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A normal generating set for the Torelli group of a
non-orientable closed surface

by

Susumu Hirose (Chiba) and Ryoma Kobayashi (Ishikawa)

Abstract. For a closed surface S, its Torelli group Z(S) is the subgroup of the map-
ping class group of S consisting of elements acting trivially on H1(S;Z). When S is
orientable, a generating set for Z(S) is known (see Powell (1978)). We give a normal
generating set of Z(Ny) for g > 4, where Ny is a genus-g non-orientable closed surface.

1. Introduction. For a closed connected non-orientable surface S, the
mapping class group M(S) of S is defined to be the group of isotopy classes
of all diffeomorphisms of S. For a closed connected orientable surface S,
the mapping class group M(S) of S is defined to be the group of isotopy
classes of all orientation-preserving diffeomorphisms of S. In this paper, for
x,y € M(S) the composition yz means that we first apply x and then y.
The Torelli group Z(S) of S is the subgroup of M(S) consisting of elements
acting trivially on H;(S;Z). Let ¥y be a genus-g orientable closed surface.
Powell [13] showed that Z(Y) is generated by mapping classes of two types.
In [14], Putman proved Powell’s result more conceptually. In addition, John-
son [7] showed that Z(X,) is finitely generated for g > 3. In this paper, we
consider the case where S is a non-orientable closed surface.

Let N, denote a genus-g non-orientable closed surface, that is, IV is a
connected sum of g real projective planes. According to another classifica-
tion, N, is a connected sum of a genus-h orientable closed surface with g—2h
real projective planes for 0 < h < g/2. In this paper, we regard N, as a sur-
face which is obtained by attaching g — 2h M&6bius bands to a genus-A com-
pact orientable surface with g — 2h boundary components for 0 < h < ¢g/2
(see Figure[l). For R = Z and Z/2Z, let - : Hy(Ng; R) x Hy(Ny; R) — Z./27
be the mod 2 intersection form, and let Aut(H;(Ng;R),-) be the group
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of automorphisms of Hi(Ng; R) preserving the mod 2 intersection form.
McCarthy—Pinkall [IT] and Gadgil-Pancholi [5] proved that the natural ho-
momorphism p : M(Ng) = Aut(H(Ng; Z), ) is surjective.

attach

Fig. 1. A genus-g non-orientable closed surface Ny

Lickorish [9] showed that M (N,) is generated by Dehn twists and cross-
cap slides. In addition, Lickorish [10] showed that the subgroup of M(Ny)
generated by Dehn twists is an index 2 subgroup of M(Ny). Hence M (Ny)
is not generated by Dehn twists. On the other hand, since a crosscap slide
acts on Hy(Ngy; Z/27) trivially, M(Ny) is not generated by crosscap slides.
Chillingworth [2] found a finite generating set for M(N,). Presentations for
M(N7) and M(N3) are known classically. A finite presentation for M(N3)
was obtained by Birman—Chillingworth [I]. A finite presentation for M (Ny)
was obtained by Szepietowski [16]. Finally, a finite presentation for M (N)
was obtained by Paris—Szepietowski [12] and Stukow [15] for g > 4.

sese ©oo%

) A-circles ) M-circles

Fig. 2

For a simple closed curve ¢ on Ny, c is called an A-circle (resp. an M-
circle) if its regular neighborhood is an annulus (resp. a Mobius band) (see
Figure . Let a and m be an A-circle and an M-circle on NN, respectively.
Suppose that a and m intersect transversely at only one point. We define a
crosscap slide Y, , as follows. Let K be a regular neighborhood of a Um in
Ny, and let M be a regular neighborhood of m in the interior of K. Note

K K
M attach
Ym,a
= e (G
m a

Fig. 3. A crosscap slide Yy, o
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that K is homeomorphic to the Klein bottle with a boundary. Y, , is a
diffeomorphism of N, which pushes M once along a and back onto itself,
keeping the boundary of K fixed (see Figure [3). For an A-circle ¢ on N, we
denote by t. a Dehn twist about ¢, and the direction of the twist is indicated
by a small arrow beside ¢ as in Figure [4]

Fig. 4. A Dehn twist t. about ¢

Let ¢ be an A-circle on Ny such that Ny \ ¢ is not connected. We call ¢, a
bounding simple closed curve map, for short a BSCC map (see Figure [5f(a)).
Let ¢; and ¢z be A-circles on N4 such that Ny \ ¢; is connected, Ny \ (¢1Uca)
is disconnected and one of its connected components is orientable, which
ensures that ¢; and cp are homologous. We call ., tc_21 a bounding pair map,
for short a BP map (see Figure [f[(b)). In Section [2] we will see that BSCC
maps and BP maps are in Z(N).

@@@

(a) A BSCC map t. (b) A BP map t.,t.)}

Fig. 5

For h,b > 1, let N 2 be a non-orientable surface of genus h with b bound-
ary components, and let E,l; be an orientable surface of genus h with b
boundary components. Our main result is the following.

THEOREM 1.1. For g > 5, Z(Ny) is generated by the following elements:

e BSCC maps t. such that one of the connected components of Ny \ ¢ is
homeomorphic to NI, and the other is non-orientable.

e BP maps tcltc_Q1 such that one of the connected components of Ng '\
(c1 U c2) is homeomorphic to X%, and the other is non-orientable.

