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On some non-linear projections of self-similar sets in R3
by

Balazs Barany (Budapest and Coventry)

Abstract. In the last years considerable attention has been paid to orthogonal pro-
jections and non-linear images of self-similar sets. In this paper we consider homothetic
self-similar sets in R?, i.e. the generating IFS has the form {\;z +t,}._,. We show that
if the dimension of the set is strictly greater than 1 then the image of the set under some
non-linear function to the real line has dimension 1. As an application, we show that
the distance set of such a self-similar set has dimension 1. Moreover, the third algebraic
product of a self-similar set with itself on the real line has dimension 1 if its dimension is
at least 1/3.

1. Introduction and statements of results. We call a non-empty
compact set A in R? self-similar if there exists an iterated function system
(IFS) @ of the form

(1.1) @ = {fi(z) = \iOiz + t;}{_,
where \; € (0,1), ¢, € R? and O; is an orthogonal transformation of R for
every i = 1,...,q, and A is the attractor of @, i.e. the unique non-empty

compact set A = J!_, f;(A). We call a measure p self-similar if there exists
an IFS @ of the form and a probability vector (p1,...,pq) such that
=31 il fi)up, where (f)up=puo f71.

We denote by 11y, the set of orthogonal projections from R? to R*. The
classical results of Marstrand [15] and Kaufman [14] state that for any Borel
set A C R? we have dimpg 1A = min{k, dimy A} for almost every m € 1y,
where dimy denotes Hausdorff dimension. Denote the packing dimension by
dimp and the box dimension by dimp. For the definition and basic properties
of Hausdorff, packing and box dimensions we refer to [3].
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Hochman and Shmerkin [I3] proved that if the IFS & satisfies the strong
separation condition (SSC), i.e. fi(A) N fj(A) = 0 for every i # j, and the
orthogonal transformations of the IFS @ satisfy the minimality assumption,
that is, there exists a m € Il such that

(1.2) {0, -+ 0i, 1 <y, i < g}
n=1

is dense in Iy, then dimyg 7A = min{k, dimy A} for every = € Iy, and
dimg g(A) = min{k,dimg A} for every g € C*(R? — R*) without singular
points. In particular, if the minimality assumption holds then holds
for all m € I1;}. Recently, Farkas [7] generalized this result by omitting the
strong separation condition.

Dekking [2], Rams and Simon [19]20] and Falconer and Jin [5] considered
orthogonal projections and non-linear images of random self-similar sets. For
more detailed surveys on projections of fractal sets and measures, see [4]
or [21].

In this paper, we focus on homothetic self-similar sets (HSS sets) in R3,
with O; = I for every ¢ = 1,...,q, where I denotes the identity. Similarly,
we consider homothetic self-similar measures (HSS measures).

It is well known that in this case the dimension may drop under some
orthogonal projections. However, if A is an HSS set with SSC on R? then
dimy g(A) = min{1,dimyg A} for certain C? functions g : R? — R. This
result was first published by Bond, Laba and Zahl [I, Proposition 2.6|, but
they attribute the proof to Hochman.

Our goal is to generalize this result to HSS sets in R? with dimy large
enough.

We will have a special interest in the radial projection Py : R?\ {0} —
S9=1 where S?! denotes the unit sphere in R?. Precisely, Py(z) = z/||z|.
We denote by Vg the gradient vector of a function g : R? — R at a point z.

THEOREM 1.1. Let A be a homothetic self-similar set in R3 such that

dimpg A > 1 and A is not contained in any plane (but may not satisfy SSC).
Suppose that g : R? — R is a C function on an open set V O A such that

(1) [[Vagll # 0 for every z € A.

(2) |Vezg X Vgl =0 for allz € V and t € R such thatt-z € V.

(3) hy is bi-Lipschitz on P3(A) C S?, where hy(z) = P3(Vigg) for any
t € R such thatt-x € V.

Then dimp g(A) = 1.

We apply Theorem in two ways. First, we show a corollary for the
distance sets of HSS sets in R3. Recall that the distance set of A C R? is

(1.3) D(A) ={llz —yll : 2,y € A}.



Non-linear projections of self-similar sets 85

For every x € A, we define the pinned distance set of A C R? at z by

(1.4) Dy(A) ={llz —yll : y € A}.

Falconer’s distance set conjecture states that if dimp A > d/2 then D(A)
has positive Lebesgue measure for any measurable A C R?. Recently, Or-
ponen [17] showed that for any self-similar set A in R?, if H!(A) > 0 then

dimyg D(A) = 1, where H! denotes the Hausdorff measure. We improve Or-
ponen’s result for HSS sets in R3 in the following way.

THEOREM 1.2. Let A be an HSS set in R? such that dimg A > 1. Then
dimy Dg(A) =1 for every xz € A. In particular, dimy D(A) = 1.

