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On the Banach envelopes of
Hardy—Orlicz spaces on an annulus

Mi1cHAL RZECZKOWSKI (Poznari)

Abstract. We describe the Banach envelopes of Hardy—Orlicz spaces of analytic
functions on an annulus in the complex plane generated by Orlicz functions well-estimated
by power-type functions.

1. Introduction. Let X = (X, 7) be a topological vector space whose
dual X* separates the points of X. The Mackey topology p = u(X,X™)
on X is the strongest locally convex topology on X producing the same
topological dual X™* as 7. It turns out that if X is metrizable then p is the
strongest locally convex topology on X which is weaker than the original 7.
If (X,| -] is a quasi-Banach space whose dual X* separates the points
of X, then the Mackey topology is generated by a norm || - ||, which is the
Minkowski functional of the convex hull of the unit ball of X. The completion
of (X, || - ||e) is called the Banach envelope of X and is denoted by X.

It is easy to see that the Banach envelope of £, (0 < p < 1) is 4.
Duren, Romberg and Shields [3] identified the Banach envelope of the Hardy
space H? on the unit disc U of the complex plane for 0 < p < 1. They
proved that HP is canonically isomorphic to the weighted Bergman space

Bll/ P _2, which consists of all analytic functions on the unit disc U such

that Sé My (f,r)(1 —r)/P=2dr is finite, where M;(f,r) denotes the integral
mean. There are many variants and generalizations of this theorem. Pavlovié¢
[7] described the Banach envelopes for Hardy—Orlicz spaces; Michalak and
Nawrocki [6] studied the Banach envelopes of vector-valued Hardy spaces.
In [I], Boyd studied the Hardy spaces of analytic functions on the annulus
of the complex plane and described their Banach envelopes.
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In this paper we study Hardy—Orlicz spaces on an annulus. In particular,
in Theorem using the techniques from Shapiro’s paper [10], we describe
the Banach envelopes of these spaces in the case when the generating Orlicz
function is well-estimated by power-type functions.

2. Preliminaries. Let @: [0,00) — [0,00) be an Orlicz function, i.e.,

a continuous and nondecreasing function such that lim;_, ., @(t) = oo, and
&(t) =0 if and only if t = 0. Let (£2, X, 1) be a o-finite measure space and
LO(02) := LY(2, X, ) the space of all equivalence classes of measurable func-
tions. The Orlicz space LT (§2) := L*(§2, 2, i) is the space of all (equivalence
classes of) Y-measurable functions f: {2 — C for which there is a constant
A > 0 such that

[ 2\If]) dp < 0.

2
It is easy to check that if there exists C' > 0 such that ®(¢/C) < &(t)/2 for
all t > 0, then L®(£2) is a quasi-Banach lattice equipped with the quasi-norm

I le :=int { X > 0 | B(I£1/X) du < 1.
n

It is also well-known that || - ||¢ is a norm when @ is a convex function. The
functional pg: L?(§2) — [0, oc] defined by the formula

pa(f) = | &(If]) dps
2
is called a modular. For ®(t) = tP, p € (0, 00|, we have L¥(2) = LP(£2) and
the norms coincide. It is well-known that if p(2) < co and @ € Ao, i.e.,
lim sup,_, . P(2t)/P(t) < oo, then the following sets are equal:

L? = {f e LY(2); S D(\|f]) dn < oo for some A\ > O},
Q

M? = {f € L°(2); | (Al f]) du < oo for all A > o},
Q
E? = {f e 12(2); [ o(f]) dyu < oo .
Q
We refer the reader to [8] for more information about Orlicz spaces.

Let U be the unit disc of the complex plane. Throughout the paper we
identify OU with T = [0,27). For a given f € H(U) and r € (0,1) we
denote by f,: T — C the function given by f.(e") = f(re') for every t € T.
Following [4, 5], for a given Orlicz function ® the Hardy-Orlicz space H® (U)
is defined as the space of all f € H(C) such that

(2.1) [ fllze@y == sup |[fellpomy < oo
0<r<1
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The formula defines a quasi-norm in H? := H?(U), and it is a norm
when @ is a convex function. Notice that if 0 < p < co and @(t) = ¢ for all
t > 0, then we recover the classical Hardy space HP(U) (see [2]).

