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APPROXIMATE BIPROJECTIVITY AND ¢-BIFLATNESS OF
CERTAIN BANACH ALGEBRAS

BY

A. SAHAMI (Ilam and Tehran) and A. POURABBAS (Tehran)

Abstract. In the first part of the paper, we investigate the approximate biprojectivity
of some Banach algebras related to the locally compact groups. We show that a Segal
algebra S(G) is approximate biprojective if and only if G is compact. Also for every
continuous weight w, we show that L'(G,w) is approximate biprojective if and only if G
is compact, provided that w(g) > 1 for every g € G.

In the second part, we study ¢-biflatness of some Banach algebras, where ¢ is a
character. We show that if S(G) is ¢o-biflat, then G is an amenable group, where ¢o is
the augmentation character on S(G). Finally, we show that the ¢-biflatness of L'(G)**
implies the amenability of G.

1. Introduction and preliminaries. B. E. Johnson [J] defined the
class of amenable Banach algebras and showed that L!'(G) is an amenable
Banach algebra if and only if GG is an amenable group. At about the same
time A. Ya. Helemskii studied the class of biflat and biprojective Banach
algebras. Like amenability, he showed that L!(G) is biprojective (biflat) if
and only if G is a compact (amenable) group, respectively (see [H, Theorem
IV.5.13)).

The present authors [SP1] have studied some generalization of Helem-
skii’s theory. The concepts of ¢-biflatness, ¢-biprojectivity, ¢-Johnson amen-
ability were introduced and studied. It was shown that L!(G) is ¢-biflat
if and only if G is an amenable group, and the Fourier algebra A(G) is
¢-biprojective if and only if G is a discrete group.

Other generalized notions of Helemskii’s theory are approximate bipro-
jectivity and approximate biflatness. These generalizations have been intro-
duced by Zhang [|Z] and Samei et al. [SSS|, respectively. Samei et al. [SSS]
studied the approximate biflatness of Segal algebras and Fourier algebras,
and showed that a Segal algebra S(G) is pseudo contractible if and only if G
is compact. Note that the pseudo contractibility of Banach algebras implies
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their approximate biprojectivity |[GZl, Proposition 3.8] (for more details see
IGZ).

In this paper we show that a Segal algebra S(G) is approximately bipro-
jective if and only if G is compact, which is an extension of [SSS| Theorem
3.5] or [CGZl, Theorem 5.3].

Next, we show that the weighted group algebra L'(G,w) is approxi-
mately biprojective if and only if G is compact, for every continuous weight
w on G with w(g) > 1 for every g € G. This is an extension of [H, Theorem
IV.5.13]. Finally, we show that if a Segal algebra S(G) is ¢g-biflat, then G is
amenable, where ¢y is the augmentation character on L*(G), and if L'(G)**
is <Z~>—biﬂat, then G is amenable, where qg is an extension of a character ¢ on
LY(G).

We recall some standard notation and definitions. Let A be a Banach
algebra. If X is a Banach A-bimodule, then X* is also a Banach A-bimodule
via the following actions:

(@-f)(x)=flz-a), (f-a)(@)=fla-z) (@acAzeX, feX)

Throughout, A(A) denotes the character space of A, that is, the set of all
non-zero multiplicative linear functionals on A. Let ¢ € A(A). Then ¢ has
a unique extension ¢ € A(A**) defined by ¢(F) = F(¢) for every F € A*.

Let A and B be Banach algebras. The ¢!-direct sum A @; B is a Banach
algebra with the usual product and with the norm ||(a,b)|| = ||a|| + ||b]|. Tt
is easy to see that

A(A @1 B) = (A(A) x {0}) U ({0} x A(B)).

Let A and B be Banach algebras. The projective tensor product A ®, B
is a Banach A-bimodule via the following actions:

a-(b®c)=ab®c, (bRc)-a=b®ca (a,b,ce A).