As a second application, we consider the algebraic product of a self-similar
set on the real line with itself. Let A, B C R and set

A-B={zr-y:x€ Aandy € B}.

As a consequence of the result of Bond, Laba and Zahl [I] we show that
for every self-similar set /A on the real line,

(1.5) dimpg A - A = min{2dimy A4, 1}
(see Corollary . We generalize this result to A- A - A in the following way:.

THEOREM 1.3. Let A be a self-similar set in R such that dimpg A > 1/3.
Then dimgA-A-A=1.

2. Preliminaries and non-linear projections in R2. This section is
devoted to listing our tools for the proof of Theorem The projections
in R? were studied by several authors, including Hochman [I0], Hochman
and Shmerkin [13], and Bond, Laba and Zahl [I]. For the convenience of the
reader, we here state the relevant theorems and give short proofs.

First, we introduce some notation. Let @ be an IFS on R? with con-
tracting similitudes of the form . Denote the attractor of @ by A. Let
S = {1,...,q} be the set of symbols and denote the symbolic space by
Y = SN. Let o be the left-shift operator on X. We define the natural pro-
jection p from X to A in the usual way, i.e. for any i = (ip,71,...) € X,

p(i) = Jim fiy 0 fiy 0000 fin (0),

where 0 = (0,...,0) € RZ Tt is easy to see that p(i) = fi, (p(ci)).

Let p = (p1,...,pq) be a probability vector with strictly positive ele-
ments. Denote the Bernoulli measure on X by v = pN. Then v is left-shift
invariant and ergodic. Then the measure u = p,v = v o p~ ! is the unique
self-similar measure with spt u = A and g = >"7; pi(fi)«ft-

Let X* = (J,2,S™ denote the set of finite length words in symbols S.
For 7 = (ig,...,in—1) € X*, let [7] be the length of 7 and for any 7,7 € X*,
let the juxtaposition 77 be the finite length word (io, . . ., i—1, Jo, - - - 5 Jjz/=1)-
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We write f; for the composition f;, o---o f; , where 7 = (ig,...,in_1).
We denote by Fix(f;) the fixed point of f;. Let [7] be the cylinder set formed
by 7,

(1] :={j = (o, j1,---) € ¥ 10 = Jo, s ip—1 = Jjgj-1}-

Its projection A; = p([7]) = fi(A) is called a cylinder set of A. We note
that if x4 is an HSS measure (or A is an HSS set) with IFS ¢ = {f;(z) =
Niz+t; 19, in R? with SSC then for any 7 € X* the measure iz := 1| 4,/ (A7)
(or respectively A;) is also a self-similar measure (or self-similar set) with
IFS &; := {\iz+ fz(t;)}{_;. On the other hand, for any m € I, the measure
7y = pon~!is an HSS measure (or respectively 7/ is an HSS set) as well,
with IFS 7@ := {\z + 7 (¢;)}_,. We denote the nth iteration of the IFS by
" = {frtiesn.

Our first approach to the study of homothetic self-similar sets is to find
a proper approximating subsystem.

PROPOSITION 2.1. Let A be an HSS set in R? with IFS & = {f;(z) =
Nz + t; 31|, For every € > 0, there exists an IFS @' of the form {g;(z) =
Az + tg}?lzl with X € (0,1) such that the attractor A’ of &' satisfies SSC,
A" C A and dimg A” > dimg A — . Moreover, the functions of &' can be
written as compositions of functions in @.

We call the attractor and self-similar measures for & homogeneous ho-

mothetic self-similar (HHSS).

The proof is analogous to the proof of Peres and Shmerkin [I8, Proposi-
tion 6], therefore we omit it.

Denote the Hausdorff dimension of a measure p by dimyy p, that is,

dimy p = inf {dimp A : u(A) > 0}.
We define the upper and lower local dimension of u at a point z in the usual
way by
1 B - 1 B
d, () = liminf 7og,u( T@)), d,(z) = limsup 70‘%'“( r(z))
# r—0-+ logr r—0+ logr

where B,.(z) is the ball with radius r centred at z. By [0, Theorem 1.2],

(2.1) dimpg p = p — essginfdﬂ(g).

