ANNALES
POLONICI MATHEMATICI
117.1 (2016)

The Besov capacity in metric spaces

JuHO NUUTINEN (Jyvaskyla)

Abstract. We study a capacity theory based on a definition of Hajtasz—Besov func-
tions. We prove several properties of this capacity in the general setting of a metric space
equipped with a doubling measure. The main results of the paper are lower bound and
upper bound estimates for the capacity in terms of a modified Netrusov—Hausdorff con-
tent. Important tools are y-medians, for which we also prove a new version of a Poincaré
type inequality.

1. Introduction. In this paper, we study a metric version of the Besov
capacity in a metric measure space (X,d, ) with a doubling measure p.
Different capacities in the metric setting have been studied previously, for
example, in [BBI, [Bl, [GT], [HK], [KM]|, [Leh] and [NS|. In the Euclidean
setting, the Besov capacity has been studied, for example, in [AI], [A2],
[AH], [AHS], [AX], [D], [HN], [MX], [N1], [N2], N3] and [Sto]. Our defi-
nition of the Besov capacity is based on the pointwise definition of frac-
tional s-gradients and the Hajtasz—Besov space NI‘;q(X), 0 < s < o0 and
0 < p,q < oo. This characterization for Besov spaces was first introduced
in [KYZ] and has recently been applied, for example, in [GKZ|, [HIT],
[HKT], [HT1] and [HT2]. The Hagjtasz-Besov space N, ,(X) consists of LP-
functions w that have a fractional s-gradient with ﬁmte mixed [9(LP(X))-
norm. A sequence of nonnegative measurable functions (gx)kez is a frac-
tional s-gradient of w if it satisfies the Hajlasz type pointwise inequal-

ity
u(z) — u(y)| < d(z,y)*(9x(x) + gx(y))

for all k € Z and almost all z,y € X with 2771 < d(z,y) < 27%. We give
the precise definitions and notation in Section 2, where we also prove two
useful lemmas for the fractional s-gradients.
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In Section 3, we define the Besov capacity and prove its basic properties.
These include monotonicity, a version of subadditivity and several conver-
gence results. In particular, we apply the results to show that Hajtasz—Besov
functions are quasicontinuous with respect to this capacity. Besov capacity
has been studied previously in the metric setting in [B] and [Co]. However,
in these papers only the case p = ¢ is considered in a less general met-
ric space. Ahlfors Q-regularity, for example, is assumed in both papers. In
a recent preprint [HKT], some of the results of our Section 3 are stated
and a version of subadditivity is proved. We provide several new results
and full proofs to the basic properties of the Besov capacity not proved
in [HKT].

The y-medians are extremely useful tools in the setting of Besov spaces,
especially when 0 < p <1 or 0 < ¢ < 1. In our proofs, they take the place
of integral averages. Medians behave similarly to the integral averages, but
have the advantage that the function does not need to be locally integrable.
In Section 4, we study some of the basic properties of the y-medians that
we later use in our proofs. One of the main results of this section is a new
Sobolev-Poincaré type inequality for the y-medians. For slightly different
results, see [HKT] and [HT2]. Also, we recall the definition of discrete median
convolutions and use them as tools to obtain Theorem [£.8] which says that for
compact sets it is equivalent to consider only the locally Lipschitz admissible
functions when calculating the capacity.

In Section 5, we study a modified version of the Netrusov—Hausdorff
content. The Netrusov—Hausdorff content was introduced in R™ by Netru-
sov [N2], [N3]. It has also been studied, for example, in [A2] and [HN|. We
modify the Euclidean definition to the metric setting, since in our case the
dimension of the space X need not be constant. Instead of summing over the
powers of the radii r; of the balls in the covering, we sum over the measures
of the balls in the covering divided by the values ¢(r;) of an increasing func-
tion ¢. Our main results are lower and upper bounds for the capacity in terms
of the modified Netrusov—Hausdorff content (see Theorems and .

2. Notation and preliminaries

2.1. Basic assumptions and notation. We assume that the triple
(X,d, u), denoted simply by X, is a metric measure space equipped with
a metric d and a Borel regular, doubling outer measure p, for which the
measure of every ball is positive and finite. The doubling property means
that there is a fixed constant ¢4 > 0, called the doubling constant, such that

(B, 2r)) < cqu(B(z, 1))
for every ball B(z,r) = {y € X : d(y,x) < r}, where z € X and r > 0.
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We define the integral average of a locally integrable function u over a
set A of positive and finite measure by

1
ug = Yudy = —— \udu.
i p(A) ;

We denote by Xg denote the characteristic function of a set £ C X and
by R the extended real numbers [—oo, 0o]. We write LO(X) for the set of
all measurable, almost everywhere finite functions v: X — R. In general,
C is a positive constant whose value is not necessarily the same at each
occurrence.