Z(Ny) is generated by the following elements:

e BSCC maps t. such that one of the connected components of Ny \ ¢ is
homeomorphic to N3, and the other is non-orientable.
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e BSCC maps t. such that one of the connected components of Ny \ ¢ is
homeomorphic to NQI, and the other is orientable.

e BPmapst,, tcgl such that one of the connected components of Ny\ (c1Uco)
18 homeomorphic to Z'%, and the other is an annulus as shown in
Figure [6]

Annulus

Fig. 6

In this theorem, the generating sets are infinite. We do not know whether
or not Z(Ng4) can be finitely generated, and generated by only BSCC maps
or BP maps.

Here is an outline of the proof of Theorem Let I3(Ng) be the sub-
group of M(NNy) consisting of the elements acting trivially on H1(Ngy; Z/27Z).
We call I3(Ny) the level 2 mapping class group of Ny. Note that Z(N,) C
Ih(Ng). Let @4 : Aut(H1(Ng; Z),-) — Aut(H1(Ny;Z/2Z),-) be the natural
epimorphism. Consider the natural homomorphism p' : I5(Ny) — ker @.
Then Z(N,) = kerp'. Let I's(n) = ker(GL(n;Z) — GL(n;Z/2Z)). We call
I';(n) the level 2 principal congruence subgroup of GL(n;Z). McCarthy—
Pinkall [I1] showed that ker @, is isomorphic to I3(g — 1). On the other
hand, Szepietowski [I8] gave a finite generating set for I5(Ny), and then the
first author and Sato [6] gave a minimal generating set for I3(Ny). Fullarton
[4] and the second author [8] gave a finite presentation for I»(n) indepen-
dently. A presentation for I»(n) was also known to Margalit and Putman.
Thus, we have a normal generating set for Z(Ny) in I5(Ny).

Here is an outline of this paper. In Section [2, we give the basics on the
Torelli group of a non-orientable surface. In Section [3] we describe a finite
generating set for I3 (N, ), a finite presentation for I5(n) and an isomorphism
from ker &, to Is(g—1). In Section [4] we obtain a normal generating set for
Z(Ny). In Section [5, we show that each normal generator of Z(IV,) obtained
in Section []is a product of BSCC maps and BP maps.

2. Basics on the Torelli group of a non-orientable surface. There
are BSCC maps of two types. A BSCC map t. is called a BSCC map of type
(1,h) if each connected component of N, \ ¢ is non-orientable and one of
these components is homeomorphic to N}! for 1 < h < g/2 (see Figure (a)).
A BSCC map t. is called a BSCC map of type (2, h) if one component of Ny\c
is homeomorphic to Z',ll for 1 < h < g/2, and the other is non-orientable (see
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Figure . Note that a BSCC map t. is trivial if ¢ bounds a Md&bius band
(see [3, Theorem 3.4]).

There are BP maps of two types. A BP map ., tg; is called a BP map
of type (1,h) if one component of Nj \ (¢1 U cz) is homeomorphic to X2 for
1 < h < g/2—1, and the other is non-orientable (see Figure[5{(b)). A BP map
te,te! is called a BP map of type (2, h) if each component of Ny \ (c1 Ucp) is
orientable and one component of Ny \ (c1 U ¢2) is homeomorphic to X7 for
1 <h<g/2—1 (see Figure 7). Note that a BP map of type (2, h) appears
only if g is even.

<)

SR

Fig. 7. A BSCC map t. of type (2,2) and a BP map tcltc;1 of type (2,1)

First, we show the following.
REMARK 2.1. All BSCC maps and BP maps are in Z(Ny).

d,
K1)
d;
2h+t1
(c) A BP map t.,t;," of type (1,h) (d) A BP map tdlt;; of type (2, h)
Fig. 8

Proof. Let ¢, d, c1, c2, di and da be simple closed curves on NV, as shown
in Figure 8| Note that t. is a BSCC map of type (1, k), t4 is a BSCC map
of type (2,h), tcltc_Ql is a BP map of type (1,h) and tdlt;; is a BP map
of type (2,h). In M(Ny), any BSCC map of type (1,h) (resp. type (2,h))
is conjugate to ¢! (resp. tdil), and any BP map of type (1,h) (resp. type
(2,h)) is conjugate to (t,t.')*" (resp. (tdlt;;)il). Hence it suffices to show

that t., tg, te,t." and tdlt;; are in Z(Ny).

C1%co
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For 1 <i < g, let a; be a simple closed curve on N, as shown in Figure@,
and let ¢; = [oy] € H1(Ng;Z). By a natural handle decomposition whose
cores of 1-handles are oy, Hi(Ng;Z) is generated by the ¢; as a Z-module
(see Figure . We can see that t., tg4, tcltc_Ql and tdlt;; act trivially on
each ¢;. m

Fig. 9. The loops o, z,. .., 04

Next we prove the following.
LEMMA 2.2. Let g > 5.

(1) (a) Any BSCC map of type (2,9/2 — 1) with g even is a product of
BP maps of type (1,1).
(b) Any other BSCC map is a product of BSCC maps of type (1,2).

(2) Any BP map of type (1,h) is a product of BP maps of type (1,1).
Any BP map of type (2,h) is a product of BP maps of type (2,1).

Proof. In the proof, we use the ideas of Johnson [7].

