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Weakly mixing proximal topological models
for ergodic systems and applications

by

Zhengxing Lian, Song Shao and Xiangdong Ye (Hefei)

Abstract. It is shown that every non-periodic ergodic system has two topologi-
cally weakly mixing, fully supported models: one is non-minimal but has a dense set
of minimal points, and the other one is proximal. Also, for a given Kakutani—Rokhlin
tower with relatively prime column heights, it is demonstrated how to get a new tall
Kakutani—-Rokhlin tower with the same property, which can be used in Weiss’s proof of
Jewett—Krieger’s theorem and in the proofs of our theorems. Applications of the results
are given.

1. Introduction. A measurable dynamical system is a quadruple
(X, X, 1, T), where (X, X, uu) is a Lebesgue probability space and T : X — X
is an invertible measure preserving transformation. A topological dynamical
system is a pair (X, T'), where X is a compact metric space and T': X — X
is a homeomorphism.

Let (X,X,u,T) be an ergodic measurable dynamical system. We say
that (X,?C’,ﬂ,T) is a topological model (or just a model) for (X, X, u,T) if
(X , T) is a topological dynamical system, ji is an invariant Borel probability
measure on X and the systems (X, X, u,T) and (X,é\?,ﬂ, T) are measure-
theoretically isomorphic.

The theory of topological models is an important part of the theory of dy-
namical systems and has many applications. The well known Jewett—Krieger
theorem asserts that every non-periodic ergodic system has a topological
model which is strictly ergodic. Lehrer [9] showed that we can further require
the model to be topologically (strongly) mixing. We refer to |2}, [3 13| [15] for
surveys and nice results on this topic. We note that topological models can
also be used to obtain the pointwise convergence of non-conventional ergodic
averages [6].
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We mention that the models obtained above are minimal. In this paper
we study non-minimal models for a given ergodic system, and obtain their
applications. Here are our main results. Note that an ergodic system is non-
periodic if it has no atom.

THEOREM 1.1.

(1) Every non-periodic ergodic system has a topological model which is
a non-minimal topologically weakly mizing system with a fully sup-
ported invariant measure and a dense set of minimal points.

(2) Ewvery non-periodic ergodic system has a topological model which is
a topologically weakly mizing system with a fully supported invariant
measure and a unique fized point as its only minimal point.

Note that a topological system (X,7") with a unique fixed point as its
only minimal point is prozimal, i.e. inf, d(T"z, T™y) = 0 for all z,y € X.
Hence Theorem (2) means that every non-periodic ergodic system has
a topological weakly mixing and proximal model with a fully supported
invariant measure.

In Weiss’s new proof of the Jewett—Krieger theorem ([12], Theorem 2|
and [I5, Chapter 4]) and in the proof of Weiss’ theorem on the doubly min-
imal model [14, Theorem 5|, one needs a technical lemma to get a new and
tall enough Kakutani—Rokhlin tower from a given one. When one uses this
lemma, one hopes that the column heights of the new Kakutani—Rokhlin
tower are relatively prime, which is not guaranteed in Weiss’s lemma. Hence
in Weiss’s new proof of the Jewett—Krieger theorem, one first assumes that
the system has no rational spectrum, in which case automatically the col-
umn heights of every Kakutani—Rokhlin tower are relatively prime. Then one
deals with other cases.

In this paper, we avoid this by showing that for a given Kakutani—-Rokhlin
tower with relatively prime column heights, one can get a new and tall enough
Kakutani—Rokhlin tower with the same property (Lemma . This lemma
will be used in the proofs of our theorems and we believe that it will be
useful in other settings.

We find two applications of our results. One gives an affirmative answer to
a question in [I0] by showing that if (X, T) is a topological dynamical system
and (M (X),Thr) is the induced system on the probability space, then the
density of minimal points of (M (X), Ths) does not imply (X, T) has the same
property. The other one concerns the existence of a proximal topological K-
system. A topological analogue of K-systems, called a topological K-system,
was studied in [8]. In [5] the authors constructed a proximal topological
K-system which is weakly mixing. Using Theorem [I.I] we can get a lot of
such examples which are strongly mixing, i.e. there exist strongly mixing
proximal topological K-systems.
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2. Preliminaries. In this section we recall some notions to be used
later.

2.1. Measurable systems. A measurable system is ergodic if all T-
invariant sets have measure 0 or 1. For an ergodic system, either the space
X consists of a finite set of points on which u is equidistributed, or the
measure p is atomless. In the former case the system is called periodic, and
non-periodic in the latter.

A homomorphism from (X, X, u,T) to a system (Y, ), v, S) is a measur-
able map 7 : Xg — Y, where X is a T-invariant subset of X and Y} is an
S-invariant subset of Y, both of full measure, such that m,u = por ! =v
and Som(z) = moT(z) for x € Xo. When we have such a homomorphism we
say that (Y, ), v, S) is a factor of (X, X, u, T). If the factor map 7 : Xg — Yj
can be chosen to be bijective and 77! is also measurable, then we say that
the systems (X, X, p,T) and (Y, Y, v, S) are (measure-theoretically) isomor-
phic.

2.2. Topological systems. A topological system (X, T) is transitive if
for any non-empty open sets U, V' there is some n € Z, such that UNT~"V
# (). When X has no isolated points, (X, T) is transitive if and only if there
exists © € X whose orbit O(z,T) = {T"x : n € Z,} is dense in X; we call
such a point a transitive point. The system is minimal if the orbit of any
point is dense in X. A point x € X is called a minimal point if (O(z,T),T)
is minimal. (X,T) is (topologically) weakly mizing if the product system
(X x X, T x T) is transitive.

A factor of a topological system (X,T) is another topological system
(Y, S) such that there exists a continuous surjective map ¢ : X — Y satis-
fying So¢ = ¢poT'. In this case, (X, T) is called an extension of (Y,S). The

map ¢ is called a factor map.

2.3. Rokhlin towers. We need some basic knowledge of Kakutani-
Rokhlin towers. We will use the notation from [2, [3] 15].

Let (X, X, u,T) be a dynamical system. Let B € X. An array
¢={B,TB,...,T""'B}

with {T7B };V: ' pairwise disjoint is called a Rokhlin tower or a column over

B of height N. The set B is called the base of the tower, and TN7!B is
its roof. Let |¢| = ij;Ol T7B be the carrier of ¢. A collection t of disjoint
columns ¢ (with bases By and heights Nj) is called a tower and we let
[t| = Uy |ck]. The union B = (J, By of the bases is the base of t, and the
union of the roofs is the roof of t. The sets {T"x : 0 < i < N.} for z € By,
are called the fibers of t.
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Here is the well known Rokhlin Lemma.

THEOREM 2.1 (Rokhlin’s Lemma). Let (X, X, u,T) be an ergodic sys-

tem. Given an € > 0 and a natural number N, there exists a Rokhlin tower
¢ of height N with base B € X such that u(|c]) > 1 —e.

2.4. Partitions. Let (X, X, u,T) be a measurable system. A partition
a of X is a family of disjoint measurable subsets of X whose union is X. Let
a and [ be two partitions of (X, X', u, T'). One says that a refines 3, denoted
a = B or B < a,if each element of 5 is a union of elements of . Then o = 3
is equivalent to o(8) C o(«), where o(.A) is the o-algebra generated by the
family A.

