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On dimension and shape of
inverse limits with set-valued functions

by

Hisao Kato (Ibaraki)

Abstract. Recently, several topological properties of inverse limits of compacta with
upper semicontinuous set-valued functions have been studied by many authors. The study
of such inverse limits has developed into one of rich topics of geometric topology. There
are many differences between the theory of inverse limits with mappings and the theory
with set-valued functions. In this paper, we investigate the dimension and the shape of
inverse limits with set-valued functions. To evaluate the dimension of the inverse limit
lim{X;, fii+1} of a given inverse sequence {X;, fi i+1}i=; of compacta with set-valued
Elctions satisfying

dim{a: (S Xi+1 | dimfi’i_;l(.%‘) > 1} <0 (Z S N),

we define expand-contract sequences in {X;, fii+1}j2; and an index J~({X¢, fii+1}). By
use of the index, we prove that

dimkiﬁl{Xi,fi,i+1} < j({Xi,fi,iJrl}) + sup{dimXi | 1 E N}

Moreover, we evaluate lower bounds of dimensions of some inverse limits of 1-dimensional
compacta with set-valued functions. We study the shape of inverse limits with cell-like
set-valued functions.

1. Introduction. Inverse limits with bonding maps have played impor-
tant roles in the development of geometric topology and topological dynam-
ical systems. In fact, every complicated compactum can be represented by
an inverse limit of finite polyhedra and simple bonding maps. Conversely,
inverse limits with simple bonding maps are useful to produce complicated
spaces. These facts imply strong relations between inverse limits and chaotic
dynamical systems.

2010 Mathematics Subject Classification: Primary 54F15, 54F45, 54C56; Secondary 54C60,
54B20.

Key words and phrases: continua, inverse limits, inverse limits with set-valued functions,
dimension, shape, cell-like.

Received 15 December 2015; revised 17 March 2016.

Published online 7 September 2016.

DOI: 10.4064/fm233-4-2016 [83] © Instytut Matematyczny PAN, 2017



84 H. Kato

In 2004, inverse limits with set-valued functions were introduced by Ma-
havier as inverse limits with closed subsets of the unit square [0, 1] x [0, 1]
(see e.g. [7, @]). Since then, the subject has rapidly developed into a rich
topic of geometric topology, particularly among continuum theorists (see
e.g. [1, 3,16, 7 8, O 10]). In [9], Ingram and Mahavier discussed several
results concerning connectedness, indecomposability and dimension of such
inverse limits (see also [7]). Also, they investigated many interesting ex-
amples of such inverse limits of set-valued functions from the unit interval
I =0,1] to I. Bani¢, Nall and Ingram studied the topological dimension
of such inverse limits (see also [I}, [7, 8 9], 10]). It is well-known that inverse
limits of sequences of single-valued continuous functions (= mappings) have
dimension bounded by the dimensions of the factor spaces. In [10], Nall
proved that inverse limits of sequences of upper semicontinuous set-valued
functions with 0-dimensional values have dimension bounded by the dimen-
sions of the factor spaces. In [3], Charatonik and Roe investigated trivial
shape properties of such inverse limits.

In this paper, to evaluate the dimension of the inverse limit @{Xi, fii+1}
of a given inverse sequence {X;, f;iy1}5°, of compacta with set-valued func-
tions satisfying

dim{:c S Xi+1 ‘ dim fiﬂ-+1(x) > 1} <0 (7, S N),

we define expand-contract sequences in {Xj, fi;i+1}5°; and an index
J({Xi, fiit1}). In Theorem 4.1, we show that

dim @{Xm fiir1} < J{Xi, fiira}) +sup{dim X; | i € N},

This is a generalization of the results of Bani¢, Nall and Ingram [, [8, 9, [10].
Moreover, we evaluate lower bounds of dimensions of some inverse limits of
1-dimensional compacta with set-valued functions. Also, we study the shape
of inverse limits with cell-like set-valued functions. Our Theorem 5.2 is a
generalization of the results of Charatonik and Roe [3] and Ingram [8].

2. Definitions and notation. In this paper, we assume that all spaces
considered are separable metric spaces, and maps (= mappings) are contin-
uous functions. A compactum is a compact metric space. A continuum is a
connected compactum. Let f,g: X — Y be maps from a compactum X to
a metric space (Y, d). Then we define d(f,g) = sup{d(f(x),g(z)) | x € X}.
Let € > 0. Amap ¢g: X — Y is an e-map if the diameter of g~!(y) is less
than e for each y € g(X). We use dim X for the topological dimension of X.

Let X and Y be compacta. Let 2X be the collection of all nonempty
closed subsets of X and C(X) the collection of all nonempty subcontinua
of X. A function f: X — 2" is said to be upper semicontinuous if for any
x € X and any open neighborhood V' of f(z), there is an open neighborhood
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U of z such that if 2’ € U, then f(2') C V. A function f: X — 2¥ is said
to be surjective if f(X) =Y, where f(A) = J{f(z) | x € A} for a subset
Aof X. If f: X — 2¥ and g : Y — 27 are set-valued functions, then we
define the composition ¢ f : X — 2% by

g9f(x) = (=J{sw) |y € f@)})
for x € X. For a function f: X — 2Y we set
Di(f)={re X |dimf(z) > 1}, Di(f ") ={yeY |dimf'(y)>1},

where f~1(B) = {z € X | f(x) N B # ()} for a subset B of Y.