If an Orlicz function @ is such that @(|f|) is subharmonic, then || f,| is an
increasing function of 7. Recall (see [9]) that for any subharmonic function
v: U — R the condition

2T
sup — S v(re')dt < oo
0<r<1 2T 0

is equivalent to the existence of a harmonic majorant of v (and so the least
harmonic majorant). Hence, if ® € Ay, then for each f € H?(U) the function
&(|f|) has a harmonic majorant.

3. Hardy—Orlicz spaces on an annulus. Let rg be a real number
such that 0 < rg < 1, and let C,, be the Riemann sphere. We define subsets
of the Riemann sphere

E :={z¢e€Cq; |z| > 10},
A=EnNU={z¢€Cx;ro < 2] <1}

It is well-known that each f € H(A) has a Laurent series expansion f =

~ ~

fi+ oy where fi(2) = S5 F(n)2n € H(U) and fo(2) = Y52, fl-n)z " €

The function n: E — U given by n(z) = ro/z for all z € E maps E onto
U and has an inverse = 1(z) = ro/z. For f € H(E) define f = fon.
The Hardy-Orlicz space H?(A) consists of all f € H(A) such that £l e a)
< 00, where

[ fllgecay == sup || frllLe -

ro<r<l

In the same way we define H? (E). Denote by HE (E) the subspace of H?(E)
consisting of all functions that vanish at infinity. It is obvious that f € H®(E)
if and only if ]?E H?®, and the map f — fis an isometric isomorphism from
H?(E) onto H?.

We will consider Orlicz functions of a certain class. Let «, 8 be positive
real numbers with a < 3, and let @ be an Orlicz function. We write @ €
A(a, B) if there exist tg > 0 and C' > 0 such that for any ¢ >ty and A > 1,

B(N) < CTIND(t),  D(At) > OND(t).

Moreover, if tg = 0, C' = 1 and @(tl/ @) is a convex function, then we write
¢ € A(a, B). The subclass A(a, ) C A(w, B) is introduced for technical
reasons. It was proved in [7] that for each @ € A(a, ) there exists a function
¥ € Ao, 3) equivalent to @ (i.e., K~ 'W(t) < &(t) < KW(t) for some positive
constants K and large enought ¢), so that the Orlicz spaces LY and L? are
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isomorphic. Notice that for a holomorphic function f € H(A), the function
&(|f|) is subharmonic whenever @ € A(a, 5). It can also be easily shown
that for @ € A(a, 8) we have

(3.1) D(x +y) < 2°(D(z) + D(y)).
If & € A, B), then H?(A) C H*(A), hence the radial limits f(e¥) =
lim, ;- f(re™) and f(roe") = lim, S f(re) exist almost everywhere on
T = [0, 27), for each f € H?(A) (see [1]).
THEOREM 3.1. Let & € A(a, B). The following sets coincide:
H = H®(A) = {f € H(A); |fllz#(a) < oo},
K ={fe H(A); 2(|f(z)|) has a harmomc magjorant on A},
L={f€H(A) f=fi+fo fre H'U), f € HJ(E)}.
Proof. (L C H). Set || fillge@wy = = and ||f2||H3“(E) =y with z,y > 0.
Then, for each r € (19, 1), we have

12§’¢< (e >dt<2 (1+5) %g (f<7“€ >‘)dt

1+8
2m 5 \20+A)/a(z 4 y) 0 Tty

2 (1T (1Al LT g falre)|
< g (o J#(05 ) ar g fo (5 ) =2

This shows that || f|| go () < 208 e (|| f1 || o + ||f2HH§(E))-

(H C L). Since ®(|f1]) is subharmonic on U and H?(A) ¢ HY(A),
the radial limits fi(roe?) and fi(e) exist a.e. on T. On the other hand,
fa € H(E), hence in particular fo is continuous on T. Thus

12§r¢<|f1(re”)l> it < 12§¢(rf1<eit>r) »
27 0 € 27 0 5

. 25(% o (f(z”)!) el § (Lt “>|> #) <1

for all € (0,1) if ¢ > 2(1+H)/« max (|| 1| o4y, maxser | f2(e™)]/71(1)), so
fi € H®*(U). In a similar manner, it can be shown that fo € HT(E).