We say that the measure p1 is evact dimensional if d,,(z) = d,(z) for p-a.e. .
By [6l, Corollary 2.1], if p is exact dimensional then

dimyg p = inf {dimp A : u(A) = 1}.
LEMMA 2.2. Let p and v be Borel probability measures such that p < v

(that is, p is absolutely continuous with respect to v) and v is exact dimen-
stonal. Then dimy p = dimy v.
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Proof. Since p < v, for any measurable set A, if i(A) > 0 then v(A) > 0.
Thus, dimy ¢ > dimy v. On the other hand, since v is exact dimensional,

dimy v = inf {dimg A : v(A) = 1} = inf {dimpg A : v(A°) = 0}
> inf {dimg A : p(A°) =0} = inf {dimyg A : u(A) = 1} > dimy p,
where A€ denotes the complement of A. »

Our second approach is to approximate non-linear projections of HSS
measures with SSC by orthogonal projections. Let g : R — R be a C!
function. We denote the projection of a Borel measure p on R? by g.u =
pogl. Let Vg be the gradient of g at z = (21, ...,24),

9z, (2)
vzg = :

Gy ()

Denote by my, € Il;; the orthogonal projection from R? to the subspace
spanned by Vg, that is, 7y .(y) = (Vzg,%)/l|Vegll, where (-,-) denotes
the standard scalar product on R? and || - || is the induced norm. The next
theorem is a consequence of the results of Hochman [10].

THEOREM 2.3. Let pu be an HSS measure with SSC in R and let g :
R? — R be a O function with |Vzg|| # 0 for every z € spt u. Then

dimy gspt > p — ess inf dimy g . pt.
] z

Proof. Let p be an HSS measure with SSC in R?. Then by [10, Ex-
ample 4.3] the measure p is homogeneous uniformly scaling [10, Defini-
tions 1.5(3) and 1.35|. Let P be the ergodic fractal distribution generated
by g [10, Definitions 1.2, and 1.5(1), and Proposition 1.36]. For m € I, let

Ep(n) = SdimH mvdP(v).

Applying [10, Theorem 1.23 and Proposition 1.36] we find that for any
C! function g : R? — R with ||V.g]| # 0,
dimg g«pt > po — essinf Ep(mg ).
g z

By [10, Proposition 1.36] for P-a.e. measure v there exists a ball B such
that u < (T)«v, where T (5)(y) = (y —z)/r. Hence, mu < 7(Tg).v for
every m € IIg; and P-a.e. v. On the other hand, by [10, Theorem 1.22| the
measure wv is exact dimensional for P-a.e. v. Since Ty is bi-Lipschitz, by
Lemma, we have dimy 7y = dimy 7w for every m € Ilg; and P-a.e. v,

which implies that Ep(7) = dimg 7u. =

As a consequence of Theorem and [II, Theorem 1.8, we state a
modified version of a result of Hochman, published by Bond, Laba and Zahl
[1, Proposition 2.6].
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PROPOSITION 2.4. Let pu be an HHSS measure with SSC in R? such that
spt pu is not contained in any line. Suppose that g : R> — R is a C? map
such that ||Vgg|l # 0 and

H(gm z)g,(z) — gz, (2)g,(z )H 40
o, (@)g) (@) — g ()4 (2)
for every x € spt u. Then

dimy g«p = min{1, dimy p}.

To prove the proposition, we need a technical lemma.

LEMMA 2.5. Let i be an HHSS measure with SSC in R? such that spt i is
not contained in any line. Then there exists a constant ¢ > 0 that dimyg wp >
¢ >0 for every m € Iy ;.

Proof. Let {fi(z) = Az + ¢;}{_, be the IFS corresponding to p and p =
(p1,...,Dpq) the corresponding probability vector.

Since spt p is not contained in any line, there exist three fixed points of
the functions, say fi, fo and f3, that form a triangle. Denote the sides of
the triangle by a, b and c. Let x = infrer, , max{|ral,|7b|,|rc|} > 0 and
let N = [logk/(4|spt p|)/log A], where | -| denotes diameter. Let x € 7spt p

and
(1) = > v([i)).
1esnN
B(n/4))\”N (m)mﬂ/lzf(b

It is easy to see by the definition of N and  that there exists an 7 € X*
with [2] = N such that B, g\~ (z) NmA; = 0. Thus, 21(x) < 1 —pXN. | where
Pmin = min{pi,...,py}. On the other hand, for every 7 € X* with [7| = nN
and B, /q\nv (2) N TA7 # () there exists a 7 € X' with [J| = N such that
B(R/4)/\("+1)N (l‘) N WA@ = @ Thus,

(2.2) > v([7) < 1~ prin-
jesN
B(K/4)>\(n+1)N(x)ﬂ7rAﬁ76@
Now we prove by induction that z,(z) < (1 —p2. ). For n = 1 this has
already been shown. Assume that it holds for n. Then by (2.2)),

pi1(z) = > v([d)

eSnt+HN
B(N/4>>\(n+1)N (Z‘)ﬂ’/l’/lz#@

= > > v([2])

esS™N jesN
B(K/4)/\nN (Jf)mﬂ'/l??é@ B(n/4))\("+1)N (m)ﬂﬂAﬁ#@
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= > v([2]) > v([7)

e8nN jesSN
B(ﬁ/4)AnN(CU)m7TA{7é® B(K/4)A(n+1)N(w)m7rAﬁ;é®

< (1= Piyin) 2n () < (1= ppa)" ™.