We recall that A(A®, B) = {¢ @Y | ¢ € A(A), ¢y € A(B)}, where
¢ @ Y(a®b) = ¢(a)(b) for all @ € A and b € B. The product morphism
A A®y, A — Ais specified by m4(a ® b) = ab for a,b € A.

Let G be a locally compact group. The Fourier algebra on G is denoted
by A(G). It is well-known that the character space A(A(G)) consists of
all point evaluation maps ¢; : A(G) — C such that ¢;(f) = f(t) for each
f € A(Q) (see [E]).

We also recall some concepts of Banach homology. A Banach algebra
A is called biprojective if there exists a bounded A-bimodule morphism
p:A— A®,A such that p is a right inverse for 74 [H]. Moreover, A is
approximately biprojective if there exists a net of bounded A-bimodule mor-
phisms po : A = A ®, A such that 74 o po(a) — a for each a € A (see [Z]).
A Banach algebra A is called ¢-biflat, for ¢ € A(A), if there exists a bounded
A-bimodule morphism p : A — (A ®, A)** such that ¢ o 7% o p(a) = ¢(a)
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for every a € A [SP1]. Also, A is called left ¢p-amenable [left ¢-contractible]
if there exists m € A** [m € A] such that am = ¢(a)m and ¢(m) = 1
[¢(m) = 1] for every a € A. For more details on left ¢-amenability and left
¢-contractibility see [KLP|] and [NS], respectively.

The following theorems come from [SP2|. They characterize the approx-
imate biprojectivity of some semigroup algebras. We apply these theorems
in order to characterize the approximate biprojectivity of algebras related
to locally compact groups.

THEOREM 1.1 ([SP2]). Let A be an approzimately biprojective Banach
algebra with a left approximate identity [right approzimate identity] and let

¢ € A(A). Then A is left ¢-contractible [right ¢-contractible].

THEOREM 1.2 ([SP2]). Let A be a Banach algebra with a left approxi-
mate identity and let A(A) be a non-empty set. Then the triangular Banach
algebra T = (’3 ﬁ) 18 not approximately biprojective.

2. Approximate biprojectivity. We recall that, for a locally compact
group G, a linear subspace S(G) of L'(G) is said to be a Segal algebra on
G if it satisfies the following conditions:

(i) S(G) is dense in L}(G),
(ii) S(G) with anorm [|-||g(q) is a Banach space and || f[| 1) < || flls(e)
for every f € S(G),
(iii) for every f € S(G) and y € G we have L, f € S(G) and the map
y — Ly f of G into S(G) is continuous, where L, f(z) = f(y~'z),
(iv) [[Lyflls@) = [Iflls) for every f € S(G) and y € G.

It is well-known that S(G) has a left approximate identity. Also, every Se-
gal algebra is an abstract Segal algebra with respect to L'(G). For more
information on Segal algebras see [Rel.

Note that A(S(G)) ={¢|;, | ¢ € A(LY(Q))} and ¢p (the augmentation
character on L'(G)) induces a character on S(G) still denoted by ¢¢ [ANN,
Lemma 2.2].

Samei et al. [SSS, Theorem 3.5] and Choi et al. [CGZ, Theorem 5.3]
showed that S(G) is pseudo contractible if and only if G is compact. As
pseudo contractibility is a weaker condition than approximate biprojectivity,
in the following theorem we extend this result.

THEOREM 2.1. Let G be a locally compact group. Then S(G) is approz-
imately biprojective if and only if G is compact.

Proof. Let S(G) be approximately biprojective. Since S(G) has a left
approximate identity, Theorem shows that S(G) is left ¢p-contractible,
hence by [NS, Theorem 2.1] there exists m € S(G) such that am = ¢g(a)m
and ¢g(m) = 1 for every a € S(G). Since S(G) is dense in L'(G), it is easy
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to see that am = ¢o(a)m and ¢o(m) = 1 for every a € L'(G). Using the
same argument as in the proof of [H, Theorem IV.5.13], we find that m is a
constant function, which shows that G is compact.

