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Hereditarily infinite-dimensional property for asymptotic
dimension and graphs with large girth

by

Takamitsu Yamauchi (Matsuyama)

Abstract. It is shown that every subspace of a coarse disjoint union of a sequence
of graphs with large girth has infinite asymptotic dimension or asymptotic dimension at
most one.

1. Introduction. The notion of asymptotic dimension asdim X for a
metric space X was introduced by Gromov [10] as a large scale analogue of
covering dimension. Among the unsolved problems in asymptotic dimension
theory is the following one, posed by Dranishnikov [4, Problem 1].

PrOBLEM 1.1 ([4]). For a proper metric space X, is it true that asdim X
=dimvX?

Here, a metric space is said to be proper if every closed bounded subspace
is compact. By v X we denote the Higson corona of a proper metric space X,
that is, vX = hX \ X, where hX is the Higson compactification of X (see
[16, Section 2.3] or [5]), and dimvX stands for the covering dimension of
vX (see [7] or [12]).

Dranishnikov, Keesling and Uspenskij [5, Theorem 1.1] proved that
dimrvX < asdim X for every proper metric space X, and Dranishnikov [4],
Theorem 6.2] proved that dim v X = asdim X for every proper metric space
X with asdim X < oo. Thus, there exists a counterexample to Problem
if and only if there exists a proper metric space X such that asdim X = oo
and dimv X < oo.

Assume there exists a proper metric space X satisfying asdim X = oo
and dim v X < oo, and let Y be a closed subspace of X with asdimY < oo.
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According to [0, proof of Theorem 1.4], the closure Cl;,x Y of Y in hX is the
Higson compactification hY of Y. From this and Dranishnikov’s theorem [4]
Theorem 6.2] stated above, we have

asdimY = dimvY = dim(Cl,x Y \Y) < dimvX.
This shows the following.

Facr 1.2. If X is a proper metric space satisfying asdim X = oo and
dimvX =k < oo, then every closed subspace Y of X satisfies asdimY = oo
or asdimY < k.

In order to find candidates for a counterexample to Problem we may
ask whether there exists a proper metric space X with asdim X = oo and
k € N such that every (closed) subspace Y of X satisfies asdimY = oo or
asdim Y < k. The purpose of this paper is to show the following.

THEOREM 1.3. Let | |G; be a coarse disjoint union of a sequence {G;}
of graphs with large girth. Then every Y C | |G; satisfies asdimY = oo or
asdimY < 1.

All graphs in this paper are assumed to be finite and connected. For the
relevant definitions, see Section [2} Let {G;} be a sequence of graphs with
large girth such that for some D > 3 every vertex in G;, i € N, has degree
between 3 and D. Note that such a sequence {G; } exists (see [15, Chapter 5)),
and a coarse disjoint union | |G; of {G;} is a proper metric space. Willett
[19, Theorem 1.2] proved that | |G; does not have Yu’s property A [20],
and hence asdim(| |G;) = oo due to [1I, Lemma 4,3]. Thus, | |G; can be a
candidate for a counterexample to Problem

QUESTION 1.4. Does there exist a sequence {G;} of graphs with large
girth such that for some D > 3 every vertex in G;, i € N, has degree between
3 and D, and dimv(| |G;) < oo for a coarse disjoint union | |G;?

In (topological) dimension theory, a metric space X is said to be heredi-
tarily infinite-dimensional if dim X = oo and every Y C X satisfies dim Y =
oo or dimY < 0 (see [12 Section 4.8]). Such a compact metric space was
first constructed by Walsh [I8]. In this context, we may ask the following

(see also Remark [3.3)).

QUESTION 1.5. Does there exist a metric space X with asdim X = oo
such that every Y C X satisfies asdimY = oo or asdimY < 0%

2. Notation and terminology. Let N denote the set of positive in-
tegers. By a (finite connected) graph G = (V(G), E(G)) we mean a finite
set V(G) and E(G) C {{z,y} : z,y € V(G), x # y} such that for every
z,y € V(G) with & # y there exits a finite sequence {z;}}, in V(G) such
that zo = =, x,, = y and {z;_1,2;} € E(G) for every i € {1,...,n}. Such
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a sequence {z;}7 , is called a path between x and y. Below, V(G) is also
denoted by G for simplicity, and every graph G is assumed to be a metric
space with the edge metric dg defined by

da(z,y) = min{n € N : there exists a path {z;};- between x and y}

if z #y and dg(x,z) =0 for z,y € G. For a graph G with cycles, the girth
of G, denoted by ¢(G), is the length of a shortest cycle in G. A sequence
{G;} of graphs is said to have large girth if g(G;) — oo as i — oco. For a
metric space (X, d) and U, U’ C X, set
diam U = sup{d(z,y) : z,y € U},
dU,U") = inf{d(z,2') : 2 € U, 2/ € U'}.

A metric space (| | X;,d) is said to be a coarse disjoint union of a sequence
{(Xi,d;)} of metric spaces if | | X; = (J;ey Xi» d|x,xx, = d; for every i € N,
and for every R > 0 there exists k € N such that d(X;, X;) > Rifi > j > k.
For R > 0, a family U of subsets of a metric space (X,d) is said to be
R-disjoint if d(U,U") > R for any distinct U, U’ € U.