2.2. Fractional s-gradients and Hajlasz—Besov spaces. We define
the Hajtasz—Besov space in terms of pointwise inequalities, as in [KYZ]. This
characterization is motivated by the definition of a generalized gradient and
of the Hajlasz—Sobolev space M*P(X), given for s =1, p > 1 in [H| and for
fractional scales in [Y]. There are also other definitions of Besov spaces in
the metric setting. They have been studied, for example, in [GKS|, [GKZ],
[HMY], [KYZ], IMY], [SYY], [YZ].

DEFINITION 2.1. Let 0 < s < oo. A sequence (gx)rez of nonnegative
measurable functions is a fractional s-gradient of a function u € LO(X) if
there exists a set F with u(E) = 0 such that

(2.1) Ju(z) — u(y)| < d(z,y)*(gr(2) + gr(y))
for all K € Z and all 2,y € X \ E satisfying 27! < d(z,y) < 27%. The
collection of all fractional s-gradients of u is denoted by D*(u).

We prove two lemmas that we use later. The above definition implies the
following lattice property for fractional s-gradients.

LEMMA 2.2. Let 0 < s < oo, u,v € LYX), (gk)rez € D*(u) and
(hk)kez € D*(v). Then the sequence (max{gy,hi})rez is a fractional s-
gradient of max{u,v} and min{u,v}.

Proof. We define w = max{u, v} and assume that G and H are the exep-
tional sets for (gx)rez and (hg)rez in Definition Clearly, the function w
is measurable and (max{ gy, hr})rez is a sequence of nonnegative measurable
functions. We show that ([2.1)) holds outside the set G U H of measure zero.
Let

F,={ze X\ (GUH):u(x)>v(x)},
Fy={z e X\ (GUH):u(z) <v(x)}
If z,y € F, then

jw(z) —w(y)| = [u(z) —uly)] < d(z,y)*(gx(x) + gx(y))
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for all k € Z satisfying 27%~1 < d(z,y) < 27%. Similarly, for =,y € F, we get

jw(z) —w(y)| < d(z,y)* (hi(x) + hi(y))
for all k € Z satisfying 27%=1 < d(z,y) < 2.
If z € F,, and y € F,, then we can look at the two cases u(z) > v(y) and
u(z) < v(y) separately. In the first case

jw(z) —w(y)| = [u(z) —v(y)| = u(z) —v(y)
< u(z) —uly) < d(z,y)°(ge(x) + gk (y))
for all k € Z satisfying 275~ < d(z,y) < 27*. In the second case

jw(z) —w(y)| =v(y) —ulz) <v(y) —v(z) < d,y)*(he(z) + hi(y))
for all k € Z satisfying 27%=! < d(z,y) < 27%. The case x € F, and y € F,
follows by symmetry, and hence
jw(z) —w(y)| < d(z,y)*(max{gy, b} (x) + max{ge, hi }(y))

for all k € Z and all z,y € X \ (G U H) such that 27%~1 < d(z,y) < 27F.
The proof for the function min{u, v} follows along the same lines. =

) =
)

The next lemma is useful when we want to show that the supremum
of countably many Hajtasz—Besov functions belongs to the Hajtasz—Besov
space N, (X) (see Definition [2.4)).

LEMMA 2.3. Let u; € LY(X) and (gix)kez € D*(u;), i € N, and de-
fine uw=sup;enu; and (gr)kez = (SUPjen Gik)kez. If u € LY(X), then
(k) kez € D*(u).

Proof. Since u € L°(X), it is finite almost everywhere. Let 2,y € X \ E,
with u(y) < u(z) < oo, where F is the union of exceptional sets for the
functions wu; in Definition Let € > 0. There is ¢ = i, € N such that
u(z) < ui(z) + €. Now, since u(y) > u;(y), we have

u(z) —u(y)| = u(z) —uly) < ui(r) + € —ui(y)
< d(x,y)* (91 (%) + 91k (y)) + € < d(,y)* (gr(2) + gr(y)) + €
for all k € Z satisfying 271 < d(z,y) < 27%. Letting ¢ — 0 proves the
claim. =

For 0 < p,q < oo and a sequence (fi)rez of measurable functions, we
define

I(fe)kezllioexy) = | fell o)) kezl oo
where
(> kez |ak|q)1/q when 0 < ¢ < 00,

SUppez |ak| when ¢ = o0

[ (ax)rezllia = {
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DEFINITION 2.4. Let 0 < s < oo and 0 < p,q < oo. The homogeneous
Hagtasz—Besov space N, ,(X) consists of all functions u € LY(X) for which
the (semi)norm

Ul vrs = inf

| HNp,q(X) (o) €D (u) ||(9k)||zq(Lp(X))
is finite. The Hajtasz—Besov space N, ,(X) is Nqu (X)NLP(X) equipped with
the norm

lullvg 0 = llullze oo + el g ox)-

For 0 < s < 1 and 0 < p,q < oo, the space N, (R") coincides with
the classical Besov space defined via differences (LP-modulus of smoothness,
see |[GKZ|). When 0 < p < 1 or 0 < g < 1, the (semi)norms defined above
are actually quasi(semi)norms, but for simplicity we call them just norms.
Recall that a quasinorm is similar to a norm in that it satisfies the norm
axioms, except that there is a constant C' > 1 on the right-hand side of the
triangle inequality.