Let « and 8 be two partitions. Their join is the partition aVp = {ANB :
A € a, B € B} and we extend this definition naturally to a finite number of
partitions. For m < n, define

n
ay = \/ T a=T "aVvT ™" Hav...vT ",
i=m

where Tl = {T'A: A € a}.

2.5. Refining a tower according to a partition. Let t be a tower
with columns {¢j, : k € K} (K is finite or countable) and base B = ¢ i Bk
Given a partition (finite or countable) «, we define an equivalence relation
on B as follows: z ~ y iff £ and y are in the same base By and for every
0<j < Ny, T9x and T9y are in the same element of o, i.e. x and y have the
same (o, Ni)-name. Now we consider each equivalence class By, 5, with a an
(a, Ni)-name, as a base of the column ¢, o = {Bka,TBia,- - - ,TNk_lBk’a}
and say that the resulting tower t, = {¢xa:a € alVe ke K} is the tower t
refined according to .

2.6. Kakutani—-Rokhlin towers. For an ergodic system (X, X, u,T),
let B € X with positive measure. It is clear that J,,~, 7" B = X (mod pu).
Define the return time function rp : B — N U {oo} by

rg(z) =min{n > 1:T"z € B}

when this minimum is finite, and rp(z) = oo otherwise. Let By = {x € B :
rp(z) = k} and note that by Poincaré’s recurrence theorem, By, is a null
set. Let ¢, be the column {By, T By, ..., T 1B.}. We call the tower

t=t(B)={ex: k=1,2,...}

the Kakutani tower over B. If the Kakutani tower over B has finitely many
columns (i.e. the function rp is bounded), we say that B has a finite height
and we call the Kakutani tower over B a Kakutani—Rokhlin tower or a K-R
tower. The number max rp is called the height of B or of the K-R tower.
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2.7. Symbolic dynamics. Let X be a finite alphabet with [ symbols,
I > 2. We usually suppose that X = {1,...,1}. Let 2 = X% be the set
of all sequences x = ...x_1xox1... = (¥;)iez, ©i € X, 1 € Z, with the
product topology. A compatible metric is given by d(z,y) = 1/(1 + k), where
k = min{|n| : ©, # yn}, x,y € 2. The shift map o : 2 — 2 is defined by
(02)n = xn41 for all n € Z. The pair (§2,0) is called a shift dynamical
system. Any subsystem of ({2,0) is called a subshift system. Similarly we
can replace Z by Zy = {0,1,2,...}; then o will not be a homeomorphism
but a surjective map.

Each element of X* = |J,~, X% is called a word or a block (over X). We
use |A| = n to denote the length of Aif A =ay...a, fw=(...w_jwowi...)
€ 2 and a < b € Z, then wla,b] = wewat1...wp is a (b — a + 1)-word
occurring in w starting at place a and ending at place b. Similarly we define
Ala,b] when A is a word. A word A appears (or occurs) in the word B if
there are some a < b such that Bla,b] = A.

For n € N and words Ay, ..., A,, we denote by Ay ... A, the concatena-
tion of Aq,...,A,. When Ay = --- = A, = A we denote A;... A, by A"
If (X,0) is a subshift system, let ;] = [i]x = {x € X : 2(0) =i} for i € X,
and [A] = [A]x = {z € X : zow1... 741 = A} for any word A.

2.8. Symbolic representation. Let (X, X, 1, T) be an ergodic system
and a = {A;}1<j<; a finite partition (we usually assume ;1(A;) > 0 for all j).
We sometimes think of the partition « as a function §p : X — X' ={1,...,1}
defined by &y(z) = j for € A;. The pair (X, «) is traditionally called a
process. Let 2 = 02(1) = {1,...,1}? and let S be the shift. One can define a
homomorphism ¢, from X to 2 by ¢ (z) =w € 2, where

wn = &n(x) = So(T" ).
We denote the distribution of the stochastic process (¢q)«(1) by p = p(X, @)
and call it the symbolic representation measure of (X, «). Let
Xo = supp (¢a)«p = Supp p.
Then we get a homomorphism ¢, : (X, X, 1, T) = (Xo, Xa, p,S). This ho-
momorphism is called the symbolic representation of the process (X, av). This
will not be a model for (X, X, u, T) unless \/52___ T ‘a = X modulo null

1=—00
sets, but in any case this does give a model for a non-trivial factor of X.

2.9. Copying names. An important way to produce partitions is by
copying or painting names on towers. If ¢ = {7 B}jvz o} is a column and
a = (ag,...,an_1) € IV then copying the name a on the column ¢ means
that on |¢| = U;y;ol T’B we define a partition (maybe not on the whole
space) by letting

Ae=\J{T'B:a;=a; =k}, keX={1,... 1}
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If c={T'B ?;& is a column with N < h, then copying the name a € XV
on the column ¢ means that we copy the name a on the first IV levels of c.

If there is a tower t with ¢ columns ¢; = {77 Bi}jy:ial, and ¢ names
a(i) € ¥Ni i =1,...,q, then copying these names on t means we copy each
name a(z) on the column ¢;, i.e. we define a partition on |t| by

Ay U{T]B a(i);=k,i=1,...,q}, keX.

These partitions can be extended to a partition @ = {Aj,...,A4;} of the
whole space by assigning, for example, the value 1 to the rest of the space.
We will do so in the following.

2.10. A metric on partitions. For the set of all finite partitions with
the same cardinality, there is a complete metric.

DEFINITION 2.2. Let (X, X, u,T) be a system. Let « = {A1,..., 4;} and
B ={Bi,...,B;} be two l-set partitions (I > 2), and define

d(o, B) = p(a A B) = ZMA A Bj)

Note that d(«, ) will be different When the partitions are indexed in
different ways.

2.11. Some important subsets of integers. A subset S of Z is syn-
detic if it has bounded gaps, i.e. there is N € N such that {i,i+1,...,i+ N}
NS # () for every i € Z,. And S is thick if it contains arbitrarily long runs
of positive integers, i.e. there is a strictly increasing subsequence {n;} of Z,
such that S O (J:2{n;,ni+1,...,n;+i}. Some dynamical properties can be
interpreted by using the notions of syndetic or thick subsets. For example,
a classical result of Gottschalk and Hedlund [4] states that z is a minimal
point if and only if the set

Nz, U)={n€Zy : Tz U}

is syndetic for any neighborhood U of x, and by Furstenberg [I] a topological
system (X, T') is weakly mixing if and only if the set

NUV)={neZ, :UNT "V £ 0}

is thick for any non-empty open subsets U,V of X.

A set S is called thickly syndetic if for every N the positions where length
N runs begin form a syndetic set. A subset S of Z is piecewise syndetic
if it is the intersection of a syndetic set with a thick set. It is known that
a topological system (X,T') is an M-system (i.e. the set of minimal points
of (X,T) is dense) if and only if there is a transitive point x such that
N(z,U) is piecewise syndetic for any neighborhood U of x (see for example
[7, Lemma 2.1]).
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In a symbolic system, it is useful to use these subsets of integers to
characterize the dynamical properties. For example, a sequence w € {2 is
recurrent if and only if every word occurring in w occurs in w a second time;
and w is a minimal point if and only if every word that occurs in w occurs
along a syndetic set.

