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Abstract. Let € be an algebraic unit for which the rank of the group of units of the order Z|[e]
is equal to 1. Assume that € is not a complex root of unity. It is natural to wonder whether
¢ is a fundamental unit of this order. It turns out that the answer is in general yes, and that
a fundamental unit of this order can be explicitly given (as an explicit polynomial in €) in the
rare cases when the answer is no. This paper is a self-contained exposition of the solution to this
problem, solution which was up to now scattered in many papers in the literature.

1. Notation. Let I1,(X) = X" —a, 1 X" '+ ...+ (=1)" a1 X + (-1)"ap € Z[X]
be the minimal polynomial of an algebraic integer «. It is monic and Q-irreducible. Let
do > 0 be the absolute value of its discriminant D, # 0. Let 8 € Z[a] and assume that
Q(B) = Q(«), i.e. that degIlg(X) = degIl,(X). Then

Dg = (Z[a] : Z[B])* D, and hence dg = (Z[a] : Z[3])*dq. (1)
In particular, Z[8] = Z[a] if and only if dg = d,.

Now, assume that ¢ is an algebraic unit, i.e. assume that ap € {£1}. Since Z[e] =
Z[—e] = Z[1/e] = Z[-1/¢] and D, = D_. = Dy;. = D_y;., we may assume that
la1| < a,_1. By an appropriate choice of the root of II.(X), we may also assume that
le| > 1. If € is real, we may even assume that ¢ > 1.

If ¢ is an algebraic unit for which the rank of the group of units of the order Z[¢]
is equal to 1 then either (i) ¢ is a totally real quadratic unit, or (ii) € is a non-totally
real cubic unit or (iii) ¢ is a totally imaginary quartic unit. In these three situations,
if we assume that ¢ is not a complex root of unity, it is natural to ask whether ¢ is a
fundamental unit of the order Z[e]. And in case it is not, it is natural to construct one
from it.
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2. The real quadratic case. We introduce in this very simple situation three tools
and a method we will use to solve the more difficult cubic and quartic cases.

Let € be an algebraic quadratic unit which is not a complex root of unity and for
which the rank of the group of units of the quadratic order Z[e] is equal to 1. Hence, ¢ is
totally real. We may and we will assume that € > 1.

LEMMA 1. The smallest quadratic unit greater than 1 is no := (1 +/5)/2.
LEMMA 2. Let ¢ be an algebraic integer. If ¢ = +n™ with n € Z and n € Z[e], then
Z[n] = Z[e]. Hence, D,y = D, and d,, = d..
Proof. Notice that Z[n] C Z[e] = Z[xn"] C Z[n] and use (1)). =
LEMMA 3. Let o be a real quadratic unit. Then

(Iaf = la]™)" < do < (Ja] +]a] )" (2)
Proof. We have d,, = (a — )%, where o/ = &1/« is the conjugate of . =

THEOREM 4. A real quadratic unit e > 1 is always the fundamental unit of the quadratic
order Z[¢], except if e = (3 ++/5)/2, in which case ¢ = n?, where 1 <n = (14 +/5)/2 =
e — 1 € Z[e] is the fundamental unit of Z[e| = Z[n], and d. = d, = 5.

Proof. Assume that e > 1 is not the fundamental unit of Z[¢]. Then there exist a quadratic
unit 1 < n € Z[e] and n > 2 such that € = n™, which yields d. = d,, (Lemma. Using

we obtain
2

2 — n —-n —1
1= n—-n _&€—-¢ _
0<n—n" = = < P <4/d:/dy=1.
But 0 < 7 —n"! < 1implies 1 < n < (1++/5)/2 and n = 1, by Lemma We now

obtain 1=mno —ng" = M —ng>)/(no+m5") < (i —m™)/(no +mg ") < 1, which yields
n=2.nm

3. The non-totally real cubic case. The aim of this section is to prove Theorem [§] It
was first proved in [Nag]. However, while working on class numbers of some cubic number
fields, we come up in [Lou06] with a completely different proof of Nagell’s result. Our
proof was based on lower bounds on absolute discriminants of non-totally real algebraic
cubic units (see Theorem [9)), and then simplified in [Loul0).

