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On dimension and shape of
inverse limits with set-valued functions

by

Hisao Kato (Ibaraki)

Abstract. Recently, several topological properties of inverse limits of compacta with
upper semicontinuous set-valued functions have been studied by many authors. The study
of such inverse limits has developed into one of rich topics of geometric topology. There
are many differences between the theory of inverse limits with mappings and the theory
with set-valued functions. In this paper, we investigate the dimension and the shape of
inverse limits with set-valued functions. To evaluate the dimension of the inverse limit
lim←−{Xi, fi,i+1} of a given inverse sequence {Xi, fi,i+1}∞i=1 of compacta with set-valued
functions satisfying

dim{x ∈ Xi+1 | dim fi,i+1(x) ≥ 1} ≤ 0 (i ∈ N),

we define expand-contract sequences in {Xi, fi,i+1}∞i=1 and an index J̃({Xi, fi,i+1}). By
use of the index, we prove that

dim lim←−{Xi, fi,i+1} ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.

Moreover, we evaluate lower bounds of dimensions of some inverse limits of 1-dimensional
compacta with set-valued functions. We study the shape of inverse limits with cell-like
set-valued functions.

1. Introduction. Inverse limits with bonding maps have played impor-
tant roles in the development of geometric topology and topological dynam-
ical systems. In fact, every complicated compactum can be represented by
an inverse limit of finite polyhedra and simple bonding maps. Conversely,
inverse limits with simple bonding maps are useful to produce complicated
spaces. These facts imply strong relations between inverse limits and chaotic
dynamical systems.
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In 2004, inverse limits with set-valued functions were introduced by Ma-
havier as inverse limits with closed subsets of the unit square [0, 1] × [0, 1]
(see e.g. [7, 9]). Since then, the subject has rapidly developed into a rich
topic of geometric topology, particularly among continuum theorists (see
e.g. [1, 3, 6, 7, 8, 9, 10]). In [9], Ingram and Mahavier discussed several
results concerning connectedness, indecomposability and dimension of such
inverse limits (see also [7]). Also, they investigated many interesting ex-
amples of such inverse limits of set-valued functions from the unit interval
I = [0, 1] to I. Banič, Nall and Ingram studied the topological dimension
of such inverse limits (see also [1, 7, 8, 9, 10]). It is well-known that inverse
limits of sequences of single-valued continuous functions (= mappings) have
dimension bounded by the dimensions of the factor spaces. In [10], Nall
proved that inverse limits of sequences of upper semicontinuous set-valued
functions with 0-dimensional values have dimension bounded by the dimen-
sions of the factor spaces. In [3], Charatonik and Roe investigated trivial
shape properties of such inverse limits.

In this paper, to evaluate the dimension of the inverse limit lim←−{Xi, fi,i+1}
of a given inverse sequence {Xi, fi,i+1}∞i=1 of compacta with set-valued func-
tions satisfying

dim{x ∈ Xi+1 | dim fi,i+1(x) ≥ 1} ≤ 0 (i ∈ N),

we define expand-contract sequences in {Xi, fi,i+1}∞i=1 and an index

J̃({Xi, fi,i+1}). In Theorem 4.1, we show that

dim lim←−{Xi, fi,i+1} ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.
This is a generalization of the results of Banič, Nall and Ingram [1, 8, 9, 10].
Moreover, we evaluate lower bounds of dimensions of some inverse limits of
1-dimensional compacta with set-valued functions. Also, we study the shape
of inverse limits with cell-like set-valued functions. Our Theorem 5.2 is a
generalization of the results of Charatonik and Roe [3] and Ingram [8].

2. Definitions and notation. In this paper, we assume that all spaces
considered are separable metric spaces, and maps (= mappings) are contin-
uous functions. A compactum is a compact metric space. A continuum is a
connected compactum. Let f, g : X → Y be maps from a compactum X to
a metric space (Y, d). Then we define d(f, g) = sup{d(f(x), g(x)) | x ∈ X}.
Let ε > 0. A map g : X → Y is an ε-map if the diameter of g−1(y) is less
than ε for each y ∈ g(X). We use dimX for the topological dimension of X.

Let X and Y be compacta. Let 2X be the collection of all nonempty
closed subsets of X and C(X) the collection of all nonempty subcontinua
of X. A function f : X → 2Y is said to be upper semicontinuous if for any
x ∈ X and any open neighborhood V of f(x), there is an open neighborhood
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U of x such that if x′ ∈ U , then f(x′) ⊂ V . A function f : X → 2Y is said
to be surjective if f(X) = Y , where f(A) =

⋃
{f(x) | x ∈ A} for a subset

A of X. If f : X → 2Y and g : Y → 2Z are set-valued functions, then we
define the composition gf : X → 2Z by

gf(x) = g(f(x)) (=
⋃
{g(y) | y ∈ f(x)})

for x ∈ X. For a function f : X → 2Y , we set

D1(f) = {x ∈ X | dim f(x) ≥ 1}, D1(f
−1) = {y ∈ Y | dim f−1(y) ≥ 1},

where f−1(B) = {x ∈ X | f(x) ∩B 6= ∅} for a subset B of Y .
Let N = {1, 2, . . .}. Let Xi (i ∈ N) be a sequence of compacta and let

fi,i+1 : Xi+1 → 2Xi be an upper semicontinuous function for each i ∈ N.
The inverse limit of the inverse sequence {Xi, fi,i+1}∞i=1 is the space

lim←−{Xi, fi,i+1} = {(xi)∞i=1 | xi ∈ fi,i+1(xi+1) for each i ∈ N} ⊂
∞∏
i=1

Xi

which has the topology of a subspace of the product space
∏∞
i=1Xi.

For i ≤ j, we define fi,j : Xj → 2Xi by fi,i = id and

fi,j = fi,i+1fi+1,i+2 · · · fj−1,j : Xj → 2Xi (i < j).