(1)(a) We first show that a BSCC map of type (2,9/2 — 1) is a product
of BP maps. Let t. be a BSCC map of type (2,¢9/2 — 1). Then the curve ¢
is as shown in Figure (a). Let z, y, 2z, a, b and d be simple closed curves
as shown in Figure (a). By the lantern relation, we have the relation
tatctpta = t.tyt,. Since a, b, c and d do not intersect other loops, we have
te = (tta V) (tyt; 1) (tat, 1), Note that t,t, ', t,¢7" and t,t;! are BP maps.
Hence a BSCC map of type (2,g/2—1) is a product of BP maps. As we will
show in (2), these BP maps are products of BP maps of type (1,1). Hence
we obtain the claim.

(1)(b) Let t. be a BSCC map of type (1,h) or (2,(g — h)/2) for h > 3.
Then c is as shown in Figure (b) Let ¢;; be a simple closed curve for
1 <i < j < h as shown in Figure [10[b). We have

(I) te = H (tci,i+1tci,i+2 T tci,h—ltci,h)'
1<i<h—1
Equality will be proved in Appendix A. Since each ¢, ; is a BSCC map
of type (1, 1), we obtain the claim.
(2) For h > 1, let dy,dy,...,d, be simple closed curves as shown in
Figure Suppose that dy and d are not separating curves. Note that
tdot;hl is a BP map of type (1,h) or (2,h). Then we have the equality



A normal generating set for T(Nyg) 35

(a) Loops a,b,c,d and z,y, z (b) Loops ¢ and ¢; ;

Fig. 10

tdot;hl = (tdotgll)(tdlt;;) e (tdh_lt;hl). Since each tdit;irl is a BP map of
type (1,1) or (2,1), we obtain the claim. =

t
-

Fig. 11. Loops do,d1,...,ds

3. Preliminaries

3.1. Generators for I5(Ny). For I = {i1,...,ix} C {1,...,g}, we
define an oriented simple closed curve aj as in Figure For short, we
denote agi by ;. We define Y .4, . i = Yail,an Tiy....ir, = ta, if k is even.

k

Fig. 12. The curve ay for I = {i1,...,ix}

Szepietowski [18] gave a generating set for I5(IVy):

TurEOREM 3.1 ([18]). For g > 4, I5(Ny) is generated by the following
elements:

(1) Vi for1<i<g—1,1<j<gandi#j,

(2) ﬂ%j’k’lf0r1§i<j<k<l§g.
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In addition, the first author and Sato [6] gave a minimal generating set
for I5(Ny):

THEOREM 3.2 ([6]). For g > 4, I%(N,) is generated by the following
elements:

(1) Yy for1<i<g—-1,1<j<gandi#j,

(2) T12,j,k,l forl<j<k<l<g.

3.2. ker®, and I5(g — 1). McCarthy-Pinkall claimed that ker @, is
isomorphic to I'3(g—1) in their unpublished preprint [I1]. In this subsection,
we recall their result and proof.

Let ¢; = [oy] € Hi(Ng;Z) for 1 <i < g,andlet c=c1+ -+ ¢4 (=
[O‘{L---,g}])' Then, by a natural handle decomposition as in Figure as a
Z-module, Hi(Ngy;Z) has a presentation

H{(Ng;Z) = (c1,...,¢q | 2¢ =0).
As a Z-module we have
Hi(Ng;Z)/{c) = {c1,...,cq | c=0) = (c1,...,cq1) 2 ZI1,

where the last isomorphism sends ¢; to the ith canonical normal vector e; for
1<i<g—1.For z € H(Ng;Z), we denote by T the image of x under the
projection Hi(Ny;Z) — Z9~ 1. Explicitly, for x = Z?Zl zjc; € Hi(Ng; Z),
we have T = Z?;%(a}j —z4)ej; € Z971. We regard Aut(Hy(Ny;Z)/(c)) as

1 2 g

Fig. 13. A handle decomposition of Ny whose cores of the 1-handles are «;.

For L € Aut(H:(Ng;Z)), since 2L(c) = L(2¢) = 0 and c is the only
non-trivial element of Hy(Ny;Z) satisfying 2¢ = 0, we have L(c) = c¢. Hence
L € Aut(H(Ngy; 7)) induces L € GL(g — 1;Z). More precisely, L is defined
as L(e;) = L(c;). By this correspondence, we obtain the following.

PROPOSITION 3.3. The correspondence f : ker @y — I3(g — 1) defined
by f(L) = L is an isomorphism.

Proof. We first show that f(ker @) is in I3(¢g —1) and f is a homomor-
phism. By the definition of @4, we have L(c¢;) = ¢; mod 2 for 1 < i < g. Hence
L(e;) = L(c;) =¢ = e¢; mod 2 for 1 < i < g — 1. Therefore f(L) € I3(g—1).
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In addition, for L, L' € ker @,
LL'(e;) = LL (¢;) = L(L'(¢;)) = L(L'(c;)) = L(L'(&;)).
Thus, f is a homomorphism.

We next show the injectivity of f. For L € ker @4, suppose that L is the
identity. Then either L(c;) = ¢; or L(c;) = ¢; + c. By the definition of @,
we have L(¢;) = ¢; mod 2 for 1 < i < g. Hence L is the identity. Therefore
f is injective.

Finally, we show the surjectivity of f. For any A = (a;;) € I>(g—1), we
define A € ker @, to be

“T
L

ajic; (i # g9),

g—1

( Z >Cj+cg (i=g).