Let N = {1,2,...}. Let X; (i € N) be a sequence of compacta and let
fiiy1 © Xig1 — 2% he an upper semicontinuous function for each i € N.
The inverse limit of the inverse sequence {X;, fii+1}52, is the space

[e.e]
Im{ Xy, fiit1} = {(@)21 | @i € fiisr(wisa) for each i € N} € [] X
i=1
which has the topology of a subspace of the product space [[72; X;.
For ¢ < j, we define f; ; : X; — 2Xi by fi; =id and

fii = fiisifivrive - fim1g: X5 — 2% (i <j).

In particular, if f : X — 2% is upper semicontinuous, we consider the inverse
sequence {X, f} = {Xj, fiit1}, where X; = X, fi;y1 = f (i € N). We set

l'&n{X7 fY={(xi)2, | i € f(xis1) for each i € N}.

Let {Xj, fii+1}:2, be an inverse sequence with set-valued functions. For
each m < n, we set

G(f;m,...,n)
= {@).

In particular,

G(f12) = G(f;1,2) ={(z1,22) € X1 x Xo | 21 € fr2(22)}
is the graph of fi2: Xy — 2%1. Let p; : G(f;m,...,n) = X; (m < j <n)
be the natural jth projection.
Let y € X,, and z € X,y (n <n’). We consider the following conditions:

B v fun@
xEDl n' n+1)
: n>2and y € Di(fn—1,n)-

Also, let z € X, and y € X,y (m +2 < m'). We consider the condition
t Y € Di(fpw—1w) and dim[f, L (2) O o1 (y)) > 1.

x; € fiit1(xiy1) for each m <i<n— 1}.

i=m
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For each z,, € X,, with x,, € D;( fon +1) we consider the sequence
DUYmq < DPUmg = = DYmy_; = DYmy, < Tp]

where 2 < my,mp <n, m; +2 < mipq (1 =1,....k—1) and ym, € X,
(1t =1,...,k). In this case, we say that the sequence {ym,,z, | 1 < i < k}
is an expand-contract sequence in {X;, fi 11152, of length k. By use of such
sequences, we define

J{Xi, fiit1}) = sup{k € N | there is an expand-contract sequence
in {Xla fz z+1} =1 of length k}

If there is no such sequence, we set J({Xj, fiit1}) = 0.

3. Dimensions of inverse limits of 1-dimensional compacta with
set-valued functions. Dimensions of inverse limits with set-valued func-
tions have been studied by Bani¢, Nall and Ingram (see [I, 8, [10]). In this
section, we consider the 1-dimensional case.

THEOREM 3.1 (Bani¢ [1]). Suppose that X is a continuum and A a
closed subset of X. Let g : X — X be a (continuous) map. If f : X — 2% is
the upper semicontinuous function defined by G(f) = G(g) U (A x X), then
dim Jim{ X, f} € {dim X, co}.

THEOREM 3.2 (Nall [10]). Let X; (i € N) be a sequence of compacta and

let fiiy1 @ Xig1 — 2Xi be an upper semicontinuous function for each i € N
such that one of the following conditions is satisfied:

(1) dim f;i41(z) =0 for each i € N and x € X;41, i.e. Dl(fl it1) =
(2) dimfi’_iil(m) =0 for eachi € N and x € X;, i.e. Dl(fl z+1> 0.

Then dim l'gl{Xi, fii+1} <sup{dim X; | i € N}.

THEOREM 3.3 (Ingram [8]). Let X; (i € N) be a sequence of compacta
and let fiiv1 @ Xiy1 — 2Xi be an upper semicontinuous function for each
i € N. If for each i > 0, Z; is a closed 0-dimensional subset of X; such that
Gii+1 = fiit1| (Xig1 — Zit1) is a mapping and fzjjl(ZZ) is 0-dimensional for
each i > 2 and j > i, then diml'&n{Xi,fMH} < sup{dim X, | i € N}.

0.

In this section, under the assumption dim D (f;;+1) < 0 (i € N), we will
prove the following theorem concerning the 1-dimensional case.

THEOREM 3.4. Let X; (i € N) be a sequence of 1-dimensional compacta

and let fii1 @ Xip1 — 2Xi be an upper semicontinuous function for each
i € N. Suppose that dim D1 (fii+1) <0 (i € N). Then

dim Bm{ Xy, fiiv1} < J({ X, fiira}) + 1.

To prove this theorem, we need the following well-known theorems.
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THEOREM 3.5 (Hurewicz’s theorem [5, p. 242]). If f : X — Y is a
closed mapping between separable metric spaces and there is k > 0 such that
dim f~(y) < k for each y €Y, then dim X < dimY + k.

THEOREM 3.6 (Vainstein’s theorem [5, p. 244]). Suppose that f : X — Y
is a closed mapping between separable metric spaces. If dimY < n and
dim D;(f~) < n —i for each i = 1,...,n + 1, then dimX < n, where
Di(f™Y) = {y € Y | dim f~Y(y) > i}. In particular, if f : X — Y is a
closed mapping between separable metric spaces such that dimY < 1 and
dim Dy(f~1) +dim f~(y) <1 for each y € Y, then dim X < 1.

