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Restricted Steinhaus sets in the plane
by

Devon Henkis, Steve Jackson and Jeff Lobe (Denton, TX)

Abstract. For each prime p we show the existence of a partial Steinhaus set in the
plane for the prime p which can be obtained from the points {(i/p,j/p): 0 < i,5 < p} by
translating by integer amounts only in the horizontal direction. We raise several questions
concerning these sets.

1. Introduction. A Steinhaus set in the plane is a set S C RZ such that
for every isometric copy 7(Z?) of the integer lattice Z? we have | SNm(Z?)| = 1.
Answering a question of Steinhaus from the 50’s, it was shown in [JM] (as-
suming the axiom of choice AC) that Steinhaus sets in the plane do indeed
exist. It was also shown that they cannot have the Baire property, and thus
AC is necessary for their construction. Many problems concerning Steinhaus
sets remain open. For example, it is still unknown if a Steinhaus set in the
plane can be measurable. As pointed out in [JM], the notion of Steinhaus
set generalizes naturally in several directions. We can replace R? by R”,
replace Z? by any set A C R™ (not necessarily a lattice, although that is an
interesting special case), or restrict the isometries 7 to special subgroups.
One can also require that S have certain additional properties, such as being
a bounded set, a measurable set, or avoid certain other sets. All of these
generalizations seem interesting and non-trivial.

We briefly mention a few of the results and questions along these lines.
An argument of D. Goldstein given in [JM] shows that for n > 4 there is no
Steinhaus set in R™ for the standard lattice Z™. For n = 3 the question is
apparently still open. Although it is unknown whether a Steinhaus set in R?
for the standard lattice can be measurable (and in fact this is open for all
lattices in R?), results of [CM], [MY], generalizing results of [K], show that
for many lattices in R? there is no measurable Steinhaus set. As pointed
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out in [MY], these arguments do not work for any lattices in R2, nor for
the standard lattice Z® in R3. It is known (Beck and Croft independently,
[B], [C]) that there cannot be a bounded and measurable Steinhaus set in
the plane for the standard lattice. In another direction, we replace the lattice
by a finite set A. Thus, we are asking, for a given finite set A C R?, if there
is a set S C R? such that |S N 7(A)| = 1 for all isometries 7 of R2. In
[GM] the term Jackson set is used to denote a finite set A C R? such that
there does not exist a corresponding Steinhaus set for A. An easy argument
shows that every set A in the plane of size 2 or 3 is a Jackson set (one-point
sets trivially are not Jackson sets as S = R? serves as the corresponding
Steinhaus set). In [GM] certain classes of 4-point sets in the plane were
shown to be Jackson sets, and in [X] it was proved that every 4-point set in
the plane is a Jackson set. Recently, the authors [HJL] have extended these
results to 5- and 7-point sets. The natural conjecture is that every finite set
A C R? with |A| > 1is a Jackson set (the corresponding conjecture for finite
sets in R™ also seems plausible).

In this paper we look in a different direction. We introduce the notion
of a partial 2D-1D Steinhaus set. Our main theorem, Theorem [2.4] will give
the existence of these for each prime p.

2. The 2D-1D Steinhaus problem. We first introduce the notion of a
partial Steinhaus set. Let p denote the standard Euclidean metric on R™ (the
n will be understood from context). By an n-dimensional lattice distance we

mean a non-zero number of the form \/a% +---+ a2, where ay,...,a, €7
(so for n > 4 all Vk for k a positive integer are lattice distances).

DEFINITION 2.1. A partial Steinhaus set in R™ is a set S C R"™ such
that for any two distinct points z1,29 € S the number p(z1, z2) is not an
n-dimensional lattice distance.

The significance of this definition lies in the fact that if S is not a partial
Steinhaus set then S cannot be extended to a Steinhaus set (for the standard
lattice Z™). Thus, being a partial Steinhaus set is necessary for extendibility
to a Steinhaus set, but it is not sufficient, as an example from [JM] shows.
We also note that in the definition of a partial Steinhaus set, if S C Q,
we can replace the statement that p(z1,22) is not a lattice distance with
the statement that p?(z1,20) ¢ Z. This is because of the well-known result
that an integer is the sum of two (or three) squares of rationals iff it is
the sum of two (or three) squares of integers (cf. [P, Theorem 4.13] for an
elementary proof due to Aubry). In the construction of the Steinhaus set
in R? of [JM], an important step was to construct a partial Steinhaus set
which meets every rational translation of Z? (and thus meets it in exactly
one point). As a first step, it was shown that for each prime p there is a
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partial Steinhaus set meeting every lattice of the form Z2 + (i/p, j /p) for all
i,j € Z (or equivalently i, j € Z,).