3. An improvement of a technical lemma in Weiss’s proof of the
Jewett—Krieger theorem. In this section we will prove a lemma which is
an improvement of a technical lemma in Weiss’s proof of the Jewett—Krieger
theorem. Using this lemma one may simplify Weiss’s arguments in some
sense.

In Weiss’s new proof of the Jewett—Krieger theorem [12] 15, 2] and in the
proof of Weiss’s theorem on the doubly minimal model [I4], one needs the
following technical lemma to get a new K-R tower from a given one:

LEMMA 3.1 ([2,38,15]). Let (X, B, u,T) be a non-periodic ergodic system,
and let t(Cy) be a K-R tower (i.e. maxrc, < 00). Then for all N sufficiently
large, there exists a set C1 C Cy such that

N <rc,(y) < N+4maxrg,, VYyeCi.

That is, the corresponding K-R tower t(C1) satisfies rangerc, C [N, N +
dmaxre,].

When one uses this lemma, one hopes that the column heights of the
K-R tower are relatively prime, which is not guaranteed in Lemmal[3.1] Hence
in Weiss’s new proof of the Jewett—Krieger theorem, one first assumes that
the system has no rational spectrum, in which case automatically the column
heights of every K-R tower are relatively prime. Then one deals with other
cases. The following lemma will avoid this kind of discussion.

LEMMA 3.2. Let (X,B,u,T) be a non-periodic ergodic system. Let t' be
a K-R tower with bases C; and heights h;, 1 <1i <k, and let N = max;{h;}
and C = U?:1 C;. Assume that hi, ..., hy are relatively prime. Then for any
n large enough, there is a K-R tower t with base D such that:

(1) DcC;

(2) rp(y) € [n,n+ 6N] for all y € D;

(3) the column heights of t(D) are relatively prime.

Proof. First we will find a set D c C with the following two properties:

(i) n—i—NSrb(y)gn—&—SNforallyef);
(i) w(DNC;) > 0 for each 1 < i < k.

Then according to the second property of D, we adjust some part of D to
get D such that the column heights of (D) are relatively prime.
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STEP 1: The construction of D. We first construct a Kakutani tower
t(B) with height larger than 10(n + 3N)? and (BN C;) >0 for each i. But
at this point we may have max g = oo (i.e. t(5) may not be a K-R tower).
So we will have to modify it to get a K-R tower.

By the Rokhlin Lemma, there is a B C C' such that the Rokhlin tower
¢={B,TB,...,TM~1B}

. min; {u(C;
satisfies M > 20(n + 3N)? and u(B) < m.

Let ng = 0. Find the smallest ny € N with

(al) ny —ng > IO(n + 3N)
(bn) W B0 (U G\ U™ 19) >0
Hence there is some d; € {1,...,k} such that

10(n+3N)?2

M(T”le (Cdl\ ]L:JO TﬂB)) > 0.

Let
10(n+3N)2
By =T"Bn (Cdl v U TJ'B).
§=0
Inductively, assume that for 1 < ¢ < k — 1 we have obtained nq,...,n;,

distinct numbers di,...,d; € {1,...,k} and measurable sets By, ..., B;.
Let n;4+1 be the smallest natural number satisfying

(ai+1) Ni+1 — Ny > 10(Tl + 3N)
(bis1) (T BA(UE, C\Ui, Ca, ULy UL 13N i By) > o,

J=ns
Hence there is some d; 1 € {1,...,k} \ {d1,...,d;} such that

i ns+10(n+3N)32
(T B0 (Capo (U Cy, U U U 1B))) >0
Jj=ns
Let
i ms+10(n+3N)2

Bij1 =T BN (cdl+1 \ (U Cy, U U U TjB>>.

J=ns

Note that B; 1 = T+ BN(Cy,,, \U'so U"SHO n+3N)? T’ B). This inductive

min{(Ci)}
10k(n+3N)2+k’

(U] Ulo (n+3N)* pniti By < 14(C) for 1 < s < k.

process can be done for i = 2, ... k since u(B) < which means
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Now by induction we obtain subsets By, ..., By. Let B = U,’f:l B;. We
claim that:

The height of each column in the Kakutani tower t(B) is larger than
10(n + 3N)?, i.e. rz(y) > 10(n + 3N)? for all y € B.

To prove the claim, we need to prove that for any [ > 0 and 1 < u,v
<k, p(T'B, N By,) > 0 implies [ > 10(n + 3N)2. Since u(T'B, N B,) > 0,
there is a subset P C T'B, N B, with positive measure. If uv = v,
then [ > 10(n + 3N)? since B, C B. If u<wv, then [ >10(n + 3N)? since

T-'P C B, C B, P C B, and p(U "M 19B) n B,) = 0. Fi-
nally, assume u > v. Since n, is the first number satisfying the induc-

tive condition (a,), we have N(U?;;j_lﬂo(nHN)QH T’BNB,)=0. More-

over ,u(UZZjHO("JrgN)Q BN By) =0, so u((U?l;Ll T'B) N B,) = 0. Since
Ny — Ny_1 > 10(n + 3N)? and T-'P ¢ B, NT7'B,, we conclude that
[ >10(n+ 3N)2.

By the construction we also see that p(BNC;) > 0 for each i € {1,...,k}.
Since n + 3N and n 4+ 3N + 1 are relatively prime, we may partition each
column of ¢(B) into blocks of sizes n + 3N and n + 3N 4 1. Then we move
the base level of each block to the nearest level that belongs to C. Taking

the union of the base level and B, we get a set D C C satisfying
(I) the height of t(D) is in [n+ N,n + 5N];
(II) u(DNC;) >0 foreach 1 <i <k.

The set of heights of t(ﬁ) may not be relatively prime, so we need to modify
it.

STEP 2: The construction of D. For each i € {1,... k}, let E; C DNc;
be a measurable subset with positive measure. Thus we get k sets En, ..., Ej
with respective heights hi,...,hg. Since T is non-periodic and ergodic,

w(E; \ TiliEi) > 0 for each i. Let eg = min; pu(E; \ Ti”E’i).
Let F; C E; \ TME; be a subset satisfying 0 < u(Fy) < €/2F. In-

ductively assume for 1 < i < k—1 we have constructed subsets Fy, ..., F;
satisfying 2u(Fj) < p(Fjt1) < €0/2F 77+ for each 1 < j < i — 1. Note that
€0 e 1-—1/2° €0
(3.1) doulE) <Y Dh—j+2 ~ Qh—itZ [ _1/2 © oh—il’
j=1 J=1

Thus p((Eit1 \T;LH-l Eit1)\ U;,:l Tﬁj Fj) > eo(1— 1/2k—i+1). Hence one can
find i
Fip1 C (B \T" Ei)\ | TV E;
j=1
satisfying 2u(F;) < u(Fiiq) < 60/2k_i+1,



170 Z. X. Lian et al.

In such a way by induction we get k sets Fi, ..., F}. For each i, we have
the following properties:

(i) F; C C;, which implies T F; C C;

(i) F; C E; \Th E;, which implies T" F, c D\ F;

(111)T FﬂF—(Z)for]>zandu(ThF) w(F) > St w(Fy);
(iv) p(ThF;n (D\Uj_, ) > 0,

Here (i), (ii) and the first part of (iii) follow from the definition of F;. The
second part of (iii) follows from the inequality p(Fjq1) > 2,u(F~):

T E) = p(F) > 20(Fio1) 2> p(Fim1) + 2u(F; > Zu

And (iv) is deduced from (iii) readily.
Finally, we set D = (b\Ule F) UU?:1 T"i F;. By the properties of {F;},
we conclude:
(1) D cC C;
(2) t(D) is a K-R tower, and its height is in [n,n 4+ 6N];
(3) the collection of the column heights of the K-R tower t(D) contains
{ﬁi, h; —hi}le, which are relatively prime since {hi}le are relatively
prime.