The converse is clear by [SSS, Theorem 3.5] or [CGZ, Theorem 5.3]. m

The class of non-approximately biprojective Banach algebras is wide
enough among the algebras related to locally compact groups. Here we give
another class of non-approximately biprojective Banach algebras.

PROPOSITION 2.2. The triangular Banach algebra
ro (5@ 5©)
0 S(G)
is not approzimately biprojective for any Segal algebra S(G).

Proof. Since S(G) has a left approximate identity, T' has a left approxi-
mate identity. As A(S(G)) # 0, the use of Theorem [1.2] finishes the proof. m

THEOREM 2.3. Let G be a SIN group. If S(G) ®, S(G) is approzimately
biprojective, then G is compact.

Proof. The main result of [KR] asserts that if G is a SIN group, then
S(G) has a central approximate identity, say (eq)acr. Since S(G) ®, S(G)
is approximately biprojective, there exists a net

pp : S(G) @y S(G) = (S(G) @, 5(G)) ®p (S(G) &@p S(G)),  BEO,

of continuous S(G) ®, S(G)-bimodule morphisms with 7g@)q,s(q) © P5(7)
— x for every z € S(G) ®, S(G). Set ny = eq ® €4. It is easy to see that for
every € S(G)®,S5(G) we have xn, = ner and pR¢(ng) = dR@(ea®eq) =
d(ea)P(eq) — 1, where ¢ € A(S(G)).

B _ B

Define mg = pp(nq). Then it is easy to see that x - my = mq - x. Also,
(21)  limlimé ® ¢ o 7s(G)s,s(6) (mp) —1
=limlim ¢ 6 0 m5(6)s,5(6) © ps(ne) —1
=lim ¢ ® ¢(na) — 1 = lim P(ea)* —1=0.

Set E = I x O, where O is the set of all functions from I into ©. Consider
the product ordering on F, defined as follows:

(O[,,B) SE (0/7/8/) = o SI 0/7 ﬂ SQI B/ (Oé,O/ S I7 ﬂaﬁl S 81)7
here 8 <gr ' means that 8(d) <g ['(d) for each d € I. Suppose that
7 = (@, fa) € E and my = pg,(na) € (S(G) ®p S(G)) @, (S(G) @p S(G)).
Now using the iterated limit theorem [Kl p. 69] in (2.1]) we obtain

¢ ® ¢ oms@e,sc) (My) = 1,
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and similarly x - m, = m, -z for every z € S(G) ®, S(G). By the same
argument as in the proof of [SP1, Proposition 2.2] one can show that S(G)®,
S(G) is left ¢ ® ¢-contractible. Hence [NS, Theorem 3.14] shows that S(G)
is left ¢-contractible, and [ANNL Theorem 3.3] implies that G is compact. m

Let G be a locally compact group. A weight on G is a function w : G —
R* such that
w(e) =1 and w(zy) < w(@)w(y),
where e € G is the identity and =,y € G. We form the Banach space
LYG,w)={f:G—C| fwe LYG)}.

Then L'(G,w), with convolution product, is a Banach algebra, called a
Beurling algebra. See [DL] for further information on Beurling algebras.

Helemskii [H, Theorem IV.5.13] showed that the group algebra L'(G) is
biprojective if and only if G is compact. In the following theorem we extend
this result.

THEOREM 2.4. Let G be a locally compact group and let w be a contin-
uous weight on G. Then LY(G,w) is approxvimately biprojective if and only
if G is compact, provided that w(g) > 1 for every g € G.