Proof of Theorem 3.4. We may assume that J({X;, fiiy1}) = k < oo.
First we will prove the following claim:

(¥) If X; (i € N) is a sequence of 1-dimensional compacta and f; ;11 :
Xip1 — 2% is an upper semicontinuous function for each i € N
satisfying dim D (fii+1) < 0 (¢ € N), then for any r > 2,

dimG(f;1,...,7) < J{ X, fiit1}) + 1.
We proceed by induction on J({Xj, fiit1}) = k.
Cask (0): J({Xi, fii+1}) = 0. We will prove by induction on r > 2 that
dimG(f;1,...,r) < 1.

Let r = 2. Consider the projection ps : G(f;1,2) = G(f1,2) — X2. Since the
graph G(f12) of the upper semicontinuous function fj o is closed in X; x X»,
p2 is a closed mapping. Note that dim D (pgl) = dim D (f1,2) < 0. Applying
Theorem 3.6 to f = p2 and n = max{dim X;,dim X5}, we see that

dim G(f;1,2) < max{dim X;,dim X»} (=1).
Next we assume that for r (> 2)
dimG(f;1,...,r) <1.
We must prove that
dimG(f;1,...,r+1) < 1.
By the assumption, we may assume that
dimG(f;2,...,r+1)<1.

Consider the projection ¢ : G(f;1,...,7+ 1) = G(f;2,...,r + 1) defined
by q(z1,...,2r41) = (z2,...,2r41). It is a closed mapping and

Di(qg7") = {(z2,...,xr41) € G(f;2,...,r +1) | 22 € Di(f12)}-
Note that dim D;(f12) < 0. Since J({Xj, fii+1}) = 0, we see that for any

x2 € Di(f12) and z; € X; (j > 2) with x9 < xj, we have z; ¢ Dl(f;jl_s_l).
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Hence dimf;jl_s_l(z) < 0for2 <j <randz € pj(Di(g7!)). For each
2 < j <r, consider the space

G(f;1,-o ) = {(z2,.. ., 2)) € G(f32,...,]) | w2 € Di(f12)}
and the projection ¢’ : G(f;1,...,5 +1) = G(f;1,...,5), ¢'(x2,. .., xj11)
= (x2,...,7;). Then ¢ is 0-dimensional, i.e., dim(¢’) " (z2,...,2;) < 0 for
each (z2,...,xj) € G(f;1,...,7). Applying Theorem 3.5 to f = ¢/, we see
that

0 > dim D(f12) = dim G(f; 1,2)

=dimG(f;1,2,3) = --- =dimG(f;1,...,r +1) =dim Dy (¢ }).
By the assumption, dim G(f;2,...,7 4+ 1) < 1. Now Theorem 3.6 for f = ¢
and n = 1 yields

dimG(f;1,...,r+1) < 1.

CasE (k): J{Xi, fiit1}) = k (k> 1). We assume that (x) is true for
J{Yi, gii+1}) < k—1,1e,if Y; (i € N) is a sequence of 1-dimensional
compacta and g; 41 @ Yig1 — 2Yi is an upper semicontinuous function for
each i € N satisfying dim D1(g;i+1) <0 (¢ € N) and J({Y, gsi+1}) < k—1,
then for any r € N,

dimG(g; 1,...,7) < J({Yi, giiv1}) + 1.
We will show that (x) is true for J({Xj, fiit1}) = k. Let r = 2. As
before,
dim G(f;1,2) < max{dim X;,dim Xo} < J({X;, fii+1}) + L.
Now, we suppose that for some r (> 2),
dim G(f, 1, A ,7’) < J({XZ, fi,i—i—l}) +1.
We must show that
dim G(f, 1,...,7+ 1) < J({XZ, fi,i-i-l}) + 1.
Consider the projection ¢ : G(f;1,...,7r+1) = G(f;2,...,r + 1). Recall
that
Di(q ") ={(z2, .., xp1) € G(f;2,...,r+ 1) | 33 € Di(f12)}
and dim D1 (fLQ) S 0.

Fix z € Di(f1,2) C X2 and consider the inverse sequence {Yj, giit1}:2,,
where Y; = fz_ll(z) and g; ;11 : Yip1 — 20 is defined by gii+1(2) = fiir1(2)
NY;. Note that dimY; < 1 for each i € N. Since J({Xj, fii+1}) = k and
z € Di(fi2), we see that J({Yi,gii+1}525) < k — 1, and hence by the
inductive assumption, for z € Di(f12),

dim{(z,z3,...,2r41) € G(f;2,...,r+ 1)} =dim G(g;2,...,r+ 1)
<(k-1)+1=k.
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Since dim D (f12) < 0, by Theorem 3.5 we see that dim D;(¢™1) < k. Note
that

dimG(f;2,...,r+1) <k+1.
Applying Theorem 3.6 to f = ¢ and n = k + 1, we conclude that
dimG(f;1,...,r+1)<k+1.

Hence (%) is true for any r > 2.

