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Abstract. We deal with complete spacelike hypersurfaces immersed with constant
mean curvature in a Lorentzian space form. Under the assumption that the support func-
tions with respect to a fixed nonzero vector are linearly related, we prove that such a
hypersurface must be either totally umbilical or isometric to a hyperbolic cylinder of the
ambient space.

1. Introduction. In 2008, Alias, Brasil and Perdomo [3] studied com-
plete hypersurfaces immersed in the unit Euclidean sphere S"+!1 c R"*2,
whose support functions with respect to a fixed nonzero vector of the Eu-
clidean space R™*? are linearly related. They showed that such a hyper-
surface having constant mean curvature must be either totally umbilical or
isometric to a Clifford torus.

Later on, using a different approach, the first and second authors charac-
terized the totally umbilical and the hyperbolic cylinders of the hyperbolic
space H"*! as the only complete hypersurfaces with constant mean curva-
ture and whose support functions with respect to a fixed nonzero vector a
of the Lorentz—Minkowski space are linearly related (see [4, Theorem 4.1]
for the case that a is either spacelike or timelike, and [5, Theorem 4.2] for a
being a nonzero null vector).

Let L' be an (n + 1)-dimensional Lorentz space, that is, a semi-
Riemannian manifold of index 1. When L?H has constant sectional cur-
vature ¢, it is called a Lorentz space form and denoted by L7™(c). The
Lorentz-Minkowski space L"*!, the de Sitter space S’f“ and the anti-de
Sitter space H’f“ are the standard Lorentz space forms of constant sectional
curvature 0, 1 and —1, respectively. We also recall that a hypersurface X"
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immersed in a Lorentz space L?H is said to be spacelike if the metric on
27" induced from that of the ambient space L’f“ is positive definite.

Now, let z : X" — L’f“(c) be a complete spacelike hypersurface isomet-
rically immersed in L?H(c), with future-pointing Gauss map N. For a fixed
nonzero vector a, we define the support functions on X" with respect to a by

la(p) = (z(p),a) and fa(p) = (N(p),a), peX"

We say that the support functions [, and f, are linearly related when
(1.1) lo = Mfa
for some A € R.

Our purpose is to extend the techniques developed in [4] and [5] in order
to characterize constant mean curvature spacelike hypersurfaces in L?H(c)
whose support functions are linearly related. For this, in Section [2| we recall
some standard facts concerning hypersurfaces immersed in LTH(C) and,
in particular, we recall a suitable Simons-type formula for such a hyper-
surface. Then in Section [3| we present some examples of quadric spacelike

hypersurfaces satisfying condition (1.1]). Finally, in Section [4| we prove our
characterization result, stated below:

THEOREM 1.1. Let x : X" — L?H(c) be a complete spacelike hyper-
surface with constant mean curvature H. If X" satisfies condition (1.1) for
some fized nonzero vector a, then 2™ is either totally umbilical or isometric
to

(a) R¥ x H"*(cy), where ca < 0, when ¢ = 0;
(b) SF(ey) x H *(cy), where ¢; > 0, ¢ca <0 and 1/¢y 4+ 1/cy = 1, when

c=1;
(c) HF(c1) x H"*(cp), where ¢ < 0, ca < 0 and 1/c1+1/ca = —1, when
c=—1,

where k € {1,...,n —1}.

2. Preliminaries. Forq € {1,2},let Rg“ denote the (n+2)-dimensional
semi-Euclidean space endowed with the following metric of index g:

q n+2
(u,vy = — E w;v; + E U;V;
=1 i=q+1

for u,v € R}, In particular, when ¢ = 1, R = 1."+2 is the Lorentz—
Minkowski space.
The de Sitter space S?H is the hyperquadric in L"*? defined by

SiH = {z € L"?; (x,2) = 1}.

Endowed with the induced metric from L"*2, n > 2, the de Sitter space is
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a complete simply connected (n + 1)-dimensional Lorentzian manifold with
constant sectional curvature one.

When g = 2, we define the anti-de Sitter space H?H as the hyperquadric
in RS given by

Hy = {2 € RPM?; (z,2) = —1}.

Topologically, H’f“ corresponds to the product S!' x R", and the semi-
Euclidean metric on Rg“ induces a Lorentzian metric of constant sectional
curvature —1 on ]HI’f"H. Moreover, the universal covering manifold ﬁ-v]l’f‘*'l of
H?H is topologically the Euclidean space R™*! (that is, IF]I’fH is simply
connected) and thus is a Lorentzian analogue of the usual Riemannian hy-
perbolic space H" ! of negative curvature —1, which is called the universal
anti-de Sitter spacetime (see, for instance, [6, Section 5.3] or [I5, Section
8.6]).