In this paper we consider the existence of partial Steinhaus sets where
we restrict the motions of the points to one-dimensional movements. We
refer to such partial Steinhaus sets in the plane as 2D-1D partial Steinhaus
sets. The precise definition follows.

DEFINITION 2.2. A 2D-1D partial Steinhaus set in R? is a partial Stein-
haus set S C R? such that for all translations L = Z2+ (a, b) of the standard
lattice, if LNS # 0, say LN S = {z} where z = (z,y), then 0 <y < 1.

For this paper, since we are only attempting to meet lattices which are
translations of the standard lattice, the above definition could be shortened
to say S is a partial Steinhaus set with S C {(z,y): 0 <y < 1} (a general
2D-1D partial Steinhaus set according to Definition need not be in the
strip {(z,y): 0 <y < 1}.)

Thus, for a 2D-1D partial Steinhaus S, for every lattice of the form
72 4 (a,b) where (a,b) € [0,1)?, if the lattice L = Z? + (a,b) meets S then
it meets it at a point of the form (a,b) + (¢,0) where ¢ € Z. In other words,
in forming a 2D-1D partial Steinhaus set we are only allowed to move the
points in the unit square horizontally. This is a significant restriction on
the movements, and it is not immediately clear if such sets exist (which
meet various families of lattices), even when they are known to exist for
the corresponding unrestricted version of the problem. For the case of all
rational translates of the standard lattice, we do not know the answer and
we state this as a problem:

QUESTION 2.3. Does there exist a partial 2D-1D Steinhaus set meeting
all rational translations of the standard lattice Z2?

The main result of this paper is that for each prime p there is a partial
2D-1D Steinhaus set for the prime p. More precisely:

THEOREM 2.4. For each prime p, there is a partial 2D-1D Steinhaus set
which meets every lattice of the form 72 + (i/p, j/p) for 0 <i,j < p.

We can naturally generalize the notion of a partial 2D-1D set by re-
stricting the direction of movements of the points to some fixed direction,
not necessarily horizontal. We consider this generalization in

3. A combinatorial puzzle. In this section we show that existence
of a partial 2D-1D Steinhaus set for the prime p is equivalent to a certain
combinatorial problem which we call the “puzzle.” In we will further
reformulate the puzzle and it is this “reformulated puzzle” that we actually
solve.
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To begin, consider starting points (i1/p, j1/p), (i2/p, jo/p) inside the unit
square, so 0 < i1, j1, 42, j2 < p. We move the point (i/p, j/p) by the amount
(¢(i,7),0), where £(i,7) € Z. Let

Z1 = (“7‘71> + (61;0>7 z2 = <227«]2> + (€270)7
p’'p b D

where El = g(il,jl) and EQ = e(ig,jQ).
The condition that p?(z1, 20) ¢ Z becomes

L 2 N2
i1—1 -
o (1—i) +2(Jl ) n (i1 — i2) (41 — £3) ¢7
p
. . 2 . . 2
— )2+ (j1 — o
(Zl 12) » <j1 j2) + 2(21 - 22)(61 - 52) ¢ pZ..
This automatically holds unless p = 1 (mod 4), and in that case we must
have j; — jo = £\ (i1 — i2) (mod p) where +\ are the two square roots of
—1 (mod p).
Consider the root A. Let j € Z,, and let i1,y € Z, be such that iy # ia.
Let

Ji1=j+ N1 —mp, Jo=j+ Na—map
where 71,72 are the unique integers such that ji, j2 € Zp.
Plugging this in, we get

(i1 —i2)* 4+ N2 (i1 — i2)® — 2A(i1 — i2) (1 — )P

p
+2(i1 — i2)(¢1 — £2) # 0 (mod p)
2
= (’il — ig)(l ;)\ ) — 2)\(771 — 772) + 2(51 — 52) ?—é 0 (mOd p)
0

= (il - ig)* — )\(771 — 772) + (fl - 52) %0 (mod p)

where § = (1 + A\?)/p.
For each j € Z,, and for i € Z,, let

[\

J
(i) =i = A+ (i, j) (mod p)

where

n_j—k)\i—(;-i-/\i (mod p))
p
So, the above equation becomes: for each j the function i W]i\(z) is a

permutation of {0,1,...,p—1}.