For any € > 0 there exists a sufficiently large » € N such that the natural
projection p : I‘&H{Xi,fi,i_i_l} — G(f;1,...,r) is an e-map. By [5, p. 85,
Theorem 1.10.12], we conclude that

dim Im{ Xy, fiip1} < JE X, figpn}) + 1.
This completes the proof. m

Let {Xj, fii+1} be an inverse sequence of compacta with upper semicon-
tinuous functions. Note that J({X;, fii+1}) = 0 if and only if

Fir15(D1(f541)) N Di(fiiv1) =0
for each ¢ +1 < j. In this case, we have the following result.

COROLLARY 3.7. Let X; (i € N) be a sequence of 1-dimensional com-
pacta and let f; ;41 @ Xiy1 — 2Xi be an upper semicontinuous function for
each i € N. Suppose that dim Dy(f;i4+1) <0 (i € N) and J{Xi, fii+1}) = 0.
Then

dim Tgl{sz fiit1} <1.

ExXAMPLE 1. In Corollary 3.7, the assumption dim D1 (f;;41) < 0 (i € N)
is necessary. Let f : I — C(I) be the surjective upper semicontinuous
function defined by f(z) =0 (z € [0,3/4)), f(x) = [0,1/4] (z € [3/4,1)),
f(1) = [0,1]. Then J({I,f}) = 0and 1 < 2 = dim@l{[,f}. In fact,
dim Dy (f) = 1.

For the following special cases, we can evaluate lower bounds of dimen-
sions of some inverse limits of set-valued functions.

THEOREM 3.8. Let X; (i € N) be a sequence of 1-dimensional compacta
and let fiiv1 @ Xiy1 — 2%i be a surjective upper semicontinuous function
for each © € N. Suppose that for each i > 2, Z; is a 0-dimensional closed
subset of X; such that fii11|Xit1 — Zig1 : Xiy1 — Ziy1 — Xi is a mapping
for alli e N. If J({Xi, fiit1}) =k, then

k< dimyin{Xi, fiiv1} <k+1.
Moreover, if there is an expand-contract sequence

[>ym1 = [>ym2 D> e Dymk71 = Dymk — an
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in {X;, fiiv1} of length J({Xi, fiiv1}) = k such that dim 7, }(x,) > 0, then
dim Bm{X;, fiit1} =k +1,
where T, : @{Xi, fiit1}isn — Xy is defined by mp (@, Tnig1,...) = Tp.

Proof. By Theorem 3.4, we have dim @{Xi, fiiv1} < k+1.8Set g;it1 =
fi,i-{—l ‘ Xi+1 — Zi+1~ For y; € X; and Y; € Xj (Z +2 < ]), we consider the
condition

i <l pLas >y;|: There exists a (nondegenerate) subcontinuum C' in
fj—l,j (y]) such that

j—1

CCXj1— U 9;1,1]‘—1(Zm)a
m=i+1

Gm,j—1]C : C = gm j—1(C) C Xy, is a mapping for i4+1 <
m < j—1and git1,;-1(C) C fih ()
Let y; € X; and y; € X; (i +2 < j) be such that y; «— >y;. We will
show that there is y;; € Xy such that ¢ </, +2 < j and
Yi  yr < S Dy;.

Since y; < D>yj, there is a nondegenerate continuum D in f;j_; j(y;) such
that y; € fij—1(2) for any z € D. Since Z;_; is a 0-dimensional closed set,
there is a nondegenerate subcontinuum C4 in D—Z;_;. Note that g;_2 j_1|C1
is a mapping. If g;_2;-1(C1) is a one-point set, we set y; = gj—2.-1(C1).
If gj—2;—1(C1) is nondegenerate, we choose a nondegenerate subcontinuum
Cy in Cy — gj:lz’jfl(Zj_g). Then gj_3—1|C> is a mapping. If we continue
this procedure finitely many times, we obtain the desired point ;.

Since J({Xj, fiit1}) = k, there is an expand-contract sequence

DUmq = PUYmg =D =X DUmp_; = DPUm, < Tn]

in {Xj, fii+1} of length k. Hence we have the following sequence:
map map map
B> Ymy < Y, <= PUmy < Yy < = DYmg < - <= DUmy 4
map
— ym;C_lQ < PYm, & Tn <.

Note that f; ;11 is surjective. We can choose and fix points as follows:

(Trs T, ... ) € Tt (2n),

(Ymps - - Tn) € G(fimp, ..., n),

(Ymis - Yms) € G(f;miy...,ml) (i=1,...,k—1).
Since Ym,_, < e DYm, (i =2,...,k), there are nondegenerate subcontinua

Ap,—110 fr,—1,m,; (Ym,) as in the definition of the condition Ym:_, < &L D> Y, -
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Also, there is a nondegenerate subcontinuum A,,, —1 of fi, —1,m; (Ym,) such
that one of the following properties is satisfied;
(1) gimi—1|Am,—1 is a mapping for each 1 <i <m; — 2.
(ii) There is y,,y € X,y such that 1 < m{ < mi — 2, gim,—1][Am, -1 :
Apmy—1 — X;is amapping for m{ <i <mi—2and gpy -1 (Amy—1)
Assume that case (i) holds. Consider the map
heAp—1 X X A1 — @{Xi,fi,i+1}

defined by
h(z1, ... 2k) = (91mi—1(21)s 92mi—1(21),s - -5 21, Ymas - - - Y, »
I +1.ma—1(22)s Gl 42,ma—1(22), -5 22, Ymas - > Yy - - 5
gm;ﬁlﬂ,mkfl(zk)a gm;71+2,mk71(zk)’ s s Ry Ymygs o - -5 Tns - )
for z; € Ap,—1 (1 = 1,...,k). We can easily see that h is continuous and

moreover it is an embedding. Note that dim A,,,—1 = 1. Hence
k= dim(Am1,1 X oo X Amkfl) < dlml&n{Xl, fi,i+1} <k+1.