(L C K). The functions @(] f1]) and @(|f2|) have harmonic majorants on
U and F, respectively. The inclusion follows from inequality .

(K C L). Let f = fi+ fo € K, where fi € H({U) and fa € Hy(E).
If uy is the harmonic majorant of @(|f]) and s is a fixed real number such
that ro < s < 1, then &(|f|) < 2%u; + C for some constant C' > 0. But
uy = u1 + uz, where uy is harmonic on U and us is harmonic on E. Since
uy is bounded for |z| > s, we have &(|f1]) < 28u; + C; for s < |2| < 1,
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where C} is a nonnegative constant. Since @(]f1|) is subharmonic on U, we
conclude that this inequality is true for all z € U. Similar considerations for
®(|fa|) show that fo € HF(E). u

Let us remark that the map (fi, fo) — f = fi1 + f2 is a linear bijection
from H® @ HE(E) onto H?(A). In the proof of the first inclusion we have
seen that this operator is continuous. By the Open Mapping Theorem we
get the following statement.

COROLLARY 3.2. Let @ € A(a, 8). Then H?(A) = H? & HE(E) with
equivalent norms.

4. Weighted Bergman spaces and Banach envelopes of Hardy—
Orlicz spaces. Let p,w: [0,1) — (0, 00) be continuous functions such that

(4.1) rl_i)r{l_ w(r) =0,
1

(4.2) {o(r)dr < .
0

The function w will be called normal if there exist £ > ¢ >0and 0 < s <1
such that
wlr) o wl)
(1—r)e T (1=r)k
The pair {w, ¢} of functions defined on [0, 1) will be said to define a normal

pair if w is normal and, for some k satisfying the above condition, there
exists @ > k — 1 such that

wr)p(r) =1 -7 0<r<l.
Note that if w is normal then there exists ¢ such that the pair {w, ¢} is
normal.

For w and ¢ satisfying (4.1) and (4.2)), Shields and Williams [11] defined
the following linear spaces of analytic functions:

BL(U) = {f € HO) Iflpew) = smp Maolf,r)lr) < oo},
0<r<1

Soo, r>s,r—17.

1
B(U) = {f € HW); |fIl:= 2§ Mi(f,r)p(r)r dr < oo .
0
where M (f,r) = (2m)~! S(Q)ﬂ |f(re’™)|dt and Mo (f,r) = max,—, | f(2)].
Spaces of these types are called weighted Bergman spaces.
It was shown in [1I] that B (U) and BY(U) are Banach spaces and
B (U)* = BY (U). More precisely, for a normal pair {w, ¢} and f € B% (U),
if we define
Ai(9) = V9 fE)elz)w(lz)) dz, g € B(U),
U
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then Ay € BY(U)*, and conversely, given A € B{(U)* there is a unique
f € BE (U) such that A = Ay.
Below we define B (U) in a slightly different manner. We set
1
BE(U) = {f € HW); |llgp = | Mi(F,r)(r) dr < oo}
0
It can be shown that the norms |- || and || - || p¢(yy) are equivalent.

Let ¢, w be as above and let ¥, v: (rg,00) — (0, 00) be continuous func-
tions such that

(4.3) lim v(r) =0,
7'—)7'3_

(4.4) | w(r)dr < oc.
7o

We define

BY(B) = { f € HE); |l s = § Mi(f,r)0(r) dr < oo},

To

BY(B) = {f € H(E); |fllpym) = swp Mu(f,r)o(r) < oo}

ro<r<oo

Denote by B%O(E) the subspace of B?(E) consisting of all functions that
vanish at oco. Similarly we define BY, ((E) C By (E). For f € B%(E) the
map f +— f is an isometric isomorphism between B}p (E) and B (U), where

D(|21) = e(|2))ro/|2| for 2 € E.
Let ¢,1,w,v be as before (in fact we now consider the restrictions of

those functions to (rg, 1)). We define
1
BEV(A) = {f € H(A) | fll g sy = § Mi(fr)p(r)u(r) dr < oo},

T0

Bo(A) = {1 € HAY | fllpzoay == s Mao(f)(r)o(r) < oo},

ro<r<l
It is clear that B (A) and B%"(A) are normed vector spaces. Using meth-
ods from [I] we can prove the following propositions.
PROPOSITION 4.1. A function f is in Bf’w(A) if and only if there exist
f1€ BY(U) and f> € BYo(E) such that f = fi + fa.
PROPOSITION 4.2. If F is a bounded set in Bf’w(A), then the functions
i ' are uniformly bounded on compact subsets of A.