(1) follows from the definition of D, and (2) from (i) above. By (iv) and the
definition of D, for each ¢ € {1,...,k} there is some column of t(D) with

height h;—h;. By , we have ,u( i)/2 > €/2 > ZZ 1 W(F;), which implies
that for each i € {1,...,k} there is some column of ¢(D) with height h;.
Hence we have (3).

The tower t(D) is as required. m

4. Proof of Theorem [1.1(1). To prove Theorem 1.1|1), we begin with
the following observation.

LEMMA 4.1. Let (X,X,u,T) be a non-periodic ergodic system. Then
there is a tower whose set of column heights is infinite.

Proof. Given a tower with base Cj, if the set of column heights is in-
finite, then we are done; otherwise let this set be {hq,...,h,, }. Let C}
be the corresponding column-base with height h;; we may assume that
hy < --- < hy, (by putting the column-bases with the same height together
to form a new column-base). Choose a measurable set Fy C T"1CJ" such
that 0 < ,U,(El) < %minlgigm M(Ci)

Let Cy = C7 \ E; and suppose we have a tower with base Cy. If the set
of its column heights is infinite, then we are done. Otherwise we get a bigger
height set than for the tower with base C1, say {h1,...,hny, Ang1y- -+ By |-
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Let C% be the corresponding column-base with height h;; we assume that
hy < -+ < hp, < +++ < hy,. Choose a measurable set Ey C T""2C3? such
that 0 < M(EQ) < 2% minlgignz M(Cé)

Let C3 = Cy \ E2 and continue the process above. If after finitely many
steps we get a tower with infinitely many heights, then we are done. Oth-
erwise we will have a sequence of towers with decreasing bases {Ct}, n1 <
+++ < ng and measurable sets Ej with 0 < p(E;) < 55 mini<i<n, ,u(C;) for
1 < 5 < k such that

#(Cri1) > p(Cr) — u(Ex) > (1= 1/2")u(Cy)
for all k € N. Let C' = (;—; Ck. Then p(C) > 0 and the tower with base C
has infinitely many heights. m

We now follow the standard procedure to prove Theorem (1) Namely,
first for a given partition & we construct a partition a close to & such that
the corresponding symbolic representation (Xq, Xy, p,S) is a non-minimal
topologically weakly mixing system with a dense set of minimal points. Then
we take the inverse limit, using a more delicate argument. Finally, we show
that the resulting system is as desired.

PROPOSITION 4.2. Let (X, X, u,T) be a non-periodic ergodic system and
let & be a finite partition of X. For each ¢ > 0, there is a partition o
such that the corresponding symbolic representation (Xq, Xa, p,S) is a non-
minimal topologically weakly mixing system with a dense set of minimal
points, and d(a, &) < e.

Proof. By Lemma there is a tower consisting of infinitely many
columns with different heights. More precisely, let t(C') be a tower as in
Lemma with columns {¢; : k¥ € N} and base C' = (J,cy Ck- Let hy be
the height of the column ¢, and assume that h; < hy < ---. Note that for
k large enough, |cx| will be very small. We will adjust some |cg| to get what
we need.

Let ag = & = {/11, . ,Ak} For each m € N, let w,,, = v1...vgm, where
Ualkm*1+a2km*2+-»-+am = ((Il, e 7am)

for each (a1,...,am) € {1,...,k}™. That is, each v; is a word of length m

and wy, is a word which contains all the m-names in {1,...,k}™. Note that

|wm | = mE™.

Before going on, let us recall the notion of copying a name on the column.
Let ¢ = {TJB}?;(% be a column and a = (ag,...,ay_1) € {1,...,k} with
N < h. Then copying the name a on the column ¢ means that we copy the

name a on the first N levels of ¢. This means that for the new partition
{A1,..., A} one has

T°'BCA,, 0<i<N-1.
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STEP 1. Since ), |cx| < oo, there are columns c 1 and ¢,2 such that
pu(len1Uep2|) <€/2and hy2 > by > 2k2. Let St —w11 n e {1 k} ",

. h
where 17 = (1,...,1) w1th length j. And let §12 = wgl e {1, kYR
For i = 1,2, copy the name 5111 to the column ¢, nis 1O get a partition ;. Note
that d(ag, a1) = d(&, a1) < €/2. The first step of adjustment is finished.
STEP m. In general, for each m € N, choose columns ¢1 , ..., C,yme+1 such

that mal

(U en;, ) 2m’

and assume that I’an+l > e > hn}n > 2m2k2m For 1 <i < m, let

h i —m(2i—1)k%~1
§ni = w2i—1...wy—11 "m
S——_— ————

m times
— (waimn)™ TR gy,
and let
Er = w1 I e gyt

Now for 1 <7 <m+1, copy the name &,; to the column ¢
partition «a;,. Note that d(am,—1, am) < €/2™.

Moreover, note that we do copying on the m columns ¢, ..., ¢ym to
make sure that the symbolic representation of the resulting partition is not
minimal but has a dense set of minimal points, and we do copying on €,ym+1
to make sure the symbolic representation of the resulting partition is weakly
mixing. Of course, we could do it on a single column, but this would cause
complications when dealing with the situation in Proposition [4.4]

For all m € N, we make the above adjustment, and we obtain a new
partition o = {Aj,..., Ag}. It is clear that

ni - 1O get a new

[e.9]

oo
€
< Zd(ai,l,ai) < Z ? =€
=1 =1

Properties of a. Now we prove that (X, X, p, S) is non-minimal, weakly
mixing, and the set of minimal points is dense.
To show (X4, S) is weakly mixing, it suffices to show that for each m € N
and E1, Fi, FEs, Fy € \/?lal T« of positive measure, we have
px p((By x Fr) N (T x T)""™(Ea x Fy)) > 0.
This depends on the adjustment on Cpymet1.

Recall that way, = vi...v42m, where {vj}fiwll = {1,...,k}?™. Let the
names of Fy, Es, F1, Fy be ey, eq, fi, fo € {1,...,k}™ respectively. Then
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eres = ug and fifo = uy for some 1 < t,s < k*™. By the construction
of a,

72" NC s CE\NT "By and TV C i € Fy 0T Fy.
Thus,

(B x Fy) N (T x T)"(Ey x Fp) D T 0C i x T*MENC
In particular,

JUD M((El X Fl) N (T X T)fm(Eg X Fg))
> u X M(TQm(S*l)Cnqu X T2m(t71)Cn%+l) > 0.