Hence, for any x € spt u,

log u(Bxynan (x
liminfw = lim inf ( i ()
r—0+ log r n—00 niN log A
.. Jdogza(x)  log(l—pl. )
> 1 f — min .
= N Tog A Nogx 0
By (ZI) this implics that dimgs > “E0Pmn) > 0 for all 7 € 1Ty, w

Proof of Proposition . Since dimyy g.p < min{1, dimy p}, it is enough
to show the lower bound. By Theorem [2.3] we have

dimy gept > p — essinf dimy mg . p.
] x

Thus, it is enough to show that
(2.3) dimpg 7y gp = min{1,dimg p}  for p-a.e. z.

If p is an HHSS measure with IFS {A\z + ¢;}7_, then for any 7 € Il
the measure my is HHSS as well, with IFS {\z 4+ 7 (¢;)}__,. By using the

parametrization mp(z) = ((cos,sinf), z) and |11, Theorem 1.8], it follows
that

dimp {6 € [0,7) : dimg Tpp < min{1,dimy p}} = 0.
Hence, to verify (2.3) it is enough to show that
dimy fi w >0,

where f(z) = arctan(g,, (z)/g,,(x)). By our assumption |[|[V.f| # 0 for
every x € spt p. By applying Theorem [2.3] and Lemma 2.5 we get

dimy fepr > p —essinfdimpg 7wy > inf dimp7ap >c>0.m
z - wellz

As a consequence of Proposition we state an analogue of [I, Proposi-
tion 2.5| for measures, which plays an important role for the further studies.

COROLLARY 2.6. If pu is an HHSS measure with SSC in R? such that
0 ¢ spt pu and spt p is not contained in any line, then

(2.4) dimy (P2)sp = min{1, dimg p}.

Proof. Since p can be written as a convex combination of self-similar
measures restricted to cylinder sets, we have

dimy (P2)wpt = %2%2 dimy (P2) 1z
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for every n > 1. Thus it is enough to show that for sufficiently large n > 1,
holds for any 7 € §™. By choosing n sufficiently large and by applying
a rotation, we may assume that spt uz is contained in the upper half-plane
and separated away from the z-axis.

Since z — (z,v1 — x2) is bi-Lipschitz for every z € (—1+¢,1+¢), it is
enough to show that the map g : (z,y) — z/+/22 + y? satisfies dimy g7 =
min{1, dimy pz7}. Indeed, g satisfies the assumptions of Proposition [2.4] =

As another consequence of Proposition [2.4) we state the following theorem
for general self-similar sets in R2.

THEOREM 2.7. Let A be an arbitrary self-similar set in R? not contained
in any line. Suppose that g : R* — R is a C* map such that ||Vg|| # 0 and

i)l
Iy (2) gy () — gyy
for every x € A. Then
dimp g(A) = min{1, dimg A}.

Proof. By [17, Lemma 3.4], for every € > 0 there exists a self-similar set
A" C A not contained in any line such that dimg A’ > dimpg A — € and the
attractor of the corresponding IFS &' satisfies SSC. If one of the functions
of @ contains an irrational rotation then by [13, Corollary 1.7],

dimy g(A) > dimg g(A") = min{1, dimg A’} > min{1, dimy A} — e.

If none of the functions of &' contains an irrational rotation then by
[I7, Lemma 4.2] there exists a self-similar set A” C A such that dimyg A” >
dimyg A — 2¢ and the similitudes of the corresponding IFS @” do not contain
any rotation or reflection, i.e. A” is an HSS set with SSC. By Proposition
there exists an HHSS set A" with SSC such that A” C A and dimyg A" >
dimH A — 3e.

Let p be the natural self-similar measure on A", that is, p is the equidis-
tributed self-similar measure on the cylinder sets. Hence, dimyg p = dimy A”.
By Proposition [2.4]

dimp g(A) > dimyg g« = min{1, dimy p}
= min{1, dimg A"} > min{1, dimyg A} — 3¢.
Since € > 0 was arbitrary, the statement of the theorem is proven. =

As a corollary, one can prove a weaker version of Falconer’s distance set
conjecture in R2. This is just a little stronger than Orponen’s result [I7,
Theorem 1.2, since we only assume that dimpg A > 1 and we do not need
that H'(A) > 0.
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COROLLARY 2.8. Let A be a self-similar set in R? with dimg A > 1.
Then

where D(A) denotes the distance set of A defined in (|1.3]).
Proof. If A is contained in a line then dimy D(A) = dimg A. So, we may

assume that /A is not contained in any line. Let ¢ € A and let A; be a cylinder
set such that dist(a, A7) > 0. Then D,(z) = ||z — a|| satisfies the conditions
of Theorem with self-similar set A;. Thus,
dimH D(/l) > dimH Dg(/l) > dimH DQ(Ag)
= min{1, dimyg A;} = min{l,dimp A} =1. =
Another corollary of Theorem is (|L.5)).
COROLLARY 2.9. Let A be a self-similar set in R. Then
dimpg A - A = min{2dimy A4, 1}.