PROPOSITION 4.3. The space B‘f’w(A) is a Banach space and conver-
gence in norm implies uniform convergence on compact sets of A.
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A representation similar to that in Proposition 4.1 is true in the case of
the spaces Bsg”(A).

PROPOSITION 4.4. A function f is in Bs"(A) if and only if there exist
f1 € BE(U) and f2 € By, o(E) such that f = fi + fa.

Proof. If fi € BZ(U), then sup,cy|fi(2)|w(|z]) < oo, and hence
sup.ea |f1(2)[v(|2])w(|z]) < oo. Analogously, for fo € By ((E), we have
sup,ea | f2(2)|v(|z])w(|z]) < co. Thus sup,ca |f(2)|v(]z|)w(]z|) is finite. Let
f=/fi+ foe B (A) and fix s € (rg,1). Then

sup [ f1(2)|w(|2]) = sup [f1(2)|w(|2])
zeU |z]<1

< sup fi(2)lw([z]) + maxo(lz]) s |f(2)lw(]=])

+ sup [fa(2)lw(l2]) < oo.
s§<2<1

In a similar way we infer that fo € BY o(E). =

THEOREM 4.5. Suppose that the functions p, v, w,v satisfy conditions
(4.1)—(4.4). Then we have the following isomorphisms:

(a) BY"(4) = BY(U) @ B (E),

(b) B"(A) = B, (U) @ BY, o(E).

Proof. (a) We know that the map (f1, f2) — f is a linear bijection be-
tween Bi"(A) and B (U) ® BY, o(E). It suffices to show that it is continu-

ous; then by the Open Mapping Theorem we deduce continuity of the inverse.
The problem of continuity can be reduced to the following inequalities:

HfIHvaw(A) < CHfIHBf(U)7 Hf2HBfﬁ¢(A) < C/Hf2HB;PO(E)>

where C, C’ are constants that depend only on ¢, ).
For f1, fix t,s € (rg,1) with s < t. Then

S @(r)Y(r)dr < Tlg[lgﬁ] o(r) S P(r)dr =: K.

Since M1(g,r) is an increasing function of r for any g € H(U), we have

S

§ ML(f1,7)e(r)i(r) dr < KMi(f1,5)

T0

and
 My(frm)e(r)e(r) dr < KMy (f1,s) + | My(fr,m)e(r)e(r) dr

< KM (f1,5) + max 9(r) | My(f1,7)e(r) dr

re(s,t]
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¢ t
< tf—(s §M1(f1,7“) dr + £§§¢(T)§M1(f1,7“)80(7") dr
% it t
< 75 (int o)) I r)ele) dr o+ o () § A o))
Thus,
t
(4.5) V Mi(fr,m)e(r)(r) dr < Cill fill pp s
where C = max(%(infre[s’t} ¢(r)) ™', max, (s 4 ¥(r)). On the other hand,
1 1
VM (fr () (r) dr < Slépl)w(r)SMl(flﬂ“)@(T) dr,
t relt, t

and this implies
1
(4.6) VMi(fr,m)e(r)i(r) dr < Coll fill e oy
t
with Ca = sup,¢p 1) 4¥(r). Summing (4.5) and (4.6), we obtain the desired
inequality with C' = max(C7, C3). The second inequality can be proved in a
similar manner.
(b) As above, the problem reduces to the inequalities

I fillgeray < CllfillBe @y,  f1 € Bo(U),
12l B2 ay < Clif2llBy, y8):  f2 € Bioo(E),

which are trivial in this case. =

Let us remark that Theorem could be proved in a different man-
ner. We have seen that the topologies of BY"Y(A), Bf (U) and BY,(E) are
stronger than the respective compact-open topologies. The same is also ob-
vious in the case of Bs"(A), B (U) and BY, ((E). It can be shown that
the graph of the operator (fi, f2) — f is closed in the compact-open topol-
ogy. Then, by applying the Closed Graph Theorem, we would deduce the
continuity of this operator.