DEFINITION 2.1. For R,S > 0, the dimension of a metric space X on
a scale R with control S (or (R, S)-dim X for short) [6] (see also [1]) is the
minimum integer n such that there exist families Uy, U1, .. .,U, of subsets
of X with the following properties:

(1) Uj—oUj covers X,

(2) U; is R-disjoint for every j € {0,1,...,n}, and

(3) diamU < S for every U € U; and j € {0,1,...,n}.
The asymptotic dimension of X (asdim X for short) [10] is the minimum in-
teger n such that for every R > 0 there exists S > 0 with (R, S)-dim X < n.
A family {X,, : @ € A} of metric spaces is said to satisfy asdim{ Xy} < n uni-
formly [2] if for every R > 0 there exists S > 0 such that (R, S)-dim X, <n
for every a € A.

For undefined terminology we refer to [13].

3. Proof of Theorem As a corollary of [2, Theorem 1], we have
the following.

LEMMA 3.1. If | | X; is a coarse disjoint union of a sequence {X;} of
metric spaces such that asdim{X;} < n uniformly, then asdim(| | X;) < n.

LEMMA 3.2. Let G be a graph and let X C G with diam X < g(G)/4.
Then (R,3R)-dim X <1 for every R > 0.

Proof. We may assume X is nonempty. Fix x¢p € X. For every z € X,
take a shortest path [zo,z] in G between z¢ and . Set T' = |, x |70, 7]
and let d be the edge metric on G. Since diam X < g(G)/4, T is a tree and
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d|px7 is the edge metric on T'. Thus, by [16, proof of Proposition 9.8], we
have (R,3R)-dim T < 1 for every R > 0, which implies the conclusion since
XCT. u

Proof of Theorem[1.3 We may assume g(G;) < g(G;41) for every i € N.
Let Y C | |G; with asdimY = n < oo. Take an increasing sequence 0 <
S; < S9 < --- of real numbers such that (k, Sg)-dimY < n for every k € N,
and take families UY, UF, ..., U¥ of subsets of Y satisfying properties (1)—(3)
in Definition [2.1] with R = k and S = Si. Choose an increasing sequence
i1 <12 < --- in N such that Sy < g(G;,)/4 and d(G;, Gy) > k if i > i’ > iy,
for every k € N.

Fix j € {0,1,...,n}. For every k € N set

. ik+1_1 .
v=Jufn |J G Y=Y
1= keN

my = |{UﬂGiZUEUJ’-€, ik§i<ik+1}|,

where | A| denotes the cardinality of the set A. Then my, € N since Ui’;ti_l G;
is finite. Let Ny = {m € N : Zf:ll m; < m < Zle m;} and let {V}, :
m e Ny} ={UNG; : U €U, i) <i <ipp1} be such that Vi, # Vi if
m # m'. Since {Vy,, : m € Ny} is a k-disjoint finite family of subsets of Y] for
every k € N, Y7 is a coarse disjoint union of the family {V},, : m € N}. On the
other hand, for every k € N and m € Nj, we have V,,, C G; for some i > iy,
and hence diamV,, < S, < ¢g(G;,)/4 < g(G;)/4. Thus, by Lemma
(R,3R)-dimV,, < 1 for every R > 0. This shows that asdim{V,,} < 1
uniformly. By Lemma we have asdim Y7 <1.

Since Y = J' G;U Uj—o Y7 and J1! G, is finite, the conclusion that
asdimY <1 follows from [2, Finite Union Theorem]|. m

REMARK 3.3. Let (| |G, d) be a coarse disjoint union of a sequence {G; }
of graphs with large girth. Then there is Y C | | G; such that asdimY = 1.
Indeed, for every i € N, take x;,y; € G; such that |g(G;)/8] < d(zi,yi) <
g(G;)/4, where || denotes the largest integer at most z. Let I; be the
set of points of the shortest path between x; and y;. Then their union Y =
Uien £i is a coarse disjoint union of {/;}, and hence asdim Y" < 1 by Lemmas
and Since diam I; — oo as i — oo, we have asdimY £ 0. Thus
asdimY = 1.

REMARK 3.4. Let I' be a countable group. Note that every countable
group has a left-invariant uniformly discrete proper metric which is unique
up to coarse equivalence (see [I3, Proposition 1.2.2 and Example 1.4.7]). If
the nth product Z™ of the group of integers can be coarsely embedded into
I for every n € N, then we have dimvI" = oo by Fact and the fact
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that asdimZ"™ = n (see [13, Examples 2.2.3 and 2.2.6]). In particular, if I’
is the countable direct sum @;°, Z (see [13, Example 2.6.1]), the wreath
product Z17Z (see [13, Proposition 2.6.3]), the first Grigorchuk group [§], [9]
(see [17, Theorem 3 and Corollary 4]), or the Thompson group F' (see [3,
Theorem 4.8]), then dimvI" = oo, and hence I" cannot be a candidate for a
counterexample to Problem [T.1]

REMARK 3.5. Let {G;} be a sequence of graphs with large girth satis-
fying the following property: There exist D > 0, A > 0 and A € (0,1/24]
such that, for every i € N, every vertex in GG; has degree between 3 and D,
diam G; < Ag(G;), and 1 < |A\g(Gi)] < [Ag(Git+1)]. Osajda [14, Theorems
2.7 and 3.2] proved that there exists a C’(\)-small cancelation labeling of
{G} over finite sets of labels, and for the finitely generated group I" defined
by the graphical presentation with respect to the labeling, each G; can be
embedded into I" with respect to the word metric given by the presentation
isometrically, and hence I" contains a coarse disjoint union of {G;}. The au-
thor does not know whether I" has metric subspaces with arbitrarily large
finite asymptotic dimension.
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