Then A( ) = ¢, and since Qi is odd and a;; is even for i # j, we obtain
A(¢;) = ¢; mod 2. Hence A € ker @,. Moreover f(A A) = A. Therefore f is
surjective.

Thus f is an isomorphism. =

A(CZ) =

Q .
Il
—_

Il
—

J

3.3. A presentation for I5(g —1). For 1 < i,j < n with ¢ # j, let
E;j denote the matrix whose (7,7) entry is 2, the diagonal entries are 1 and
the others are 0, and let F; denote the matrix whose (i,7) entry is —1, the
other diagonal entries are 1 and all others are 0. It is known that I%(n)
is generated by E;; and F; (see [I1]). A finite presentation for I(n) was
independently given by Fullarton [4] and the second author [§], and was
also known to Margalit and Putman.

THEOREM 3.4 (cf. [], [8]). For n > 1, I's(n) has a finite presentation
with generators E;; and F;, for 1 <i,5 < n, and with relators:

(1) Fi27

(2) (EyF)?, (EyFy)?, (FiF))? (whenn > 2),

(3) (a) [Eij, Eikl, [Eij, Exjl, [Eij, Fr], [Eij, Exi] ER; (when n > 3),

(b) (EjiEy; B BB Ey')? for i < j <k (whenn > 3),

(4) [Eij, Exi] (when n > 4),
where [X,Y] = XY 7IXY and 1 <i,j,k,1 <n are distinct.

For1<i<g-—1land1l<j<gwithi#j, let Y; = f((Yi;)«), where

0y € Aut(H1(Ny;Z),-) is induced by ¢ € M(Ny). Then Y; = EjjFiif j < g
and Y, = F;. We now prove
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PROPOSITION 3.5. For g — 1 > 1, Is(g — 1) has a finite presentation
with generators Yi; for 1 <i < g—1and 1 < j < g with i # j, and with
relators:

(1) Ylgforlgigg—l and1<j <y,

(2) [Yik, Yji] for1<id,j<g—1and1<k<g,

(3) [Yij,YieYj| for1 <i,j<g—1and1 <k <y,
(4) [Yij, Y] for1 <ik<g—1and1<yjl<g,
(5) (YiYiYy)? for 1<i<g—1and1<jkl<g,
(6) (V;iYijYi;YinYiuYii)? for 1 <i,j,k <g—1,
where [X,Y] = X~YY~1XY and i, j,k,1 are distinct.

Proof. First, we show that the relators of I';(g — 1) in Proposition
are obtained from those in Theorem Since Ff = 1, we may identify F;~
with F; in Fg(g — 1)

(1) We have
V2 — {(EUFZ-)Q (<9,

7 .
TR (=29
Hence we obtain the relator Ylg in I'o(g—1).
(2) For k < g, we see that
YirYji = B FiEjp Fy = By Eg FiFy; = B FiEFy; = Y Y.
(3)(a) (2),(3)(a)
In addition,

YigYig = FiF (j) FiF; =Yj4Yg.
Hence we obtain the relator [Yi, Yji] in I(g — 1).
(3) For k < g, we see that
Yi;YiYjr = By BB FiEjn Fy = By By R Ej FiF; = By FES By Fj Fy

@) 3)@).2 BG)(@.(2) 3)(a)
= B, FE,’EE;; FiF; = EgFiEj FiEijF; = YirY1.Y;.
(2) (2)

In addition,
YijYigYjg = By Fi FiFy = FE;;' FiF; = FF;EijFy = YigY;Yy.
2 @ (2)
Hence we obtain the relator [Yj;, Yir Y] in In(g — 1).
(4) For j,1 < g, we see that

YiiYi = Eij FiEuFy = EijjEy by F, = EgFpEGEF = Yy Y.
(3)(a),(2)  (4),(3)(a)
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In addition,

YijYrg = EijFiFy, FLEijF; = YiYi5.

2), (3)(a)

Hence we obtain the relator [Yj;, Yi] in Io(g — 1).
(5) For the relator (EjY;kYil)2, since Y, = Z.;l, applying conjugations

and taking their inverses, it suffices to consider the case j < k < [. For | < g,
we find that

YijYiYy = EijF;Ey F,EaF; = ByE, ' FE'F,F;, = B FE; E; F;F;

2 @ (3)(a),(2) (3)(a),(2)
= B, F,E;'F,E;;F; = E;;' E; F;F,E;;F; = EyF,E F,E;; F;
(2) (3)(a),(2)

Cvv.v. _ v—ly—ly—1
=YaYieYij =Y Y, Yij :

In addition,
YiiYiYig = Bij Fi By Fi F, = BBy F B By = Yy Y =Y,
(2),(3)(a)
Hence we obtain the relator (Yin;kYil)2 in I'n(g—1).
(6) We see that
YiiYij - Y YYo= (EulFEyE)(Eg FoEjFy) (B Fi By Fr)
(BjiFy Bij 1) (B Fo Eje ) (B B ) FiFy

-1y —1y—1
q Y;k Y;'j :

@)
5 (EjiFj Eij Fy)(Ey; Fy Ej) (B By Fy FiFy
& (EjiFy By Fy) (Bii By ) (Epy Exi) FyFyFi Py
5. @) (EjiFy Eij) (B B (B By FiFiFy F Fy
. B (EjiE;Y ) (B Ei) (B By ) FiFiFLFy Fi Py,
~1y( -1 ~1

(1):(2) (EjiEy; )(Ey; Ejk)(EwEL).
By (?(;) (b) )of Theorem [3.4, we obtain the relator (Y};Yi; - Yi; Yk - YirYai)?
in I'p(g—1).