and j =7+ \i (mod p).
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Similarly, we consider the root —\. If we replace A above by —\, and use
the modified version of the n term given by

)G =i (G~ i (mod p))
p

)

and we define 5
7r3._’\(7j) = 15 — A’ +£(i,5") (mod p)
where j/ = j — \i (mod p), then also i — Tr;)‘(i) is a permutation.
Define A(i,j) = £(i,7) +i0/2. Thus, A is a p X p matrix with entries in
{0,1,...,p — 1} and with the property that

i = A(i, ) — M = 72(i) (mod p),
i A, 7)) — Ay = W;A(i) (mod p)
are permutations.

Thus, the 2D-1D partial Steinhaus set problem is equivalent to the fol-
lowing combinatorial problem (the “puzzle”):

PuzzLE. Let p be a prime (congruent to 1 mod 4), and let A € Zj, (X is
typically a square root of —1 (mod p)). Is there a p x p matrix A with
entries in Z, such that for every j € Z, the two sequences i — A(i, j) — A\n
(mod p), i — A(i,j") — A’ (mod p) are both permutations, where for i € Z,,
j = j(i) = j+ Xi (mod p) (and likewise j' = j/(i) = 7 — A\i (mod p)) and
(j+/\i)*(j+p>\i (mod p)) _(j*)\i*(j*/z\j (mod p)))?

and ' =

where n =n(i) =

We can interpret the 7,7’ terms as follows. Starting at the point (0, j)
on the left edge of the square, we move along the line with slope A (or —\).
Every time we cross the top or bottom edge of the square, we subtract A
from the future values. We require then that the sequence of 7(7) values we
get is a permutation.

REMARK 3.1. By dividing all the entries of A by A, we see that the
puzzle is equivalent to the version where we move along lines of slope £\ as
before, but now every time we cross the boundaries we subtract 1. That is,
the top and bottom edges of the square now carry a “charge” of —1.

ExXAMPLE 3.2. For p = 5 consider the matrix

00000
03320
L=1{1401 3
2 3323
3 2 0 3 2]
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This matrix gives the L(4,5) = #(i,j) values for a partial Steinhaus set for
p = 5. Using the formula A(i, j) = L(4, j)+id/2, where now § = (1 + \?)/p =
(1+422)/5 =1, we get

[0 3 1 4 2]
01 4 1 2
A=11 21 0 0
2 1 410
3 0 1 2 4]

We see that the A matrix is a solution to the puzzle (for A = 2).

4. The puzzle reformulated. Recall that for any j, the following two
functions must be permutations in order for the ¢ movements to form a
2D-1D partial Steinhaus set:

)
(i) = ig — M+ (i, j) (mod p)

J+Xi—(G+Xi (mod p))

where n = m and j = j + \i (mod p), and
)
mA) = i~ Nif + £, ) (mod p)
Where 77/ = _37’\1'7(57)\1' (mod p)) )

P

We now coordinatize the matrix of £ values by using ji, j2 values, where
J1 is the value of j for the point (7, j) and the root A, and similarly j, is the
j value for the root —\. Thus we have

j=7j1+iX (mod p), j=j2— i\ (mod p),
so that

. J2— ) . Nt
= d =
i="5y (modp), 5
Let us define the “vertical charge” matrix as follows. The vertical charge
represents the contribution from the —An term in the above formula for
W]i\(z) where we use j = j;. We define
V(1. J2) = (=M)n(i, j)
_ (opfLt A= (1 + X (mod p))
_ (—)\)jl + A(Z52 (mod p)) — (252 (mod p))
p
Likewise, we define the “horizontal charge” matrix to correspond to the
—An’ term in the above formula for Tr;A(i), where now we replace 7 by ja:

(mod p).
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H(j1,72) = (=\)n'(4, )
— (- <_j2 — i — (jg; i (mod p)))
(=) (_Jé — A2 (mod p;) — (552 (mod p>)>

Now we define the B matrix by using the values 775.‘(@'), using the (j1, j2)

representation of these points. So, we define

(41)  B(j1,j2) = 3 (i) = ig — M+ £(i, ) (mod p)

- ‘722)\‘]1 g + V (41, J2) +€<]22)\]1 (mod p), & _;72 (mod p)>
So, our first condition that the w]i\(z) values form a permutation becomes
the requirement that the columns (fixed value of j;) of the B matrix must
be permutations. The second condition that the values w;’\(i) form a per-
mutation then becomes the requirement that for each fixed value of js, the
sequence

i = w5 (i) = B(j1, j2) + (H(j1, j2) = V(i1 j2))
is a permutation. Let us define the “charge matrix” by
Q'(j1,42) = H(j1,j2) — V(j1,J2)
Lyl + 22 (mod p)
’ .

