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A normal generating set for the Torelli group of a
non-orientable closed surface

by

Susumu Hirose (Chiba) and Ryoma Kobayashi (Ishikawa)

Abstract. For a closed surface S, its Torelli group I(S) is the subgroup of the map-
ping class group of S consisting of elements acting trivially on H1(S;Z). When S is
orientable, a generating set for I(S) is known (see Powell (1978)). We give a normal
generating set of I(Ng) for g ≥ 4, where Ng is a genus-g non-orientable closed surface.

1. Introduction. For a closed connected non-orientable surface S, the
mapping class group M(S) of S is defined to be the group of isotopy classes
of all diffeomorphisms of S. For a closed connected orientable surface S,
the mapping class group M(S) of S is defined to be the group of isotopy
classes of all orientation-preserving diffeomorphisms of S. In this paper, for
x, y ∈ M(S) the composition yx means that we first apply x and then y.
The Torelli group I(S) of S is the subgroup ofM(S) consisting of elements
acting trivially on H1(S;Z). Let Σg be a genus-g orientable closed surface.
Powell [13] showed that I(Σg) is generated by mapping classes of two types.
In [14], Putman proved Powell’s result more conceptually. In addition, John-
son [7] showed that I(Σg) is finitely generated for g ≥ 3. In this paper, we
consider the case where S is a non-orientable closed surface.

Let Ng denote a genus-g non-orientable closed surface, that is, Ng is a
connected sum of g real projective planes. According to another classifica-
tion, Ng is a connected sum of a genus-h orientable closed surface with g−2h
real projective planes for 0 ≤ h < g/2. In this paper, we regard Ng as a sur-
face which is obtained by attaching g− 2h Möbius bands to a genus-h com-
pact orientable surface with g − 2h boundary components for 0 ≤ h < g/2
(see Figure 1). For R = Z and Z/2Z, let · : H1(Ng;R)×H1(Ng;R)→ Z/2Z
be the mod 2 intersection form, and let Aut(H1(Ng;R), ·) be the group
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of automorphisms of H1(Ng;R) preserving the mod 2 intersection form.
McCarthy–Pinkall [11] and Gadgil–Pancholi [5] proved that the natural ho-
momorphism ρ :M(Ng)→ Aut(H1(Ng;Z), ·) is surjective.

attach attach

h g-2hg

Fig. 1. A genus-g non-orientable closed surface Ng

Lickorish [9] showed thatM(Ng) is generated by Dehn twists and cross-
cap slides. In addition, Lickorish [10] showed that the subgroup of M(Ng)
generated by Dehn twists is an index 2 subgroup of M(Ng). Hence M(Ng)
is not generated by Dehn twists. On the other hand, since a crosscap slide
acts on H1(Ng;Z/2Z) trivially, M(Ng) is not generated by crosscap slides.
Chillingworth [2] found a finite generating set forM(Ng). Presentations for
M(N1) and M(N2) are known classically. A finite presentation for M(N3)
was obtained by Birman–Chillingworth [1]. A finite presentation forM(N4)
was obtained by Szepietowski [16]. Finally, a finite presentation for M(Ng)
was obtained by Paris–Szepietowski [12] and Stukow [15] for g ≥ 4.

(a) A-circles (b) M -circles

Fig. 2

For a simple closed curve c on Ng, c is called an A-circle (resp. an M -
circle) if its regular neighborhood is an annulus (resp. a Möbius band) (see
Figure 2). Let a and m be an A-circle and an M -circle on Ng respectively.
Suppose that a and m intersect transversely at only one point. We define a
crosscap slide Ym,a as follows. Let K be a regular neighborhood of a∪m in
Ng, and let M be a regular neighborhood of m in the interior of K. Note

M
K

attach

m a

K

Ym,a

Fig. 3. A crosscap slide Ym,a
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that K is homeomorphic to the Klein bottle with a boundary. Ym,a is a
diffeomorphism of Ng which pushes M once along a and back onto itself,
keeping the boundary of K fixed (see Figure 3). For an A-circle c on Ng, we
denote by tc a Dehn twist about c, and the direction of the twist is indicated
by a small arrow beside c as in Figure 4.

tc

c

Fig. 4. A Dehn twist tc about c

Let c be an A-circle on Ng such that Ng \ c is not connected. We call tc a
bounding simple closed curve map, for short a BSCC map (see Figure 5(a)).
Let c1 and c2 be A-circles on Ng such that Ng \ci is connected, Ng \ (c1∪c2)
is disconnected and one of its connected components is orientable, which
ensures that c1 and c2 are homologous. We call tc1t

−1
c2 a bounding pair map,

for short a BP map (see Figure 5(b)). In Section 2, we will see that BSCC
maps and BP maps are in I(Ng).

c

(a) A BSCC map tc

c1

c2
c1

c2

(b) A BP map tc1t
−1
c2

Fig. 5

For h, b ≥ 1, let N b
h be a non-orientable surface of genus h with b bound-

ary components, and let Σb
h be an orientable surface of genus h with b

boundary components. Our main result is the following.

Theorem 1.1. For g ≥ 5, I(Ng) is generated by the following elements:

• BSCC maps tc such that one of the connected components of Ng \ c is
homeomorphic to N1

2 , and the other is non-orientable.
• BP maps tc1t

−1
c2 such that one of the connected components of Ng \

(c1 ∪ c2) is homeomorphic to Σ2
1 , and the other is non-orientable.

I(N4) is generated by the following elements:

• BSCC maps tc such that one of the connected components of N4 \ c is
homeomorphic to N1

2 , and the other is non-orientable.
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• BSCC maps tc such that one of the connected components of N4 \ c is
homeomorphic to N1

2 , and the other is orientable.
• BP maps tc1t

−1
c2 such that one of the connected components ofN4\(c1∪c2)

is homeomorphic to Σ2
1 , and the other is an annulus as shown in

Figure 6.

c1

c2

Annulus

N4

Fig. 6

In this theorem, the generating sets are infinite. We do not know whether
or not I(Ng) can be finitely generated, and generated by only BSCC maps
or BP maps.