Next, we show that the relators of I'5(g —1) in Theorem are obtained
from those in Proposition Since Yg = 1, we may identify YJl with Y;;

in I3(g — 1). Note that E;; = Y;;Yi, and F; = Y.
(1) Since F? = Yiz, we have the relator F? in I»(g — 1).

(2) Since E;;F; = Y;j, we have the relator (E;;E;)? in I3(g —1). We see
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that (in the underlinings, we refer to items of Proposition
(Eiij)2 = ﬁ Yigng ) YiningQ = Yi;l(Yingg)_l ’ Yiningg = [Yiijigng]’
1 1),
Hence we obtain the relator (E;;F;)? in I3(g — 1). We find that
2 22
(FiFj)” = YigYjgYigYjg = Yingg-
()
Hence we obtain the relator (F;F})? in Ix(g — 1).
(3)(a) We see that
EijEi = Yi;YigYikYig = YirYigYi;Yig = By Bij.
(5)
Hence we obtain the relator [Ej;, Eix] in I5(g — 1). We find that
EijEyj = YijYigYij Vg = YijYi;YugYig = YijYugYijYig = Eij Eij.
(4),(2) (2),(4)
Hence we obtain the relator [E;j;, Ej;] in I'(g — 1). We see that
EijFy, = YijYigYig @@ YigYijYig = FiLij.
Hence we obtain the relator [E;j, Fi| in I5(g — 1). We see that
EijEkiE]%j =YiiYigYkiYigYijYigYijYig = YijYigYijYigYii YigYii Yig
(5) 4),(2)
= Yii Y YigYigYniYigYijYieg = Y YijYiiYigYigYig Yij Yig
(2) (3) (3) (2),(4)
= Y5iYiiYij YigYigYijYrgYig = YiiYrjYij Y YigYig
(1) (2),(4)
= Y3iYijYiiYigYijYig = YiiYigYijYig = Eri .
1)
Hence we obtain the relator [Ejj, Ekz]E,%J in I'n(g—1).
(3)(b) Since we have already obtained relators (1), (2) and (3)(a) of
Theorem [3.4] using these relators we deduce that
(Bji B WE En) (B Eg') = (BB ) (B Ej) (BB ) Ej FiFy FiFiFy
= (EjiFjEij) (B B ) (Ei By ) FiFy FyFy Fy,
= (EjiFj By Fy) (B B;, ) (B Exi) Fy FiFiFy
= (
= (

E;iFiEii i) By Fr Eji) (B By ) Fy FiFy,

EjiFiEij Fy)(By; Fr B Fy) (B By, ) Fi Fy,
= (EjiFj Eij ) (B FrEji F ) (B Fi Exi F)
=YY YiiYik - Yie Y
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By Proposition [3.5(6), we obtain the relator (EjiE;;"Ey; EsEiEj;')? in
Ih(g —1).
(4) We see that
EijEy = YiiYigYuYeg = YijYuYigYig = YruYieYijYig = ErEij.
(2), (4) 4)
Hence we obtain the relator [E;;, Ey] in I3(g —1).
This completes the proof. m

4. A normal generating set for Z(N,). Let f : ker®, — I5(g — 1)
be the isomorphism introduced in Subsection In order to obtain a pre-
sentation for I's(g — 1) whose generators are Yj; := f((Yij)«), Tfjkl =
f((Tﬁj’k’l)*), we need to express Tfjkl as a product of Yj;’s.

Fig. 14. The curve o for I = {i1,...,ix}

For I = {i1,...,ix} C {1,...,g}, we define a simple closed curve o/ as

. . —1 -
shown in Figure and Ti,,j,k,l = to‘:{i,j,k,z}' Note that Ti,j,k,lTi,j,k,l is a BP
map. In addition, for 1 < m < g with m # 4, j,k,[, there exist A-circles

Bm.i> Bm.,j> Bmx and By, intersecting oy, in only one point such that
-1 qv—1 _
7ﬂi,j,]”u‘,lI—ZL',j,k,l - H Yamvﬁm,lYam7ﬁm,kYam76m,jYamaﬁm,i'
m#i gkl

For example, when (i,7,k,1) is (1,2,3,4), for m > 5 and t = 1,2,3,4 we
have

- {Yn;% (t=1,2,3),
Am,Pm,t _ _ - .
Ym??n—l o Ym;ﬁym;%Ym;i (t=4).

Therefore,
2 -1 -1
Tijia = F(T gy T )+

= f(( H Yﬂémwgm,lYamaﬁm,kYamvﬂm,jYamvﬂm,l) )
m#Ljkl "

Note that any crosscap slide Y,,,, 5 is a product of some Y;; for 1 <¢: < g—1
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and 1 < j < g with ¢ # j. For example, we have

(]I) Yg'i = (Y122 T Y129—1Y121Y1§9) e (Y‘2 16077 Y'2 1;9— 1Y'7% iYi 1;9)
(Yz+1 HES A Y+1g 1Yz+1 zYz+1,gY;+1 z)' (Y2 2;9— 1Y_ Y 2,9Y 22)
(Y | Y LgY 1; Z)Yz‘;g-

Equality @) will be proved in Appendix A. Thus Tfjkl can be expressed as
a product of Yj;’s.