So, our second requirement becomes that for each row of the B matrix (i.e.,
fixed value of js), that row when added to the corresponding row of the
charge matrix @’ results in a permutation.

We can simplify a little by dividing through by —A\. So, let us define

(4.2) Q1. j2) = —(1+J2) + 251?2 (mod p)) .

Since dividing a permutation by —\ does change it being a permutation,
we can finally state our reformulation of the problem as follows.

REFORMULATED PROBLEM. Find a p x p matrix B(ji, jo) with the fol-
lowing properties:

(1) Each column, jo — B(j1,j2), of B is a permutation.
(2) Each j; — B(j1,72) + Q(j1,J2) is a permutation. That is, each row
of B when added to the corresponding row of ) gives a permutation.
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For example, for p = 5 the ) matrix is

0 -1 0 -1 0]
1 0 -1 0 -1
Q=10 1 0 -1 0
1 0 1 0 -1
o1 0 1 0]

The patterns noticed in the above matrix for p = 5 are in fact general:
LEMMA 4.1. The Q matrixz has the following properties:

(1) If 71+ j2 is even, then Q(j1,j2) = 0.
(2) If j1+ j2 is odd and j1 + jo < p — 1, then Q(j1,72) = 1.
(3) If j1+ j2 is odd and j1 + jo > p — 1, then Q(j1,72) = —1.

Proof. The properties are immediate from (4.2). m

5. A solution to the puzzle. We now present a solution to the re-
formulated version of the puzzle, that is, using the above charge matrix Q.
The solution we present is valid for any p = 1 (mod 4), p being here any
odd integer (not necessarily a prime).

THEOREM 5.1. Let p be a positive integer with p = 1 (mod 4). Then
there is a p X p matriz A with entries in Z, satisfying:

(1) Each column j — A(i,j) of A is a permutation.
(2) Each row with the charges added, i — A(i,7) + Q(i,7), is a permu-
tation.

Proof. We first give the definition of the A(%,j) matrix which we then
show works. Let a € Z; be such that ged(a,p) = ged(a + 1,p) = 1. To help
follow the proof, we give the A(7,j) matrix for the case p = 9 and a = 1.
The middle column, where j = (p — 1)/2, will be defined differently from
the other columns and is identified in the following table.

Wk |||~ N
Wk || N[O~
HIN|[W|R OO0 O
HIN|[W|Rs OO0 O
NN | O[N] O |~ W
O[R[N W[HR|O D
OR[N W[R|O D
DN | 0[O [N W] ot
DN | 0[O [N W] ot
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To begin, we fill in the bottom row, where ;7 = 0. We begin with the entry
to the immediate left of the middle position and put a 1 in this entry and
also in the position to the left of this one. We continue moving to the left and
write two entries at a time, each time writing the value which is 2 more than
the value in the previous group of two. Since p = 1 (mod 4), the entries to the
left of the middle position, and also to the right of the middle position, break
up into an integer number of groups of two. Note that the first two entries
A(0,0) and A(1,0) are both equal to 1+ (% - ) 2=5= 3 We then cycle
around to the rightmost entry in the bottom row and for thls entry and also
the one to the left, write the value which is 3 more that the last entry written
(instead of 2 more). Thus, we have A(p — 2,0) = A(p — 1,0) = %. This
fills in the last row except for the middle position. Still ignoring the middle
column, we fill the remaining entries by adding a to go from one row to the
row immediately above it. Thus, for j # ?5= we have A(i, j) = A(i,0) + ja.

Note that if we start from the entry to the left of the middle position in
the bottom row and, moving to the left and wrapping around, read off the
entries with the ) matrix added, we get (up to reordering the two numbers
within each grouped pair) the partial permutation 1,2,.. 21, p;r?’, p;“r’,

..,p—1,0. Note that the value to the immediate right of the mlddle position
is indeed 1 —1—2[(E — ) + 1+ (E — )] +1=p-— 1 Note also that the
value that is skipped in this partial permutation is 2 2 . We write this value
in the middle position of the bottom row, and this completes the definition
of A(i,0), and also therefore for A(i, j) except when ¢ = E and j > 0. For

1= u and j > 0 we define A(i,7) by adding a + 1 to the entry below it.