Here is an outline of the proof of Theorem 1.1. Let Γ2(Ng) be the sub-
group ofM(Ng) consisting of the elements acting trivially on H1(Ng;Z/2Z).
We call Γ2(Ng) the level 2 mapping class group of Ng. Note that I(Ng) ⊂
Γ2(Ng). Let Φg : Aut(H1(Ng;Z), ·) → Aut(H1(Ng;Z/2Z), ·) be the natural
epimorphism. Consider the natural homomorphism ρ′ : Γ2(Ng) → kerΦg.
Then I(Ng) = ker ρ′. Let Γ2(n) = ker(GL(n;Z) → GL(n;Z/2Z)). We call
Γ2(n) the level 2 principal congruence subgroup of GL(n;Z). McCarthy–
Pinkall [11] showed that kerΦg is isomorphic to Γ2(g − 1). On the other
hand, Szepietowski [18] gave a finite generating set for Γ2(Ng), and then the
first author and Sato [6] gave a minimal generating set for Γ2(Ng). Fullarton
[4] and the second author [8] gave a finite presentation for Γ2(n) indepen-
dently. A presentation for Γ2(n) was also known to Margalit and Putman.
Thus, we have a normal generating set for I(Ng) in Γ2(Ng).

Here is an outline of this paper. In Section 2, we give the basics on the
Torelli group of a non-orientable surface. In Section 3, we describe a finite
generating set for Γ2(Ng), a finite presentation for Γ2(n) and an isomorphism
from kerΦg to Γ2(g−1). In Section 4, we obtain a normal generating set for
I(Ng). In Section 5, we show that each normal generator of I(Ng) obtained
in Section 4 is a product of BSCC maps and BP maps.

2. Basics on the Torelli group of a non-orientable surface. There
are BSCC maps of two types. A BSCC map tc is called a BSCC map of type
(1, h) if each connected component of Ng \ c is non-orientable and one of
these components is homeomorphic to N1

h for 1 ≤ h ≤ g/2 (see Figure 5(a)).
A BSCC map tc is called a BSCC map of type (2, h) if one component ofNg\c
is homeomorphic to Σ1

h for 1 ≤ h < g/2, and the other is non-orientable (see
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Figure 7). Note that a BSCC map tc is trivial if c bounds a Möbius band
(see [3, Theorem 3.4]).

There are BP maps of two types. A BP map tc1t
−1
c2 is called a BP map

of type (1, h) if one component of Ng \ (c1 ∪ c2) is homeomorphic to Σ2
h for

1 ≤ h < g/2−1, and the other is non-orientable (see Figure 5(b)). A BP map
tc1t
−1
c2 is called a BP map of type (2, h) if each component of Ng \ (c1∪ c2) is

orientable and one component of Ng \ (c1 ∪ c2) is homeomorphic to Σ2
h for

1 ≤ h ≤ g/2− 1 (see Figure 7). Note that a BP map of type (2, h) appears
only if g is even.

c1

c2c

Fig. 7. A BSCC map tc of type (2, 2) and a BP map tc1t
−1
c2 of type (2, 1)

First, we show the following.

Remark 2.1. All BSCC maps and BP maps are in I(Ng).

c

h

(a) A BSCC map tc of type (1, h)

2h+1

d

(b) A BSCC map td of type (2, h)

2h+2

c1

c2

(c) A BP map tc1t
−1
c2 of type (1, h)

2h+1

d1

d2

(d) A BP map td1t
−1
d2

of type (2, h)

Fig. 8

Proof. Let c, d, c1, c2, d1 and d2 be simple closed curves on Ng as shown
in Figure 8. Note that tc is a BSCC map of type (1, h), td is a BSCC map
of type (2, h), tc1t

−1
c2 is a BP map of type (1, h) and td1t

−1
d2

is a BP map
of type (2, h). In M(Ng), any BSCC map of type (1, h) (resp. type (2, h))
is conjugate to t±1c (resp. t±1d ), and any BP map of type (1, h) (resp. type

(2, h)) is conjugate to (tc1t
−1
c2 )±1 (resp. (td1t

−1
d2

)±1). Hence it suffices to show

that tc, td, tc1t
−1
c2 and td1t

−1
d2

are in I(Ng).
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For 1 ≤ i ≤ g, let αi be a simple closed curve on Ng as shown in Figure 9,
and let ci = [αi] ∈ H1(Ng;Z). By a natural handle decomposition whose
cores of 1-handles are αi, H1(Ng;Z) is generated by the ci as a Z-module
(see Figure 13). We can see that tc, td, tc1t

−1
c2 and td1t

−1
d2

act trivially on
each ci.

α1 α2 αg

Fig. 9. The loops α1, α2, . . . , αg

Next we prove the following.

Lemma 2.2. Let g ≥ 5.

(1) (a) Any BSCC map of type (2, g/2− 1) with g even is a product of
BP maps of type (1, 1).

(b) Any other BSCC map is a product of BSCC maps of type (1, 2).

(2) Any BP map of type (1, h) is a product of BP maps of type (1, 1).
Any BP map of type (2, h) is a product of BP maps of type (2, 1).

Proof. In the proof, we use the ideas of Johnson [7].
(1)(a) We first show that a BSCC map of type (2, g/2− 1) is a product

of BP maps. Let tc be a BSCC map of type (2, g/2 − 1). Then the curve c
is as shown in Figure 10(a). Let x, y, z, a, b and d be simple closed curves
as shown in Figure 10(a). By the lantern relation, we have the relation
tdtctbta = tztytx. Since a, b, c and d do not intersect other loops, we have
tc = (tzt

−1
a )(tyt

−1
d )(txt

−1
b ). Note that txt

−1
b , tyt

−1
d and tzt

−1
a are BP maps.

Hence a BSCC map of type (2, g/2−1) is a product of BP maps. As we will
show in (2), these BP maps are products of BP maps of type (1, 1). Hence
we obtain the claim.

(1)(b) Let tc be a BSCC map of type (1, h) or (2, (g − h)/2) for h ≥ 3.
Then c is as shown in Figure 10(b). Let ci,j be a simple closed curve for
1 ≤ i < j ≤ h as shown in Figure 10(b). We have

(I) tc =
∏

1≤i≤h−1
(tci,i+1tci,i+2 · · · tci,h−1

tci,h).

Equality (I) will be proved in Appendix A. Since each tci,j is a BSCC map
of type (1, 1), we obtain the claim.