Proof. Without loss of generality, we may assume that A is not a single-
ton. Then there exists a cylinder set A; of A such that every element in Az
is either strictly positive or strictly negative.

By [18, Proposition 6], for every ¢ > 0 there exists a self-similar set
A" C A; such that dimg A’ > dimg A — € and it is the attractor of an IFS @
satisfying SSC and having the form

¢ = {fi(x) = Ar +ti},
Then A’ x A’ is a self-similar set with SSC in R? with IFS

& = {hi(z) = Az + (ti tj) } 1
Let g(z,y) = zy. Then HVQgH = \/y2 + 22 # 0 and

G-t - v

Iyl gyy
for any (z,y) € R?\ {(0, 0)} Thus by Theoremm7
dimg A - A > dimg A" - A" = dimp g(A” x A)
= min{1,dimg A" x A’} > min{1,2dimg A} — 2e,
where we have used the fact that dimy A’ x A” = 2dimyg A’ (see |3, Corol-

lary 7.4]). Since € > 0 was arbitrary, the proof is complete. m

Similarly to the case of Proposition [2.4] to prove our main Theorem [I.]]
we need an upper bound for the exceptional directions for orthogonal pro-
jections in II37. For a vector n € S4=1 et m, € Ilg1 be the orthogonal
projection to the subspace generated by n, i.e. m,(z) = (z,n).
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PROPOSITION 2.10. Let pu be an HHSS measure in R with SSC. Then
(2.5) dimp {n € S? : dimpg 7, < min{1, dimg pt} <1

Proposition follows from Hochman’s [12, Theorem 1.10].
Finally, we state the dimension conservation phenomena for HSS mea-
sures, first showed by Furstenberg [9] and generalized by Falconer and Jin [5].

THEOREM 2.11. Let p be an HSS measure with SSC in R and let
m € Ilyy. Then

(2.6) dimp 7p + dimy pir-1(,) = dimg p for mp-a.e. z € R”,

where pir—1(y) denotes the conditional measure of v on the fibre 71 (x). More-
over,

(2.7) m— dimyg 7 s lower semicontinuous.

For the proof we refer to Hochman [10, Theorem 1.37].

3. Radial projection in R3. The critical point of our study is the
examination of the radial projection. Unfortunately, we cannot prove the
analogue of Corollary [2.6] in general. However, we are able to show that if an
HSS set has dimension strictly larger than 1 then there exists an HHSS mea-
sure whose support is contained in the HSS set, and whose radial projection
has dimension strictly larger than 1.

THEOREM 3.1. Let A be an HSS set in R3 such that dimg A > 1 and A
1s not contained in any plane. Then there exists an HHSS measure p such
that spt u C A and dimyg p > dimyg (P3).p > 1.

Let Cp(z) denote the closed double cone with vertex z € R?, angle «,
and axis v € R? with ||| = 1. That is,

Cop(z) ={y € R*: [{z — y,0)| > |cos()| ||z — ylI}-
In other words, the angle between z — y and v is less than or equal to a.

First, we show the following lemma.

LEMMA 3.2. Let A be an HHSS set in R3, not contained in any plane.
Then for every vector v € R with ||v]| = 1 and z € A there exists /2 >
a > 0 such that for every r > 0,

int(By(z) N Cap(z)) NA#0D,
where int denotes interior.

Proof. Assume for contradiction that there exist v € R? with |[v]| = 1
and z € A such that for every 7/2 > a > 0 there exists an r = r(a) > 0
such that

int(B,(z) N Cap(z)) NA=0.



Non-linear projections of self-similar sets 93

Let & = {fi(z) = Az + t;}_; be the corresponding IFS and let n(r) =
min{n : A" <r}.

For m/2 > a > 0, if x € Az with [2] > n(r(a)) then A7 C int (B, ) (z))NA.
Thus by our assumption A; Nint(Cy »(2)) = 0. Since @ does not contain any
orthogonal transformation,

ANint(Cap(f; H(2))) = f; (A Nint(Cop(z))) = 0.

Thus, for every m/2 > a > 0 there exists N > 1 such that for every 7 with
2 = pli) = filp(o")) and [ > N,

AN int(Ca,Q(ffl(g))) = 0.