To see (X4, S) is a non-minimal M-system, we show that each transitive
point w € X, is piecewise syndetically but not syndetically recurrent. Let
x € X be such that ¢4(x) = w. It is easy to see that w # 1°°.

Let w=(...,a_2,a_1,a9,a1,az,...). Then for each m € N,

m—1

[’LU]_m+1 = {p e X, :p[—m+ 1,m— 1] = (a,erl,. co,a0,07, ... ,am,l)}

isaneighborhood of w. Let A € V?i:lm+1 T~ 'awithname (a_mi1,- .-, Gm_1)-
Since w # 1%, it is clear that for m large enough, (a_11, ..., am_1) # 12m1

As defined before, wo,, 1 =11 .. . Vy2m-1, where {vi}finffl: {1,... k-1
Then (a—m+1,---,am—1) = v, for some 7. For each j > m, by the definition
of z, one can find [; such that Thzx € C’nv]w. By the construction of «, for
1<i<j, Ti(2m—1)k2m71+(2m—1)(7’_1)+an;n C A. This means that for each
J=zm,

{l; +i(2m — 1)]{:27”_1 +(2m —1)(r — 1)+ mhi<i<j C N(w, [w]rf,,;il),

which implies N (w, [w]™; 1) is piecewise syndetic.

On the other hand, for each j > mand m—1 < i < hn;,n —ji(2m—1)k?m1,

we have TLTi(m—Dk" "4 ﬂgl:__lm_i_l T9A1. As (@_mit,- -y Qm_1) Z 17,
it follows that ﬂZI:_Ol T-94; N A = () and hence TUTiCm-DE" " 4ip o 4

which implies that for each j > m,
{l; +j(2m — 1)k2m_1 + i}m—l<i<hn;_n—j(?m—l)ka—l NN (w, [w]Tn;il) = 0.

Since fpm — j(2m — DR > 252k — j(2m — 1)k*"~! and
2j2k32j —j(2m . 1)k2m71 J—>_0°> o0,
]m

we conclude that N(w, [w _}H) is not syndetic. m

To prove Theorem [I.1[1), Proposition is not enough. In fact we need
to get an increasing sequence of partitions =, such that the inverse limit of
the corresponding symbolic representations is what we need.



174 Z. X. Lian et al.

REMARK 4.3. In the proof of Proposition [£.4] the following simple fact
will be used. Let « = {Ay,..., Ay}, o/ ={4),..., Al },and B ={By,..., By}
be partitions with a = 3. Then there is a natural way to get a partition 3’
such that o/ > B’. Moreover, if d(«, ') < ¢, then also d(3, 8) < e.

To see this, we note that the relation « > [ defines a function

¢ {1,...,b} — 2tbad\ g
such that A, C By iff z € ¢(y). Let

B'={Bi,....B;}, Bi= ] 4.
teg(s)

Notice that if d(a,a’) < €, then also d(3,8") < e, since it is easy to check
that (Al U Bl) A (AQ U Bg) C AL A Ay U By A Bs.

PROPOSITION 4.4. Let (X,X,u,T) be a non-periodic ergodic system.
Then there exists an increasing sequence {y,} of finite partitions such that
o(vm) /X and for each n € N the corresponding symbolic representation
(X5, Xy, Py S) is a non-minimal topologically weakly mizing system with a
dense set of minimal points.

Proof. The basic idea of the proof is the same as in the proof of Propo-
sition Since we have to deal with countably many partitions, we need to
make some small modifications to the proof.

Let {8,} be an increasing sequence of finite partitions such that
o(Bn) A/ X. First we fix the same tower ¢(C) as in the proof of Proposi-
tion [4.2| and let {e,} be a sequence with > °° | €, < cc.

For /31, we adjust oy as in Step 1 of the proof of Proposition [1.2] to get a
new partition «{. We replace B2 by 32 V41, and thus we have 41 < 32. Then
we continue our induction. To be precise, we rewrite Step m.

STEP m/. We replace f3,, by B V 'ymzll (still denoting it by f,,), and
thus we have Y"1 < B,,. Let 8; = {B{,...,Big_} for 1 < j < m. Since

m—
b1 < -+ < Bm, we may assume that Bg C Bg_l for all 2 < j < m and
1<i<kj.

Recall that the word w,, depends on the cardinality of the partition in the
proof of Proposition [£:2] Unlike the situation there, now the cardinalities of
partitions are increasing. Let wy, = wy, (k) as in the proof of Proposition
and denote wp, ; = wm(k;) for 1 < j < m. That is, wy,; is a word which
contains all the m-names in {1,...,k;}".

For each m € N, choose columns ¢,1 , ..., €, m(m1) such that

m(m+1)

u( U \cnw < em

i=1
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The columns should be disjoint from the columns in Step & for all & < m. We
assume that hnj<m+1) > e > hn(j—l)(m+1)+1 > 2m2kj2-m for each 1 < j < m.
For each 1 <i,j <mand s=(m+1)(j — 1)+ 1, let

h,s —(m—j)(2i—1)k% 1
§ns, = W2i—1j...wai—1,51 "m (m=3)(2i=1)k;

m—j times
= (waim1,)" I T EDEEORT e (1 kY,

and X
h 1) —2mk3™
m

€ (L. k) .
Now for 1 <i < m(m+1), copy the name &,; to the column c,; , to obtain
a new partition 47 with d(Bp,, ¥7) < €.

Inductively, we construct a sequence {7, },, of partitions with d(Bpm,v)
< €y for each m € N. Now we need to build the required partition {v,}
from {v};},. First we construct partitions {7} }nen, 1<k<n via {7 }n. Then
Y = lim, v} is what we are looking for.

€ itm+1) = Wam,j1

o0

S ]

B o o

N
"o 1

Applying Remark to 2,72, and 73 we obtain 4Z. Similarly, applying
Remark to Bg,fyg’, and 72 we obtain 73, and we get 7§ by applying
Remark to 83,73 and 2. Inductively, we construct Vi for k < n by
applying Remark and 3, < ’y,?_l, for K < n. Since 81 < -+ < By, we
have 7§ < --- < 7' accordingly.

Since d(772, By) < €n and B, = 4"~1, we know that d(’yg,q/;j_l) < €, for
each 1 < k < n — 1. Thus for each k, {7y }n>k is a Cauchy sequence. So
there is a partition «y; such that +;' — 7% as n — oo. Let X' denote the
corresponding symbolic system of 4;’. The array shows the induction.

Xi
Xt X3

3 3 3
Xl 2 X3

By the construction, for each &, the sequence {7y} },>1 has the same prop-
erty as {ay, } in Proposition According to the proof of Proposition the
corresponding symbolic system X = X, of v, is non-minimal topologically
weakly mixing with a dense set of minimal points.
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Since 7f* < - -+ < v for each n € N, we conclude that {7} is increasing.
As o(Br) /X and d(vk, Br) < Y ecy €s, we deduce that o(y,) /X too. =

Now Theorem|[L.1|(1) follows from Proposition[4.4Jand the following lemma.

LEMMA 4.5. Let (X, T) be the inverse limit of {(Xn,Tn)}n, where each
(Xn,Ty) is a non-minimal topologically weakly mizing system with a dense
set of minimal points. Then (X, T) is also a non-minimal topologically weakly
mizing system with a dense set of minimal points.