2.3. Inequalities. We will often use the elementary inequality

1/8
(2.2) Zai < (Z a?) ,
€7 i€Z
which holds whenever a; > 0 for all ¢ and 0 < 8 < 1. Hélder’s inequality for
sums (when 1 < b < oo0) and (2.2) imply the next lemma that we use later
to estimate the norms of fractional gradients.

LEMMA 2.5 (JHIT, Lemma 3.1]). Let 1 < a < 00,0 < b < oo and ¢ > 0,
k € Z. There ezists a constant C = C(a,b) such that

S (S abte) <oy

keZ jez JEZ

3. Capacity. In this section, we study a metric version of the Besov
capacity. We prove its basic properties, including several useful lemmas and
convergence results. In particular, we show that Hajtasz—Besov functions
u € N1f7q(X), 0<s<1andO0<p,q < oo, are quasicontinuous with respect
to this capacity (see Theorem . Recently, some of the results of this
section have been stated or proved in [HKT|. We give complete proofs to the
results not proved there as well as to new ones.

DEFINITION 3.1. Let 0 < s < 0o and 0 < p,q < oo. The Besov capacity
of aset E C X is

Cpq(E) = inf{[lully, () :ue A(E)},
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where
A(E) ={u€ N, ,(X) :u >1in a neighbourhood of E}

is the set of admissible functions for the capacity. We say that a property
holds C} ;-quasteverywhere if it holds outside a set of C} ,-capacity zero.

REMARK 3.2. Lemma [2.2] implies that
Cp o (E) = inf{]|ul[} s (x)UE A(B)},

where A'(E) = {u € A(F) : 0 < u < 1}. Since A(E) C A(E), we see that
Cy J(E) < inf{[|u]/%,, (x) U E A'(E)}. To prove the reverse inequality, let

’ Dyq
e > 0 and let u € A(E) be such that

||uH1]DV;’q(X) <Gy (E)+e

Then v = max{0, min{u,1}} € A(F) and by Lemma we have D*(u)
C D*(v). Now

it (ol ot w € AE) < ol ) < iy ) < ChglE) + ¢
and letting € — 0 yields the desired inequality.

REMARK 3.3. It follows immediately that

u(E) < Cp (E)

for every E C X. Indeed, let u € A(F). Then there is an open set U D FE
such that v > 1 in U. Hence

p(E) < u(U) < [0l < ;)
and taking the infimum over all u € A(FE) proves the inequality.

The C} ,-capacity is generally not an outer measure. The definition clearly
implies monotonicity, but the capacity is not necessarily subadditive. How-
ever, for practical purposes it is enough that the capacity satisfies below
for some r > 0. Even in the Euclidean setting, countable subadditivity for
the Besov capacity is known only when p < ¢ (see [AL]).

THEOREM 3.4 (JHKT) Lemma 6.4]). Let 0 < s < 0o and 0 < p,q < 0.
Then there are constants C > 1 and 0 < r <1 such that

T
(3.1) Ga(UE) <X Gy
ieN i€N
for all sets E; C X, i € N. Actually, (3.1) holds with r = min{1,q/p}.
The Besov capacity is an outer capacity. This means that the capacity of

a set £ C X can be obtained by approximating F with open sets from the
outside.
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LEMMA 3.5. The C]‘;’q—capacity s an outer capacity, that is,
Cpo(E) =inf{C; (U):U D E, U open}.

Proof. By monotonicity, Cp (E) < inf{C; ,(U) : U D E, U open}. To
obtain the reverse inequality, let € > 0 and let u € A(E) be such that

Hqu Ig,q(X) S C;,q(E) +e

Now, since u is an admissible function for the capacity, there is an open set
U containing E such that ©w > 1 on U. Then
CaaU) < llully, ) < CoalE) + .

Letting € — 0 proves the claim. =

The following compatibility condition says that removing a set of measure
zero does not change the capacity of an open set. In particular, this can be

applied to prove a uniqueness for C} -quasicontinuous representatives of a
Hajtasz—Besov function (see Remark [3.11)).

LEMMA 3.6. Let 0 < s < oo and 0 < p,q <oo. If U is an open set and
w(E) =0, then
Cpg(U) = Cpg(U\ E).