In case (ii), we have a similar embedding h : Ay -1 X -+ X Ao —
I'&n{Xi, fii+1}. Finally, if dim 7, 1(z,,) > 0, as above we have an embedding

I Am1—1 X oo X Amk—l X ng(xn) — @{thi,i—i-l}'
Hence dim @{Xi, fiiv1}=k+1. m

COROLLARY 3.9. Let X; (i € N) be a sequence of 1-dimensional com-
pacta and let fiit1 @ X1 — 2Xi be a surjective upper semicontinuous
function for each v € N. Suppose that for each © > 2, Z; is a 0-dimensional
closed subset of X; such that f;;y1|Xit1 — Zig1 © Xiy1 — Zig1 — Xi is a
mapping for all i € N. If diml‘gl{Xi,fiyiH} =0, then J({Xi, fii+1}) = 0.
And if dim @{X“ fm'+1} =k (/{ Z 1), then J({Xz, fz’,i+1}) =k—1ork.

We give some examples related to the conditions of Theorem 3.8.

EXAMPLE 2. Let g : I = [0,1] — I be the map defined by g(z) = x/2
and let ¢’ : I = [0,1] — I be the map defined by ¢'(z) = /2 + 1/2. Let f :
I — 2! be the surjective upper semicontinuous function defined by f(z) =
{g9(x),¢'(x)}. Then @{I, f} is a Cantor set and hence dim @{I, f}=o.

EXAMPLE 3 (see [7, Example 5.4]). Let f: I — C(I) be the surjective
upper semicontinuous function defined by f(x) =0 (z € [0,1/3)), f(1/3) =
[0,1/3], f(z) =1/3 (z € (1/3,2/3)), f(2/3) = [1/3,2/3], f(z) =2/3 (z €
(2/3,1)), f(1) = [2/3,1]. Note that J({I, f}) = 2,

>ro = 1/3 «— D>ry = 2/3 — Ty = 2/3<]
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and dimm; '(z4) > 0. Also {I, f} satisfies the condition of Theorem 3.8.
Hence dimli&l{[, f} = 3. In fact, 1'&1{[, f} is a 3-cell with a fin (see [7]
Example 5.4]).

EXAMPLE 4 (see [7, Example 2.3]). Let f: I — C(I) be the surjective
upper semicontinuous function defined by f(0) = I and f(x) =0 (z € (0, 1)).

In this case, for any k € N we have the following expand-contract sequence
of length k:

Dro=0—=pDry=0—=Drg=0- - < Drok_o =0« D>x9y =0

— a9, =0<.
Then J({I,f}) = oo and by Theorem 3.8, dimyLn{I,f} = oo. In fact,
l'gl{[, f} contains a Hilbert cube.

EXAMPLE 5. Let I; (i € N) be a sequence of copies of the unit interval I
and let C be a Cantor set in [0,1/2]. Let u : C' — [0, 1/2] be a surjective map.
Consider the following surjective upper semicontinuous functions f; 41 :
Liv1 — 2fi (Z S N)

(1) fia(z) = v i(z) (z € [0,1/2]) and f12|[1/2,1] : [1/2,1] — [ is an

onto map.

(2) fas(x) =z (x € [0,1/2)), fo3(1/2) = [0,1/2], fo3(z) = = (x €

(1/2,1]).

(3) fsa(@) =z (z €[0,1/2)), fsa(z) = {1/2,2} (= € [1/2,1]).

Also, we will construct f;;+1 (i > 4) as follows. For any € > 0, we can
construct a surjective upper semicontinuous function f, : [1/2,1] — 2[1/21]
such that for some sequence 1/2 =ty <t; < -+ <ts_1 <ts=1,

(a) fe(1/2) =1/2, f(1) =1,

(b) fel(titix1) (i = 1,...,ts—1) is an injective map and f.([1/2,1]) =

[1/2,1],
(¢) fe(t;) is a two-point set for i = 1,...,ts_1 and the diameter of each
G(fe|(ti, tiv1)) (C G(fe)) is less than e.
By use of the maps f. : [1/2,1] — 2[1/21 for sufficiently small e > 0 and
by induction on i (> 4) we can construct surjective upper semicontinuous
functions fi;1: Ii+1 — 2% such that fi;41([0,1/2] = id and
dim §m{[1/2,1], fii1l[1/2,1]}724 = 0.
Note that
I>:B3:1/2%£1:‘3:1/2<] (1'3613).
In fact, J({quz,z+l}) = 1. Since dlml&l{[l/Q, 1]7fi,i+1‘[1/27 1]};’24 == 0, we
see that dim 7r3_1(x3) = 0, and hence dim Liin{fi, fii+1} = 0. Note that only

f1,2 does not satisfy the conditions of Theorem 3.8 and Corollary 3.9, and
the others satisfy those conditions.
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EXAMPLE 6. Let f; 1 : [iy1 — 2% (i > 2) be the surjective upper semi-
continuous functions as in Example 5. The inverse sequence {I;, fii+1}5°,
satisfies the conditions of Theorem 3.8 and Corollary 3.9. In this case,

dim Bm{7;, fiip1}725 = 1 and J({1;, fiis1}72,) = 1.