Proof. By the definition of the inverse limit, it is easy to see that (X,T)
is not minimal, as the factor of a minimal system is minimal.

To show the density of minimal points in X assume U is a non-empty
open set. Let m, : X — X, be the projection. Then by the definition of the
topology of X, there are n € N and an open non-empty set U, C X,, such
that ngUn C U. Let z,, € U,, be a minimal point and A be its orbit closure.
Then there is a minimal set B of X such that m,(B) = A. This implies that
there is a minimal point x of X such that m,(x) = x,, which implies that
x € m,Y(x,) C 7,1 (U,) C U, and hence the set of minimal points of X
is dense. A similar argument can be applied to show that (X,7) is weakly
mixing. =

5. Proof of Theorem [1.1](2). First we will construct a model which is
weakly mixing with full support but its set of minimal points is not dense.
Since in this case the closure of the set of minimal points has measure zero,
we collapse it to a point and get the system required.

First we need the following lemma (see 2], 3], [15] for a proof).

LEMMA 5.1. Let X be a non-periodic ergodic system. For any positive
integers N1, Ny with (N1, N3) = 1, there exists a set C of finite height such
that the K-R tower t(C') satisfies rangerc C {N1, Na}.

To show Theorem [1.1[2) we start with the following proposition and
then follow the standard procedure. To control the thickly syndetic sets, the
construction here is more involved than that in Proposition [£.2]

PROPOSITION 5.2. Let (X, X, u,T) be a non-periodic ergodic system and
& a finite partition of X. Then for each € > 0, there is a partition « such that
the corresponding symbolic representation (X, Xa, p,S) is a weakly mizing
system whose set of minimal points is not dense, and d(a, &) < e.

Proof. The proof will be conducted by an inductive procedure. We first
choose a sequence {e,}7° of positive real numbers with > > ; €, < €. Then
we start from a_; = & and construct {a,} so that d(an,ant1) < €nt1
for n > —1. Then we define a as the limiting partition; it is easy to see
that d(&,a) < e. On the one hand, « is constructed so that (X,,T) is



Weakly mizing proximal topological models 177

topologically weakly mixing. On the other hand, almost every point will
enter As thickly syndetically so that the set of minimal points is not dense.
Now we begin our construction.

STEP 0. Let & = {fll, e flk} Let wg be the name containing all pairs
of names of non-trivial elements in \/3:0 T~'&, where “non-trivial elements”
in this proof means elements of positive measure.

Let My = min{u(B) : B € \/;_oT '@} and 0 < ¢ < min{e/3, My/3}.
Choose Iy € N such that lg > max{6/eg,2k?}. Now for a fixed Ny >
max{6ly/ep,6/Mp}, by Lemma there is a tower t(Cp) = {cJ, 2} such
that the heights of the columns c, c% are No, Ng + 1 respectively and the
corresponding bases are C}, C2. It is clear Cyp = C} U C2. Set eg = u(Co).
Copy the name wy on the partial column {Ti00}0§i§|wo|—1- Then in the
column ¢}, copy 2 to position ily for all 0 < i < (Ng —1)/lp, and in the
column c%, copy 2 to position ily for all 0 < i < Ny/lp.

In such a way we have constructed a new partition ag = {A%, A9, ..., Ag}.
Note that d(ag, &) < €/3, since the measure change is less than

NO NO 1 €0 €0 €0
2k* + — | u(C 24+ 2 ) <+ = 2
( +l0>u(0)<( +ZO>NO<6+6 3

Let Agl,A?Q,A?S,A& € ap. Assume that the positions of the 2-names

(i1,13) and (i2,i4) appearing in wy are s and ¢. Then T°Cy C A}l, T5+t1C,
- A%B, T7Cy C A% and 7710y C A94. Hence

T*Cox T"Co C (A}, NT71AY) x (A}, nT1A],)
0 0 —1/ 40 0
In particular,
o (A9 x AD) 0 (T x T) 1 (AD x AD)) > p(Co)? = & > 0.

Now assume that inductively we have constructed partitions {o;}!,
two sequences {l; to<i<n, {Si}to<i<n Of positive integers, and two sequences
{€iYo<i<n, {€i}o<i<n of positive numbers with €;11 < min{e;/3,e?/3}. Also
assume that we have obtained a sequence {t(C’i(j))}lgigjgn of K-R towers
with relatively prime heights such that Cy D C{l) D+ D Cfln), and the
height of t(Ci(n)) isin [N;, N;4+6N;_1] with some positive integers {N; }1<j<n.

Let a; = {AY,..., At} for 1 < a; < n. Then {a;}?; has the following
properties for each ¢ < n:

(Di d(ai_l,ai) < ¢;. Let v;onijOéi—l = {Ul,...,Un} with Uj non-

trivial. Then there is a subset {B1,..., By} C \/é:0 T~ I such that
the o;_1-name of Uy and the a;-name of Bj, are the same for each
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1 < h < n. Moreover, for all By, F1, Ey, Fy € {Uy,..., Uy},
px p((T x T)%(Ey x F1) N (Ey x Fy)) > e2 > 0.
In particular, for all By, Fy, Es, Fy € \/] 0T 1,
px u((T x T)5(Ey x Fi) N (Ey x F)) > e? > 0.

2); ¢ cc? c o cof and for j <i—1, p((CIV) A HC))
< €. Refine the towers t(Cj@) according to «; for each 1 < j < 4.
For each 1 < j <4, if a column ¢ with base C' in the resulting tower

t(CJ@) has a;-name (ay,...,a,) € 2" then the name satisfies
(5.1) as;4¢ =2 forall0<t<jand 1<s< (h—j—2)/1y
ie TSLTIC C AL,
ety wer) wet) — HC))
ey ey — HCy)
(c5”) — (CH)

Note that (1); will be used to show that X, is weakly mixing, and (2);
will be used to show that the minimal points are not dense in X,.

STEP n + 1. Now we explain the inductive step. First we need to define
a word wn+1 which contains all pairs of names of non-trivial elements in
Vit T a,. We do it as follows.

Refine the tower t(C’,(@n)) according to a,, and let the resulting tower be
t(Cy(Ln)) = {dl}] Note that the height of each column is in [V, N, + 6 N,,—1].
Let Wyio = {B1,..., B} C {1,...,k}"™2 be the set of all names of non-
trivial elements of \/?;01 T 'ay. Each (n + 2)-word B; (j € {1,...,t}) in
W42 either appears in some column cf{ of t(Cfln)), or appears in the con-
catenation of two columns of t(C’,(ln)) (i.e. there are ¢4, ¢ in t(C,(Ln)) such that
the name appears in ¢4¢p). In the second case we also use cﬁ{ to denote the
concatenation of the two columns. Let B be the name of c;{

Now fix a large number s,4+1 > 10N , and construct the word W41 a8
follows: For each pair (j1,j2) € {1,. ., t}2, make sure that the words ¢,;;* and

7{2 appear in wy41, and the distance from Bj, to Bj, is s,41. Since the col-

umn heights of t(Cy, (n )) are relatively prime and s, is large enough, one can
use the ay,- names of the columns {¢% }; to fill gaps between each pair B;, B;.
Let My11 < 5 mlnBevy_L_Jroz T-ia, H(B) and €41 < minfe, /3, e2/3}. Then

let
lni1 > max{|wn 1| + 10N2 4+ 3N,,,6n/€,11}
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and
Nyy1 > max{6(n + 1)l,t1/€pt1, (n 4+ 3)/Mpi1}.