(2) For h ≥ 1, let d0, d1, . . . , dh be simple closed curves as shown in
Figure 11. Suppose that d0 and dh are not separating curves. Note that
td0t
−1
dh

is a BP map of type (1, h) or (2, h). Then we have the equality



A normal generating set for I(Ng) 35

a

b d

x

y
z

c

(a) Loops a, b, c, d and x, y, z

i1 j h

c
ci,j

(b) Loops c and ci,j

Fig. 10

td0t
−1
dh

= (td0t
−1
d1

)(td1t
−1
d2

) · · · (tdh−1
t−1dh ). Since each tdit

−1
di+1

is a BP map of

type (1, 1) or (2, 1), we obtain the claim.

d0 d1 d2 dh-1 dh

Fig. 11. Loops d0, d1, . . . , dh

3. Preliminaries

3.1. Generators for Γ2(Ng). For I = {i1, . . . , ik} ⊂ {1, . . . , g}, we
define an oriented simple closed curve αI as in Figure 12. For short, we
denote α{i} by αi. We define Yi1;i2,...,ik = Yαi1

,αI , Ti1,...,ik = tαI if k is even.

1 i1 i2 ik g

Fig. 12. The curve αI for I = {i1, . . . , ik}

Szepietowski [18] gave a generating set for Γ2(Ng):

Theorem 3.1 ([18]). For g ≥ 4, Γ2(Ng) is generated by the following
elements:

(1) Yi;j for 1 ≤ i ≤ g − 1, 1 ≤ j ≤ g and i 6= j,

(2) T 2
i,j,k,l for 1 ≤ i < j < k < l ≤ g.
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In addition, the first author and Sato [6] gave a minimal generating set
for Γ2(Ng):

Theorem 3.2 ([6]). For g ≥ 4, Γ2(Ng) is generated by the following
elements:

(1) Yi;j for 1 ≤ i ≤ g − 1, 1 ≤ j ≤ g and i 6= j,

(2) T 2
1,j,k,l for 1 < j < k < l ≤ g.

3.2. kerΦg and Γ2(g − 1). McCarthy–Pinkall claimed that kerΦg is
isomorphic to Γ2(g−1) in their unpublished preprint [11]. In this subsection,
we recall their result and proof.

Let ci = [αi] ∈ H1(Ng;Z) for 1 ≤ i ≤ g, and let c = c1 + · · · + cg (=
[α{1,...,g}]). Then, by a natural handle decomposition as in Figure 13, as a
Z-module, H1(Ng;Z) has a presentation

H1(Ng;Z) = 〈c1, . . . , cg | 2c = 0〉.
As a Z-module we have

H1(Ng;Z)/〈c〉 = 〈c1, . . . , cg | c = 0〉 = 〈c1, . . . , cg−1〉 ∼= Zg−1,
where the last isomorphism sends ci to the ith canonical normal vector ei for
1 ≤ i ≤ g − 1. For x ∈ H1(Ng;Z), we denote by x the image of x under the
projection H1(Ng;Z) → Zg−1. Explicitly, for x =

∑g
j=1 xjcj ∈ H1(Ng;Z),

we have x =
∑g−1

j=1(xj − xg)ej ∈ Zg−1. We regard Aut(H1(Ng;Z)/〈c〉) as
GL(g − 1;Z).

α1 α2 αg

Fig. 13. A handle decomposition of Ng whose cores of the 1-handles are αi.

For L ∈ Aut(H1(Ng;Z)), since 2L(c) = L(2c) = 0 and c is the only
non-trivial element of H1(Ng;Z) satisfying 2c = 0, we have L(c) = c. Hence
L ∈ Aut(H1(Ng;Z)) induces L ∈ GL(g − 1;Z). More precisely, L is defined

as L(ei) = L(ci). By this correspondence, we obtain the following.

Proposition 3.3. The correspondence f : kerΦg → Γ2(g − 1) defined
by f(L) = L is an isomorphism.

Proof. We first show that f(kerΦg) is in Γ2(g− 1) and f is a homomor-
phism. By the definition of Φg, we have L(ci) ≡ ci mod 2 for 1 ≤ i ≤ g. Hence

L(ei) = L(ci) ≡ ci = ei mod 2 for 1 ≤ i ≤ g − 1. Therefore f(L) ∈ Γ2(g−1).
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In addition, for L,L′ ∈ kerΦg,

LL′(ei) = LL′(ci) = L(L′(ci)) = L(L′(ci)) = L(L′(ei)).

Thus, f is a homomorphism.

We next show the injectivity of f . For L ∈ kerΦg, suppose that L is the
identity. Then either L(ci) = ci or L(ci) = ci + c. By the definition of Φg,
we have L(ci) ≡ ci mod 2 for 1 ≤ i ≤ g. Hence L is the identity. Therefore
f is injective.

Finally, we show the surjectivity of f . For any A = (aij) ∈ Γ2(g− 1), we

define Ã ∈ kerΦg to be

Ã(ci) =



g−1∑
j=1

ajicj (i 6= g),

g−1∑
j=1

(
1−

g−1∑
k=1

ajk

)
cj + cg (i = g).

Then Ã(c) = c, and since aii is odd and aij is even for i 6= j, we obtain

Ã(ci) ≡ ci mod 2. Hence Ã ∈ kerΦg. Moreover f(Ã) = A. Therefore f is
surjective.

Thus f is an isomorphism.

3.3. A presentation for Γ2(g − 1). For 1 ≤ i, j ≤ n with i 6= j, let
Eij denote the matrix whose (i, j) entry is 2, the diagonal entries are 1 and
the others are 0, and let Fi denote the matrix whose (i, i) entry is −1, the
other diagonal entries are 1 and all others are 0. It is known that Γ2(n)
is generated by Eij and Fi (see [11]). A finite presentation for Γ2(n) was
independently given by Fullarton [4] and the second author [8], and was
also known to Margalit and Putman.

Theorem 3.4 (cf. [4], [8]). For n ≥ 1, Γ2(n) has a finite presentation
with generators Eij and Fi, for 1 ≤ i, j ≤ n, and with relators:

(1) F 2
i ,

(2) (EijFi)
2, (EijFj)

2, (FiFj)
2 (when n ≥ 2),

(3) (a) [Eij , Eik], [Eij , Ekj ], [Eij , Fk], [Eij , Eki]E
2
kj (when n ≥ 3),

(b) (EjiE
−1
ij E

−1
kj EjkEikE

−1
ki )2 for i < j < k (when n ≥ 3),

(4) [Eij , Ekl] (when n ≥ 4),

where [X,Y ] = X−1Y −1XY and 1 ≤ i, j, k, l ≤ n are distinct.