Now we formulate the main result of the paper concerning the description
of the Banach envelopes of Hardy—Orlicz spaces on an annulus. The special
case when @ is a power function was presented in [I].

MAIN THEOREM 4.6. Let ® € A(w, 8), B < 1, and let

o) = ()20 (1) vl = o 0%, o altr € (1),

Then the Banach envelope of H®(A) is isomorphic to Bf’w(A).
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To prove Theorem [.6] we need to show that the topology induced by
the norm || - HB%w(A) is weaker than the topology of H?(A), and that the
1

H®(A)-closure of the absolutely convex hull of each H?(A)-neighbourhood
of zero contains a Bf’w(A)—neighbourhood of zero. For the first condition,

from Corollary and Theoremwe have H?(A) = H®(U) @ HE(E) and
BYY(A) = BY(U) @ BYy(E). Since H?(U) < B{(U) (see [7, Lemma 5]), it
follows that

H?(A) = H*(U) & HY(E) < B{(U) ® BY(E) = B{'Y(A).

The proof of the second condition is based on some ideas from [10] (in
the case of HP(U) with 0 < p < 1). We will prove that for every f € H?(A)
such that HfHBW"(A) < C there exist a Borel measure p on A and a family

1

of analytic functions F¢: A — C, where £ € A, such that

(4.7) fz) = F(2)du(e), =€ A,
A

(4.8) 1FS oy < M,

(4.9) ul(4) <1,

for some constant M > 0. Notice that conditions (4.7)—(4.9) express f as a
sort of generalized convex combination of the functions F.
To doso, let v > 1/a—2and £ € A. Define K (&, 2) := K1(&, 2)+ K2 (&, 2),

where
o0

Ki(6,2) == > (1 [€2)(BL (n+ 1,7+ 1)) ' (©)"2",
n=0
- T(Q) 7 1 -1 2n-+2 —4/A\N—n _—n
Kale, 2) ::Z<1—,§|2> (Bl (n+ 1,7 + 1) "2 4@ e,
n=0

with

u™(1 —u)7 du,

Il
—

By(n+1,7+1):
T
Bn+1,y+1):=Bi(n+1,y+1).

For a fixed £ € A, K(&, z) is holomorphic on the annulus A (as a function
of z). In fact, it is analytic on a bigger annulus, because the radii of conver-
gence of K1 and K3 equal 1/|¢] > 1 and r¢/|¢| < 70, respectively. Moreover,

for f € Bf"Y(A), we have
F(2) = | K(2,6) £(£) dA(€),

A
where A denotes the two-dimensional Lebesgue measure on A divided by 7.

N
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Set F€ = Ff + F5, where

Fi) = (- 6o (1 g ) Kate o),

2 1 €]
Fi(2) = <1‘|s|> ? 1<1ro/r§|> ol 2),
dp(€) = (2(I€)) 1) + L (I€]) f2(€)) dA(E).

We now show that F& and p satisfy ({.7)-(4.9) for each f € H?(A) with
||f||Bf’“(A) < C. Indeed,

1l (A) = [ 1o(1€) £1(6) + 1 (I€]) f2(€) dA(E)
PUENIFLETNE) + [ (EDIf2(€)]) dA(E)

A
1 1

2 S Mi(f1,7)p(r)rdr+2 S My (fo, ) (r)rdr

0 T0

D>L’>D>

IA

1 00
< G\ My(fr,r)e(r) dr + Co | My(fa,r)p(r) dr

0 To
1
< 6”.]0”3“1»9711’(14))

with €' = 1/max(C1, Cy). Therefore, ||f|[gev4y < C implies |u[(A) < 1.
The computation

| FE(2) due) = (1 - \sn?@—l( ! )m(g, 2) d(©)

* ;(1‘@2@_1(1—;/15\) ) 00

,§1 (\f’) Ko (6 2) dp(€) +£WK2(€,Z) du(€)
S 1(€,2) f1(§) dA(E) + S Ko (€, 2) fo(€) dA(€)
A A