7

Let y be a density point of the sequence {f; '(z)}. Since A is compact, we
have y € A and AN intCy,(y) = 0. But o was arbitrary, so A must be con-
tained in a plane with normal vector v and containing y, a contradiction. m

Denote by Vi the subspace to which 7 € II32 projects, and denote by
n, € R3 the normal vector to V; with ||n,|| = 1. For a projection m € II3 2,
let

n- X (x—
(3.1) sin(er) = inf —H*W (z Q)H
atyes |z -y

Since A is compact, if 74 satisfies the SSC then sin(e;) > 0 . Let

sz{(%Z/)E/lx/l:x#y&sin(sﬂ):W}'

Since & = {f;}{_, is orthogonal transformation free,

[, X (z =yl

sin(e;) = min inf =
i#j zefi(A),yef;() |z —yll

Moreover, by compactness, there are i # j, z;, € fi(A), y; € fj(A) such that
(%yj) € I'; # (). By definition

(3.2) int(Ce,pn (2))NA=0 forevery z € A

LEMMA 3.3. Let A be an HHSS set not contained in any plane and sup-
pose that TA satisfies SSC. If (z,y), (z,2) € I'x then (y,z) ¢ Ix. Thus, if
(z,y) € I'x then lyy N A\ {z,y} = 0, where lyy is the line through z and y.

Proof. Suppose that (z,v), (z, 2), (y,z) € I'x. It is easy to see that z,y, z
must be contained in one line. Indeed, z must be a common element of the
boundary of the cones C¢,_, (x) and C;_, _(y) (see Figure . Without loss
of generality, assume that z is between z and y. Let V be the common

tangent plane of C._,, (z) and C¢_,_(y), and let v be its normal vector. By
Lemma there exists 7/2 > a > 0 such that int(B,(z) N Cau(z)) N A
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Fig. 1. Cones and points for (z,y), (z, 2), (y,2) € I'x

# () for every r > 0. Let 7 > 0 be so small that int(B,(z) N Cap(z)) C
int(C’Emﬂﬂ ()N Cern, (g)) Then

0 # int(B,(z) N Cap(z))NAC int(Ce, n_(z)) N A.
But by (3.2)), int(C;, »n_(2)) N A =0, a contradiction. =

PROPOSITION 3.4. Let A be an HSS set in R? with dimg A > 1 and not
contained in any plane. Then there exists an orthogonal projection m € 1139
and a self-similar measure p such that spt u C A, spt v is not contained in
any plane, T satisfies SSC (but not with respect to the IFS generating p),
and dimyg g > dimpg 7 > 1.

Proof. By Marstrand’s projection theorem [16, Corollaries 9.4 and 9.8]
there exists a m; € I35 such that dimy 714 = min{2, dimy A}. The set m A
is an HSS set in R%. By Proposition there exists an HHSS set A' and
an IFS &1 = {f;(z) = Az +¢t;}]_, with SSC such that AL C A, m A satisfies
SSC and 2 > dimpg A! = dimp m A > 1.

Let e, be defined in (3.1). By compactness, there are z; € f;(A') and
Yy, € fj(A!) such that i # j and (L-,gj) € Iy,. Fix such ¢ # j and
z;,y.. Denote by ma the projection onto the subspace with normal vector
(z; — g])/”zl - QJ“ Then by Lemma the projection 7y is 2-to-1 on A
Thus, by [8, Corollary 4.16], dimyg A* = dimyg meA!, but clearly SSC does
not hold.

Let § > 0 be so small that dimg A' — 36 > 1. Fix 7,7 € X* such that

7| = 7], z; € fi(Al), Y, € f5(AY), and m = [7| = || is so large that the
attractor A of the IFS & := {figo---0 fim—l}gO,...,im_lzl \ {f3, f7} satisfies
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dimpg A > dimpy A' — 6. Since 9 is still at most 2-to-1 on the smaller set /T,
we have dimpy A = dimp mA. Observe that mz; = T2y, ¢ mo .

Let & be the natural HSS measure on A By Theorem m (see (2.7))) the
function 7 — dimyg 7 is lower semicontinuous at mo. Hence, 7 — dimy TA
is lower semicontinuous at my. Let S > 0 be small enough that for every
projection 7 € II32 with |[n, x n. || < |sin(3)|, we have L TY ¢ wA
and

dimpyg TA > dimpg 7T2/T— 60 = dimy A6

Since the fixed points of the iterates of the functions are dense in /T, by
compactness we may find hy, hy € X* such that 7(Fix(fa,)), 7(Fix(frn,)) ¢
7 A for every projection 7 € Il35 with ||n, X n., | < |[sin(8)| and

[(Fix(fan, ) = Fix(fzn,)) * (25 = y,)l

[Fix(finy ) = Fix(fm,) 12 — ;]

Denote by 7’ the projection onto the subspace with normal vector
(Fix(fin,) — Fix(fin))/ [Fix(fin, ) — Fix(f,)|- Applying Proposition BT for
7'®, we see that there exist an HHSS set /1~1 and an IFS ¢ with SSC such
that AL C A, 7/ A! satisfies SSC and dimy A' = dimy 7/A > dimyg 7’'A — 4.