4. Dimensions of inverse limits of higher-dimensional compacta
with set-valued functions. For higher-dimensional cases, to find more
precise upper bounds of dimensions of inverse limits @{Xi, fii+1} with
upper semicontinuous functions, we need a more precise and complicated
index j({Xi,fi’iH}). Let {X;, fii+1}52, be an inverse sequence with set-
valued functions. For any expand-contract sequence

S DYmy < DYmy <D = DYy = DYy, — Tp <l
we set d(S) = Zle dim fr,—1,m; (Ym, ). We define
J({ X, fiin})

= sup{d(S) | S is an expand-contract sequence in {Xj, fiit+1}i=q}-
1\~Iote that j({XZ-, fiit1}) = J({Xi, fiig1}). If each X, is 1-dimensional, then
JU{Xs, fiinr}) = J{ X, fiier})-

The following is a more precise result for higher-dimensional cases.

THEOREM 4.1. Let X; (i € N) be a sequence of compacta and let f; ;1 :
Xi1 — 2% be an upper semicontinuous function for each i € N. Suppose

that dim D1 (f;;41) <0 (¢ € N). Then
dim lim{X;, fii+1} < J({Xi, fii1}) + sup{dim X; | i € N},
Proof. The proofis similar to the proof of Theorem 3.4. We use Vainstein’s
theorem (Theorem 3.6) more precisely than in the proof of Theorem 3.4. For
completeness, we give the precise proof.

We may assume that sup{dim X; | i € N} = m < oo and J({X;, fiit1})
=k < oo. We prove the following claim:

(x) If X; (i € N) is a sequence of compacta and fiit1 @ Xiy1 —
2%i is an upper semicontinuous function for each i € N satisfying
dim D1 (fii4+1) <0 (i € N), then for any r > 2,

dim G(f;1,...,r) < J{Xi, fiir1}) + sup{dim X; | i € N} = n.
We proceed by induction on J({X;, fiit1}) = k-
CaSE (0): J({Xi, fiis1}) = 0. We will prove by induction on r > 2 that
dim G(f;1,...,r) <sup{dim X; | i € N}.

Let r = 2. The projection pa : G(f;1,2) = G(f1,2) — X2 is a closed mapping
and dim Dy (pgl) = dim D;(f1,2) < 0. We apply Theorem 3.6 to f = py and
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n = max{dim X1, dim X5} to get
dim G(f;1,2) < max{dim X1, dim X5} < sup{dim X; | i € N}.
Next we assume that for some r (> 2),
dimG(f;1,...,r) <sup{dim X; | i € N}.

We must prove that

dimG(f;1,...,r+1) <sup{dim X, | i € N}.
By the assumption, we may assume that

dimG(f;2,...,r+1) <sup{dim X; | i € N}.

Consider the projection ¢ : G(f;1,...,7+ 1) = G(f;2,...,7 + 1) defined
by q(z1,...,2r41) = (z2,...,2r41). We have
Di(q ") ={(z2, .., xp1) € G(f;2,...,7 + 1) | 33 € Di(f12)}-
Note that dim D1 (f12) < 0. Since J({X;, fii+1}) = 0, we see that for any
xo € Di(f12) and z; € X (j > 2) with 9 < z;, we have z; ¢ Dl(f]TjIJrl)'
Hence dimfj*jl_s_l(z) < 0for2<j<randz € pj(Di(gh)). As in the
proof of Theorem 3.4, we find that dim D;(g~!) < 0. By the assumption,
dim G(f;2,...,7+ 1) < sup{dim X; | i € N}. Theorem 3.6 applied to f = ¢
and n = sup{dim X; | i € N} yields
dimG(f;1,...,r+1) <sup{dim X, | i € N}.

Case (k): J({Xi, fiis1}) = k (k > 1). We assume that (x) is true for
J{Yi, gii+1}) < k—1, ie,if Y; (i € N) is a sequence of compacta and
Giit1 = Yig1 — 2Yi is an upper semicontinuous function for each i € N

satisfying dim D;(gii+1) < 0 (i € N) and J({Y;,gii11}) < k — 1, then for
any r € N,

dim G(g;1,...,7) < J({Yi, giir1}) +sup{dimY; | i € N}.

We will show that (x) is true for J({X;, fiis1}) = k. Let r = 2. As
before,

dim G(f;1,2) < max{dim X7, dim X5}
< J{Xi, fiir1}) + sup{dim X; | i € N}.
Now, we suppose that for some r (> 2),
dim G(f;1,...,r) < J{Xi, fiit1}) +sup{dim X; | i € N}.
We must show that
dim G(f;1,...,r+1) < J{Xi, giir1}) + sup{dim X; | i € N}.
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Consider the projection ¢q : G(f;1,...,7+1) = G(f;2,...,7 + 1). Recall
that

Dl(q_l) = {(x27 cee 7$T+1) € G(f, 25 N s 1) ‘ T2 € Dl(fl,?)}
and dim Dl(flyg) < 0.