By Proposition , we have a new K-R tower t(Cq(ngl)) with relatively prime

column heights and C’r(LT;l) C Cq(q,"), and its height is in [Ny41, Npy1+6N,].

Refine t(Cflzgl)) according to ay,, and let the resulting tower be {cf1 41} Let

the base of ¢/, be G}, , and let its height be H;. Let enq1 = min; u(C} 4 ;).

Now we make the following adjustment for each column ¢/, 11
Denote the name of qu-s-l by (c1,...,cm;) € XHj First, copy the name
Wnt1 t0 (Chy vy Cluyp sy |4+h—1); Where b > n + 3 is the first number such that

Thfle; 1 C Cfln). Secondly, choose R € N such that
lnt1—2Ny < R <lpi1, R—(Jwns1|+h—1) > 10N2, TRICI  c .

Since the column heights of the tower t(C’T(Ln)) are relatively prime, we can
replace (¢, 1|41 - -5 CR—1) by the names encountered in the tower t(C’,(ln)).

Finally, copy 2 to cg,,, 4 forall 0 <r <n+1,1 < s < (H —n —2)/l41.
We define ay, 41 as the partition corresponding to the new name obtained in
the way described above.

Properties of cn11. Note that by the construction of au,11, if we refine

the tower t(CT(LTgl)) according to 11, then the resulting tower will still be

¢/ i. Since the column heights of t C',(ln) are relatively prime, we have
n+1JJ

ensured that the first length [, part of the name along the column in
{ciL 41} consists only of the name encountered in t(C,gn)). In the column of
{czl 41}, the levels where the bases of the t(Can)) name blocks occur may
be different. This defines a new base which we call C,(Lnﬂ), and therefore a
new K-R tower t(C,(LnH)). Since d(an, apt1) < €n+1, changes from t(CSLn)) to
t(Cﬁf“’) are very small (less than €,1). Since we copy 2 to ¢, 4, for all
0<r<n+4+landl<s<(H-—n-2)/ly+1, each a,ii1-name of t(CénH))
either has the same name with some column in t(Cy"), or has more 2’s
than some column name in t(ngn)). Anyway, for each name of length h in
t(CT(LnH)), at positions slp, +¢ with 0 < ¢ < 5,1 < s < (h—n—2)/l, the
names are 2.

By (2)n, el c Cfﬂ)l C---C C{n), the above changes from t(CT(Ln)) to
t(C}(Ln—H)) will induce corresponding changes such that t(C'](-n)) will become

some new tower t(C’J(n—H)) for each 1 < j < n — 1, where C’éﬁ:l) - C}(Lm—l) C

cee C C{nﬂ). For the same reason as for t(Cr(Ln—i_l)), equality |) holds for
each 7 < n+ 1. Thus we have (2),+1.
Now we verify that ay,1 satisfies (1)5,41.
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By the construction, the measure change from «, to ay,41 is less than

Nypy1+ 6N,
G (o + -4 2) 25t 0N )
n+1
1 2Nn+1>
< ——(lpps + (n+2)=L
Nyt < w1+ ) lnt1
1 2(n+1) €1 | €nyl
< — < = .
onr 1 T T p g T

Thus we conclude that d(au,, ant+1) < €p41. And the second part of (1),4+1
is guaranteed by the construction of wy41.

Let Di,, Dy, Djy, Djy € /1) T%cvy,, and let their names be Bj,, Bi,,
Bj,, Bj, € Wy42 respectively, where 1 < iq,12, j1, jo < t. Then by the defi-
nition of wy,41, the pairs (B;,, Bj,) and (B;,, Bj,) appear in the word wy1.
Given an arbitrary column ¢}, ; with base C} , 1, let p be the position of B;,
in this column and let r be the distance from the position of B;, to the
position of B;,. Then

Tp_le@—O—l - Dil’ Tp—1+8n+1c'z+1 - Djl’
Tp—1+r0:'t+1 C Dizv TPttt CZ'LJrl - Djz‘
It follows that
TpilCriLJrl X Tp71+rc7il+1 - (Di1 N TﬁanDjl) X (Diz N TﬁanDh)
- (Dil X Di2) N (T X T>_sn+1(Dj1 X Dj2)'
Hence
p % p((Diy % Diy) N (T x T)~*+1(Dj, x Dj,))
> px p(TP Gy x TPITCLL) > ey > 0.

Thus (1),,41 holds.
Properties of a. Let a = {A1,..., Ax} be the limiting partition of the
sequence {a,}. It is clear that

o
d(a, ) < Zei <e.
=0

Also by (2)y, for n > 1 the sequence {t(C’,s]))}jzn has a limit tower t(C)
with base C. And by (2),, C; D C5 D ---

We will now show that « satisfies the assertion of the proposition. First
we will show that:

or each m > 0 an 1,411, L9, 9 € \[;_ _d, we have
1) F h 0 and Ey, Fy, By, Fy € /150 T3 h
px p((T x T)*(Ey x F1) N (Ez x F2)) > 0.
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(2) Refine the towers t(C}) according to a for each j > 1. If a column

¢ in the resulting tower t(C7) has a-name (a1,...,ap) € Y and its
base is C, then the name satisfies
(5.2) asj+t =2 forall0<t<jand 1<s<(h—j—2)/l

e TsLtHtC As.

Condition (2) is guaranteed by (2),. It remains to verify (1). By (1)m
there are F1{, F|,E} F) € \/;n:_o1 T 7 ay,—1 that have the same names as
Ey, F1, Es, F5 respectively. By (1),

px p((T x T)*™ (B} x F{) N (E) x F3)) > ez

.
Then d(amm, ) < 3772, 1 €, one has
[e.e]
px u((T x T)™(By x Fy) N (B x Fy)) > eh — Y € >0.
j=m+1

Now using conditions (1) and (2) we will show that « is as required. Let
X, be the corresponding symbolic representation of o, and ¢ : X — X,
be the factor map. Let [i]p = {w € X, : wg = i} for i € {1,...,k}. Let
w = ¢(x) € [1]p be a transitive point of (Xq,T).

By property (1), (X4, T) is weakly mixing. By (2), N(w, [2]p) is thickly
syndetic, which implies that N(w, [1]g) is not piecewise syndetic. Hence the
set of minimal points of (X,,7T") is not dense. m

Similar to Lemma [£.5] we have the following easy observation.

LEMMA 5.3. Let (X,T) be the inverse limit of {(Xn,Ty)}n, where each
(X, Ty) is a non-minimal topologically weakly mizing system whose set of
minimal points is not dense. Then (X, T) is also a non-minimal topologically
weakly mizing system whose set of minimal points is not dense.

Using a similar argument to the one used to obtain Proposition from
Proposition [£.2] and adjusting the proof of Proposition [5.2] we deduce the
following result.

PROPOSITION 5.4. Fvery non-periodic ergodic system has a topological
model which is a weakly mizing system with full support and the set of min-
imal points is not dense.