In particular, if f : X → 2X is upper semicontinuous, we consider the inverse
sequence {X, f} = {Xi, fi,i+1}, where Xi = X, fi,i+1 = f (i ∈ N). We set

lim←−{X, f} = {(xi)∞i=1 | xi ∈ f(xi+1) for each i ∈ N}.
Let {Xi, fi,i+1}∞i=1 be an inverse sequence with set-valued functions. For

each m ≤ n, we set

G(f ;m, . . . , n)

=
{

(xi)
n
i=m ∈

n∏
i=m

Xi

∣∣∣ xi ∈ fi,i+1(xi+1) for each m ≤ i ≤ n− 1
}
.

In particular,

G(f1,2) = G(f ; 1, 2) = {(x1, x2) ∈ X1 ×X2 | x1 ∈ f1,2(x2)}
is the graph of f1,2 : X2 → 2X1 . Let pj : G(f ;m, . . . , n) → Xj (m ≤ j ≤ n)
be the natural jth projection.

Let y ∈ Xn and x ∈ Xn′ (n ≤ n′). We consider the following conditions:

y ← x : y ∈ fn,n′(x),

xC : x ∈ D1(f
−1
n′,n′+1),

By : n ≥ 2 and y ∈ D1(fn−1,n).

Also, let x ∈ Xm and y ∈ Xm′ (m+ 2 ≤ m′). We consider the condition

x�By : y ∈ D1(fm′−1,m′) and dim[f−1m,m′−1(x) ∩ fm′−1,m′(y)] ≥ 1.
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For each xn ∈ Xn with xn ∈ D1(f
−1
n,n+1), we consider the sequence

Bym1 �Bym2 � · · ·�Bymk−1
�Bymk

← xnC

where 2 ≤ m1,mk ≤ n, mi + 2 ≤ mi+1 (i = 1, . . . , k − 1) and ymi ∈ Xmi

(i = 1, . . . , k). In this case, we say that the sequence {ymi , xn | 1 ≤ i ≤ k}
is an expand-contract sequence in {Xi, fi,i+1}∞i=1 of length k. By use of such
sequences, we define

J({Xi, fi,i+1}) = sup{k ∈ N | there is an expand-contract sequence

in {Xi, fi,i+1}∞i=1 of length k}.
If there is no such sequence, we set J({Xi, fi,i+1}) = 0.

3. Dimensions of inverse limits of 1-dimensional compacta with
set-valued functions. Dimensions of inverse limits with set-valued func-
tions have been studied by Banič, Nall and Ingram (see [1, 8, 10]). In this
section, we consider the 1-dimensional case.

Theorem 3.1 (Banič [1]). Suppose that X is a continuum and A a
closed subset of X. Let g : X → X be a (continuous) map. If f : X → 2X is
the upper semicontinuous function defined by G(f) = G(g) ∪ (A×X), then
dim lim←−{X, f} ∈ {dimX,∞}.

Theorem 3.2 (Nall [10]). Let Xi (i ∈ N) be a sequence of compacta and
let fi,i+1 : Xi+1 → 2Xi be an upper semicontinuous function for each i ∈ N
such that one of the following conditions is satisfied:

(1) dim fi,i+1(x) = 0 for each i ∈ N and x ∈ Xi+1, i.e., D1(fi,i+1) = ∅.
(2) dim f−1i,i+1(x) = 0 for each i ∈ N and x ∈ Xi, i.e., D1(f

−1
i,i+1) = ∅.

Then dim lim←−{Xi, fi,i+1} ≤ sup{dimXi | i ∈ N}.

Theorem 3.3 (Ingram [8]). Let Xi (i ∈ N) be a sequence of compacta
and let fi,i+1 : Xi+1 → 2Xi be an upper semicontinuous function for each
i ∈ N. If for each i > 0, Zi is a closed 0-dimensional subset of Xi such that
gi,i+1 = fi,i+1 | (Xi+1−Zi+1) is a mapping and f−1i,j (Zi) is 0-dimensional for
each i ≥ 2 and j > i, then dim lim←−{Xi, fi,i+1} ≤ sup{dimXi | i ∈ N}.

In this section, under the assumption dimD1(fi,i+1) ≤ 0 (i ∈ N), we will
prove the following theorem concerning the 1-dimensional case.

Theorem 3.4. Let Xi (i ∈ N) be a sequence of 1-dimensional compacta
and let fi,i+1 : Xi+1 → 2Xi be an upper semicontinuous function for each
i ∈ N. Suppose that dimD1(fi,i+1) ≤ 0 (i ∈ N). Then

dim lim←−{Xi, fi,i+1} ≤ J({Xi, fi,i+1}) + 1.

To prove this theorem, we need the following well-known theorems.
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Theorem 3.5 (Hurewicz’s theorem [5, p. 242]). If f : X → Y is a
closed mapping between separable metric spaces and there is k ≥ 0 such that
dim f−1(y) ≤ k for each y ∈ Y , then dimX ≤ dimY + k.

Theorem 3.6 (Văınštĕın’s theorem [5, p. 244]). Suppose that f : X → Y
is a closed mapping between separable metric spaces. If dimY ≤ n and
dimDi(f

−1) ≤ n − i for each i = 1, . . . , n + 1, then dimX ≤ n, where
Di(f

−1) = {y ∈ Y | dim f−1(y) ≥ i}. In particular, if f : X → Y is a
closed mapping between separable metric spaces such that dimY ≤ 1 and
dimD1(f

−1) + dim f−1(y) ≤ 1 for each y ∈ Y , then dimX ≤ 1.

Proof of Theorem 3.4. We may assume that J({Xi, fi,i+1}) = k < ∞.
First we will prove the following claim:

(∗) If Xi (i ∈ N) is a sequence of 1-dimensional compacta and fi,i+1 :
Xi+1 → 2Xi is an upper semicontinuous function for each i ∈ N
satisfying dimD1(fi,i+1) ≤ 0 (i ∈ N), then for any r ≥ 2,

dimG(f ; 1, . . . , r) ≤ J({Xi, fi,i+1}) + 1.

