (E"). Then
there exist a point (p1,po) € FN Gy and a point (pa,p1) € E' N Ge, and
hence (po, p1,p2) € G(f1, f2)-

Thus {Ag, A1, A2} is a CC-sequence admitted by {fi, fo} with pivot
point (pg,p1,p2), giving a contradiction. Hence {f1 ¢, f2..} does not admit a
CC-sequence that involves an L-set followed by a T-set.

We have destroyed each of the CC-sequences {4y, A1, A2} admitted by
{91,6,92,c}, where A; x Ap frames an L-set and Ay x A; frames a T-set,
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by trimming by e the right hand side of each of the L-sets in Gi(e), and
trimming by e the bottom of each T-set in Ga(€). We can similarly trim R-
sets in G7(e), calling the remaining set G (¢), and the B-sets in G5 L (¢),
calling the remaining set G5 (¢), to remove all CC-sequences. That is, if
fi. : 1 — 2 is the function whose graph is Gy (¢) and f,, : Iy — 211
is the function whose graph is G5 (¢), then {fie fort does not admit a
CC-sequence. Furthermore, for each i = 1,2, G} (€) is connected and closed
and G; C G (e).

Thus G(f1, f2) = Nocecer 9(f1es f2) is connected, giving a contradic-
tion. m

5.3. End of proof of Theorem Suppose that for each ¢ > 0, I; =
[0,1], fix1 : Iix1 — 2% is a surjective upper semicontinuous function and the
graph G;11 of fij+1 is connected. Suppose that G(fi, ..., fn) is disconnected
and for all k,l such that 1 <k <1 <mn, G(fx,..., fi) is disconnected if and
only if k =1 and [ = n.

Suppose {f1,..., fn} does not admit a CC-sequence.

For every e > 0 and ¢, 0 < i < n, let f;: [; — 2%i-1 be the function
whose graph is G;(€). Since G(f1, ..., fn) is disconnected, there exists p > 0
such that for all € < p, G(fi,e,-- -, fne) is disconnected. Choose € < p.

Define G (¢) and f;  as in the proof of Lemma and G, (¢) and f,
similarly to Gy (€) and f; . in the proof of Lemma

We now define a T'L-set in G;(€). Suppose 0 < i < n and A; x A; 1 C
I; x Iy frames a T'L-set D in G;(e) such that A;—1 = [a;—1,bi—1] = m v (D)
and A; = [a;,b;] = m g (D). Let M < a; be the maximum value, if it exists,
such that if E' is the component of Vjjsp,) N Gi(€) containing D, then for
every x such that M < x < a1, E NV, is disconnected. If the value
does not exist then let M = 0. Let M’ > b;_1 be the minimum value, if it
exists, such that if £ is the component of H,, , p N G;(€) containing D,
then for every x such that b,_1 <z < M', EN Hi,,_, 4] s disconnected. If
such a value does not exist then let M’ = 1. Let D’ be the component of
((M,b] x [ai—1, M")) NG, containing D, and D" the closure of D in G;(€).
Then D" is a T'L-set framed by m; 7 (D") x m; v (D"), and D" is the minimal
TL-set associated with D.
It is possible that D" = G;(e).
TR-sets, BL-sets and BR-sets in G;(¢) are defined analogously.
Suppose A; = [¢,d], A;_1 = [¢/,d'] and [c,d] x [/, d'] frames a TL-set D
in G;(¢€). Observe that
GinDN (((c,dN(d—ed)) x[d,d)) =0,
GinDN((c,d] x ([, d]n][d,d +€))=0

and since D is a TL-set, ¢ # d and ¢ # d'.

)
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For each (z,y) € G;N D, if ((z,z+ € x [y —€,y)) NGiND =0 let
Ryy = ((z, 2+ € x[y—ey))ND,
otherwise let Ry, = 0. Let Y}, := Gi(€) N\ |U{ Rz : (z,y) € G; N D} and let
Yp =Y},

(i) If [e,d] x [, d'] frames an R-set, B-set, T R-set, BL-set or BR-set E
in Yp, then F is an R-set, T-set, B-set, T'R-set, BL-set or BR-set
(respectively) in Gj(e). If [¢,d] x [¢/,d'] frames an L-set or T L-set
E C D in Yp, then [¢,d + €] x [ — ¢,d] (or [c,1] x [¢ — €, d] if
l—d<eorc,d+e€ x[,1]if 1 —d' <€) frames an L-set or T L-set
(respectively) E' C D in G;(e).

(ii) Both Yp and Y5 ' := {{y,2) : (z,y) € Yp} have finite decomposi-
tions into fibre-connected subgraphs, since removing sets that are
unions of € X e squares can only create finitely many new fibre-
connected subgraphs.