Proof. The idea of the proof is similar to the one used in the proof
of Proposition [£.4] We will show that there exists an increasing sequence
{7n} of finite partitions such that o(vy,) , X and for each n € N the
corresponding symbolic representation (X, , X, , pn,S) is a weakly mixing
system with full support and the set of minimal points is not dense. This by
Lemma, [5.3] will finish the proof.
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Let (X, X, u,T) be an ergodic system. Let {3, },>0 be an increasing se-
quence of finite partitions such that o(8,) X, and let {e,} be a sequence
of positive numbers with > €, < co. We will modify the proof of Propo-
sition [5.2] carefully to get what we need.

As in the proof of Proposition we choose a tower t(C’g), and adjust By
by Step 0 to get a new partition 7. We replace 8 by 31 \/'yg (still denoting
it by $1); it is clear that 7§ < (1. We assume that the first (resp. second)
element of () is a subset of the first (resp. second) element of 7.

As in Step 1 of the proof of Proposition [5.2] we modify 51 to get a new
partition 1. We then construct a tower t(C) using Lemma and form a
new tower t(C).

By the Fact in the proof of Proposition we construct v} < 7i. Re-
fining 3 to t(C}), we know that v satisfies (1)1, (2); in Step 1 of the proof
of Proposition since (31 = 7.

Inductively, we replace 8, by B, V 7;‘:11, and we assume that the first
(resp. second) element of f3,, is a subset of the first (resp. second) element
of 71

We modify 3, by Step n to get a new partition 7’ such that d(3,,~;")
< €p, and by the same argument we find that ~, has the same properties
listed in (1), and (2), for the tower t(Cy(ln)). Now construct ;' < 7, by
Lemma Since the first and second elements of (3, are subsets of the first
and second elements of ’ijll respectively, and 3, > 72:11, we conclude that

¢ has the same properties listed in (1), and (2), for the tower t(CJ(-n)),
k < j < n. By the proof of Proposition the partition 7 = lim,, v} has
properties (1), (2) there. Hence according to the proof of Proposition
X,, is a weakly mixing system with full support and the set of minimal
points is not dense.

Following the same discussion as in the proof of Proposition [4.4] we
conclude that {74} is increasing and o(y;) /' X. =

Now using Proposition [5.4] we are able to finish the proof of Theo-
rem [1.1)(2).

Proof of Theorem (2) For a given ergodic system (X, X, u,T), by
Proposition , there is a topological model (Y, S) of X with an ergodic
measure p, which is weakly mixing, non-minimal and the set Min(Y') of

minimal points is not dense in supp(p) = Y. Note that p(Min(Y")) = 0, since
Min(Y') is an S-invariant set.

Define an equivalence relation ~ in Y as follows: x ~ y if z,y € Min(Y").
Then the quotient system (X = Y/~, T') is measure-theoretically isomorphic
to (Y, 5) since p(Min(Y)) = 0. Hence (X, 7)) is also a topological model of
(X, X, u,T). Note that (X, T) is a topologically weakly mixing system with
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full support and a unique fixed point as the only minimal point. Thus the
proof is complete. m

6. Applications. In this section we give two applications of the results
we have obtained.

Let (X,T) be a topological dynamics and M (X) the collection of all
Borel probability measures on X with the weak™ topology. Then T naturally
induces a map Ty on M (X) by sending u € M (X) to T . Let C(X, R) be the
Banach space of continuous real-valued functions on X with the supremum
norm || - ||. Let {f}52; be a dense subset of C(X,R). Then

Z | frdp—§ fndv|

20 ([l £l + 1)
is a metric on M(X) giving the weak* topology. For more details about
(M(X),Thr), see [10].

An unsolved question in [10] is whether there is a weakly mixing proximal
system (X, T') such that (M (X),Ths) has dense minimal points. We give an
affirmative answer to this question:

THEOREM 6.1. There is a weakly mizing prozimal system (X,T) such
that (M(X),Tx) has dense minimal points.

To show this result we need a lemma from [10].
LEMMA 6.2. Let X, Y be compact metric spaces, p € M(X) andv e M(Y).

(1) If A = U, Ai, where Ai,..., Ay are Borel subsets of X with
p(A;) >0 and p(A;NA;) =0 forall 1 <i<j<mn, then

_ = p(A;)

(2) Let € > 0 and A be a Borel subset of X with u(A) > 0. If B is a
Borel subset of X such that u(B) > 0 and u(AAB) < u(A)-€, then
d(pa, pp) < 2e.

(3) If w: (X, p) — (Y,v) is measurable and 7p = v, then wp—14 = va
for each Borel subset A of Y.

Proof of Theorem . Let (X9,T) be the dyadic adding machine with
a unique ergodic measure u. By Theorem , (X9, T, ) is isomorphic to
(Y, S,v), where (Y, S) is a weakly mixing proximal topological system and
v has full support. We now show that P(Sy/), the set of periodic points of
(M(Y),Sm), is dense.

Let w: (X9, T, ) — (Y, S,v) be an isomorphism, that is, there are in-
variant Borel subsets X; C X and Xy C Y with pu(X;) = v(X2) = 1 and
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an invertible measure-preserving transformation 7w : X; — Xy such that
m(Tx) = Sw(x) for all z € X;.

Let € > 0 and let U be a non-empty open subset of Y. Since v has full
support, we have v(U) > 0. Thus, there are finitely many pairwise disjoint
cylinders Ay, ..., Ay of X such that u(77'U A A) < v(U) - € with A =
U, A;, which implies (U A 7(A N X;)) < v(U) - €. Lemma (2) yields
d(vu, Vr(anx,)) < 2e. Since T2°'C = C for each cylinder C' of X, where |C|
stands for the length of C, we conclude that puc is periodic. In particular,
each 14, is periodic. By Lemma (3), each vr(4,nx,) is also periodic. By
Lemma (1), Vr(ANX:) = Zlepiu,r(Ale), where p; = u(A;)/u(A). Thus,
Vr(Anx,) 18 periodic. Tt follows that vy can be approximated by periodic
points of (M(Y'), Sy).

Now take y € Y and let {U,}>2, be a sequence of open neighborhoods
of y such that diam(U,) — 0. For any f € C(Y,R), we have

1§ £, — )| < § 1)~ 5wl dus, 0.
Y

n

A simple calculation shows v, — §,, and hence d, is a limit point of P(Sy).
This implies that each element of M,,(Y) = {n"t 3" | §,, : x; € X} can be
approximated by elements of P(Sys). Since [J,2; M, (Y) is dense in M(Y),
it follows that P(Sjs) is dense. m

Another application of our result is the following. A topological analogue
of K-systems, called a topological K-system, was studied in [§]. In [5] the
authors constructed a proximal topological K-system which is weakly mixing.
Using Theorem we can get a lot of such examples which are strongly
mixing.

THEOREM 6.3. There exist strongly mizing proximal topological K -sys-
tems.

Proof. Let (X, T, ) be ameasurable K-system. By Theorem|[L.1] (X, T, u)
is isomorphic to a proximal system (Y, S) with a measure v of full support.
Thus (Y, S) is strongly mixing, since a K-system is strongly mixing in the
measurable sense. At the same time we know that (Y, 5) is a topological
K-system by [8, Theorem 3.4]. m
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