Thus we define
-1 . +1
A(pz,j> = pT +j(a+1).

We write the formula for the entries A(i,j) in general. From the algo-
rithm given we easily see that the entries for i # % are given by

B3 g if i < 2% and i is even,
A7) = ja+ P23 (i—1) ifi< 2% and i is odd,
L,J)=Ja ) e Z ..
’ 3 _(i—2) ifi> 22 and i is even,
2 2
p— p—2

23 (i—1) ifi> 5= and 7 is odd.

It is immediate that all columns j — A(4, j), except for the middle one, are
permutations since ged(a, p) = 1. Since ged(a+ 1, p) = 1, the middle column
is also a permutation. It is also clear from the above description that the
bottom row with the charges added, i — A(4,0) + Q(,0), is a permutation.
Finally, it is clear for j > 0 that, except for the middle position in the
jth row, the sum of the row and its corresponding ) values gives a partial

permutation. That is, i — A(7, )+ Q(i,7), 1 # 21, is a partial permutation.
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To finish, it is enough to show that for each j > 0 the value in the
middle position of the jth row with the charge added, namely A(%, j) +

Q( ,j) pH +jla+1)+ Q( 5 ,j) is the unique value missing in the
partial permutatlon i A, §) + Qi,5) (i # E)

Consider the jth row of the A matrix, where j # Z 1 . The positions in
this row, except for the middle column, are grouped mto pairs in a natural
way, namely we group from left to right skipping the middle column. More
precisely, for Z < = we group together the (2i,j) entry and the (2i + 1, )
entry. For L T <1 < T we group together the (2i + 1,j) entry and the
(2i + 2, 7) entry. Note that for each grouped pair, exactly one of the entries
has a non-zero value for the charge Q(i, 7). Note also that if we start to the
right (i = p— 1) and read to the left, the values we see are constant in each
grouped pair, and the values in these pairs increment (mod p) by 2 each
time we move to the left. Finally, the value in the rightmost pair is 3 more
than the value in the leftmost pair.

Consider the diagonal entry (p—1— j j) (diagonal here refers to the (i, 7)
such that i +j = p — 1). For j # &= ! this diagonal entry is the left /right
entry of its grouped pair as follows:

If j < % and j is even, then right.

Ifj < % and 7 is odd, then left.
If j > % and j is even, then left.
21

If j > %5~ and j is odd, then right.

Let k = A(p — 1 —j,7) be the A entry in this diagonal position. First
assume that the (p—1—7, j) entry is the right entry in its pair. In this case, if
we start from this position and read to the left along this row (skipping the
middle column), adding the Q(7, j) entries to the values, we get consecutive
values starting with k. After reaching the leftmost entry, we wrap around
to the rightmost entry and continue reading to the left. The A values in
the rightmost pair are 3 more than those of the leftmost pair. Also, the @
matrix will subtract 1 from one of the entries in the pairs which we get to
after wrapping around (as opposed to adding 1 to one of the entries for the
pairs before the wrap around). So, after adding the @ values, we continue to
generate consecutive values (we stop at the entry to the immediate right of
the diagonal position). Thus, skipping the middle column, we see the values
k.k—+1,...,k— 2. So, the value that is skipped in the partial permutation
i A(i, ) + Q(i,5) (i # 257) is k — 1. Similarly, if the (p — 1 — j,j) entry
is the left entry in its pair, we have a similar argument, except we now
start from the diagonal position and read to the right (skipping the middle
column), wrapping around to the left after we reach the rightmost entry.
After adding the Q(7,j) values, we see a consecutive sequence k,k — 1
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of length p — 1. Thus the value that is skipped in the partial permutation
i A, 5) + Qi g) (i # B5Y) is kb + 1.

To summarize, if the diagonal entry (p — 1 — j, j) is the right entry of its
pair, then A(p—1—7,7)— 1 is the value skipped in the partial permutation
along the jth row (skipping the middle column), and if (p — 1 — j,7) is the
left entry of its pair, then A(p — 1 — j,j) + 1 is the value skipped.