Proof. Clearly, by monotonicity, C, ,(U) > C, (U \ E) so it remains to
show the other inequality. Let € > 0 and let u € A (U \ E), with (gx)kez
€ D*(u), be such that x;\g < u <1 and

(lull o x) + 1(gi)llia(zo )" < Coo(U \ E) +e.

Let v be a function such that v = w in X \ U and v = 1 in U. Then
v = u outside the set U N E, which has measure zero, and so [|v|[z»(x) =
|ull L (xy- Also, (gk)rez € D*(v), since we can choose the exceptional set in
Definition [2.I] to be the union of U N E and the exceptional set related to u
and (gg)kez. Then v € A'(U) and

Cpo(U) < oI s () S (lull o x)y + 1gi)llia(zex))” < Coo(U\ E) + €
and letting € — 0 proves the claim. =

The outer capacity property of the Besov capacity implies the next con-
vergence result for compact sets.9-+

THEOREM 3.7. If X D K1 D K9 D -+ are compact sets and K =(;2, K,
then
lim C;’q(K,;) = C’;,q(K).

1—00

Proof. Clearly, by monotonicity, lim; o C, ,(K;) > C, (K) and so it

remains to show the other inequality. If U is an open set containing K, then
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UUUJZ, (X \ K;) is an open cover of K and, since K is compact, there is
a finite subcover, i.e. a positive integer N such that
N
K cUU|J(X\K)=UU(X\Ky).
i=1
It follows that Ky C U, since Ky C Ki. Hence, lim;_,s Cpq( i) < c, (U)
and by Lemma we obtain

llggo C, o (Ki) <inf{C, (U):U D K, U open} =C, (K). =

We apply the following theorem to show that Hajlasz—Besov functions
are quasicontinuous with respect to the Cj  -capacity (see Theorem |3.10)).

THEOREM 3.8. Let 0 < s < 00 and 0 < p,q < oo. If (uj)ien 1S a
Cauchy sequence of continuous functions in N, (X), then there is a sub-
sequence of (u;)ien which converges pointwise Cy  -quasieverywhere in X.
Moreover, the convergence is uniform outside a set of arbitrary small Cp -
capacity.

Proof. Let r = min{1, ¢/p}. There is a subsequence of (u;);en, which we
still denote by (u;)ien, such that

o0

(3.2) Z;QW* l|lu; — uiﬂ”?\%,q(}() < 00.
1=

For i, € N, let

o
={z € X : |u(x) —uip1(x)] > 27"} and B; = U A;.
i=j
Since the functions u; are continuous, the sets A; and B; are open. It follows
that the function 2'|u; — w;41| is admissible for the Besov capacity of A;
and

Now, by Theorem [3.4]
= s r 1 = ipr pr r
) < c(; Cra(A)) " < c(iz;z i =i ) -

Since B; D By D -+ and the sum (3.2)) converges, we have

C;7q(ﬁ3>< lim €5 (B;) =0

—00
j=1 ’

and (u;);en converges pointwise in X\ N2, Bj. Moreover

luj(x) — up(z |<Z]u, — Uit (z ]<ZQ’<21J
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for all x € X \ B;j and every k > j. Hence, the convergence is uniform in
X \ Bj and the claim follows. =

DEFINITION 3.9. A function u: X — R is C, 4~ quasicontinuous if for

every € > 0 there exists a set U such that C, (U) < ¢ and the restriction of
u to X \ U is continuous.

Note that, by Lemma [3.5] the set U can be chosen to be open.

THEOREM 3.10. Let 0 < s < 1 and 0 < p,q < oo. Then, for every
u € N, (X)), there exists a C,, ,-quasicontinuous function v such that u = v
almost everywhere.

Proof. Since continuous functions are dense in N,  (X) when 0 < s <1
and 0 < p,q < oo (see [HKT, Theorem 1.1]), and N, (X) is complete
by [HT2, appendix|, the claim follows from the previous theorem. Indeed,
u € N, ,(X) if and only if there is a sequence (u;);en of continuous func-
tions in LP(X) and (gik)kez € D*(u; — u) such that u; — w in LP(X)
and ||(gik)kezllia(r(x)) — 0. By the previous theorem, the limit function is
C, ,-duasicontinuous. m

REMARK 3.11. The C, -quasicontinuous representative is unique in the
sense that if two €} -quasicontinuous functions coincide almost everywhere,
then they actually coincide outside a set of C} -capacity zero. This follows
from Lemmas [3.5] and [3.6] and from a nice argument, in an abstract setting,
in [K].