= f(z)

shows that condition is satisfied. To prove , we show that
||F o4y < C where C’ is a constant (independent of §) Using the same

technlques we can prove that HF |24y < C" and then, by Corollary
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we obtain (4.8). From [10] we know that

I5(2) = W = Z (n+ 1,7+ 1)) (€)"2"

satisfies
1 27

o ) e (re)|™ dt < w(1 — [¢)' -2
0

(4.10) o

with a constant k. Notice that for some constants C, C, C3 (which depend
on ro and ) and n > 1, we have

2n+2
(4.11) [B(n+1,7+1) = By (n+ 1,7 +1)] <Clr+1
C:
(4.12) ﬁ_gl (n+1,7+1) <B(n+1,7+1),
(4.13) B(n+1,v+1) < C3B; (n+1,7+1).

Only the first inequality in (4.12) and inequality (4.13) are nontrivial. Sup-
pose that 7 < 0. Then (1 —u)” is a nondecreasing function on [0,1), and we
have

1
S (1 —u)” du.

,,.2

I 1
— S u"(1—u)?du <

U o 1— 3

Multiplying both sides by 73 and adding STQ u™(1 — u)?Y du we obtain (4.13])
0

with C3 = r2/(1 —r3) + 1. If ¥ > 0, then (1 —u)? is continuous on [0, 1] and
positive on [0, 1). Hence there exists a constant ¢ such that

1 ‘

c

— S u" (1 —u)"du < S u" (1 —u)7 du.
I L—=rg -

Using the same argument as in the previous case we obtain (4.13)). Recall

that
I'in+1)

Fn+14+~+1)
Using the fact that I'(z + k) /(k*I'(k)) — 1 as k — oo, with z = v+ 1 and

k=n+1 we get (4.12).

From (4.11)) and (4.13]) we have
(4.14) ’If(reit) ~ S (Bh(n+1,9+1))
n=0
’Z (n+1,7+1) =B} (n+1,7+1)
B(n+1,y+1)BL (n+1,v+1)

Bn+1,7+1) = I(y+1)

-1 (E) nyn e'mt

(g)nrn int

< c1 < o0,
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so by (4.10) we can assume that

27r o)
(4.15) \Z Bl (n+ 1,7+ 1)1 @)rem | dt < w/(1— [g])L- (e,

0 n=0
To finish the proof, consider the functions

h(z) = (1 [¢])"* Z (Bly(n+ Ly +1) 7 (©)"2",

hi(z) = (1 - |€|)7+21§(Z)-

Inequality (4.14) implies that hi(z) ~ h(z), and since ]hl( )| < 1, we get
c2|h(2)| < 1, where ¢ is a constant. Now setting t = &~ (1/(1 — |¢])) and
applying the approximation 1 — [£] =~ 1 — |£]?, we have |F1£(z)] est|h(2)]

and
B Ff(2)]) < cad(th(2)]) < w"[(2)]*(1 = €))7
Integrating the last inequality we get
pa(FY) < w[[h]|5(1 =€)~
where pg denotes the modular. From (4.15)) we deduce that ||a||2 < &'(1—¢)).
Finally, p¢(F£) < k’'k”, which proves (4.8). =

As a consequence of the preceding theorem we obtain a description of
the dual of H?(A).

THEOREM 4.7. Let ® € A(a, 8), B < 1. Then H?(A)* = B3"(A), where

() = (1= )07 (=)

) R R R R

More precisely, if f € Bs3"(A) and
A(9) =V 9(2) F@e(l2D(2)w(|z)u(l2) dz, g € HP(A),

A

then Ay € Bf’w(A)*. Conversely, given X € HP(A)* there exists a unique
[ € B&Y(A) such that X = Xy.

Proof. By Theoremwe have H?(A)* = Bf’w (A)*. It is easy to see that
Ar € Bf’w(A). Suppose A € Bf’w(A)*. By Theorem there exist unique
A € BY(U)* and X\, € BfO(E)* such that A = A1 + A\g. From the description
of the duals of Bf(U) and BﬁO(E) we deduce the existence of f; € B (U)
and fy € BY, ((E) which correspond to A; and Ag, respectively. Using again
Theorem we conclude that f = fi + fo € BE"(A) and A = )y. u
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