We proceed by induction on J({Xi, fi,i+1}) = k.

Case (0): J({Xi, fi,i+1}) = 0. We will prove by induction on r ≥ 2 that

dimG(f ; 1, . . . , r) ≤ 1.

Let r = 2. Consider the projection p2 : G(f ; 1, 2) = G(f1,2)→ X2. Since the
graph G(f1,2) of the upper semicontinuous function f1,2 is closed in X1×X2,
p2 is a closed mapping. Note that dimD1(p

−1
2 ) = dimD1(f1,2) ≤ 0. Applying

Theorem 3.6 to f = p2 and n = max{dimX1, dimX2}, we see that

dimG(f ; 1, 2) ≤ max{dimX1,dimX2} (= 1).

Next we assume that for r (≥ 2)

dimG(f ; 1, . . . , r) ≤ 1.

We must prove that

dimG(f ; 1, . . . , r + 1) ≤ 1.

By the assumption, we may assume that

dimG(f ; 2, . . . , r + 1) ≤ 1.

Consider the projection q : G(f ; 1, . . . , r + 1) → G(f ; 2, . . . , r + 1) defined
by q(x1, . . . , xr+1) = (x2, . . . , xr+1). It is a closed mapping and

D1(q
−1) = {(x2, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1) | x2 ∈ D1(f1,2)}.

Note that dimD1(f1,2) ≤ 0. Since J({Xi, fi,i+1}) = 0, we see that for any
x2 ∈ D1(f1,2) and xj ∈ Xj (j ≥ 2) with x2 ← xj , we have xj /∈ D1(f

−1
j,j+1).
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Hence dim f−1j,j+1(z) ≤ 0 for 2 ≤ j ≤ r and z ∈ pj(D1(q
−1)). For each

2 ≤ j ≤ r, consider the space

G̃(f ; 1, . . . , j) = {(x2, . . . , xj) ∈ G(f ; 2, . . . , j) | x2 ∈ D1(f1,2)}
and the projection q′ : G̃(f ; 1, . . . , j + 1) → G̃(f ; 1, . . . , j), q′(x2, . . . , xj+1)
= (x2, . . . , xj). Then q′ is 0-dimensional, i.e., dim(q′)−1(x2, . . . , xj) ≤ 0 for

each (x2, . . . , xj) ∈ G̃(f ; 1, . . . , j). Applying Theorem 3.5 to f = q′, we see
that

0 ≥ dimD(f1,2) = dim G̃(f ; 1, 2)

= dim G̃(f ; 1, 2, 3) = · · · = dim G̃(f ; 1, . . . , r + 1) = dimD1(q
−1).

By the assumption, dimG(f ; 2, . . . , r + 1) ≤ 1. Now Theorem 3.6 for f = q
and n = 1 yields

dimG(f ; 1, . . . , r + 1) ≤ 1.

Case (k): J({Xi, fi,i+1}) = k (k ≥ 1). We assume that (∗) is true for
J({Yi, gi,i+1}) ≤ k − 1, i.e., if Yi (i ∈ N) is a sequence of 1-dimensional
compacta and gi,i+1 : Yi+1 → 2Yi is an upper semicontinuous function for
each i ∈ N satisfying dimD1(gi,i+1) ≤ 0 (i ∈ N) and J({Yi, gi,i+1}) ≤ k − 1,
then for any r ∈ N,

dimG(g; 1, . . . , r) ≤ J({Yi, gi,i+1}) + 1.

We will show that (∗) is true for J({Xi, fi,i+1}) = k. Let r = 2. As
before,

dimG(f ; 1, 2) ≤ max{dimX1,dimX2} ≤ J({Xi, fi,i+1}) + 1.

Now, we suppose that for some r (≥ 2),

dimG(f ; 1, . . . , r) ≤ J({Xi, fi,i+1}) + 1.

We must show that

dimG(f ; 1, . . . , r + 1) ≤ J({Xi, fi,i+1}) + 1.

Consider the projection q : G(f ; 1, . . . , r + 1) → G(f ; 2, . . . , r + 1). Recall
that

D1(q
−1) = {(x2, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1) | x2 ∈ D1(f1,2)}

and dimD1(f1,2) ≤ 0.
Fix z ∈ D1(f1,2) ⊂ X2 and consider the inverse sequence {Yi, gi,i+1}∞i=2,

where Yi = f−12,i (z) and gi,i+1 : Yi+1 → 2Yi is defined by gi,i+1(x) = fi,i+1(x)
∩ Yi. Note that dimYi ≤ 1 for each i ∈ N. Since J({Xi, fi,i+1}) = k and
z ∈ D1(f1,2), we see that J({Yi, gi,i+1}∞i=2) ≤ k − 1, and hence by the
inductive assumption, for z ∈ D1(f1,2),

dim{(z, x3, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1)} = dimG(g; 2, . . . , r + 1)

≤ (k − 1) + 1 = k.
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Since dimD1(f1,2) ≤ 0, by Theorem 3.5 we see that dimD1(q
−1) ≤ k. Note

that

dimG(f ; 2, . . . , r + 1) ≤ k + 1.

Applying Theorem 3.6 to f = q and n = k + 1, we conclude that

dimG(f ; 1, . . . , r + 1) ≤ k + 1.

Hence (∗) is true for any r ≥ 2.

For any ε > 0 there exists a sufficiently large r ∈ N such that the natural
projection p : lim←−{Xi, fi,i+1} → G(f ; 1, . . . , r) is an ε-map. By [5, p. 85,
Theorem 1.10.12], we conclude that

dim lim←−{Xi, fi,i+1} ≤ J({Xi, fi,i+1}) + 1.

This completes the proof.