We claim that there exist m, k > 1 such that the IFS
k

(@1 U {7 g 0o fuy = 1, |
satisfies SSC and is homogeneous.

Indeed, since 7'®; satisfies SSC and is homogeneous, the same is true of
(7'®1)™ for every m > 1. By Proposition , the contraction ratio of @1 is \!
for some [ > 1. On the other hand, the contraction ratio of f;5, is N7l Now,
let us fix the ratio k/m = 1/[th1|. Since 7' (Fix(fin, ), 7' (Fix(fs1,)) ¢ ©' A, we
see that by choosing k sufficiently large, the SSC holds.

Let @ := (&1)™U{ {%1, k 1. Observe that 7/ (Fix(fs, ) = 7' (Fix(fsn,))-

1heo

< [sin(B)]

Thus, 7 fon, = 7' fin,, 1.e. there are exact overlaps. Hence, 7'®’ = (7’ $1)™ U
{7’ fi’}Ll}, and therefore it satisfies SSC.
Let A’ be the attractor of &'. Then

dimpg 7' A" > dimy At > dimg TA—4
> dimy mo A — 26 = dimyg A — 26 > dimg A — 35 > 1.

Let 4/ be the HHSS measure on A’ with weights 1/(#(®1)™ + 1) for the
functions in (®1)™ and weights 1/(2(4(®1)™ + 1)) for fhl,f{%. Thus, 7'/
is the natural self-similar measure on 7’A’, and therefore 1 < dimg7’A’ =
dimyg 7'/, Because of the exact overlap and the fact that sptn/y’ = 7’A’

cannot be contained in a line, spt ' cannot be contained in a plane. The
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exact overlap and dimy 4/ < dimp A' < 2 imply dimy ¢/ > dimg 7/, which
was to be proven. =

By changing coordinates, without loss of generality we may assume that
the projection in Proposition is the coordinate projection 7 : (z,y, z) —
(x,y). Moreover, since the measure p in Proposition cannot be contained
in any plane, we may assume that spt u is supported on an octant, separated
away from the z-axis by restricting p to a cylinder set.

Denote by v the projection along geodesics on S? to S'. We note that
is well defined except at the poles. On the other hand, vo P3 = Py o .

Let v := (P3)xp. Thus, v,v = (Py).mp. For convenience, we use the
cylindrical coordinates in R? and the radial coordinates on R2. That is, for
R >z = (r,¢,2), 7(x) = (r,9), Py(n(z)) = ¢ = v(Ps(x)). Denote the
conditional measure of 1 on 7~ !(r, ) by Hr—1(r), the conditional measure
of mu on Py (p) by TP () and the conditional measure of v on v~ ()

by vy-1(y) (see Figure [2)).

L

-

Fig. 2. The conditional and projected measures along P», P; and ~

LEMMA 3.5. For v,v-almost every ¢ € S*,
dimyg Vy=1(p) = dimy g — dimg 7 > 0.

Proof. By definition of conditional measures, v = Squ(cp) dv.v(p). On
the other hand, 7y = Sw,u,P;(@) dysv (), and thus g = § g1, o) drp(r, o)

= tr1(r0) dﬂupgl((p) (r) dv.v(p). Hence,
V= (P3)*H = SS (P3)*:U’7r—1(r,tp) dﬂ-:upgl(@) (T) d’Y*V(SO)'

Since the conditional measures are uniquely defined up to a measure zero
set,

(33) vy = S (Ps) =1 (r,) dTr,LLP{l(W) (r)  for y,.v-almost every .
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Observe that for any compact line segment I C R3 which is not contained
in any 1-dimensional subspace of R? the map P3 : I — S? is bi-Lipschitz.
Hence, by Theorem and Proposition |3.4}
dimH (Pg)*,uﬁ_l(,,,w) == dlmH ,uw_l(r’w)
=dimyg p — dimg7p >0  for mu-a.e. (r,p).

By the definition of Hausdorff dimension, let A, , be the set such that
V7_1(¢)(A307n) > 0 and dimpg vy-1(,) > dimg Agpn — 1/n. Thus, by (3.3),
for v.v-a.e. ¢ there exists a set B, , such that ﬂupgl(v)(B%n) > 0 and for
Thpy1(g)a-e. T € B, n,

(P8)sbtr—1(r ) (Apn) > 0.
Hence,

dimy v -1y + 1/n > dimy Ay, > dimyg (Pg)*,u,r_l(r’(p)
=dimpg g — dimg e >0 for y.v-a.e. .
Since n was arbitrary, the proof is complete. =