Proof. Suppose L'(G,w) is approximately biprojective. Then by Theo-
rem LY(G,w) is left ¢-contractible for every ¢ € A(LY(G,w)), in par-
ticular for the augmentation character ¢g specified by

¢o(f) =\ f(z) da.
G
By |NS| Theorem 2.1] there exists m € L!(G,w) such that a x m = ¢g(a)m
and ¢o(m) = 1 for every a € L'(G,w). Pick f € L*(G,w) such that ¢o(f)
= 1. We have

Ggxm = do(f)dgxm = Sgx(f+m) = (6gx f)xm = go(0g% f)m = ¢o(f)m = m,
which shows that m is a constant function in L'(G,w), so we can assume
that 1 € L'(G,w). Since w(g) > 1 for every g € G, we have

G| = | 1dg < | w(g)dg < 0.
G G
Now apply [HS, Theorem 15.9] to deduce that G is compact.

For the converse, using the same arguments as in [H, Theorem IV.5.13],
it is easy to see that L'(G,w) is biprojective, so L'(G,w) is approximately
biprojective. »

PROPOSITION 2.5. Let G be a locally compact group and let A be a unital
Banach algebra with A(A) # 0. If A®, L' (G) is approzimately biprojective,
then G is compact and A is approzimately biprojective. The converse holds
if A is biprojective.
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Proof. Suppose that B = A ®, L'(G) is approximately biprojective. It
is easy to see that (e4 ® ey ) is an approximate identity for B, where e4 is
an identity for A, and (es) is a bounded approximate identity for L'(G).
Let ¢ € A(A) and ¢ € A(LY(G)). Then Theorem implies that B is
left 1) ® ¢-contractible. By [NS, Theorem 3.14], L'(G) is left ¢-contractible,
which implies that G is compact (see [NS, Theorem 6.1]).

Let p : G — C be a group character corresponding to ¢ (see [HS|
Theorem 23.7]). It is easy to see that p € L*°(G). Since G is compact,
L®(G) € LY(G). Thus p € L'(G). Also, since px f = f*p = ¢(f)p for
every f € L'Y(G), one can easily see that p is idempotent in L'(G). Now
by a similar argument to that in [Ral Proposition 2.6], one finds that A is
approximately biprojective.

Conversely, it is well-known that L'(G) is biprojective if and only if G
is compact. Now apply [Ral, Proposition 2.4] to complete the proof. =

We recall that a Banach algebra A is left character contractible if A is
left ¢-contractible for every ¢ € A(A) U {0}; for more information on this
notion, see [NS|.

PROPOSITION 2.6. Let G be a locally compact group. Then the following
are equivalent:

(i) LYG) ®, M(G) is biprojective;

(ii) LYG) ®, M(G) is approzimately biprojective;

(iii) G is finite.

Proof. (i)=-(ii) is clear.

(ii)=-(iii). Suppose that L!'(G) @, M(G) is approximately biprojective.
Since M (G) is unital, Proposition shows that M(G) is approximately
biprojective. So by Theorem M(QG) is left ¢-contractible for every ¢ in
A(M(G)). Also M(G) is left O-contractible. Hence M (G) is left character
contractible. Therefore by [NS| Corollary 6.2], G is finite.

(iii)=(i) is clear. m

PROPOSITION 2.7. Let G be an amenable locally compact group. If
LYG) ®, A(QG) is approzimately biprojective, then G is finite.

Proof. Tt is well-known that L!(G) has a bounded approximate identity,
and by Leptin’s theorem, A(G) has a bounded approximate identity (see
[Rul, Theorem 7.1.3]). Therefore L!'(G) ®,.A(G) has a bounded approximate
identity. Suppose that L'(G)®,.A(G) is approximately biprojective. Then by
Theorem LYG)®,A(G) is left ¢p@1p-contractible for every ¢ € A(LY(G))
and ¢ € A(A(G)). Now by [NS| Theorem 3.14], L'(G) is left ¢-contractible
and A(G) is left ¢-contractible. By [NS| Proposition 6.6], G is discrete and
by [NSL Proposition 6.1], G is compact, therefore G must be finite. =
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PROPOSITION 2.8. Let G be a locally compact group. If L'(G) &1 A(G)
is approximately biprojective, then G is finite.