Let s(j) be the value skipped in the partial permutation for the jth row.
From the above and the formulas for A we find that (using i =p — 1 — )

PT—3_(p_2_j) 1fj<p;21andjiseven,
o 23— (p—3—j) ifj< B and jis odd,
s(j)=Jj-a+ P8 (p—2-j) ifj>Pt and ji

> j J > %= and j is even,

PT—ff_(p_l_j) ifj>p—§1andiisodd.

On the other hand,

A(pgl >+Q(p 1,]> Zp;1+j(a+1)

0 if 7 < %5~ and j is even,
1 ifj<%andjisodd,
0 if j > % and j is even,
-1 ifj> % and j is odd.
We see that s(j) = (pT,j) +Q (5= j) mod p).
Flnally, if j = % we see that A(pT,—) = % + %(a +1) =

ap2 (mod p). Also, Q(Tv Tl) = 0. But in this case if we start at the
entry to the immediate left of the diagonal entry and read left, adding the
charges, and wrap around to the right edge after the leftmost entry, we get a
partial permutation. The value to the immediate left of the central position
isA(%,p;):pgS—(p;s—l)—i—p1a—a + 1. So, s(j) = aly.
So, s(j) = A( 1, ) + Q( ) J ) again holds. This completes the proof of
Theorem (.1l »

ExamMpLE 5.2. To illustrate the algorithm just described in the proof
of Theorem we present the output for p = 5. The following computa-
tions were done on Maple. First, the solution to the puzzle according to the
algorithm gives the following A matrix:

N WO
RN WO
s o= w
s O =N w

W O ||
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From the above A matrix, we first multiply the entries by —A to undo the
scaling described at the end of Section 4] Let B = (—\)A. From we
can then solve for the array of horizontal movements, the ¢ values in (4.1)).
Doing this gives the following array of ¢ values:

(U I N I N
N[OOI N
=l N
oINn|Oo|I=|O
I N S T

We can apply the above horizontal movements to generate the partial
Steinhaus set. Figure [1] shows the resulting partial Steinhaus set.

084 ® ® ® ®
0.6 e oo °
0.4 ° °
2ee e ° °
1l e e e e
1 2 3 4

Fig. 1. A restricted Steinhaus set for p =5

6. Partial 2D-1D Steinhaus set in the (1,)\) direction. In the
definition of 2D-1D partial Steinhaus set (Definition the movements
were restricted to be in the horizontal direction. That is, each point (z,y) was
translated by an integer multiple of (1,0) to produce the point (x,y)+¢-(1,0)
in the partial Steinhaus set. One can consider the version of the problem
where we use translations in other directions.

DEFINITION 6.1. Given (u,v) € Z%?—{(0,0)}, we say S C R? is a partial
2D-1D Steinhaus set in the (u,v) direction if S is a partial Steinhaus set,
and each translation L of the standard integer lattice meets S in a point of
the form (z,y) + £(u,v) for £ € Z, where (z,y) is in the unit square [0,1)?.
We say S is a partial 2D-1D Steinhaus set in the direction (u,v) for the
prime p if we just require lattices of the form L = Z2 + (i /p, j /p) meet S as
above.

The next theorem shows that there are directions for which 2D-1D partial
Steinhaus sets do not exist.

THEOREM 6.2. Let p be prime and let X\ be a root (i.e. 1 + X2 = 0
(mod p)). Then there is no partial 2D-1D Steinhaus set for the (1,\) direc-
tion for the prime p.
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Proof. Fix a,b € Z; such that a®+b? = p?. Note that b = £\a (mod p).
First assume b = Aa (mod p). Let x; = (0,0) and x2 = (a/p,b/p). Then

(a b> F_altd
p'p

== T € Z
Let z1 = £1(1,A) and 2z = (a/p,b/p) + l2(1,\) for some ¢1,0s € Z be
the corresponding points in the partial Steinhaus set. Then p?(z1,20) € Z
according to the following:

P2 (1‘1, 132) =

a b 2
p2(21, 29) = ( + (b — ), — + (41 — 52)/\>
p p
a? + b2 a b
=+ 2= (l1 — La) + 2= 0y — L)X + (01 — €)% + (01 — £2)°N?
p p p
b
=226y — ) + 22 (6, — €)X mod Z
p p
1
= 2(61 — EQ)E((Z + CL/\Q) mod Z
= 0 mod Z.

If b = —\a then note that a = Ab (mod p), then use x5 = (b/p,a/p) and the
argument is similar. m

QUESTION 6.3. For which directions (u,v) and primes p do partial 2D-
1D Steinhaus sets in the direction (u,v) for the prime p exist?
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