4. v-median. In this section, we study y-medians, which are important
tools in our setting of Besov spaces. In our proofs, they take the place of in-
tegral averages and are extremely useful when 0 < p <1 or 0 < g < 1. One
of the main results is Theorem which is a new Sobolev-Poincaré type in-
equality for the medians. Recently, slightly different results have been proved
in [HKT] and [HT2|, where an additional nonempty spheres property is as-
sumed on the underlying space X. In the last part of this section, we define
a discrete median convolution which we use to show that it is equivalent
to consider only the locally Lipschitz admissible functions when calculating
the capacity of a compact set (see Theorem [4.8)). These results are useful in
Section 5, where we study a modified Netrusov—Hausdorff content related to
the capacity.

Now, we define the y-median of a function u € L°(X) over a set of finite
measure. Previously, the y-medians have been studied, for example, in [F],
IGKZ], [JPW], [JT], [Lex], [LP], [PT], [Stx], |Z], and recently in [HIT], [HKT]
and [HT2].
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DEFINITION 4.1. Let 0 <+ < 1/2. The y-median of a function u € L°(X)
over a set A of finite measure is

m)(A) =inf{a € R: p({z € A :u(z) > a}) < yu(A)}.
In the following lemma, we give some basic properties of the v-median.

LEMMA 4.2. Let A C X be a set with u(A) < oo. Let u,v € L°(A) and
let 0 <y <1/2. The y-median has the following properties:

(a) If v <4/, then mj(A) > mu/(A).

b) If u <wv almost everywhere, then mj(A) < mj(A).

c) If AC B and pu(B) < Cu(A), then mi(A) < V/C(B).
d) If c € R, then m{(A) +c=m] . (A).

e) If c € R, then m{y(A) = cmy(A).

f) ‘mu( ) <m‘u|(A)

g) For every p >0 and u € LP(A),

i) < (7 S )

(h) If w is continuous, then

liné my(B(z,r)) =u(z) for every z € X.
r—

Proof. We prove the property (g) below. The other, quite straightforward
proofs are left for the reader, who can also look at [PT| where most of the
properties are proved in the Euclidean space. The proofs in the metric setting
follow essentially the same lines.

For (g), we may assume that m"ym(A) # 0, since otherwise the claim is
obvious. Let p > 0 and u € LP(A). The definition of the 7y-median clearly
implies that

yu(A) < p({x € A |u(@)] = my, (A)}) = p({z € A Ju(@)l” = m], (A)})
and by Chebyshev’s inequality

p({z € At ju(@)l” = mp, (A)7}) < | ul” dp.

< 1
Iul (A) A
The claim follows by combining the above two estimates. =

We have the following definition, analogous to the definition of a Lebesgue
point of a function, when taking the limit of medians.

DEFINITION 4.3. Let u € L°(A). A point z is a generalized Lebesgue
point of w if

lim m)(B(z,r)) =u(z) forall0 <~y <1/2.

r—0
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REMARK 4.4. Recently, it was shown in [HKT) Theorem 1.2| that every
point outside of a set of Cj -capacity zero of a Hajlasz—Besov function u
is a generalized Lebesgue point of u and that the limit of medians gives a
C, ,-quasicontinuous representative of the function. This is proved in [HKT]
by defining a median maximal function and using it as a tool. In particular,
a capacitary weak type estimate for the median maximal function is used in
the proof.

Definition of fractional s-gradients implies various Sobolev-Poincaré
type inequalities for medians. Slightly different results than the following can
be found, for example, in [HKT] and [HT2]. We obtain the next theorem even
without assuming a nonempty spheres property, unlike in [HKT] and [HT2].

THEOREM 4.5. Let 0 < v <1/2,0 < s,p < 00 and 0 < q < 0. Let
u € Ny (X). Then there is a constant C > 0 and a sequence (gr)rez € D*(u)
such that

. _ ks 1/p
(4.1) infml (B@2 ) <cr™( § gdu)
B(z,27k+1)

for every x € X and k € Z. In fact, given any (hj)jez € D*(u), we can
choose

(4.2) g = ( Z 2(k—j)s’ﬁh§,)l/17’
J>k—2

where 0 < 8’ < s and p = min{l,p}. Moreover, there is a constant ¢ > 0
such that

(4.3) I (g)llia e x)) < cll(Pg)llia(e(x))-
Proof. Let (hj)jez € D*(u). By [GKZ, Lemma 2.1] and by Lemmal[i.2{g),
there exist constants C' > 0 and 0 < s’ < s such that
N\ l/p
. o —k —ks (k* )5 p
;IelﬂfngiC'(B(a:,Q ) < C2 Z 2\ < S h d,u>
j>k—2 B(x,2-k+1)

for every x € X and k € Z. We show that the right-hand side is bounded by
C27Fks (§B(:p 2—k+1) QZ d#)l/p, where

NRSY.
ge= (30 2oy
j>k2
and p = min{1, p}. Notice that (gx)rez € D*(u), since

lu(z) — u(y)] < d(z,y)*(he(x) + he(y)) < d(z,y)*(gr(x) + 91 (y))
for all k € Z and all z, y € X \ E satisfying 2771 < d(x,y) < 27F.
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If p > 1, we use Holder’s inequality for sums (1/p + 1/p' = 1):