Let {Xi, fi,i+1} be an inverse sequence of compacta with upper semicon-
tinuous functions. Note that J({Xi, fi,i+1}) = 0 if and only if

fi+1,j(D1(f
−1
j,j+1)) ∩D1(fi,i+1) = ∅

for each i+ 1 ≤ j. In this case, we have the following result.

Corollary 3.7. Let Xi (i ∈ N) be a sequence of 1-dimensional com-
pacta and let fi,i+1 : Xi+1 → 2Xi be an upper semicontinuous function for
each i ∈ N. Suppose that dimD1(fi,i+1) ≤ 0 (i ∈ N) and J({Xi, fi,i+1}) = 0.
Then

dim lim←−{Xi, fi,i+1} ≤ 1.

Example 1. In Corollary 3.7, the assumption dimD1(fi,i+1) ≤ 0 (i ∈ N)
is necessary. Let f : I → C(I) be the surjective upper semicontinuous
function defined by f(x) = 0 (x ∈ [0, 3/4)), f(x) = [0, 1/4] (x ∈ [3/4, 1)),
f(1) = [0, 1]. Then J({I, f}) = 0 and 1 < 2 = dim lim←−{I, f}. In fact,
dimD1(f) = 1.

For the following special cases, we can evaluate lower bounds of dimen-
sions of some inverse limits of set-valued functions.

Theorem 3.8. Let Xi (i ∈ N) be a sequence of 1-dimensional compacta
and let fi,i+1 : Xi+1 → 2Xi be a surjective upper semicontinuous function
for each i ∈ N. Suppose that for each i ≥ 2, Zi is a 0-dimensional closed
subset of Xi such that fi,i+1|Xi+1 − Zi+1 : Xi+1 − Zi+1 → Xi is a mapping
for all i ∈ N. If J({Xi, fi,i+1}) = k, then

k ≤ dim lim←−{Xi, fi,i+1} ≤ k + 1.

Moreover, if there is an expand-contract sequence

Bym1 �Bym2 �B · · ·�Bymk−1
�Bymk

← xnC
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in {Xi, fi,i+1} of length J({Xi, fi,i+1}) = k such that dimπ−1n (xn) > 0, then

dim lim←−{Xi, fi,i+1} = k + 1,

where πn : lim←−{Xi, fi,i+1}i≥n → Xn is defined by πn(xn, xn+1, . . .) = xn.

Proof. By Theorem 3.4, we have dim lim←−{Xi, fi,i+1} ≤ k+1. Set gi,i+1 =
fi,i+1 |Xi+1 − Zi+1. For yi ∈ Xi and yj ∈ Xj (i + 2 ≤ j), we consider the
condition

yiC
map⇐= Byj : There exists a (nondegenerate) subcontinuum C in

fj−1,j(yj) such that

C ⊂ Xj−1 −
j−1⋃

m=i+1

g−1m,j−1(Zm),

gm,j−1|C : C → gm,j−1(C) ⊂ Xm is a mapping for i+1 ≤
m ≤ j − 1 and gi+1,j−1(C) ⊂ f−1i,i+1(yi).

Let yi ∈ Xi and yj ∈ Xj (i + 2 ≤ j) be such that yi � Byj . We will
show that there is yi′ ∈ Xi′ such that i ≤ i′, i′ + 2 ≤ j and

yi ← yi′C
map⇐= Byj .

Since yi � Byj , there is a nondegenerate continuum D in fj−1,j(yj) such
that yi ∈ fi,j−1(z) for any z ∈ D. Since Zj−1 is a 0-dimensional closed set,
there is a nondegenerate subcontinuum C1 inD−Zj−1. Note that gj−2,j−1|C1

is a mapping. If gj−2,j−1(C1) is a one-point set, we set yi′ = gj−2,j−1(C1).
If gj−2,j−1(C1) is nondegenerate, we choose a nondegenerate subcontinuum
C2 in C1 − g−1j−2,j−1(Zj−2). Then gj−3,j−1|C2 is a mapping. If we continue
this procedure finitely many times, we obtain the desired point yi′ .

Since J({Xi, fi,i+1}) = k, there is an expand-contract sequence

Bym1 �Bym2 �B · · ·�Bymk−1
�Bymk

← xnC

in {Xi, fi,i+1} of length k. Hence we have the following sequence:

B ym1 ← ym′1C
map⇐= Bym2 ← ym′2C

map⇐= Bym3 ← · · ·
map⇐= Bymk−1

← ym′k−1
C

map⇐= Bymk
← xn C .

Note that fi,i+1 is surjective. We can choose and fix points as follows:

(xn, xn+1, . . . ) ∈ π−1n (xn),

(ymk
, . . . , xn) ∈ G(f ;mk, . . . , n),

(ymi , . . . , ym′i) ∈ G(f ;mi, . . . ,m
′
i) (i = 1, . . . , k − 1).

Since ym′i−1
C

map⇐= Bymi (i = 2, . . . , k), there are nondegenerate subcontinua

Ami−1 in fmi−1,mi(ymi) as in the definition of the condition ym′i−1
C

map⇐=Bymi .
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Also, there is a nondegenerate subcontinuum Am1−1 of fm1−1,m1(ym1) such
that one of the following properties is satisfied;

(i) gi,m1−1|Am1−1 is a mapping for each 1 ≤ i ≤ m1 − 2.
(ii) There is ym′′1 ∈ Xm′′1

such that 1 < m′′1 ≤ m1 − 2, gi,m1−1|Am1−1 :

Am1−1 → Xi is a mapping for m′′1 ≤ i ≤ m1−2 and gm′′1 ,m1−1(Am1−1)
= {ym′′1 }.