Proof of Theorem[3.1. Let u and 7 be as in Proposition [3.4] Since mu is
an HHSS measure satisfying SSC, Corollary [2.6] yields

dimp v, = dimyg (P)mp = min{1, dimyg 7p} = 1.
By Lemma,

dimy Vy-1(p) = dimyg o — dimg 7 > 0.
Thus, by [10, Lemma 6.13|,

dimy (P3).p = dimy v > dimyg v, + dimy Vy-i(p) > 1. m

4. Proofs of the main theorems

Proof of Theorem . Let A be an HSS set in R3 not contained in any
plane and with dimg A > 1. Moreover, let g : R?> — R be a C! function
satisfying assumptions f. Since A is compact, there exists an open
neighbourhood of A on which [|Vzg|| > 0. By considering a sufficiently small
cylinder of A, we may assume that there exists a ball B such that A C B
and ||Vgg|| > 0 for every x € B. Let f : 2 € B — V,g/||Vzgl|. By as-
sumption , f(z) = f(t-x) for every t € R such that ¢ -z € B. Thus, by
assumption , for any HSS measure p with spt u C A,

dimy fep = dimyp (Ps) ..

It is enough to show the lower bound. Let p be the HHSS measure as in
Theorem Then by Theorem
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dimy g(A) > dimyg gop > p — essinf dimy 7y 51,
] z

where we recall that 7, ,(y) = (Vzg,¥)/||Vzg|. By Proposition
dimp{n € % : dimg mu < 1} < 1.

But by Theorem dimy fop = dimyg (Ps).p > 1, thus
fep({n € S% : dimpg m,p < 1}) = 0,

and therefore p — essinf, dimg 7y p0 = 1. =

Proof of Theorem[I.9. If Ais contained in a plane then we refer to Corol-
lary or [I7, Theorem 1.2]. So we may assume that A is not contained in
any plane.

By shifting A we may assume that 0 € A. Let A; be a cylinder set such
that dist(0, A7) > 0. Then g(z) := ||z| satisfies the conditions of Theorem|[L.]]
with self-similar set A;. Thus,

dimgy Dy(A) > dimp g(A) > dimy g(4;)
= min{1,dimyg 4;} = min{1,dimg A} =1. =

Proof of Theorem . Let A correspond to an IFS {\;x +t;}]_;, where
Ai € (—1,1). By [18, Proposition 6| there exists a self-similar set A’ C A in
R such that dimg A" > 1/3 with IFS {Az + ¢} ;-1,:1, where X € (0,1). Since
A’ is not a singleton, there exists a cylinder set A, with each element either
strictly positive or strictly negative.

It is easy to see that AL x AL x AL is an HSS set in R? separated away
from the planes determined by the axes. Thus it is contained in one of the
octants. Moreover, dimg A, x AL x AL > 1.

Let g(z,y,2) = xyz. Then

Ty

It is easy to see that Vg satisfies assumptions and of Theorem
on AL x AL x AL

To show that ¢ satisfies , observe that there exists an open, simply
connected set V in S? such that P3(AL) C V and V is uniformly separated
away from the planes z = 0, y = 0, z = 0. Since z — Vg is one-to-one on
every open octant and det(H,g) = 2zyz # 0 for any (z,y,z) € V, where
H, g denotes the Hesse matrix of g, we see that z — Vg is a diffeomorphism
between V' and its image Vyg. Now, let (p,0) — z(¢,0) be the natural
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parametrization of V. Thus,

0 0 B 10z Ox
(a0 % 3y Vas Vg ) = { @eti0)((H120)") 5% % 52 V)

oz 0 o) or o
= (5% % G et H0) () Vg ) = 5 det(Hag) (5 Gz ) #0

for every z € V. Hence, the normal vector of S? at V,g/||V.g| is uniformly
transversal to the normal vector of Vy g at V,g. Thus, Ps is a diffeomorphism
between Vy g and P3(Vyg), and therefore hy is bi-Lipschitz.

Thus, by Theorem

dlmHA/1AZdlmH/l%A%A%:dlmHg(/l;—X/l%XAg):l [ ]

REMARK. Unfortunately, our method does not allow us to prove similar
statements if dimg A < 1. The method depends on the dimension of the
exceptional directions of orthogonal projections from R3 to R. By using
Hochman’s Theorem [2.3] we get

dimy gspt > p — essinf dimy 7y . pt.
) z

On the other hand, in the case of self-similar sets,
dimp {7 € II3; : dimy 7A < min{1,dimg A}} <1

(see Theorem [2.10). Hence, to prove that the dimension does not drop, it is
enough to show that dimg fip > 1, where f : 2 — P3(Vzg). However, this
is not possible if dimpg A < 1 and in particular if dimg p < 1.

REMARK. Conditions (2) and (3) in Theorem [1.1|imply that we have to
check only that dimp (Ps)«p > 1. These conditions seem rather technical,
and we conjecture that they can be replaced by some more natural condition.
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