4.1. A normal generating set for Z(N,) in I5(N,). Let G be a group.
For z1,...,z, € G, we say that N is normally generated by x1,...,x, in G
if NV is a minimal normal subgroup of G which contains x1, ..., .

In this subsection, we prove the following.

PROPOSITION 4.1. For g > 4, Z(Ny) is normally generated by the fol-
lowing elements in I3(Ny):

(1) Yﬁjforlgigg—l and 1 < j<g,
) Wik, Yip] for1<i,j<g—1and1<k<y,
) i, YirYig] for 1 <i<g—1and1 <5,k <g,
) i, Yiy] for1<ik<g—1andl1<jl<g,
) (YlekYzl) for1<i<g—1andl1<jk,I<g,
) (}/3, Y,ij jY';kY;';kYk;i)2 fOT 1< i,j, k< g — 1:
7) T12,_] k I(Hm;él,j,k,l Y@mﬂm,lYamﬁm,kYamﬂm,jYOém”BmJ) fO?” 1< ] <k<

where 1, j, k:,l are distinct.

Let I' = (g1,---,9n | 71, --,7k) be a finitely presented group, and let
€1

G be a group generated by §i,...,gn. For r; = 9ty -gz(m), define 7; =

~51

9ity " f]l.s(';‘n), where €; = £1. Let N be a normal subgroup of G normally
generated by 71, ..., 7. We first prove the following.

_ LEMMA 4.2. Let p: G — I' be a homomorphism sending g; to g;. Then
N = ker pu.

Proof. Let F = (g1,...,9n), and let N be a normal subgroup of F' nor-
mally generated by ry,...,7r,. Let m : F' — I" be a natural epimorphism, and
let v : FF — G be a homomorphism sending ¢; to g;. Since p is surjective,
we have m = pv. Then we obtain the following short exact sequences and
commutative diagram:
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For any R € ker y1, there exists R € F such that v(R) = R. Then 7(R) =
uv(R) = p(R) = 1. Hence R € kerm = N. Therefore v|y : N — ker u is
surjective. Since v¥(N) = N, we conclude that N = ker y1. m

Proof of Proposition . Let F be a free group of rank (g) —i—(g) generated
by Yij for 1 < i < g—Tand 1 < j < g with i # j, and by T}, for
1 <j<k<l<g, where Tiji = f((Thjk1)«), and let N be the normal
subgroup of F' normally generated by:

(1) Ylgforlgigg—landlgjgg,

Wik, Y| for 1 <i,j<g—land 1<k <y,
[Vij, YieYjp] for 1<i<g—1land 1<j,k<g,
[Yij, Vig) for 1 <i,k<g—1land 1< 1<y,
(le]}/zkyvll) for 1 <i<g-—1 and 1 S])kal <y,

where i, j, k, [ are distinct. By Proposition and the fact that

2
H Yamaﬁm,lYamvﬂm,kYamvﬁm,]’Yamvﬁm,l)*> Tl]k:l’
m¢17j7k7l

I';(g—1) is the quotient of F' by N. Let N be the normal subgroup of Ih(Ng)
normally generated by:

(1) Y3 for1<i<g—1land1<j<yg,

(2) ik, Yjg| for 1 <i,j<g—1land 1<k <y,

(3) iy, YirYjul for 1 <i<g—1land 1< 5,k <y,

(4) [Yij, Vgl for 1 <i,k<g—1land1<j1<yg,

(5) (Yi,YinYig)?for 1<i<g—1land1<jkI<g,

(6) (Y}:1Yij Vi Y Yk Yiii)? for 1 <i,j k< g—1,

(7) T ,],k:l(Hmyél,j,k,l Yamﬂm,lYamﬂm,kYam,ﬂm,jYam,ﬂm,l) for1<j<k<
<9,

where i, j, k, [ are distinct. Let 7 : F' — I5(g — 1) be a natural epimorphism,

and let v : F' — I'3(N4) be a homomorphism sending Y;; to Y., and Tfjkl to

7

Tl2 Skl Then we have the following short exact sequences and commutative
diagram:

1 N F T Ty(g—1)——1
lVlN ll’ ifl
1 ker p/ I'h(Ny) —2 » ker P, ——1

By Lemma we have N = ker p'. Since on the other hand Z(Ny) = ker o/,
we obtain the claim. =
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4.2. A normal generating set for Z(N,) in M(Ny). In this subsec-
tion, we prove the following.

PROPOSITION 4.3. For g > 4, Z(Ny) is normally generated by the fol-
lowing elements in M(Ng):

(Y12Y1:3Y14)%,
(Y21Y1.2Y3,2Y2.3Y1,3Y3.1)2,
) T12,2,3,4(H5§m§g Yn:;?nfl e YT;,GYTr_L,%Yn;,iYn;,ZlSYn;éY;}l)
For 1 <1< j < g, let ¢;; be a simple closed curve on N4 as shown in
Figure and let U; ; be a diffeomorphism of N, as shown in Figure
Note that Y;; = U; ;T; ; and Uz%j =te;; = ij

)
)
% (Y12, Y34], [Y1.3, Yo,
)