Assume that case (i) holds. Consider the map

h : Am1−1 × · · · ×Amk−1 → lim←−{Xi, fi,i+1}
defined by

h(z1, . . . , zk) = (g1,m1−1(z1), g2,m1−1(z1), . . . , z1, ym1 , . . . , ym′1 ,

gm′1+1,m2−1(z2), gm′1+2,m2−1(z2), . . . , z2, ym2 , . . . , ym′2 , . . . ,

gm′k−1+1,mk−1(zk), gm′k−1+2,mk−1(zk), . . . , zk, ymk
, . . . , xn, . . .)

for zi ∈ Ami−1 (i = 1, . . . , k). We can easily see that h is continuous and
moreover it is an embedding. Note that dimAmi−1 = 1. Hence

k = dim(Am1−1 × · · · ×Amk−1) ≤ dim lim←−{Xi, fi,i+1} ≤ k + 1.

In case (ii), we have a similar embedding h : Am1−1 × · · · × Amk−1 →
lim←−{Xi, fi,i+1}. Finally, if dimπ−1n (xn) > 0, as above we have an embedding

h′ : Am1−1 × · · · ×Amk−1 × π
−1
n (xn)→ lim←−{Xi, fi,i+1}.

Hence dim lim←−{Xi, fi,i+1} = k + 1.

Corollary 3.9. Let Xi (i ∈ N) be a sequence of 1-dimensional com-
pacta and let fi,i+1 : Xi+1 → 2Xi be a surjective upper semicontinuous
function for each i ∈ N. Suppose that for each i ≥ 2, Zi is a 0-dimensional
closed subset of Xi such that fi,i+1|Xi+1 − Zi+1 : Xi+1 − Zi+1 → Xi is a
mapping for all i ∈ N. If dim lim←−{Xi, fi,i+1} = 0, then J({Xi, fi,i+1}) = 0.
And if dim lim←−{Xi, fi,i+1} = k (k ≥ 1), then J({Xi, fi,i+1}) = k − 1 or k.

We give some examples related to the conditions of Theorem 3.8.

Example 2. Let g : I = [0, 1] → I be the map defined by g(x) = x/2
and let g′ : I = [0, 1]→ I be the map defined by g′(x) = x/2 + 1/2. Let f :
I → 2I be the surjective upper semicontinuous function defined by f(x) =
{g(x), g′(x)}. Then lim←−{I, f} is a Cantor set and hence dim lim←−{I, f} = 0.

Example 3 (see [7, Example 5.4]). Let f : I → C(I) be the surjective
upper semicontinuous function defined by f(x) = 0 (x ∈ [0, 1/3)), f(1/3) =
[0, 1/3], f(x) = 1/3 (x ∈ (1/3, 2/3)), f(2/3) = [1/3, 2/3], f(x) = 2/3 (x ∈
(2/3, 1)), f(1) = [2/3, 1]. Note that J({I, f}) = 2,

Bx2 = 1/3�Bx4 = 2/3← x4 = 2/3C
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and dimπ−14 (x4) > 0. Also {I, f} satisfies the condition of Theorem 3.8.
Hence dim lim←−{I, f} = 3. In fact, lim←−{I, f} is a 3-cell with a fin (see [7,
Example 5.4]).

Example 4 (see [7, Example 2.3]). Let f : I → C(I) be the surjective
upper semicontinuous function defined by f(0) = I and f(x) = 0 (x ∈ (0, 1]).
In this case, for any k ∈ N we have the following expand-contract sequence
of length k:

B x2 = 0�Bx4 = 0�Bx6 = 0� · · ·�Bx2k−2 = 0�Bx2k = 0

← x2k = 0C .

Then J({I, f}) = ∞ and by Theorem 3.8, dim lim←−{I, f} = ∞. In fact,
lim←−{I, f} contains a Hilbert cube.

Example 5. Let Ii (i ∈ N) be a sequence of copies of the unit interval I
and let C be a Cantor set in [0, 1/2]. Let u : C → [0, 1/2] be a surjective map.
Consider the following surjective upper semicontinuous functions fi,i+1 :
Ii+1 → 2Ii (i ∈ N):

(1) f1,2(x) = u−1(x) (x ∈ [0, 1/2]) and f1,2|[1/2, 1] : [1/2, 1] → I is an
onto map.

(2) f2,3(x) = x (x ∈ [0, 1/2)), f2,3(1/2) = [0, 1/2], f2,3(x) = x (x ∈
(1/2, 1]).

(3) f3,4(x) = x (x ∈ [0, 1/2)), f3,4(x) = {1/2, x} (x ∈ [1/2, 1]).

Also, we will construct fi,i+1 (i ≥ 4) as follows. For any ε > 0, we can
construct a surjective upper semicontinuous function fε : [1/2, 1] → 2[1/2,1]

such that for some sequence 1/2 = t0 < t1 < · · · < ts−1 < ts = 1,

(a) fε(1/2) = 1/2, fε(1) = 1,
(b) fε|(ti, ti+1) (i = 1, . . . , ts−1) is an injective map and fε([1/2, 1]) =

[1/2, 1],
(c) fε(ti) is a two-point set for i = 1, . . . , ts−1 and the diameter of each

G(fε|(ti, ti+1)) (⊂ G(fε)) is less than ε.

By use of the maps fε : [1/2, 1] → 2[1/2,1] for sufficiently small ε > 0 and
by induction on i (≥ 4) we can construct surjective upper semicontinuous
functions fi,i+1 : Ii+1 → 2Ii such that fi,i+1|[0, 1/2] = id and

dim lim←−{[1/2, 1], fi,i+1|[1/2, 1]}∞i=4 = 0.

Note that
Bx3 = 1/2← x3 = 1/2C (x3 ∈ I3).

In fact, J({Ii, fi,i+1}) = 1. Since dim lim←−{[1/2, 1], fi,i+1|[1/2, 1]}∞i=4 = 0, we

see that dimπ−13 (x3) = 0, and hence dim lim←−{Ii, fi,i+1} = 0. Note that only
f1,2 does not satisfy the conditions of Theorem 3.8 and Corollary 3.9, and
the others satisfy those conditions.
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Example 6. Let fi,i+1 : Ii+1 → 2Ii (i ≥ 2) be the surjective upper semi-
continuous functions as in Example 5. The inverse sequence {Ii, fi,i+1}∞i=2

satisfies the conditions of Theorem 3.8 and Corollary 3.9. In this case,
dim lim←−{Ii, fi,i+1}∞i=2 = 1 and J({Ii, fi,i+1}∞i=2) = 1.