S ki) 2(H)s’/p( ! hg?du)l/p
jZk—Q B($727k+1)

< ( > 2(k—j>s’>1/p/< 3 o(k=j)s’ § w dﬂ)l/p

j>k—2 Jj>k—2 B(x,2-F+1)
o 1/p
< 0( IS oty du) :
B(z,2-k+1) j>k—2
and if 0 < p < 1, by inequality (2.2)),

Z 2(k—j)8'< S hgdu)l/p < ( Z o(k—3)s'p S W du)l/p

Jj>k—2 B(z,27k+1) j>k—2 B(z,2-k+1)
—i)s! 1/p
:< [ 2t ph§du) _
B(x,2-k+1) j>k—2

Combining the two cases, we obtain (4.1)).
To prove (4.3)), we first see that

||9k||1£p(x) = S Z 2(h=9)s ﬁh? dp = Z 2(k_j)sﬁ||hj||zjip(x)-
X j>k—2 j>k—2
Now, by Lemma [2.5] we get
_Ns'B a/p
S lgellloie < D0 25, ) <O IRl
keZ keZ j>k—2 jez

and consequently

(gl (e x)) < CIH(R) (e (x))-

REMARK 4.6. Let A C X be a set with u(A4) < oo, u € LY(A) and
0 < <1/2. Then

M () (4) < 2 0y, (4),

since for all ¢ € R,

(A) oy (A) =,y (A) + [e = m(A)

<m,_ o (A) +m),_y(4),

|lu—c] |lu—c|

vy
M u—mo (4)]

where we have used properties (b), (d) and (f) of y-median from Lemma [4.2]

Next, we define a discrete y-median convolution that we use in the proof
of Theorem Discrete convolutions are standard tools in analysis on met-
ric measure spaces (see, for example, [CW]| and [MS]) and they are used, for
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example, to define a discrete maximal function, introduced in [KL|. Anal-
ogously, a discrete v-median maximal function can be defined by taking a
supremum of the discrete y-median convolutions (see, for example, [HKT]).

We fix a scale » > 0 and cover the space X with a countable family of balls
{B;} = {B(z;, )}, so that the enlarged balls are of bounded overlap. This
means that there is a constant C(cg) > 0, depending only on the doubling
constant, such that

ZXQBi(x) < C(Cd) < 0
=1

for all z € X. Then a partition of unity related to the covering {B;} is
constructed. There exist C'/r-Lipschitz functions ¢;, i = 1,2, ..., such that
0 < ; <1, p; = 0outside 2B; and ¢; > C~! on B; for all i and Yo i =1
Let 0 < v < 1/2. A discrete y-median convolution of a function u € L°(X)
at scale r > 0 is

ul(z) =Y ml(Bi)gi(x)
=1

for all x € X, where the balls B; and functions ¢; are as above.

We apply the next theorem, by which locally Lipschitz functions are
dense in N, (X), to show that for compact sets we can restrict the set of
admissible functions in the definition of the C} -capacity to locally Lipschitz
functions when 0 < s < 1 and 0 < p,q < oc.

THEOREM 4.7 (JHKT, Theorem 1.1]). Let 0 < v < 1/2, 0 < s < 1,
0 <pgq<ooandu€ N, (X). Then the discrete y-median convolution
approximations ug,i converge to u in N;Q(X) as v — 00.

THEOREM 4.8. Let 0 < s < 1,0 < p,gq < < and let K C X be a
compact set. Then

O () ~ (€ AGK)}.
where A(K) = {u € A(K) : u is locally Lipschitz}.

Proof. Since A(K) c A(K), it suffices to prove the “>” part. Let u €
A(K). Then there is an open set U D K such that u > 1in U. Let V =
{z :d(z,K) < d(K, X \U)/2}. If z € V and r < d(K,X \ U)/8, then
B(y,2r) C U whenever x € B(y,2r). It follows that v} > 1 in V when
r < d(K,X\U)/8. Thus, u) € A(K) for small , and so, by Theorem

inf {[|v|[3 s (x) Y € A(K)} < hifgigf ||U;ﬂ'||p s (X)
< Tlimi p Yoo P
> hgng(HuHNs,q(X) + HUQ—Z ul| ;’q(x))
< 4 )
> CHUHN;q(X)

The claim follows by taking the infimum over u € A(K). =
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5. Netrusov—Hausdorff content. In this section, we define a modified
version of the Netrusov—Hausdorff content and prove lower bounds and
upper bounds for the Besov capacity in terms of the related Netrusov—
Hausdorff cocontent. The Netrusov—Hausdorff content was first used by
Netrusov [N2|, N3] when studying the relations between capacities and
Hausdorff contents in R™. We modify this content by taking the sum over
the measures of the balls in the covering divided by the values ¢(r;) of the
radii, where ¢ is an increasing function. In the setting of a doubling metric
measure space, this kind of modification, instead of summing the powers of
the radii of the balls in the covering, is natural since the dimension of the
space is usually not (even locally) constant.