From now on, we consider L’f“(c), where ¢ € {—1,0, 1}, denoting the
Lorentz—Minkowski space if ¢ = 0, the de Sitter space if ¢ = 1, and the
anti-de Sitter space if ¢ = —1. A smooth immersion z : X" — L""(c) of
an n-dimensional connected manifold X" is called a spacelike hypersurface
if the metric induced via z is a Riemannian metric on X™, which is also
denoted by ( , ). Since L' (c) is time-oriented, we can choose a unique
unit normal vector field N on XY™ which is a future-pointing timelike vector
field in L7 (c), that is, (N,e;) < 0 where e; = (1,0,...,0) € L' (c). In
this setting, we will assume that Y™ is oriented by N, and we will denote
by V and V the Levi-Civita connections of L7 (¢) and X", respectively.

For1 <r <mandp e X" if S.(p) denotes the rth elementary symmetric
function of the eigenvalues of A,, we get n smooth functions S, : ™" — R
such that

n
det(t] — A) =Y (~1)FgutmF,
k=0
where Sp = 1 by definition. Taking a local orthonormal frame {e,...,en}
on X" such that Ae; = \je;, 1 = 1,...,n, it is easy to verify that
ST = 0-1“()\1) RN )‘n)a

where o, € R[X1,...,X,] is the rth elementary symmetric polynomial in
the indeterminates X1i,..., X,. In particular, when » = 1 we know that
H = —(1/n)S; is the mean curvature of X" with respect to its future-
pointing Gauss mapping N. Moreover, if |A| stands for the Hilbert—Schmidt
norm of A, then it is immediate to check that

(2.1) S? = |A* + 2S,.

Now, for 0 < r < n, let P, : X(X) — X(X) be the rth Newton transfor-
mation of X, defined inductively by setting Py = I (the identity operator)
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and, for 1 <r <n,
(2.2) P.=(-1)"S, I+ AP,_;.

Associated to each Newton transformation P,, one has the second order
linear differential operator L, : C*°(X) — C*(X) given by

(2.3) L.(f) = tr(P, o Hess f),

where C*°(X') stands for the ring of smooth real functions on X". In partic-
ular, when r = 0, the operator Lg is just the Laplacian A.

In [7], Caminha extended a technique due to Alencar, do Carmo and
Colares [2] obtaining a suitable formula for L,(S;), with 0 < ¢ < n and
0 <r <mn(cf. [2, Lemma 3.7] and [7, Proposition 3]). In particular, from [7|
Corollary 2] we deduce

LEMMA 2.1. Let X™ be a spacelike hypersurface in L?H(c). Then
L1(S1) =—ASy — |[VA* + |VS; |2
— 252(’14‘2 + cn) + 51 (5152 — 353 + c(n — 1)51).

Now, for a fixed nonzero vector a € Rg”, let us consider the support
functions I, : X" — R and f, : X" — R given, respectively, by l,(p) =
(x(p),a) and fq(p) = (N (p),a). Then we can write
(2.4) a=a' — fuN +clz,

where a ! denotes the projection of the vector a on the tangent bundle of X™.
A direct computation allows us to conclude that

Vig=a' and Vf,=—A(a").
So, we get the useful relation
(2.5) (a,a) = [Viaf? — 2+ cl2.

We close this section by quoting convenient formulas for the operator L,
acting on the support functions of spacelike hypersurfaces in L’f‘H (¢). Their
proofs can be found, for instance, in [11].

LEMMA 2.2. Let X" be a spacelike hypersurface in a Lorentzian space
form L' (c) of constant sectional curvature c. Then:

(1) Ly(la) = —(r+1)Spt1fa — c(n —1)Spla,
(i) Lr(fa) = =(VSri1,aT) + (S1Sr41 = (7 +2)Spp2) fa +c(r +1)Sp41la-

3. Quadric spacelike hypersurfaces in L?H(c). This section is de-
voted to a description of quadric spacelike hypersurfaces in L’f“(c). In fact,
Theorem asserts that these examples are the only ones whose support
functions with respect to a nonzero vector satisfy condition .



QUADRIC CMC HYPERSURFACES 93

EXAMPLE 3.1 (Totally umbilical spacelike hypersurfaces in L7(c)). In
case ¢ = 0, if X" is a spacelike hyperplane orthogonal to a timelike vector
a € L™ it is immediate that the functions [, and f, on X" are constant,
and hence relation holds.