4. Dimensions of inverse limits of higher-dimensional compacta
with set-valued functions. For higher-dimensional cases, to find more
precise upper bounds of dimensions of inverse limits lim←−{Xi, fi,i+1} with
upper semicontinuous functions, we need a more precise and complicated
index J̃({Xi, fi,i+1}). Let {Xi, fi,i+1}∞i=1 be an inverse sequence with set-
valued functions. For any expand-contract sequence

S : Bym1 �Bym2 �B · · ·�Bymk−1
�Bymk

← xnC

we set d(S) =
∑k

i=1 dim fmi−1,mi(ymi). We define

J̃({Xi, fi,i+1})
= sup{d(S) | S is an expand-contract sequence in {Xi, fi,i+1}∞i=1}.

Note that J̃({Xi, fi,i+1}) ≥ J({Xi, fi,i+1}). If each Xi is 1-dimensional, then

J̃({Xi, fi,i+1}) = J({Xi, fi,i+1}).
The following is a more precise result for higher-dimensional cases.

Theorem 4.1. Let Xi (i ∈ N) be a sequence of compacta and let fi,i+1 :
Xi+1 → 2Xi be an upper semicontinuous function for each i ∈ N. Suppose
that dimD1(fi,i+1) ≤ 0 (i ∈ N). Then

dim lim←−{Xi, fi,i+1} ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.
Proof. The proof is similar to the proof of Theorem 3.4. We use Văınštĕın’s

theorem (Theorem 3.6) more precisely than in the proof of Theorem 3.4. For
completeness, we give the precise proof.

We may assume that sup{dimXi | i ∈ N} = m <∞ and J̃({Xi, fi,i+1})
= k <∞. We prove the following claim:

(∗) If Xi (i ∈ N) is a sequence of compacta and fi,i+1 : Xi+1 →
2Xi is an upper semicontinuous function for each i ∈ N satisfying
dimD1(fi,i+1) ≤ 0 (i ∈ N), then for any r ≥ 2,

dimG(f ; 1, . . . , r) ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N} = n.

We proceed by induction on J̃({Xi, fi,i+1}) = k.

Case (0): J̃({Xi, fi,i+1}) = 0. We will prove by induction on r ≥ 2 that

dimG(f ; 1, . . . , r) ≤ sup{dimXi | i ∈ N}.
Let r = 2. The projection p2 : G(f ; 1, 2) = G(f1,2)→ X2 is a closed mapping
and dimD1(p

−1
2 ) = dimD1(f1,2) ≤ 0. We apply Theorem 3.6 to f = p2 and
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n = max{dimX1, dimX2} to get

dimG(f ; 1, 2) ≤ max{dimX1,dimX2} ≤ sup{dimXi | i ∈ N}.

Next we assume that for some r (≥ 2),

dimG(f ; 1, . . . , r) ≤ sup{dimXi | i ∈ N}.

We must prove that

dimG(f ; 1, . . . , r + 1) ≤ sup{dimXi | i ∈ N}.

By the assumption, we may assume that

dimG(f ; 2, . . . , r + 1) ≤ sup{dimXi | i ∈ N}.

Consider the projection q : G(f ; 1, . . . , r + 1) → G(f ; 2, . . . , r + 1) defined
by q(x1, . . . , xr+1) = (x2, . . . , xr+1). We have

D1(q
−1) = {(x2, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1) | x2 ∈ D1(f1,2)}.

Note that dimD1(f1,2) ≤ 0. Since J̃({Xi, fi,i+1}) = 0, we see that for any
x2 ∈ D1(f1,2) and xj ∈ Xj (j ≥ 2) with x2 ← xj , we have xj /∈ D1(f

−1
j,j+1).

Hence dim f−1j,j+1(z) ≤ 0 for 2 ≤ j ≤ r and z ∈ pj(D1(q
−1)). As in the

proof of Theorem 3.4, we find that dimD1(q
−1) ≤ 0. By the assumption,

dimG(f ; 2, . . . , r + 1) ≤ sup{dimXi | i ∈ N}. Theorem 3.6 applied to f = q
and n = sup{dimXi | i ∈ N} yields

dimG(f ; 1, . . . , r + 1) ≤ sup{dimXi | i ∈ N}.

Case (k): J̃({Xi, fi,i+1}) = k (k ≥ 1). We assume that (∗) is true for

J̃({Yi, gi,i+1}) ≤ k − 1, i.e., if Yi (i ∈ N) is a sequence of compacta and
gi,i+1 : Yi+1 → 2Yi is an upper semicontinuous function for each i ∈ N
satisfying dimD1(gi,i+1) ≤ 0 (i ∈ N) and J̃({Yi, gi,i+1}) ≤ k − 1, then for
any r ∈ N,

dimG(g; 1, . . . , r) ≤ J̃({Yi, gi,i+1}) + sup{dimYi | i ∈ N}.

We will show that (∗) is true for J̃({Xi, fi,i+1}) = k. Let r = 2. As
before,

dimG(f ; 1, 2) ≤ max{dimX1,dimX2}
≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.

Now, we suppose that for some r (≥ 2),

dimG(f ; 1, . . . , r) ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.