DEFINITION 5.1. Let ¢ : (0,00) — (0,00) be an increasing function and
let 0 < 0 < ooand 0< R < oo. The Netrusov—Hausdorff cocontent of a set

EFEcCXis
oo u(Bz; )\’ 1/6
) —m| 3 (M)
1:27i<R “JEI;

where the infimum is taken over all coverings {B(a:j, rj)}of Ewith0<r; <R
and [; = {j : 27 < r; < 27"} When R = oo, the infimum is taken over
all coverings of E and the first sum is over i € Z. When ¢(t) = t¢, we use
the notation ’Héo = ’H%e.

Notice that if the measure p is (Ahlfors) Q-regular, that is, there is a
constant C' > 1 such that

C~ @ < w(B(z,r)) < Cr@

for every z € X and 0 < r < diam(X), then the cocontent ’H%G is compa-
rable (with two-sided inequalites) with the (@ — d)-dimensional Netrusov—
Hausdorff content defined using the powers of radii.

A similar modification of the classical Hausdorff content is standard in
the metric setting. The Hausdorff content of codimension d, 0 < d < oo, is

_lf{zﬂ 95]»7"] }’

where 0 < R < oo, and the infimum is taken over all coverings {B(xj,7;)}
of I satisfying r; < R for all j. When R = oo, the infimum is taken over all
coverings { B(z;, r;)} of E. Naturally, the Hausdoff measure of codimension d
is defined as

HUE) = Jim HE(E).

We use the following Leibniz type rule for fractional s-gradients, and its
corollary, in the proofs of Theorems [5.4] and [5.5]
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LeEMMA 5.2 (JHIT, Lemma 3.10 and Remark 3.11]). Let 0 < s < 1,
0<p<ooand 0 < g < o0, and let S C X be a measurable set. Let
u: X — R be a measurable function with (gx)kez € D*(u) and let ¢ be a
bounded L-Lipschitz function supported in S. Then sequences (hy)rez and

(pr)kez where

hie = (g1 + 22 ul)lollocXoupp s Pk = (k@ lloo + 2°C7V Liul) Xsupp oo
are fractional s-gradients of up. Moreover, if u € N, (S), then up €
Ny o(X) and |luel|ns (x) < Cllullns, (s)-

By choosing u = 1 and g = 0 for all k € Z in (the proof of) the previous

lemma, we obtain norm estimates for Lipschitz functions.

COROLLARY 5.3 ([HIT, Corollary 3.12]). Let 0 < s < 1, 0 < p < o0
and 0 < ¢ < o00. Let ¢: X — R be an L-Lipschitz function supported in a
bounded set F' C X. Then p € N, ,(X) and

(5.1) lllvg,x) < O+ [l@lloo) (1 + L) u(F)P,
where the constant C' > O depends only on s and q.

In the next theorem, we show that the Besov capacity of a set £ C X is
bounded from above by a constant times the Netrusov—Hausdorff cocontent
of F.

THEOREM 5.4. Let 0 < s < 1,0 < p<o00,0<g<o0o, FCX and
R < 1. Then there is a constant C > 0 such that

Cs (B) < OHP(E), where 6 =min{1,q/p}.
Proof. Let {B(xj,7;)} be a covering of the set E such that r; < 1 for
all j. Let i € Z4 U {0} and

ui(z) = maX{O, 1- 2id<x, U B(xj,rj)) },

JeL;
where [; = {j : 27" < r; < 27"} Then u; = 1 in Ujer, B(j,r5), wi =0
outside (¢, B(z;,2~ Z+2) and wu; is Lipschitz with constant 2¢. Since i > 0,

we have 1 + 2% < 2% and it follows from Corollary 5.3 ﬂ and the doubling
property that

C;,Q<U B(J«"j#j)) < Juilfy s (X)

Jel;
< C (1 [fuilloo) (1 + 27| Bl 274))
Jj€el;

<oru(| Blay.2) <oy BN,

JEL; jeI; J
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Let # = min{1, ¢/p}. By Theorem

B <c(X e, (U Blayr) )"

jeI;

(55 )"

i Jj€l;
the claim follows by taking the infimum over all covers {B(z;,7;)} of E. u

Next, we prove a converse result which gives a lower bound for the ca-
pacity in terms of the Netrusov—Hausdorff cocontent.