For 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g with i 6= j, let Yij = f((Yi;j)∗), where
ϕ∗ ∈ Aut(H1(Ng;Z), ·) is induced by ϕ ∈M(Ng). Then Yij = EijFi if j < g
and Yig = Fi. We now prove
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Proposition 3.5. For g − 1 ≥ 1, Γ2(g − 1) has a finite presentation
with generators Yij for 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g with i 6= j, and with
relators:

(1) Y 2
ij for 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g,

(2) [Yik, Yjk] for 1 ≤ i, j ≤ g − 1 and 1 ≤ k ≤ g,
(3) [Yij , YikYjk] for 1 ≤ i, j ≤ g − 1 and 1 ≤ k ≤ g,
(4) [Yij , Ykl] for 1 ≤ i, k ≤ g − 1 and 1 ≤ j, l ≤ g,
(5) (YijYikYil)

2 for 1 ≤ i ≤ g − 1 and 1 ≤ j, k, l ≤ g,
(6) (YjiYijYkjYjkYikYki)

2 for 1 ≤ i, j, k ≤ g − 1,

where [X,Y ] = X−1Y −1XY and i, j, k, l are distinct.

Proof. First, we show that the relators of Γ2(g − 1) in Proposition 3.5
are obtained from those in Theorem 3.4. Since F 2

i = 1, we may identify F−1i
with Fi in Γ2(g − 1).

(1) We have

Y 2
ij =

{
(EijFi)

2 (j < g),

F 2
i (j = g).

Hence we obtain the relator Y 2
ij in Γ2(g − 1).

(2) For k < g, we see that

YikYjk = EikFiEjk
(3)(a)

Fj = EjkEikFiFj
(2), (3)(a)

= EjkFjEikFi = YjkYik.

In addition,

YigYjg = FiFj =
(2)

FjFi = YjgYig.

Hence we obtain the relator [Yik, Yjk] in Γ2(g − 1).

(3) For k < g, we see that

YijYikYjk = EijFiEik
(2)

FiEjkFj
(3)(a), (2)

= EijE
−1
ik Fi

(3)(a), (2)

EjkFjFi = E−1ik FiE
−1
ij Ejk
(3)(a)

FjFi

= E−1ik FiE
−2
ik

(2)

EjkE
−1
ij Fj
(2)

Fi = EikFiEjkFjEijFi = YikYjkYij .

In addition,

YijYigYjg = EijFi
(2)

FiFj
(2)

= FiE
−1
ij Fj
(2)

Fi = FiFjEijFi = YigYjgYij .

Hence we obtain the relator [Yij , YikYjk] in Γ2(g − 1).

(4) For j, l < g, we see that

YijYkl = Eij FiEklFk
(3)(a), (2)

= EijEklFk
(4), (3)(a)

Fi = EklFkEijFi = YklYij .
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In addition,

YijYkg = EijFiFk =
(2), (3)(a)

FkEijFi = YkgYij .

Hence we obtain the relator [Yij , Ykl] in Γ2(g − 1).

(5) For the relator (YijYikYil)
2, since Yim = Y −1im , applying conjugations

and taking their inverses, it suffices to consider the case j < k < l. For l < g,
we find that

YijYikYil = EijFiEik
(2)

FiEil
(2)

Fi = EijE
−1
ik Fi

(3)(a), (2)

E−1il FiFi = E−1ik FiE
−1
ij E

−1
il Fi

(3)(a), (2)

Fi

= E−1ik FiE
−1
il

(2)

FiEijFi = E−1ik EilFi
(3)(a), (2)

FiEijFi = EilFiEikFiEijFi

= YilYikYij = Y −1il Y −1ik Y −1ij .

In addition,

YijYikYig = EijFiEikFi
(2), (3)(a)

Fi = FiEikFiEijFi = YigYikYij = Y −1ig Y −1ik Y −1ij .

Hence we obtain the relator (YijYikYil)
2 in Γ2(g − 1).

(6) We see that

YjiYij · YkjYjk · YikYki = (EjiFjEijFi)(EkjFkEjkFj)(EikFiEkiFk)

=
(2)

(EjiFjEijFi)(EkjFkEjkFj)(EikE
−1
ki )FiFk

=
(3)(a)

(EjiFjEijFi)(EkjFkEjk)(EikE
−1
ki )FjFiFk

=
(2)

(EjiFjEijFi)(EkjE
−1
jk )(E−1ik Eki)FkFjFiFk

=
(3)(a), (2)

(EjiFjEij)(EkjE
−1
jk )(EikE

−1
ki )FiFkFjFiFk

=
(2), (3)(a)

(EjiE
−1
ij )(E−1kj Ejk)(EikE

−1
ki )FjFiFkFjFiFk

=
(1), (2)

(EjiE
−1
ij )(E−1kj Ejk)(EikE

−1
ki ).

By (3)(b) of Theorem 3.4, we obtain the relator (YjiYij · YkjYjk · YikYki)2
in Γ2(g − 1).

Next, we show that the relators of Γ2(g−1) in Theorem 3.4 are obtained
from those in Proposition 3.5. Since Y 2

ij = 1, we may identify Y −1ij with Yij
in Γ2(g − 1). Note that Eij = YijYig and Fi = Yig.

(1) Since F 2
i = Y 2

ig, we have the relator F 2
i in Γ2(g − 1).

(2) Since EijFi = Yij , we have the relator (EijEi)
2 in Γ2(g− 1). We see
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that (in the underlinings, we refer to items of Proposition 3.5)

(EijFj)
2 = Yij

(1)

YigYjg
(1), (2)

· YijYigYjg = Y −1ij (YigYjg)
−1 · YijYigYjg = [Yij , YigYjg].

Hence we obtain the relator (EijFj)
2 in Γ2(g − 1). We find that

(FiFj)
2 = YigYjgYig

(2)

Yjg = Y 2
igY

2
jg.

Hence we obtain the relator (FiFj)
2 in Γ2(g − 1).

(3)(a) We see that

EijEik = YijYigYik
(5)

Yig = YikYigYijYig = EikEij .

Hence we obtain the relator [Eij , Eik] in Γ2(g − 1). We find that

EijEkj = YijYigYkjYkg
(4), (2)

= YijYkjYkg
(2), (4)

Yig = YkjYkgYijYig = EkjEij .

Hence we obtain the relator [Eij , Ekj ] in Γ2(g − 1). We see that

EijFk = YijYigYkg =
(2), (4)

YkgYijYig = FkEij .