Proof. Let A = LY(G) @1 A(G) be approximately biprojective. Then
there exists a net (pqy)q 0of A-bimodule morphisms from A into A ®, A such
that m4 o pa(a) — a for every a € A. Let ¢ € A(A(G)). Pick xp € A(G)
such that ¢(zg) = 1. Set mq = pa(z9) € A ®, A. Since the elements of
A(G) commute with the elements of A, we see that a - mgq = mq - a and
¢ o ma(my) — 1. By replacing m, with my/¢ o ma(mes) we can assume
that ¢ o m4(my) = 1. Then by the same argument as in the proof of [SP1]
Proposition 2.2] one can show that A is left ¢-contractible, and so its closed
ideal A(G) is left ¢-contractible [NS| Proposition 3.8]. Thus [NS| Proposition
6.6] shows that G is discrete. This shows that L!(G) becomes the unital
algebra ¢!(G) with unit element e. Now working with e € ¢1(G) instead of
xo in the above argument we get ny, = po(e) € A®, A with a - nq =n4-a
and ¥ o T4(na) = 1 for every a € A, where ¢ € A(}(G)). Hence ¢*(G) is
left ¢)-contractible. Therefore by [NS, Theorem 6.1], G is finite. m

3. ¢-biflatness. In [SP1], the authors studied ¢-biflatness of group al-
gebras. In this section we continue the study of ¢-biflatness of Segal algebras
and the second duals of group algebras. We start with a characterization of
amenability of a locally compact group.

REMARK 3.1 ([Rul Exercise 1.1.6]). In order to show that a locally com-
pact group G is amenable, we only need to find a net (gq)o in P(G) =
{feLYG) | f>0,|fll1 =1} such that ||649a — gall1 — 0 for all g € G.

We recall that ¢g is the augmentation character on L'(G); it induces a
character on S(G), still denoted by ¢o.

THEOREM 3.2. Suppose that S(G) is a Segal algebra with an approximate
identity. Let S(G) be ¢g-biflat. Then G is amenable.

Proof. To show that G is amenable, we construct a net in L'(G) that
satisfies the conditions of Remark We do this in two steps.

STEP 1. In this step we show that there exists a net (b)) in S(G)®,S(G)
such that a - by — by -a — 0 and ¢g o mg(q)(bx) — 1 for every a € S(G).

Since S(G) is ¢p-biflat, there exists a bounded S(G)-bimodule morphism
p: S(G) = (S(G) ®, S(G))** such that ¢g o TS(q) © pla) = ¢o(a). Take
ma = pleq) in (S(G) ®, S(G))*, where (eq)acr is an approximate identity
for S(G). So we have

(3.1) a-mg—me-a=a-pley) — pleq) a=plaeq, —eqa) — 0
and

(3'2) ¢§0 o 77'?66’) (ma) = Q;O © 772‘)‘(((;) o p(ea) = ¢O(ea) — 1
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Take € > 0 and finite sets /' C S(G) and 4 C (S(G) ®, S(G))*. By (3.1)
there exists v(e, F, A) € I such that

||a : p(ev(e,F,A)) - p(ev(e,F,A)) : (ZH < E/Ko,
where Ko = max{||f|| | f € A}. But for every v(e, F, A) € I, by Goldestine’s
theorem, there exists a net (b)) in S(G)®,S(G) such that by v, p(€y(e,F,n))-
By w*-continuity of g, we have 75 (byx) v, TS(q) © p(€y(e,F 1)), Which
implies that
(3.3) 0 0 () (ba) = b0 © Ty © PleufeFn));
and for every f € A and a € F we have

(34) f : a(b)\) - p(ev(e,F,A))(f : a’)a a- f(b)\) — p(ev(e,F,A))(a : f)

Using (3.2) one can show that the right hand side of (3.3) tends to 1.
Now for every f € A and a € F using (3.1)) and (3.4) we obtain

(3.5) |fla-bx=bx-a) < |fla-by) —a- pleyera)(f)
+a - pleye,r,n)(f) — pleye,ray) - alf)
+ plev(e,F,a)) - al(f) — f(bx - a)l
< [f-a(bx) — pley(e,ra)(f - a)
+ la - pleye,r,)) () = pl€v(e,Fa)) - alf)]
+ [p(eve,pay)(a- f) —a- f(br)| — 0.