THEOREM 5.5. Let 0 < s < 1,0 < p < 00, 0 < ¢ < o0 and let ¢:
(0,00) — (0,00) be an increasing function such that
a
Sd)(t)*l/ptsfl dt < oo  for every 0 < a < oo.
0
Let xp € X, 0 < R < 0o and assume that B(xzo,8R)\ B(xg,4R) is nonempty.
Then there are constants C > 0 and ¢ > 0 such that

e (B) < OC;,(E)
for every compact set E C B(zo, R).

REMARK 5.6. For example, when ¢(t) = t¢, we have
a
St*d/p“*l dt <oo ifandonlyif 1—-s+d/p<1.
0

That is, d < sp.

Proof of Theorem[5.5. To avoid some inessential technical difficulties and
make the notation simpler, we assume that R = 2™ for m € Z. Our proof
will show that the result for all 0 < R < oo can be obtained using the same
argument.

Let e > 0 and E C B(zg,2~"™) be a compact set. By Theorem there is
a locally Lipschitz function v € le’q(X) such that v > 1 on a neighbourhood
of E and

(e
p,q

() < CC3o(E) +e.

Let ¢ be a Lipschitz function such that ¢y = 1 on B(x¢,27™) and ¢p = 0
outside B(zg,2 ™). Then u = vy) € N ,(X) is Lipschitz continuous and
u > 1 on a neighbourhood of E. By Lemma[5.2] there exists (gi)kez € D*(u)
such that g, = 0 outside B(xq,2~ ") for every k, and

(5.2) 1) oy < Cllolis () < C(Chg(E) +é).
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To be precise, we have here the fractional s-gradient of u, still denoted by gy,
which satisfies the Sobolev—Poincaré type inequality that is later used
in the proof. By , gk is supported in B(zq,27™*!) for every k, and by
the inequality is satisfied.

Let x € E be a generalized Lebesgue point of u (see Deﬁnition. Since
u is continuous, it follows from Lemma [4.2|(h) that every point in E is such
a point. Then

(5:3) 1 <u(z) <fu(z) —my(B(z,27™))| + |[m(B(z,27™))|.

We can estimate the first term by properties (d), (f) and (c) of the y-median
(Lemma , and by a telescoping argument

[u(z) —m3(Bla,27™)| < Y [my(B(z,27*71)) = my(B(z,27"))]

k>m

k-1
< Z mru—mZ(B(x,Q*k)H(B(x’ 2 )

k>m

/C —k
< Zmru (B2 k))|(B(x,2 ).

k>m

Hence, it follows from Theorem and Remark [4.6] that

/
Z mru/cmu w2ty (B (@,27%) < C Z 2_k5< § qgr du)l g

k>m k>m B(x’2*k+1)

Next, we estimate the second term of (5.3). Let y € B(x,27™) \ F, where
F is the exceptional set from Definition Since B(x,27™) C B(z,2~™"1)
and since B(zg,27™%3) \ B(x,27™%?) is nonempty, there exists z €
(B(x,27™+3) \ B(zg,27™%2)) \ F such that 27™ < d(y,2z) < 27+ We
define g = max{gy : m —4 < k <m — 1}. Now,

lu(y)| = [u(y) —u(z)]

< d(y,2)*(g(y) + 9(2)) = d(y,2)°g(y) < 20" g(y)
and by (f), (b), (e) and (g) of Lemma [4.2] we have

mi (B2, 27™))] < mj (B(x,27™)) < C27™ mg(B(x,27™))

2(—m+4)sg
m—1
1/p
<C 2"“( | gZdu)
k=m—4 B(z,2=™)
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Hence,
1<C Z 2—ks( S gz du) 1/p
k>m B(z, 2*k+1) ,
<c (2 R+ U 9=k} qup (2= k1) 1P o dp 1/p
b ot )
2 1/p
<C $(t)" /Pt dt) sup (2 H )P gp dp
g ot )
< C sup ¢(2—k+1)1/p< § gZ d,u,> 1/17‘
kzm B(z,2-k+1)

Now, for every = € E, there is a ball B(z,27*++1), such that

p(B(x, 27 1)) p
H(2—F= 1) <¢ | g d
B(z,2-kat1)

By the 5r-covering lemma, there exists a countable family of disjoint balls
B; = B(a:j,kasz), of radii r; = PRLTRERS 2™ such that the dilated
balls 5B; cover the set £. We write j € I; when 27t < or; < 271 Then
ky; =i+ 3 for j € 1I;, and since ¢ is increasing we see that

(5 1(B;)
57‘ ) < C L < CZ S 9irs i < CllgivslLox)s
j jel; Bj

J€l;

where we have also used doubling and the disjointness of the balls B;. Sum-
ming over i, we obtain

,u
2. ( ) <O lgisllo iz
27i<5.2—m jEl; i€Z
and it follows that
p/q
HoA () < (3 llgisslfon))
1€EZ
Now, letting € — 0 in ([5.2]) proves the claim. =
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