Hence we obtain the relator [Eij , Fk] in Γ2(g − 1). We see that

EijEkiE
2
kj = YijYigYkiYkgYkj

(5)

YkgYkjYkg = YijYigYkjYkg
(4), (2)

YkiYkgYkjYkg

= YijYkj
(2)

YkgYigYki
(3)

YkgYkjYkg = YkjYijYki
(3)

YkgYigYkgYkjYkg
(2), (4)

= YkiYkjYijYkgYkg
(1)

YkjYkgYig = YkiYkjYijYkjYkg
(2), (4)

Yig

= YkiYkjYkj
(1)

YkgYijYig = YkiYkgYijYig = EkiEij .

Hence we obtain the relator [Eij , Eki]E
2
kj in Γ2(g − 1).

(3)(b) Since we have already obtained relators (1), (2) and (3)(a) of
Theorem 3.4, using these relators we deduce that

(EjiE
−1
ij )(E−1kj Ejk)(EikE

−1
ki ) = (EjiE

−1
ij )(E−1kj Ejk)(EikE

−1
ki )FjFiFkFjFiFk

= (EjiFjEij)(EkjE
−1
jk )(EikE

−1
ki )FiFkFjFiFk

= (EjiFjEijFi)(EkjE
−1
jk )(E−1ik Eki)FkFjFiFk

= (EjiFjEijFi)(EkjFkEjk)(EikE
−1
ki )FjFiFk

= (EjiFjEijFi)(EkjFkEjkFj)(EikE
−1
ki )FiFk

= (EjiFjEijFi)(EkjFkEjkFj)(EikFiEkiFk)

= YjiYij · YkjYjk · YikYki.
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By Proposition 3.5(6), we obtain the relator (EjiE
−1
ij E

−1
kj EjkEikE

−1
ki )2 in

Γ2(g − 1).

(4) We see that

EijEkl = YijYigYklYkg
(2), (4)

= YijYklYkg
(4)

Yig = YklYkgYijYig = EklEij .

Hence we obtain the relator [Eij , Ekl] in Γ2(g − 1).

This completes the proof.

4. A normal generating set for I(Ng). Let f : kerΦg → Γ2(g − 1)
be the isomorphism introduced in Subsection 3.2. In order to obtain a pre-
sentation for Γ2(g − 1) whose generators are Yij := f((Yi;j)∗), T

2
1jkl :=

f((T 2
1,j,k,l)∗), we need to express T 2

1jkl as a product of Yij ’s.

1 i1 i2 ik g

Fig. 14. The curve α′I for I = {i1, . . . , ik}

For I = {i1, . . . , ik} ⊂ {1, . . . , g}, we define a simple closed curve α′I as
shown in Figure 14 and T ′i,j,k,l = tα′{i,j,k,l}

. Note that Ti,j,k,lT
′−1
i,j,k,l is a BP

map. In addition, for 1 ≤ m ≤ g with m 6= i, j, k, l, there exist A-circles
βm,i, βm,j , βm,k and βm,l intersecting αm in only one point such that

T−1i,j,k,lT
′−1
i,j,k,l =

∏
m6=i,j,k,l

Yαm,βm,l
Yαm,βm,k

Yαm,βm,j
Yαm,βm,i

.

For example, when (i, j, k, l) is (1, 2, 3, 4), for m ≥ 5 and t = 1, 2, 3, 4 we
have

Yαm,βm,t =

{
Y −1m;t (t = 1, 2, 3),

Y −2m;m−1 · · ·Y
−2
m;6Y

−2
m;5Y

−1
m;4 (t = 4).

Therefore,

T−21jkl = f((T−11,j,k,lT
′−1
1,j,k,l)∗)

= f
(( ∏

m 6=1,j,k,l

Yαm,βm,l
Yαm,βm,k

Yαm,βm,j
Yαm,βm,1

)
∗

)
.

Note that any crosscap slide Yαm,β is a product of some Yi;j for 1 ≤ i ≤ g − 1
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and 1 ≤ j ≤ g with i 6= j. For example, we have

(II) Yg;i = (Y 2
1;2 · · ·Y 2

1;g−1Y
−1
1;i Y1;g) · · · (Y

2
i−1;i · · ·Y 2

i−1;g−1Y
−1
i−1;iYi−1;g)

· (Y 2
i+1;i+2 · · ·Y 2

i+1;g−1Y
−1
i+1;iYi+1;gY

2
i+1;i) · · · (Y 2

g−2;g−1Y
−1
g−2;iYg−2;gY

2
g−2;i)

· (Y −1g−1;iYg−1;gY
2
g−1;i)Yi;g.

Equality (II) will be proved in Appendix A. Thus T 2
1jkl can be expressed as

a product of Yij ’s.

4.1. A normal generating set for I(Ng) in Γ2(Ng). LetG be a group.
For x1, . . . , xn ∈ G, we say that N is normally generated by x1, . . . , xn in G
if N is a minimal normal subgroup of G which contains x1, . . . , xn.

In this subsection, we prove the following.

Proposition 4.1. For g ≥ 4, I(Ng) is normally generated by the fol-
lowing elements in Γ2(Ng):

(1) Y 2
i;j for 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g,

(2) [Yi;k, Yj;k] for 1 ≤ i, j ≤ g − 1 and 1 ≤ k ≤ g,
(3) [Yi;j , Yi;kYj;k] for 1 ≤ i ≤ g − 1 and 1 ≤ j, k ≤ g,
(4) [Yi;j , Yk;l] for 1 ≤ i, k ≤ g − 1 and 1 ≤ j, l ≤ g,
(5) (Yi;jYi;kYi;l)

2 for 1 ≤ i ≤ g − 1 and 1 ≤ j, k, l ≤ g,
(6) (Yj;iYi;jYk;jYj;kYi;kYk;i)

2 for 1 ≤ i, j, k ≤ g − 1,

(7) T 2
1,j,k,l(

∏
m 6=1,j,k,l Yαm,βm,l

Yαm,βm,k
Yαm,βm,j

Yαm,βm,1) for 1 < j < k <
l ≤ g,

where i, j, k, l are distinct.

Let Γ = 〈g1, . . . , gn | r1, . . . , rk〉 be a finitely presented group, and let
G be a group generated by g̃1, . . . , g̃n. For ri = gε1i(1) · · · g

εm
i(m), define r̃i =

g̃ε1i(1) · · · g̃
εm
i(m), where εj = ±1. Let Ñ be a normal subgroup of G normally

generated by r̃1, . . . , r̃k. We first prove the following.