So, let ¢ € {—1,1} and let a € R!*? be a nonzero vector with (a,a) €
{~1,0,1}. Consider the smooth function g : L**(c) — R defined by g(z) =
(z,a). It is not difficult verify that, for every 7 € R with (a,a) — c¢r? # 0,
the set

(3.1) Lr=g'r)={zc L?H(C); (x,a) =T}

is a totally umbilical spacelike hypersurface in L’f“ (¢), with future-pointing

Gauss map
1
N:(p) = ———=(a — cTx).
|{a,a) — c72|
Moreover, the shape operator A and mean curvature H are given, respec-
tively, by

2

CT T

Av=—o- v and H?’= TP —T
[{a,a) — cr2| [(a,a) — c7?|
So, after a straightforward computation, it follows that the support functions
lo and f, satisfy the linear dependence relation
7]

lo = Wfa = ’H|fa

ExaMPLE 3.2 (Hyperbolic cylinders in L?H). For p > 0 and k an integer
satisfying 0 < k < n, a hyperbolic cylinder in R’f“ is defined by
St ={z eRYY —af v ad 4+t al = —p*} =H(-1/p%) x R"F.
For the timelike unit normal vector field

N(z) = —j)<:c— v(2)),

where v(z) = (0,...,0,Z+2,...,Tny2) and x = (x1,...,Tpt2), we deduce
that the Weingarten operator A of X" with respect to N has principal
curvatures

M=-=X=1/p, My1=:-=X =0
Considering a = (1,1,0,...,0) for the case of a null vector, a = (1,0,...,0)
for a timelike vector, and a = (1,2,0,...,0) for a spacelike vector, it is not

difficult to verify that
lo=pfs on X"

ExAMPLE 3.3 (Hyperbolic cylinders in S ¢ R?™2). Let k be an in-
teger satisfying 0 < k£ < n. We define a smooth function f : S?H - R
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by

fl@) = a3+ + i,
where = (x1,...,2Zy12). For p > 0,set " = f~Y(p?). If x = (21, ..., Tns2)
€ X", then

k+2 n+2

{meS"'H Zx = p? and —z? + Z x5 —l—p}
1=2 i=k+3
=S*(1/p?) x H'H(=1/(1 + p*)).

Now, for X = (X1,...,Xp42), we have

(Vf(z), X) = (2v(z), X),
where v(z) = (0,22,...,T%42,0,...,0) and v = vl + (,x)e = v’ + pla.
Thus, Vf(z) = 2(v(z) — p?z), and consequently

(Vf(2),Vf(x)) =4p*(1 - p°).
IVf(z)] =2pv/1~

So,

Hence, the vector field
Vi)  vl)—p

N0 = ) = /i

defines the future-pointing Gauss map of X™. Moreover, the Weingarten
operator A of Y™ with respect to IV has principal curvatures

V1-—p? p

M= =d=— " N === ———.
p + n /71 — p2

Finally, if a = (1,1,0,...,0) for the case of a null vector, a = (1,0,...,0)

for a timelike vector, and a = (1,2,0,...,0) for a spacelike vector, it is not

difficult to verify that
V1 — p?
A
p

ExAMPLE 3.4 (Hyperbolic cylinders in H?H C RSH). In an analogous
way to the de Sitter space, we define a smooth function g : ]I-]I’l"“r1 — R by

lo=—

9(x) = =0} + a5+ + Ty,
where z=(1,...,2n42). For p>0, set X0 =g~1(—p?). If 2= (21,...,Tnt2)
€ 3™ then
k+2 n+2
yn = {m € Hytt, —a? +Z:UZ2 = —p® and —z3 + Z z? = p? — 1}
i=3 i=k+3

— HF(—1/p%) x H'H(1/(p - 1)).
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Now, for X = (X1,..., Xp4+2), we have
(Vg(a), X) = (2v(z), X).
Thus

T

where v(z) = (—21,0,23,...,2Tp42,0,...,0)and v = v — (v, )2z = v 4+pz.

Hence, Vg(z) = 2(v(z) — p?x), and consequently
(Vg(x), Vg(z)) = 4p*(p* = 1).

[Vg(z)| = 2pv/p* — 1.

Vg(@)l pv/p? -1
defines the future-pointing Gauss map of X™. Moreover, the Weingarten
operator A of Y™ with respect the N has principal curvatures

2
Vp©—1 P
M== A= B S
P + n p2 1
Furthermore, if we take a = (0,1,0,...,0,1,0,...,0) for the case of a null
vector, a = (0,1,0,...,0) for a timelike vector, and a = (0, 1,0,...,0,2,0,
...,0) for a spacelike vector, it is not difficult to verify that