Fix z € Di(f12) C Xa. Consider the inverse sequence {Y, giit1}52,,
where Y; = f{il(z) and gii+1 @ Yiq1 — 2Yi is defined by Giit1(z) =
fii+1(x) N'Y;. Since j({Xi,fi,iH}) = k and z € Di(f12), we see that
J({Yi, gii+1}325) < k—dim fi 2(2), and hence by the inductive assumption,
for the fixed z € D1(f1,2),
dim{(z,z3,...,2,41) € G(f;2,...,r+ 1)} =dimG(g;2,...,r+ 1)

< (k —dim f12(2)) +sup{dimY; | i € N}
< (k —dim f12(2)) + sup{dim X; | 7 € N}.
Recall D;(¢7Y) = {(z,23,...,%r41) € G(f;2,...,7r + 1) | dim f12(2) > i}.
By Theorem 3.5, for each i > 1,
dim D;(¢ ') < (k — i) + sup{dim X; | i € N}.
Vainstein’s theorem (Theorem 3.6) applied to f = ¢ and n = J({X;, fiit1})
+ sup{dim X; | i € N} yields
dim G(f;1,...,r+1) < J{Xi, fiir1}) + sup{dim X; | i € N}.
Hence () is true for any r > 2.

For any € > 0 there exists a sufficiently large r € N such that the natural
projection p : @{Xi, fiit1} = G(f;1,...,7) is an e-map. By [5] again, we
conclude that

dim Jim{X;, fii+1} < J({Xi, fii1}) + sup{dim X; | i € N},
This completes the proof. m

COROLLARY 4.2. Let X; (i € N) be a sequence of compacta and let
figy1 » Xig1 — 2Xi be a surjective upper semicontinuous function for each
1 € N. Suppose that for each i > 2, Z; is a 0-dimensional closed subset of
X; such that fiiv1| Xig1 — Zig1 © Xiv1 — Zipa — Xi is a mapping for all
1 € N. Then
J{ X, fiira}) SdimIm{ X, fi i1} < J({Xi, gii+1}) +sup{dim X; | i € N}.

Proof. The proof is similar to the proof of Theorem 3.8. m

ExaMPLE 7. Under the assumption of Corollary 4.2, we cannot conclude

JUXi, fiim}) < dim Bm{ X, fii1}-
In fact, it is well-known that there is a 2-dimensional continuum P such
that dim(P x P) = 3 (see [I1]). Let X; = P (i = 1,3), X; = {x} (i = 2,4)
and X; = [1/2,1] (i = 5,6,...). Let fii+1 : Xiy1 — 2Xi be defined as
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follows: fi2(x) = P, f23(P) = {x}, fsa(x) = P, fus([1/2,1]) = {«}
and fiiy1 : [1/2,1] — [1/2,1] (i > 5) are set-valued functions as in Ex-
ample [ satisfying diml'&n{[lﬂ7 1], fiit1}i>s = 0. Then {Xj, fiit1} sat-
isfies the conditions of Corollary 4.2 and J({Xj, fii+1}) = 2. Note that
dim Jim{X;, fi i1} =dim(Px P)=3 and J({Xi, fi;i+1}) = dim P+dim P=4.

5. Shape of inverse limits with cell-like set-valued functions.
Let (X,dx) and (Y,dy) be metric spaces. We assume that the product
space X x Y has the fixed metric dxxy defined by dx«y ((x,y), (z/,y")) =
dx(z,2') + dy(y,y'). Let f: X — 2¥ be a set-valued function and e > 0.
A map g : X — Y is an eselection of f if G(g) C U(G(f);€), where
U(G(f);e€) is the e-neighborhood of the graph G(f) in Y x X. If two com-
pacta X and Y have the same shape (i.e., X and Y are shape equivalent), we
write Sh(X) = Sh(Y). If X has trivial shape (i.e., X and the one-point set
x are shape equivalent), we write Sh(X) = Sh(x). Recall that a continuum
X in the Hilbert cube ) has trivial shape if and only if for any open neigh-
borhood U of X in ), X is contractible in U. Trivial shape of some inverse
limits with set-valued functions was studied by Charatonik and Roe [3].

A set-valued function f : X — C(Y) is cell-like if Sh(f(z)) = Sh(x)
for each x € X. In this section, we study the shape of inverse limits with
cell-like set-valued functions (for shape theory, see e.g. [2] and [4]).

THEOREM 5.1 (Charatonik and Roe [3]). Let X; (i € N) be a sequence
of finite-dimensional continua and let f; ;11 @ Xiy1 — C(X;) be an upper
semicontinuous function for each i € N. Suppose that f; ;1 is cell-like and
Sh(X;) = Sh(x) for each i € N. Then Sh(@{Xi, fii+1}) = Sh(x).

Now, we prove the following main theorem of this section.