Consider the directed set A = {y = (¢, F, A)}, where € > 0, and F and A
are finite subsets of S(G) and S(G) ®, S(G))*, respectively. The order in A
is defined via

y=(e,F,A) <y =, F,A) & e>d FCF,ACA.

Now let @ € S(G) and f € (S(G) ®, S(G))*. Then there exists a v =
v(e, F,A) € A, where a € F and f € A are such that by (8.5), |f(a - by —
by - a)| < €, which shows that a - by — by - a — 0 in the weak topology. Using
Mazur’s lemma, one can assume that a-b,—b,-a — 0 in (S(G)®,S(G), ||-||),
and also we have shown that ¢ o mg(q)(by) — 1, as desired.

STEP 2. In this step we show that G is amenable. We start with a
bounded linear map 7' : S(G) ®, S(G) — S(G) defined by T'(a®b) = ¢o(b)a
for a,b € S(G). Clearly

al(z) =T(a-x), T(v-a)=¢o(a)T(z), ¢ooT(x)= oo mgc)(r),
where a € S(G) and z € S(G) ®, S(G).
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Set ny = T'(by), where (by) is a net coming from Step 1. Then for every
a € S(G) we have

(3.6) lany — ¢o(a)nylls = [[aT(ba) — ¢o(a)T(by)||s
=||T(a-byx—bxr-a)|ls — 0,

and po(na) = do o T'(bx) = ¢o © Ts()(br) — 1.

Fix ag € S(G) such that ¢g(ag) = 1. Since {ag(g~'z)dx = {ao(z) dz, we
have ¢o(dga0) = ¢o(ap) = 1. Now set f\ = agny. It follows from (3.6 that

(3.7)  MIogfx — falls < ll6gaonx — nalls + [[nn — aonalls
< 16gaonr — ¢o(dga0)nrlls + ll¢o(ao)ny — aonalls
— 0.

Since S(G) is a Segal algebra, we have || - |1 < || - ||s, so (3.7) holds for
L'-norm instead of S-norm. Note also that ¢o(fy) — 1, so since |¢o(fr)| <
| fxllz1 we may assume that || fx||,1 > 1/2. Define gx = |fal/|lfallL1, which
is bounded. Also, we have
18995 — gallr < 2(|8g1Fal = Al 1 < 2089Fx = Fallzr — O

Since ||gallz1 = 1, Remark implies that G is amenable. w

Let A be a Banach algebra and ¢ € A(A). Then A is called ¢-inner
amenable if there exists a bounded net (e, ) in A such that ae, — eqa — 0

and ¢(eq) — 1 for every a € A (see [JMZ]). Note that every Banach algebra
with a bounded approximate identity is ¢-inner amenable.

THEOREM 3.3. Let A be a ¢-inner amenable Banach algebra, where
¢ € A(A). If A* is ¢p-biflat, then A is left ¢p-amenable.

Proof. Suppose A** is ¢-biflat. Then there exists a bounded A**-bimodule
morphism p : A** — (A ®, A*)** such that for every a € A**,

6o 0 pla) = Bla),

where qg is an extension of gzNS on A*™** as mentioned in the introduction.
Suppose that A is ¢-inner amenable. Thus A has a bounded net, say (e,),
such that ae, — eqa — 0 and ¢(e,) — 1 for every a € A. Now we define
mq = p(eq) for all a. Since p is a bounded map, (mq)q is bounded. Let M
be a w*-cluster point of (mg) in (A™ ®, A**)**. Then for every a € A we

havea-maw—*>a~Mand ma-aw—*>M-a, therefore
a Mg —ma-asa-M—M-a (a € A).
On the other hand,
[
a-Mmy—mg-a=a-pley) — pleq) - a=plaeq —eqa) — 0,

soa-M = M -a for every a € A.
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Also w*-continuity of 7%:. implies that 7%:. (mga) — 7. (M), hence