We must show that

dimG(f ; 1, . . . , r + 1) ≤ J̃({Xi, gi,i+1}) + sup{dimXi | i ∈ N}.
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Consider the projection q : G(f ; 1, . . . , r + 1) → G(f ; 2, . . . , r + 1). Recall
that

D1(q
−1) = {(x2, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1) | x2 ∈ D1(f1,2)}

and dimD1(f1,2) ≤ 0.
Fix z ∈ D1(f1,2) ⊂ X2. Consider the inverse sequence {Yi, gi,i+1}∞i=2,

where Yi = f−12,i (z) and gi,i+1 : Yi+1 → 2Yi is defined by gi,i+1(x) =

fi,i+1(x) ∩ Yi. Since J̃({Xi, fi,i+1}) = k and z ∈ D1(f1,2), we see that

J̃({Yi, gi,i+1}∞i=2) ≤ k− dim f1,2(z), and hence by the inductive assumption,
for the fixed z ∈ D1(f1,2),

dim{(z, x3, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1)} = dimG(g; 2, . . . , r + 1)

≤ (k − dim f1,2(z)) + sup{dimYi | i ∈ N}
≤ (k − dim f1,2(z)) + sup{dimXi | i ∈ N}.

Recall Di(q
−1) = {(z, x3, . . . , xr+1) ∈ G(f ; 2, . . . , r + 1) | dim f1,2(z) ≥ i}.

By Theorem 3.5, for each i ≥ 1,

dimDi(q
−1) ≤ (k − i) + sup{dimXi | i ∈ N}.

Văınštĕın’s theorem (Theorem 3.6) applied to f = q and n = J̃({Xi, fi,i+1})
+ sup{dimXi | i ∈ N} yields

dimG(f ; 1, . . . , r + 1) ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.
Hence (∗) is true for any r ≥ 2.

For any ε > 0 there exists a sufficiently large r ∈ N such that the natural
projection p : lim←−{Xi, fi,i+1} → G(f ; 1, . . . , r) is an ε-map. By [5] again, we
conclude that

dim lim←−{Xi, fi,i+1} ≤ J̃({Xi, fi,i+1}) + sup{dimXi | i ∈ N}.
This completes the proof.

Corollary 4.2. Let Xi (i ∈ N) be a sequence of compacta and let
fi,i+1 : Xi+1 → 2Xi be a surjective upper semicontinuous function for each
i ∈ N. Suppose that for each i ≥ 2, Zi is a 0-dimensional closed subset of
Xi such that fi,i+1 |Xi+1 − Zi+1 : Xi+1 − Zi+1 → Xi is a mapping for all
i ∈ N. Then

J({Xi, fi,i+1})≤dim lim←−{Xi, fi,i+1} ≤ J̃({Xi, gi,i+1})+sup{dimXi | i ∈ N}.
Proof. The proof is similar to the proof of Theorem 3.8.

Example 7. Under the assumption of Corollary 4.2, we cannot conclude

J̃({Xi, fi,i+1}) ≤ dim lim←−{Xi, fi,i+1}.
In fact, it is well-known that there is a 2-dimensional continuum P such
that dim(P × P ) = 3 (see [11]). Let Xi = P (i = 1, 3), Xi = {∗} (i = 2, 4)
and Xi = [1/2, 1] (i = 5, 6, . . .). Let fi,i+1 : Xi+1 → 2Xi be defined as
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follows: f1,2(∗) = P , f2,3(P ) = {∗}, f3,4(∗) = P , f4,5([1/2, 1]) = {∗}
and fi,i+1 : [1/2, 1] → [1/2, 1] (i ≥ 5) are set-valued functions as in Ex-
ample 4 satisfying dim lim←−{[1/2, 1], fi,i+1}i≥5 = 0. Then {Xi, fi,i+1} sat-
isfies the conditions of Corollary 4.2 and J({Xi, fi,i+1}) = 2. Note that

dim lim←−{Xi, fi,i+1}=dim(P×P )=3 and J̃({Xi, fi,i+1})=dimP+dimP =4.

5. Shape of inverse limits with cell-like set-valued functions.
Let (X, dX) and (Y, dY ) be metric spaces. We assume that the product
space X × Y has the fixed metric dX×Y defined by dX×Y ((x, y), (x′, y′)) =
dX(x, x′) + dY (y, y′). Let f : X → 2Y be a set-valued function and ε > 0.
A map g : X → Y is an ε-selection of f if G(g) ⊂ U(G(f); ε), where
U(G(f); ε) is the ε-neighborhood of the graph G(f) in Y ×X. If two com-
pacta X and Y have the same shape (i.e., X and Y are shape equivalent), we
write Sh(X) = Sh(Y ). If X has trivial shape (i.e., X and the one-point set
∗ are shape equivalent), we write Sh(X) = Sh(∗). Recall that a continuum
X in the Hilbert cube Q has trivial shape if and only if for any open neigh-
borhood U of X in Q, X is contractible in U . Trivial shape of some inverse
limits with set-valued functions was studied by Charatonik and Roe [3].

A set-valued function f : X → C(Y ) is cell-like if Sh(f(x)) = Sh(∗)
for each x ∈ X. In this section, we study the shape of inverse limits with
cell-like set-valued functions (for shape theory, see e.g. [2] and [4]).

Theorem 5.1 (Charatonik and Roe [3]). Let Xi (i ∈ N) be a sequence
of finite-dimensional continua and let fi,i+1 : Xi+1 → C(Xi) be an upper
semicontinuous function for each i ∈ N. Suppose that fi,i+1 is cell-like and
Sh(Xi) = Sh(∗) for each i ∈ N. Then Sh(lim←−{Xi, fi,i+1}) = Sh(∗).

Now, we prove the following main theorem of this section.

Theorem 5.2. Let Xi (i ∈ N) be a sequence of finite-dimensional com-
pact ANRs and let fi,i+1 : Xi+1 → C(Xi) be an upper semicontinuous func-
tion for each i∈N. If fi,i+1 is cell-like for each i∈N, then Sh(lim←−{Xi, fi,i+1})
= Sh(lim←−{Xi, s(fi,i+1)}), where s(fi,i+1) : Xi+1 → Xi is an εi-selection of
fi,i+1 such that εi > 0 is so small that any two εi-selections of fi,i+1 are
homotopic.