THEOREM 5.2. Let X; (i € N) be a sequence of finite-dimensional com-
pact ANRs and let f;;y1: X1 — C(X;) be an upper semicontinuous func-
tion for each i€ N. If f; i1 is cell-like for each i €N, then Sh(@{Xi, fii+1})
= Sh(@{Xi,s(fi,Hl)}), where s(fii+1) + Xiv1 — Xi is an ¢;-selection of
fii+1 such that €, > 0 is so small that any two €;-selections of f; ;41 are
homotopic.

Proof. For each i < j, consider the space G(f;i,...,7) (i < j) and the
natural projection

defined by ppli, jl(xi,...,x;) = (zi,...,z;j—1). Note that
Wm{ Xy, fiivr} = Mm{G(f;1,...,4,), pB[l,i +1]}.
Also let ppli, j] : G(f;i,...,7) = G(f;i+1,...,7) be the projection defined



Inverse limits with set-valued functions 97

by
pF[Z7]](x’La .- ,{,U]) = (xi+17 s ,3','])

Note that (ppli,]) ™ (zit1,...,7;) is homeomorphic to fi;11(xit1), and
hence prli,j] is a cell-like map (i.e. the set-valued function (ppg[i,j])~! is
cell-like). Since G(f;i,...,7) and G(f;i + 1,...,7) are finite-dimensional,
prli, j] is a hereditary shape equivalence (see e.g. [4, Section 8]). In partic-
ular, ppli,i + 1] : G(f;i,9+ 1) = G(fii+1) — Xiy1 is a hereditary shape
equivalence.

Fix4 € N. Note that X; x X;;1isan ANR and dim X;+dim X;,1 = n < oo.
Since ppli,i + 1] is cell-like, there is a sufficiently small ¢; > 0 such that
any maps ¢, from any n-dimensional compactum to U(G(f;i,i + 1);¢€;)
with d(prli,i+ 1] - g,prli,i + 1] - ¢') < € are homotopic in X; x X1 (see
e.g. [4, Section 8]), where pp[i,i + 1] : X; X X;+1 — X;+1 denotes the pro-
jection. Also, we have a map s; 41 : Xit1 — U(G(f;4,7 4 1);€;) such that
prli,i+1]-5;41 = idx, . Set s(fiiv+1) = DBli, i+1]-8; 141, where ppli,i+1] :
X x Xijt1 — X, is the projection. Note that G(s(fii+1)) C U(G(fii+1);€)
and €; > 0 satisfy the property of Theorem 5.2. Then we have the following
diagram commutative up to homotopy:

X, <220 Gipivi 1)
lld \LpF [Zvl+1]
X, s(fii+1) Xi1
For each k=1,...,i — 1, we have the following commutative diagram:
ik i) —L2E Y Gipk i)

lpF[k"i] ipF[kvl+1]
Gfik 41,0 <2 e 1 i)

The above diagrams yield the following diagram commutative up to homo-
topy:

Gty i) <22 e i)

lpF ppl
X s(fiit1) be
i i+1
where pp : G(f;1,...,i) — X; denotes the composition of the projections
prlk,i] (k=1,...,7). Since pp is a shape equivalence, we see that

Sh(lm{X;, fii+1}) = Sh(Um{X;, s(fiiy1)}). =
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Let P be a collection of compacta. A compactum X is P-like if for any
€ > 0 there exist P € P and an e-map from X onto P. A compactuum X
is circle-like if P = {circle} and X is P-like. A compactum X is tree-like if
P ={T|Tis atree} and X is P-like.

COROLLARY 5.3. Let X; (i € N) be a sequence of graphs (i.e., 1-dimen-
sional finite connected polyhedra) and for each i € N let fi ;41 @ Xip1 —
C(X;) be an upper semicontinuous function such that f; j+1(x) is a tree in X;
and x € X;11. Then lién{Xi,fMH} is shape equivalent to an {X; | i € N}-
like continuum Y .

Proof. Theorem 5.2 implies that @{Xi, fii+1} is shape equivalent to
im{X;, s(fii+1)}. For each i, we can easily construct a surjective map g; j4+1 :
i+1 — X; such that s(f;;y1) and g;;+1 are homotopic. Hence

Sh(lim{X;, fii+1}) = Sh(Um{X;, s(fiiv1)}) = Sh(Um{ X, gii1)}-
Thus Y = I.&H{Xi;gi,i—&-l} is {Xz | 1€ N}—like. ]

COROLLARY 5.4. Let X; (i € N) be a sequence of simple closed curves
and for each i € N let fi;iy1 : Xip1 — C(X;) be an upper semicontin-
wous function such that f;;1(z) is an arc in X; and x € X;q1. Then
@{Xi, fiit1} is shape equivalent to a circle-like continuum.

COROLLARY 5.5. Let X; (i € N) be a sequence of graphs and for each i €
N let fiiv1 @ Xiy1 — C(X;) be a surjective upper semicontinuous function
such that fi;i41(x) is a tree in X; and x € Xjpq. If dimDy(fii41) < 0
for each i and J({Xi, fii+1}) = 0, then l'&l{Xi, fiit1} is a 1-dimensional
continuum which is shape equivalent to an {X; | i € N}-like continuum Y.
Moreover, if X; is a tree for each i, then @{Xi, fiit1} is tree-like.

Proof. Since f;;+1(z) is connected for each z € Xy, we see that
im{X;, fi;i+1} is a nondegenerate continuum (see [9]) and hence it is 1-
imensional. =
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