DEFINITION 5. A cubic polynomial of type (T) is a monic cubic polynomial P(X) =
X3 —aX?+bX — 1 € Z|X] which is Q-irreducible (< b # a and b # —a — 2), of negative
discriminant Dp(x) < 0 and whose only real root ep satisfies ep > 1 (& P(1) < 0 &
b<a-1).

Let ¢ be an algebraic cubic unit for which the rank of the group of units of the cubic
order Z[e| is equal to 1. Hence, € is not totally real. We may and we will assume that ¢
is real and that € > 1, i.e. that II.(X) is a cubic polynomial of type (T):

LEMMA 6. Let ep > 1 be the only real root of a cubic polynomial P(X) = X3 — aX? +
bX — 1 € Z[X] of type (T). Then

0<a<ep+2and bl <Via+4. (3)
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Proof. Let 5;1/2ei¢ and 5;1/26_i¢ be the non-real complex roots of P(X). Then a =
ep+ 25;1/2 cosp>ep—2>—1and b= 25}3/2 cos ¢ + 51_31. Hence,

4a—b2:45psin2¢+45;1/ cos¢—ep® > =5 (4)
and is true. m

Notice that makes it easy to list all the cubic polynomials of type (T) whose real
roots are less than or equal to a given upper bound B. Taking B = 2, we obtain:

LEMMA 7. The real root ng = 1.32471 ... of II(X) = X3 — X — 1 is the smallest real but
non-totally real cubic unit greater than 1.

3.1. Statement of the result for the cubic case

THEOREM 8. Let e > 1 be a real cubic algebraic unit of negative discriminant —d. < 0.
Let n > 1 be the fundamental unit of the cubic order Z[e]. Then € = n, except in the
following cases:

1. The infinite family of exceptions for which (X)) = X3—~M?X%?—-2MX -1, M > 1,
in which case € = n? where n = &2 — M?c — M € Z[e] is the real root of X> — MX? — 1,
Zn) = Z[e] and d. = d,, = 4M3 + 27.

2. The 8 following sporadic exceptions:

(a) i I (X)=X?-2X?%+ X — 1, in which case ¢ = n? where n = &2 — ¢ € Z[e].

i, TI.(X) = X3 —3X2+2X — 1, in which case € = > where n =¢ — 1 € Z[e].

iil. T (X ):X3 2X2%—-3X —1, in which case ¢ = n* where n = e —2e—2 € Zle],

iv. TI.(X) = X3—5X2+4X —1, in which case e = n° wheren = €2 —4e+1 € Z[e].

v. II.(X) = X3-12X2-7X —1, in which case e = n°, n = —3e®>+37¢+10 € Z[e].
In these five cases, n > 1 is the real root of I1,,(X) = X3 — X — 1, Z[n] = Z[e] and
dy, = d. = 23.

(b) i IL(X) = X3-4X?+3X —1, in which case e = 1> wheren = 2 —3e+1 € Z[e].

ii. I (X) = X3—6X2—-5X —1, in which case e = n°, n = —2c2+13c+5 € Z[e].
In these two cases, > 1 is the real root of IL,,(X) = X3 — X? — 1, Z[n] = Z[e] and
dy, = d. = 31.
(c) I.(X) = X3—-7X?+5X —1, in which case e = 1, where 1 < n= —e>4+7e—3 € Z[e]
is the real root of II,/(X) = X3 — X? — X — 1, Z[n] = Z[¢] and d,, = d. = 44.