Proof. For each i < j, consider the space G(f ; i, . . . , j) (i < j) and the
natural projection

pB[i, j] : G(f ; i, . . . , j)→ G(f ; i, . . . , j − 1)

defined by pB[i, j](xi, . . . , xj) = (xi, . . . , xj−1). Note that

lim←−{Xi, fi,i+1} = lim←−{G(f ; 1, . . . , i, ), pB[1, i+ 1]}.

Also let pF [i, j] : G(f ; i, . . . , j)→ G(f ; i+1, . . . , j) be the projection defined
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by

pF [i, j](xi, . . . , xj) = (xi+1, . . . , xj).

Note that (pF [i, j])−1(xi+1, . . . , xj) is homeomorphic to fi,i+1(xi+1), and
hence pF [i, j] is a cell-like map (i.e. the set-valued function (pF [i, j])−1 is
cell-like). Since G(f ; i, . . . , j) and G(f ; i + 1, . . . , j) are finite-dimensional,
pF [i, j] is a hereditary shape equivalence (see e.g. [4, Section 8]). In partic-
ular, pF [i, i + 1] : G(f ; i, i + 1) = G(fi,i+1) → Xi+1 is a hereditary shape
equivalence.

Fix i ∈ N. Note thatXi×Xi+1 is an ANR and dimXi+dimXi+1 = n <∞.
Since pF [i, i + 1] is cell-like, there is a sufficiently small εi > 0 such that
any maps g, g′ from any n-dimensional compactum to U(G(f ; i, i + 1); εi)
with d(p̃F [i, i + 1] · g, p̃F [i, i + 1] · g′) < εi are homotopic in Xi ×Xi+1 (see
e.g. [4, Section 8]), where p̃F [i, i + 1] : Xi ×Xi+1 → Xi+1 denotes the pro-
jection. Also, we have a map si,i+1 : Xi+1 → U(G(f ; i, i + 1); εi) such that
p̃F [i, i+1]·si,i+1 = idXi+1 . Set s(fi,i+1) = p̃B[i, i+1]·si,i+1, where p̃B[i, i+1] :
Xi ×Xi+1 → Xi is the projection. Note that G(s(fi,i+1)) ⊂ U(G(fi,i+1); εi)
and εi > 0 satisfy the property of Theorem 5.2. Then we have the following
diagram commutative up to homotopy:

Xi

id
��

G(f ; i, i+ 1)
pB [i,i+1]oo

pF [i,i+1]

��
Xi Xi+1

s(fi,i+1)oo

For each k = 1, . . . , i− 1, we have the following commutative diagram:

G(f ; k, . . . , i)

pF [k,i]

��

G(f ; k, . . . , i+ 1)
pB [k,i+1]oo

pF [k,i+1]

��
G(f ; k + 1, . . . , i) G(f ; k + 1, . . . , i+ 1)

pB [k+1,i+1]oo

The above diagrams yield the following diagram commutative up to homo-
topy:

G(f ; 1, . . . , i)

pF

��

G(f ; 1, . . . , i+ 1)
pB [1,i+1]oo

pF

��
Xi Xi+1

s(fi,i+1)oo

where pF : G(f ; 1, . . . , i) → Xi denotes the composition of the projections
pF [k, i] (k = 1, . . . , i). Since pF is a shape equivalence, we see that

Sh(lim←−{Xi, fi,i+1}) = Sh(lim←−{Xi, s(fi,i+1)}).
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Let P be a collection of compacta. A compactum X is P-like if for any
ε > 0 there exist P ∈ P and an ε-map from X onto P . A compactuum X
is circle-like if P = {circle} and X is P-like. A compactum X is tree-like if
P = {T | T is a tree} and X is P-like.

Corollary 5.3. Let Xi (i ∈ N) be a sequence of graphs (i.e., 1-dimen-
sional finite connected polyhedra) and for each i ∈ N let fi,i+1 : Xi+1 →
C(Xi) be an upper semicontinuous function such that fi,i+1(x) is a tree in Xi

and x ∈ Xi+1. Then lim←−{Xi, fi,i+1} is shape equivalent to an {Xi | i ∈ N}-
like continuum Y .

Proof. Theorem 5.2 implies that lim←−{Xi, fi,i+1} is shape equivalent to
lim←−{Xi, s(fi,i+1)}. For each i, we can easily construct a surjective map gi,i+1 :
Xi+1 → Xi such that s(fi,i+1) and gi,i+1 are homotopic. Hence

Sh(lim←−{Xi, fi,i+1}) = Sh(lim←−{Xi, s(fi,i+1)}) = Sh(lim←−{Xi, gi,i+1)}.
Thus Y = lim←−{Xi, gi,i+1} is {Xi | i ∈ N}-like.

Corollary 5.4. Let Xi (i ∈ N) be a sequence of simple closed curves
and for each i ∈ N let fi,i+1 : Xi+1 → C(Xi) be an upper semicontin-
uous function such that fi,i+1(x) is an arc in Xi and x ∈ Xi+1. Then
lim←−{Xi, fi,i+1} is shape equivalent to a circle-like continuum.

Corollary 5.5. Let Xi (i ∈ N) be a sequence of graphs and for each i ∈
N let fi,i+1 : Xi+1 → C(Xi) be a surjective upper semicontinuous function
such that fi,i+1(x) is a tree in Xi and x ∈ Xi+1. If dimD1(fi,i+1) ≤ 0
for each i and J({Xi, fi,i+1}) = 0, then lim←−{Xi, fi,i+1} is a 1-dimensional
continuum which is shape equivalent to an {Xi | i ∈ N}-like continuum Y .
Moreover, if Xi is a tree for each i, then lim←−{Xi, fi,i+1} is tree-like.

Proof. Since fi,i+1(x) is connected for each x ∈ Xi+1, we see that
lim←−{Xi, fi,i+1} is a nondegenerate continuum (see [9]) and hence it is 1-
dimensional.
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