Lemma 4.2. Let µ : G→ Γ be a homomorphism sending g̃i to gi. Then
Ñ = kerµ.

Proof. Let F = 〈g1, . . . , gn〉, and let N be a normal subgroup of F nor-
mally generated by r1, . . . , rk. Let π : F → Γ be a natural epimorphism, and
let ν : F → G be a homomorphism sending gi to g̃i. Since µ is surjective,
we have π = µν. Then we obtain the following short exact sequences and
commutative diagram:

1 // N //

ν|N
��

F
π //

ν
��

Γ // 1

1 // kerµ // G
µ // Γ // 1
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For any R̃ ∈ kerµ, there exists R ∈ F such that ν(R) = R̃. Then π(R) =

µν(R) = µ(R̃) = 1. Hence R ∈ kerπ = N . Therefore ν|N : N → kerµ is

surjective. Since ν(N) = Ñ , we conclude that Ñ = kerµ.

Proof of Proposition 4.1. Let F be a free group of rank
(
g
3

)
+
(
g
2

)
generated

by Yij for 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g with i 6= j, and by T 2
1jkl for

1 < j < k < l ≤ g, where T1jkl = f((T1,j,k,l)∗), and let N be the normal
subgroup of F normally generated by:

(1) Y 2
ij for 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g,

(2) [Yik, Yjk] for 1 ≤ i, j ≤ g − 1 and 1 ≤ k ≤ g,
(3) [Yij , YikYjk] for 1 ≤ i ≤ g − 1 and 1 ≤ j, k ≤ g,
(4) [Yij , Ykl] for 1 ≤ i, k ≤ g − 1 and 1 ≤ j, l ≤ g,
(5) (YijYikYil)

2 for 1 ≤ i ≤ g − 1 and 1 ≤ j, k, l ≤ g,
(6) (YjiYijYkjYjkYikYki)

2 for 1 ≤ i, j, k ≤ g − 1,

(7) T 2
1jklf((

∏
m6=1,j,k,l Yαm,βm,l

Yαm,βm,k
Yαm,βm,j

Yαm,βm,1)∗) for 1 < j <
k < l ≤ g,

where i, j, k, l are distinct. By Proposition 3.5 and the fact that

f
(( ∏

m6=1,j,k,l

Yαm,βm,l
Yαm,βm,k

Yαm,βm,j
Yαm,βm,1

)
∗

)
= T−21jkl,

Γ2(g−1) is the quotient of F by N . Let Ñ be the normal subgroup of Γ2(Ng)
normally generated by:

(1) Y 2
i;j for 1 ≤ i ≤ g − 1 and 1 ≤ j ≤ g,

(2) [Yi;k, Yj;k] for 1 ≤ i, j ≤ g − 1 and 1 ≤ k ≤ g,
(3) [Yi;j , Yi;kYj;k] for 1 ≤ i ≤ g − 1 and 1 ≤ j, k ≤ g,
(4) [Yi;j , Yk;l] for 1 ≤ i, k ≤ g − 1 and 1 ≤ j, l ≤ g,
(5) (Yi;jYi;kYi;l)

2 for 1 ≤ i ≤ g − 1 and 1 ≤ j, k, l ≤ g,
(6) (Yj;iYi;jYk;jYj;kYi;kYk;i)

2 for 1 ≤ i, j, k ≤ g − 1,

(7) T 2
1,j,k,l(

∏
m6=1,j,k,l Yαm,βm,l

Yαm,βm,k
Yαm,βm,j

Yαm,βm,1) for 1 < j < k <
l ≤ g,

where i, j, k, l are distinct. Let π : F → Γ2(g−1) be a natural epimorphism,
and let ν : F → Γ2(Ng) be a homomorphism sending Yij to Yi;j , and T 2

1jkl to

T 2
1,j,k,l. Then we have the following short exact sequences and commutative

diagram:

1 // N //

ν|N
��

F
π //

ν

��

Γ2(g − 1) //

f−1

��

1

1 // ker ρ′ // Γ2(Ng)
ρ′ // kerΦg // 1

By Lemma 4.2, we have Ñ = ker ρ′. Since on the other hand I(Ng) = ker ρ′,
we obtain the claim.
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4.2. A normal generating set for I(Ng) in M(Ng). In this subsec-
tion, we prove the following.

Proposition 4.3. For g ≥ 4, I(Ng) is normally generated by the fol-
lowing elements in M(Ng):

(1) Y 2
1;2,

(2) [Y1;3, Y2;3],
(3) [Y1;2, Y1;3Y2;3], [Y1;3, Y1;2Y3;2],
(4) [Y1;2, Y3;4], [Y1;3, Y2;4],
(5) (Y1;2Y1;3Y1;4)

2,
(6) (Y2;1Y1;2Y3;2Y2;3Y1;3Y3;1)

2,
(7) T 2

1,2,3,4(
∏

5≤m≤g Y
−2
m;m−1 · · ·Y

−2
m;6Y

−2
m;5Y

−1
m;4Y

−1
m;3Y

−1
m;2Y

−1
m;1).

For 1 ≤ i < j ≤ g, let cij be a simple closed curve on Ng as shown in
Figure 15, and let Ui,j be a diffeomorphism of Ng as shown in Figure 15.
Note that Yi;j = Ui,jTi,j and U2

i,j = tcij = Y 2
i;j .

i1 j g

cij

cij cij

Uij

Fig. 15. The loop cij and the diffeomorphism Uij of Ng

Since I(Ng) is a normal subgroup of Γ2(Ng), the normal generating set
for I(Ng) in Γ2(Ng) is a normal generating set for I(Ng) in M(Ng). In
addition, each normal generator for I(Ng) in Proposition 4.1 is conjugate
to some normal generator for I(Ng) in Proposition 4.3 by a product of
some Ui,j . For example,

Y 2
i;j = (Ui−i,i · · ·U1,2)(Uj−i,j · · ·U2,3)Y

2
1;2(U

−1
2,3 · · ·U

−1
j−1,j)(U

−1
1,2 · · ·U

−1
i−1,i)

for i < j. This finishes the proof of Proposition 4.3.