For each TL-set E in G;(¢), define Y similarly and let
G (e) = ﬂ{YE : B is a TL-set in G;(e)}.

Thus we have trimmed all TL-sets in G;(¢) to obtain G; 7% (). Since there
are finitely many T L-sets, it follows that G5 7%(¢) is a closed connected
subgraph of G;(e), (i) and (ii) hold if we replace Yp with G; 7% (e) and D is
replaced by any T L-set, and

(iii) if [r,s] x [/, '] frames a TL-set E C D such that m g(E) =
[r,s] and m; v (E) = [r',s'], then there exist z,y € [0,1] such that
(s,x),(y,r") € ENG;. If there does not exist x such that (s,z) €
ENG,, then let E' be the minimal T L-set in G;(¢) associated with E,
framed by [q, s] x [/, ¢']. Either ENG; = ), in which case we have a
contradiction by the definition of Yz, or there exists (u,v) € G;NE’
such that u is maximal (if (v/,v") € G; N E’ then v’ < u). But then
(u, 8] x [r',¢) NGy TE(e) = 0. So z exists and similarly y exists.

Similarly define and trim all TR-sets in G * (), then all BL-sets, then
all BR-sets. Write G~ (€) for the remaining subset of G;(e).

At each step we obtain a closed connected subgraph of G;(e), and the
analogous statements to (i) and (ii) hold with respect to G; % (e).

Finally, trim all L-sets, R-sets, T-sets and B-sets as described earlier.
Write G (¢) for the remaining subset of G;(€). For each i, 1 <i <n, let f;
be the function whose graph is G (€). Recall that fi. and f, ¢ have been
defined above.

Let Z={L,R,T,B,TL, TR, BL, BR}. Again the following observations
can be readily established for each i:
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(1) G (€) is a closed connected subset of I; x I;_;.

(2) G; (e) has a finite decomposition into fibre-connected subgraphs,
and {(y,z) : (z,y) € G; (¢)} has a finite decomposition into fibre-
connected subgraphs.

(3) Gi C G (e).

(4) If B; x B;_; frames a T'L-set E in G, (¢), then for every (z,y) € E
there exist (x/,y’) and (z”,y") in G;NE such that y' <y and 2" > =.
Similarly for each V € Z.

(5) If B; x B frames a V-set in G (€) for any V' € Z, then by (4),
B; x B;_1 frames a V-set in G;.

Suppose G( f1_ o I, .) is disconnected; then by Lemma there exist
I,m, 0 <l < m < n, and a CC-sequence {A;_1,..., A} admitted by
{fl;, -5 fm.e} With pivot point p.

It follows from (5) that {A4;_1,..., A} is a CC-sequence admitted by
{ft,---, fm}, a contradiction, so g(ffe, -y fne) 18 connected.

Thus for each € < p, g(ffe, -+ +s fne) is connected and hence

g(fl?"';f’!l) = ﬂ g(fl_,a?fr;e)

0<e<p

is connected. Again we have a contradiction, so if G(f1,..., fn) is discon-
nected then {fi,..., fn} admits a CC-sequence.

Thus, by Theorem and Lemmas and @ (1;, fi) is discon-

nected if and only if {f; : 2 € N} admits a CC-sequence. m

6. Concluding remarks. We conclude by observing that many of the
results to date follow from Theorem If the graph of a function f :
[0,1] — 2[%1 has an L-set or an R-set, then there exists = € [0,1] such
that f(x) is disconnected, and Theorem [1.2| follows. Similarly Theorem
follows from the necessity of a B-set or T-set if @ (I;, fi) is disconnected.
Classical inverse limits cannot admit L-sets or R-sets, and hence it follows
that they must be connected.

We can generalize Theorems and further:

THEOREM 6.1. Suppose that Iy = I, = Iy = [0,1], f1,q1 : I1 — 2%
and fa, g : Iy — 210 are surjective upper semicontinuous functions, and the
graphs G; of the functions f; and G of g; are connected, i = 1,2. If G(¢1, g2)
is connected, G}, C G;, and for every x € I; each component of {x} x fi(x)
meets G, and each component of f;l(:n) x {x} meets GYy, then G(f1, f2) is
connected.

Proof. If G(g1,92) is connected then {gi,g2} does not admit a CC-
sequence. If {Ag, A1, Ao} is a CC-sequence admitted by {f1, fo} with pivot
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point (po, p1,p2), then there exists z € Ay such that (p1,z) € G} and (p1, x)
and (p1,po) are connected in Vp,, N G}, and there exists y € Ay such that
(y,p1) € G4 and (y,p1) and (p2,p1) are connected in Hp, N G%. Hence
(x,p1,y) € (Ag x A1 x A2)NG(g1, 92), and so {Ag, A1, A2} is a CC-sequence
admitted by {g1,92}. =
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