Fig. 15. The loop ¢;; and the diffeomorphism Us; of Ny

Since Z(Ng) is a normal subgroup of I5(Ng), the normal generating set
for Z(Ngy) in I»(Ng) is a normal generating set for Z(Ny) in M(Ny). In
addition, each normal generator for Z(N,) in Proposition is conjugate
to some normal generator for Z(NNy) in Proposition by a product of
some U; j. For example,

Yz‘?j = (Ui—i,i T U1,2)(Uj—i,j T U2,3)Y12;2(U2_,3} T Uj_—11,j)(U1_,21 e Ui_—ll,i)
for 4 < j. This finishes the proof of Proposition

5. Proof of Theorem Fix a basepoint * € Ny_1. Let 71,...,74-1
be oriented loops on Ny starting at * as shown in Figure [I6] Note that

m1(Ng—1, %) is generated by [v1], ..., [yg—1]. For 1 <i < g, let s; : 1 (Ny—1, %)
— M(Ny) be the crosscap pushing map defined in [I8] such that s;([v;]) =
Yi; if j < 4, and si([y;]) = Vi1 if 7 > i. We note that the cross-

cap pushing map is an anti-homomorphism: s;([a][5]) = s;([5])si([a]) for
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[a], [B] € m1(Ng—1,*). For [a] € m1(Ny—1, %), si([]) is a crosscap slide if « is
an M-circle, and s;([a]) is a product of two Dehn twists if « is an A-circle.

Fig. 16. The loops v1,...,7g—1

The following is a corollary of Proposition

COROLLARY 5.1. For g > 4, I(N,) is normally generated by the follow-
ing elements in M(Ny):
(1) }/1227
(2) [Yas, Y751,
(3) [Yi2, Y1,3Y23], [Y1;3, Y3,2Y10],
(4) [Yl 2, Y3, 4] [Y2 i3 Yl§3Y22;3’ Y2;4]7
(5) (Yi2Y1;3Y1.4)%,
(6) (Y21Y12Y32Y23Y13Y31) ,
(7) 1,2,3 4(H5<m<g Yrgm 1° Yn:,QGYT;,%Yrg,iYg}’)Yn;}ZYn;ll)

We now prove Theorem

Proof of Theorem [1.]. We show that each normal generator for Z(N,)
in Corollary [5.1] is a product of BSCC maps and BP maps.

(1) We have Y3 9 = = 51([7?]) = teytey, where ¢ and cy are simple closed
curves as shown in Figure “ 17} Note that t., is a BSCC map of type (1,2).
Since ¢z bounds a Mobius band, t., is trivial. Hence Y172 is a BSCC map of

type (1,2).
Yz S| /e 7 N
LR @R

Fig. 17

(2) We have Y1,3Ya3Y' = Yigsa([2]) iy = sa([4$72)) (see Figure|[Lg).
Hence
Yo, Yig ] = You YiaYasYiy = sa([ )s2([vie2))
= a2l ') = s2([77]) = testes.

where ¢; and cy are simple closed curves as shown in Figure Similar
to (1), we find that [Ya.3, Y1731] is a BSCC map of type (1,2).
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oo -6 -6 6 5 0 XE00

YI Y, Yi Y{Yz
Fig. 18

(3) We have
5/2;_31Y1;_31Y1;2Y1;3Y2;3 = Y2731Y1;_3131([V1])Y1;3Y2;3 = Y2;_3131([’72’71’Y2_1])Y2;3
= 31([71_1]) = }/1;_21

(see Figure (a)). Hence [Yi;2,Y1;3Y2;3] = Y155 Yo Y5 Vi2Vi3Ya3 = Y75
Similarly,

3/17215/23;_211/1;35%;2}/1;2 = Y172113;_2151([72])Y3;2Y1;2 = Y172151([’Y1_172_171])Y1;2
=s1([%']) = Y1;_31
(see Figure (b)) Hence [Y1.3, Y3.0Y1.0] = Y1?32. Similar to (1), we conclude
that Y1722 and Y1732 are BSCC maps of type (1,2).

®®~@ B

VY, Y,
(a)
/@ SRR ~ @
'YII'YZIY,
(b)
Fig. 19

(4) Tn Z(N,), it is clear that [Y71.2, Y3,4] and [V5.2V]3Y5 ‘3, Ya,4] are equal
to 1. Note that Y2;3 Vi3Yss = s1([yy 27973]) (see Flgure .

» 'Y}Z’YZ’YI
@ s, 72
@ Y5 Yo 2 3

Fig. 20

(5) We have (Yl;ng;3Y1;4)2 = 51([(137271)?]) = teyte,, Where ¢; and co
are simple closed curves as shown in Figure Note that ., is a BSCC
map of type (1,2) if g > 5 and a BSCC map of type (2, 1) if g = 4. Since ¢
bounds a Mébius band, t, is trivial. Hence (Y1.2Y1.3Y1.4)? is a BSCC map
of type (1,2) if g > 5, and a BSCC map of type (2,1) if g = 4.
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— ¢ &
s D
@ -+ »’.cmzom:o x ®@

(VYY)
Fig. 21. The black cross “x” means the composition of ¢., and t.,
(6) By [17, proof of Lemma 3.1], we have Y ;'V;,; = Vj.;Y; ;' = T2 for
1 <i<j<g. Hence (Yo YipYsoVo3 Yy ¥an)® = (I1,135T13)%
LEMMA 5.2. We have (see Figure 22)):
(a) T1272 = Ll}/&lY&Q, where
Ly = (YyuYgoYis - Y72, 1) - (YanYaaYis).
(b) T2273 = L2Y1;2Y1;3, where
Ly = (Y YgoYgsYoy - Yo, 1)+ (Vi YaaYas).
(c) T1_52 = L3Y5.3Y5.1, where

Ly = (Yo Yo Yy - Yy 1) - (Vi Yan YinYiis)-

DR > x---x—»

Fig. 22. In this figure, and also in Figures and the black crosses “x” mean
compositions of crosscap pushing maps.