5. Proof of Theorem 1.1. Fix a basepoint ∗ ∈ Ng−1. Let γ1, . . . , γg−1
be oriented loops on Ng−1 starting at ∗ as shown in Figure 16. Note that
π1(Ng−1, ∗) is generated by [γ1], . . . , [γg−1]. For 1 ≤ i ≤ g, let si : π1(Ng−1, ∗)
→M(Ng) be the crosscap pushing map defined in [18] such that si([γj ]) =
Yi;j if j < i, and si([γj ]) = Yi;j+1 if j ≥ i. We note that the cross-
cap pushing map is an anti-homomorphism: si([α][β]) = si([β])si([α]) for
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[α], [β] ∈ π1(Ng−1, ∗). For [α] ∈ π1(Ng−1, ∗), si([α]) is a crosscap slide if α is
an M -circle, and si([α]) is a product of two Dehn twists if α is an A-circle.

γ1 γ2 γg-1

*

Fig. 16. The loops γ1, . . . , γg−1

The following is a corollary of Proposition 4.3.

Corollary 5.1. For g ≥ 4, I(Ng) is normally generated by the follow-
ing elements in M(Ng):

(1) Y 2
1;2,

(2) [Y2;3, Y
−1
1;3 ],

(3) [Y1;2, Y1;3Y2;3], [Y1;3, Y3;2Y1;2],

(4) [Y1;2, Y3;4], [Y −22;3 Y1;3Y
2
2;3, Y2;4],

(5) (Y1;2Y1;3Y1;4)
2,

(6) (Y −12;1 Y1;2Y3;2Y
−1
2;3 Y

−1
1;3 Y3;1)

2,

(7) T 2
1,2,3,4(

∏
5≤m≤g Y

−2
m;m−1 · · ·Y

−2
m;6Y

−2
m;5Y

−1
m;4Y

−1
m;3Y

−1
m;2Y

−1
m;1).

We now prove Theorem 1.1.

Proof of Theorem 1.1. We show that each normal generator for I(Ng)
in Corollary 5.1 is a product of BSCC maps and BP maps.

(1) We have Y 2
1;2 = s1([γ

2
1 ]) = tc1tc2 , where c1 and c2 are simple closed

curves as shown in Figure 17. Note that tc1 is a BSCC map of type (1, 2).
Since c2 bounds a Möbius band, tc2 is trivial. Hence Y 2

1;2 is a BSCC map of
type (1, 2).

γ1
=

c1

c2

2

s1

Fig. 17

(2) We have Y1;3Y2;3Y
−1
1;3 = Y1;3s2([γ2])Y

−1
1;3 = s2([γ

2
1γ2]) (see Figure 18).

Hence

[Y2;3, Y
−1
1;3 ] = Y −12;3 Y1;3Y2;3Y

−1
1;3 = s2([γ

−1
2 ])s2([γ

2
1γ2])

= s2([γ
2
1γ2][γ

−1
2 ]) = s2([γ

2
1 ]) = tc1tc2 ,

where c1 and c2 are simple closed curves as shown in Figure 18. Similar
to (1), we find that [Y2;3, Y

−1
1;3 ] is a BSCC map of type (1, 2).
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=
s2

c1

c2

γ
2

γ
2

γ
1
2 γ

2
γ
1
2
γ
2
-1 γ

1
2

Fig. 18

(3) We have

Y −12;3 Y
−1
1;3 Y1;2Y1;3Y2;3 = Y −12;3 Y

−1
1;3 s1([γ1])Y1;3Y2;3 = Y −12;3 s1([γ2γ1γ

−1
2 ])Y2;3

= s1([γ
−1
1 ]) = Y −11;2

(see Figure 19(a)). Hence [Y1;2, Y1;3Y2;3] = Y −11;2 Y
−1
2;3 Y

−1
1;3 Y1;2Y1;3Y2;3 = Y −21;2 .

Similarly,

Y −11;2 Y
−1
3;2 Y1;3Y3;2Y1;2 = Y −11;2 Y

−1
3;2 s1([γ2])Y3;2Y1;2 = Y −11;2 s1([γ

−1
1 γ−12 γ1])Y1;2

= s1([γ
−1
2 ]) = Y −11;3

(see Figure 19(b)). Hence [Y1;3, Y3;2Y1;2] = Y −21;3 . Similar to (1), we conclude

that Y −21;2 and Y −21;3 are BSCC maps of type (1, 2).

γ1 γ1γ2 γ2
-1 γ1

-1

s1
Y1;2
-1

(a)

γ2 γ2γ1 γ1 γ2
-1-1 -1

s1
Y1;3
-1

(b)

Fig. 19

(4) In I(Ng), it is clear that [Y1;2, Y3;4] and [Y −22;3 Y1;3Y
2
2;3, Y2;4] are equal

to 1. Note that Y −22;3 Y1;3Y
2
2;3 = s1([γ

−2
1 γ2γ

2
1 ]) (see Figure 20).

γ2

γ2γ1 γ1
-2 2

s1
Y2;3
-2
Y1;3Y2;3

2

Fig. 20

(5) We have (Y1;2Y1;3Y1;4)
2 = s1([(γ3γ2γ1)

2]) = tc1tc2 , where c1 and c2
are simple closed curves as shown in Figure 21. Note that tc1 is a BSCC
map of type (1, 2) if g ≥ 5 and a BSCC map of type (2, 1) if g = 4. Since c2
bounds a Möbius band, tc2 is trivial. Hence (Y1;2Y1;3Y1;4)

2 is a BSCC map
of type (1, 2) if g ≥ 5, and a BSCC map of type (2, 1) if g = 4.
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γ
2

γ
3 γ1

s1

c1

( )2

c2

×

Fig. 21. The black cross “×” means the composition of tc1 and tc2

(6) By [17, proof of Lemma 3.1], we have Y −1j;i Yi;j = Yj;iY
−1
i;j = T 2

i,j for

1 ≤ i < j ≤ g. Hence (Y −12;1 Y1;2Y3;2Y
−1
2;3 Y

−1
1;3 Y3;1)

2 = (T 2
1,2T

2
2,3T

−2
1,3 )2.

Lemma 5.2. We have (see Figure 22):

(a) T 2
1,2 = L1Y3;1Y3;2, where

L1 = (Yg;1Yg;2Y
2
g;3 · · ·Y 2

g;g−1) · · · (Y4;1Y4;2Y 2
4;3).

(b) T 2
2,3 = L2Y1;2Y1;3, where

L2 = (Y 2
g;1Yg;2Yg;3Y

2
g;4 · · ·Y 2

g;g−1) · · · (Y 2
4;1Y4;2Y4;3).