V2 —1

p

Then

So,

la = - f a-

4. Proof of Theorem First, we observe that if A = 0, from (|1.1])
and ((2.5)), and taking into account [I5, Lemma 2.6], it is not difficult to verify
that a must be a timelike vector. So, using (2.5|) once more, we obtain f2 = 1,

and consequently, assuming without loss of generality that (a,a) = —1, we
have N = ta. Thus,
(4.1) Jtcat={ve 2" (a,v) =0}, pe X",

and, by completeness, X™ must be a leaf of the foliation of L’f“ (¢) orthogo-
nal to the vector a. From [12], Proposition 1], such leaves are totally umbilical
spacelike hypersurfaces in L?—H(C). But, since I, = 0, we see that X" is to-
tally geodesic. Therefore, X" is either a spacelike hyperplane in L"*!, when
c = 0, or a totally geodesic round sphere in S’f“, when ¢ = 1, or is isometric
to a totally geodesic hyperbolic space in ]H[’f“, when ¢ = —1.

Now, let A # 0. Since A is constant, guarantees that Al, = AAf,.
Taking 7 = 0 in Lemma we obtain

(4.2) (S1 + neX + AS? — 208y + eA281)l, =0
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on L™ Let h: XY™ — R be defined by
h = S1 4+ neh + ASF — 2ASs + cA2S;.

If there exists pg € X™ such that h(pg) # 0, then there exists a neighborhood

U of pp in X™ in which h(p) # 0 for all p € Y. Then, from it follows

that I, = 0 in Y. This implies that f, and [, are simultaneously zero in U

and, taking into account , a must be a null vector. On the other hand,

fo = 0 implies that a is a spacelike vector. Hence, we reach a contradiction.
Consequently, h = 0 on X". Thus, from we get

(4.3) S1 4+ en + AS? — 2X\S + cA?S; =0,
and since A # 0, it follows from (4.3)) that S is also constant.
Now, suppose that, for some 1 <r < n, S; is constant for j € {1,...,7}.

Since L,_1ly = AL,_1f,, from Lemma [2.2] we have
Ly_1lyg=—7Spfo—c(n—1+1)Sr_1l4,
Li_1fa= (518, — (r +1)Sr41) fa + crSpl,.
So, we can reason in a similar way to the case r = 0 to obtain
T cln—r+1 1 cr
PYCES R S s
Since by induction we are supposing that .S, and S,_1 are constant, it follows

that S,41 must also be constant. Hence, S, is constant for all » € {1,...,n}.
Consequently, from (2.1) and Lemma we have

(4.5) |VA|? — 5285 +45% — 2cnSe — 35153 + ¢(n — 1)5? = 0.

(44) S’,‘J’-l ==

S

Suppose that S; = 0, that is, XY™ is maximal. When ¢ = 0, from the
classical theorem of Cheng—Yau [§] we see that X" must be a spacelike
hyperplane in L"*!. When ¢ = 1, from [13] Theorem A] we conclude that
2™ is isometric to a totally geodesic round sphere in S?Jrl. Finally, when
c=—1, from we have |A|? = —2S5. On the other hand, from (4.3]) we
get 252 = —n, and consequently |A|> = n. Hence, [9, Theorem 1.3] shows
that Y™ is isometric to a maximal hyperbolic cylinder

Hm<—n>><Hnm<— i ), 1<m<n-1.
m n—m

Now, suppose that S; # 0. Taking r = 2 in (4.4) and multiplying by Sy,
we get

(4.6)  —3AS1S34 cA(n —1)S = —251S5 — 2cA%51 Sy — AS%S,.
Since A # 0, we can multiply (4.5) by A to get
(4.7)  AVAI2 = \SZSy + 4AS3 — 2XenSy — 305153 + cA(n —1)S? = 0.
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Applying (4.7) in (4.6]), we obtain
(4.8)  AVA> —2)\S2S +4\S3 — 2AcnSy — 2518 — 2¢A?5155 = 0.

If S5 = 0, from (4.8) we have A\|[VA|? = 0, and since A # 0, it follows that
|[VA|?> = 0, that is, X" has parallel second fundamental form. Therefore,
2™ is an isoparametric spacelike hypersurface in S’f“. Now, if Sy # 0,

multiplying (4.3 by 252 we get
(4.9) 25159 + 2cn\Sy + 20528y — 4\S3 + 2cA\251 Sy = 0.

From A\ # 0, and equations and ([4.9), we obtain [VA[?> = 0. Thus,
we can proceed as before to conclude that 2™ is an isoparametric spacelike
hypersurface in S’f“.

Hence, a classical result due to Nomizu [14] shows that X" has at most
two distinct principal curvatures in the Lorentz—Minkowski and de Sitter
spaces. The same holds for the case of the anti-de Sitter space, according to
Li and Xie [10]. Therefore, we can apply Theorem 5.1 of Abe et al. [I] to
finish the proof of Theorem
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