We have
2yl 1 1y 2 2
}/3;2 YES;I ()/2;1 Yi§2}%;2yé;3 Y1;3 Yéﬂ) Y23§1Y3;2
—2v—1 -1
= VY35 Y5y - L1Y31 Y32 - YaYs 4 - L3Yo3Yan
-1 ~1 2
Yo Yo LoYipYis - Yy g Ve - Y3 Yy,
2 v2 12
= RiR3RyY15Y5,: Y50,

where Ry = Y35 Vi ' L1 Y31 Yy, Ry = YioLoVy,) and Ry = Y3 L3Ya (sec
Figure . Similar to (1), since Y12;2, Y32;1 and Y322 are BSCC maps of type
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(1,2), it suffices to show that R; R3Ry is a product of BSCC maps.

= L, — R,
'@ o ~ ol
¥ L3 R3
2/®\% - (R
Fig. 23

Let dy, d1, ds, d3 and dy4 be simple closed curves as in Figure Note
that t4, is a BSCC map of type (1,3) or (1,g—3), and ¢4, is a BSCC map of
type (2, 1). In addition, since d4 bounds a Mobius band, we have ¢4, = 1. Let
R3y = t4,ta,. By the lantern relation, R3s is a product of R3R and t4,. Let
Ri32 = tg,tq,. By the lantern relation, Ri32 is a product of RiR32 and t4,.
Hence Ri33 is a product of R; R3R> and t4,. Therefore R R3R> is a product
of BSCC maps of type one and a BSCC map of type (2,1). In particular,
if g = 4, since tg4, is trivial, R;R3Rs is a BSCC map of type (2,1), and if
g >5, by Lemma[2.2] Ry RsR; is a product of BSCC maps of type (1,2).

cee

@ ....... x...x

Fig. 24
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(7) We have
-1 —1 -1 _-1_-1_-1_-2_ -2 —2
1,2,3,4T1,,2,3,4: H sm(1 2 ¥ 4 s V6 Ymeal)
5<m<g
) 2y, —2v 1y —ly 1y —1
= H Ym;mfl T Ym;6Ym;5Ym;4Ym;3Ym;2Ym;1
5<m<g

(see Figure [25)). Hence

2 -2 -2y 2y —ly—1y—1y—1) _ /—1
T1,2,3,4< H Ym;m—l T Ym;ﬁym;SYm;4Ym;3Ym;2Ym;l) - T1,2,374T1,2,3,4'
5<m<g

Thus it is a BP map of type (1,1).

m ....... X+ X R-R-R-R .:.-.:.-.:.-.:.
| I

-1
T334
g o o o)
_92 2 —1 —1 — BT BB -
H Vo1 Y 2Yoh - Yo XX R X
m=>5 -1
T 234

Fig. 25

This completes the proof. =

Appendix A. In this appendix, we prove equality (I}) of Section [2| and

equality (]E) of Section
For , it suffices to show the following lemma.

LEMMA A1, For1l <y < --- <1 < g, let ¢,,..i, be a simple closed
curve on Ny as shown in Figure . Then for 2 < h < g we have

ley = (tcLz e 'tcl,h—ltcl,h) to (tCh—Q,h—ltch—Q,h)(tCh—l,h)'
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Proof. We first note that t., . = YZQJ We see that

Cij
,,,,, p = (e at5 ) (e iatont ) (tenantd,)
= (s1([vi—1- D) - (snea((—17—2D)) (sn—1 ([Vh-1])
(YlZ,z Y7 h— 1Y1 ) (Yh{Q;hfIYthZh)(Ythl;h)
— (tern - terpsters) -+ (e apstonan)(tons):
Thus we obtain the claim. =
ExaMpPLE A.2. For 1 <i< g—1 we have
Yoi = (Vg Vi1 Vi Vig) - (Vi Yiliyg 1 Vi 1,Yio1y)
: (YL‘%A a2 Yz’il 39— 1Y;+1 1Y+1,ng+1 i) (Yg2—2;g—1Y;;:12;i}/!J*2§ng2—2;i)
(Y 11 1Y:a LgY 1 z)Y%;g'
Proof. Note that Yg;iYi; = ng. We see that
2= T sm(le-rviiviseva) TI sm(0ive-1v "ve—a- - va)
1<m<i—1 i+1<m<g—2
s (-1 )
= JI mir Yo YoiYong)

1<m<i—1
2 2 —1 2 1
X H (Ym;m—H T Ym;g—lym;iym§gym;i)(y 1; zYt‘J 179}/9 1; 2)
i+1<m<g—2
(see Figure [27). Thus we obtain the claim. =
i-1 g1 i-1 g1
.:‘ .:‘ X onn X oo .:‘ .:‘
x“H x...x“..®» m
i g-1 i g-1
T 2
i g
Fig. 27

Thus we obtain equality (]E)
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