(c) T−21,3 = L3Y2;3Y2;1, where

L3 = (Y −1g;3 Yg;1Y
2
g;2 · · ·Y 2

g;g−1) · · · (Y −14;3 Y4;1Y
2
4;2Y

2
4;3).

× ×

L1

× ×

L2

× ×

L3

Fig. 22. In this figure, and also in Figures 24, 25 and 27, the black crosses “×” mean
compositions of crosscap pushing maps.

We have

Y −23;2 Y
−1
3;1 (Y −12;1 Y1;2Y3;2Y

−1
2;3 Y

−1
1;3 Y3;1)

2Y3;1Y
2
3;2

= Y −23;2 Y
−1
3;1 · L1Y3;1Y3;2 · Y3;2Y −12;3 · L3Y2;3Y2;1

· Y −12;1 Y1;2 · L2Y1;2Y1;3 · Y −11;3 Y3;1 · Y3;1Y
2
3;2

= R1R3R2Y
2
1;2Y

2
3;1Y

2
3;2,

where R1 = Y −23;2 Y
−1
3;1 L1Y3;1Y

2
3;2, R2 = Y1;2L2Y

−1
1;2 and R3 = Y −12;3 L3Y2;3 (see

Figure 23). Similar to (1), since Y 2
1;2, Y

2
3;1 and Y 2

3;2 are BSCC maps of type
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(1, 2), it suffices to show that R1R3R2 is a product of BSCC maps.

R1

R2

R3

L1

L2

L3

Fig. 23

Let d0, d1, d2, d3 and d4 be simple closed curves as in Figure 24. Note
that td0 is a BSCC map of type (1, 3) or (1, g−3), and td3 is a BSCC map of
type (2, 1). In addition, since d4 bounds a Möbius band, we have td4 = 1. Let
R32 = td1td2 . By the lantern relation, R32 is a product of R3R2 and td0 . Let
R132 = td3td4 . By the lantern relation, R132 is a product of R1R32 and td0 .
Hence R132 is a product of R1R3R2 and td0 . Therefore R1R3R2 is a product
of BSCC maps of type one and a BSCC map of type (2, 1). In particular,
if g = 4, since td0 is trivial, R1R3R2 is a BSCC map of type (2, 1), and if
g ≥ 5, by Lemma 2.2, R1R3R2 is a product of BSCC maps of type (1, 2).

× ×

d2

× ×

× = ×

d0

d1

d3
d4

Fig. 24
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(7) We have

T−11,2,3,4T
′−1
1,2,3,4 =

∏
5≤m≤g

sm([γ−11 γ−12 γ−13 γ−14 γ−25 γ−26 · · · γ
−2
m−1])

=
∏

5≤m≤g
Y −2m;m−1 · · ·Y

−2
m;6Y

−2
m;5Y

−1
m;4Y

−1
m;3Y

−1
m;2Y

−1
m;1

(see Figure 25). Hence

T 2
1,2,3,4

( ∏
5≤m≤g

Y −2m;m−1 · · ·Y
−2
m;6Y

−2
m;5Y

−1
m;4Y

−1
m;3Y

−1
m;2Y

−1
m;1

)
= T1,2,3,4T

′−1
1,2,3,4.

Thus it is a BP map of type (1, 1).

g∏
m=5

Y −2
m;m−1 · · ·Y

−2
m;5Y

−1
m;4 · · ·Y

−1
m;1

Fig. 25

This completes the proof.

Appendix A. In this appendix, we prove equality (I) of Section 2 and
equality (II) of Section 4.

For (I), it suffices to show the following lemma.

Lemma A.1. For 1 ≤ i1 < · · · < ik ≤ g, let ci1,...,ik be a simple closed
curve on Ng as shown in Figure 26. Then for 2 ≤ h ≤ g we have

tc1,...,h = (tc1,2 · · · tc1,h−1
tc1,h) · · · (tch−2,h−1

tch−2,h
)(tch−1,h

).

1 i1 i2 ik
g

Fig. 26. The curve ci1,...,ik on Ng
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Proof. We first note that tci,j = Y 2
i;j . We see that

tc1,...,h = (tc1,...,ht
−1
c2,...,h

) · · · (tch−2,h−1,h
t−1ch−1,h

)(tch−1,h
t−1ch )

= (s1([γ
2
h−1 · · · γ21 ])) · · · (sh−2([γ2h−1γ2h−2]))(sh−1([γ2h−1]))

= (Y 2
1;2 · · ·Y 2

1;h−1Y
2
1;h) · · · (Y 2

h−2;h−1Y
2
h−2;h)(Y 2

h−1;h)

= (tc1,2 · · · tc1,h−1
tc1,h) · · · (tch−2,h−1

tch−2,h
)(tch−1,h

).

Thus we obtain the claim.

Example A.2. For 1 ≤ i ≤ g − 1 we have

Yg;i = (Y 2
1;2 · · ·Y 2

1;g−1Y
−1
1;i Y1;g) · · · (Y

2
i−1;i · · ·Y 2

i−1;g−1Y
−1
i−1;iYi−1;g)

· (Y 2
i+1;i+2 · · ·Y 2

i+1;g−1Y
−1
i+1;iYi+1;gY

2
i+1;i) · · · (Y 2

g−2;g−1Y
−1
g−2;iYg−2;gY

2
g−2;i)

· (Y −1g−1;iYg−1;gY
2
g−1;i)Yi;g.

Proof. Note that Yg;iY
−1
i;g = T 2

i,g. We see that

T 2
i,g =

∏
1≤m≤i−1

sm([γg−1γ
−1
i−1γ

2
g−2 · · · γ2m])

∏
i+1≤m≤g−2

sm([γ2i γg−1γ
−1
i γ2g−2 · · · γ2m])

· sg−1([γ2i γg−1γ−1i ])

=
∏

1≤m≤i−1
(Y 2
m;m+1 · · ·Y 2

m;g−1Y
−1
m;iYm;g)

×
∏

i+1≤m≤g−2
(Y 2
m;m+1 · · ·Y 2

m;g−1Y
−1
m;iYm;gY

2
m;i)(Y

−1
g−1;iYg−1;gY

2
g−1;i)

(see Figure 27). Thus we obtain the claim.

× ×

=

× ××

Ti,g
2

i-1          g-1 i-1          g-1

i              g

i             g-1 i             g-1

Fig. 27

Thus we obtain equality (II).
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