§ 0 THes (a) = (T5e (M) (§) = (w50 (M))(B) = § 0 m5e- (M),
On the other hand,

&0 T (M) = 0 T3 0 plea) = Blea) > 1,
hence
qﬁ oy (M) = 1.
Now take ¢ > 0 and a finite set F' = {a1,...,a,} C A, and set

V={(a1-n—n-ai,...,ar-n—n-a,, ¢goms=(n)—1)}

,
C H(A** ®p A**) @ C,
i=1
where n € A™ @, A** is such that ||n|| < K and K > 0 is a bound for the
bounded net (mgq)q. Then V is a convex set and so the weak and the norm
closures of V' coincide. But by Goldestine’s theorem there exists a bounded

net (ny) € A* ®, A** such that n, w, M, and so for every a € F we have
a-Ng —Ng - — 0 and |¢ o (ng) — 1| — 0. This shows that (0,...,0) is
a || - [|-cluster point of V. Thus there exists ng) € A*™ @, A*™* such that
(3.8) lai - n(pe) — n(re - aill <, |p o Ta(Npe)) — 1| <€
for every i € {1,...,r}. Now we consider the set
A ={(F,e) | F is a finite subset of A, € > 0},
with the following order:
(Fie) < (F'é) & FCF ex>¢.
So implies that there exists a bounded net (n(r¢))(Feea in A™ ®, A*
such that
a-Npe) = Nre) - @ — 0, <z~>o7rA**(n(F7E))—>l

for every a € A. By [GLW), Lemma 1.7] there exists a bounded linear map
P A @y A — (A®, A)** such that for a,b € A and m € A™ @, A**,
the following hold:

(i) ¥(@®b) =a®b,
(ii)) ¥(m)-a=v(m-a), a-(m) =1v(a-m),
(iii) w3 ((m)) = ma==(m).

Define &) = ¥(n(p,)), which is a net in (A ®, A)* that by the previous
properties of 1) satisfies

a &ro—Erg a—0, domi(Ere) — L.
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Now much as we obtained a net from (m,) at the beginning of the proof,
one can obtain a bounded net (y(g,))(r,)ea related to §p ) in A®;, A such
that

a-Yre —VFe a—0, domalypre) — 1.

Now define T': A®, A — Aby T(a®b) = ¢(b)a for a and b in A. It is easy
to see that 7' is a bounded linear map with

T(a-m)=aT(m), T(m-a)=¢(a)T(m) (meA®,A).
Define v(g o) = T(Y(F,))- It is easy to see that v(g,) is a bounded net and

V(e — @)V =0, doT(Vpe) =domalyre) —1 (a€A).
Therefore by [KLPl, Theorem 1.4], A is left ¢-amenable. =

COROLLARY 3.4. Let G be a locally compact group. If LY (G)** is ¢-biflat,
then G is amenable.

Proof. Since L'(G) has a bounded approximate identity, it is ¢-inner
amenable. Thus by Theorem it is left ¢-amenable. Now by [ANN] Corol-
lary 3.4], G is amenable. m

COROLLARY 3.5. Let G be a locally compact group and ¢, € A(L*(Q)).
If (MY(G) ®, LY(G))** is ¢ ® 1-biflat, then G is amenable.

Proof. We note that M (G)®, L' (G) has a bounded approximate identity,
and so it is ¢-inner amenable. Now by Theorem M(G) ®, LY(G) is left
¢ ® -amenable, where ¢,% € A(L'(Q)). Thus by [KLP, Theorem 3.3],
LY(G) is left ¢-amenable, hence G is amenable. =
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