3.2. Sketch of proof. Let £ > 1 be a real but non-totally real cubic unit. Then ¢ is not
a fundamental unit of the order Z[e] if and only if there exists p > 2 a prime and n € Z[¢]
such that e = 7? (the main feature that makes it easier to deal with this cubic case than
with the totally imaginary quartic case dealt with below is that —1 and +1 are the only
complex roots of unity in Ze]). Now, if ¢ = n™ for some n € Z[e], then Z[n] = Z[e] and
d. = d,, by Lemma

1. Assume that e = ™ for some non-totally real cubic unit 1 < n € Z[e] and some
n > 3. Using n > no = 1.32471... (Lemma [7)) and a double bound (5] for d. similar
to (2), we will obtain in Corollary [11]that 1 < < 4.5 and n < 10.
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2. In contrast with the quadratic case, this double bound does not prevent ¢ from
being infinitely many often a square in Z[e]. Hence, we characterize in Lemma [12| when
this is indeed the case.

3. Finally, to determine all the 1 < ¢’s that admit a p-th root in Zle] for some
p € {3,5, 7}, and to determine this p-th root n > 1, we make a list of all cubic polynomials
IT,(X) = X® — AX? + BX — 1 € Z[X] of type (T) with 0 < A < 6 < 4.5+ 2, by (§),
for which there exist p € {3, 5,7} such that Z[n] = Z[n?], i.e. such that D, = D,», where
IL»(X) = X3 — aX? + bX — 1 is computed as the resultant of IL,(Y) and X — Y™,
considered as polynomials of the variable Y. A Maple Program 1 settling this step is
given below. We found 6 such occurrences, of discriminants —23, —31 or —44. Taking
also into account the points 2 and 3 of Lemma[I2] both of discriminant —23, and singling
out the only case of point 1 of Lemma of discriminant in {—23, —31, —44}, namely
the case M = 1 of discriminant —31, we obtain Table 1, which completes the proof of
Theorem [&

p | ,(X) I, (X) Dy, = Dy
2/ X3-Xx -1 X3 -2X24+X -1 —23
2| X3-2X24+X -1 | X3-2X2-3X -1 —23
31 X3-X -1 X3 -3X24+2X -1 —23
3|IX3-3X24+2X -1 X3-12X2-7X -1 —23
50 X3-X—1 X3 —5X24+4X —1 —23
2 X3-Xx2-1 X3 - X2_9X -1 -31
3 X3 -X2-1 X3 —4X24+3X -1 —31
51 X3-X2-1 X3 —6X2-5X -1 —31
3 X3-X2_X-1 X3 —7X?2 45X —1 —44
Table 1
Program 1:

for A from 0 to 6 by 1 do

borneB := isqrt(4A + 4):

for B from —borneB to min(borneB,A — 1) by 1 do
p=a3—-A-22+B-z—1;

if irreduc(p) then

Dp := discrim(p, x);

if Dp < 0 then

for n in [3,5,7] do

q := resultant(subs(x = y,p),x — y™,y); Dq := discrim(q, );
if Dq = Dp then print(n, sort(p, z), sort(q,x), Dp) end if
end do

end if

end if

end do

end do:
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3.3. Bounds on discriminants

THEOREM 9. Let a be a real cubic algebraic unit of negative discriminant. Then
max(ja*?,|a| %) /2 < do < 4(Ja| + |a|)? < 32max(|af®, || ?). (5)
Proof. Since () remains unchanged if we change « into —«, 1/a and —1/a, we may
assume that o > 1, i.e. that I, (X) is of type (T). Let 8 = a~'/2¢" and § = o~ /2e~%¢
be the non-real complex roots of I1,(X) = X3 —aX? +bX — 1 € Z[X]. Then
do = —(a = )*(a = B)*(B — B)* = 4a”? — 2cos ¢ + a~/?)?sin” ¢. (6)
Hence, setting Xo = a2 + a~3/2 > 2, we have
do = X2 +4— (Xqcosp+2sin?¢)? —dcos’ 9 < X2 +d4=a*+a 3 +6<(a+a )
Let us now prove the lower bound on d,. By @ we have
do > 4(a®/* — a3/ *)tsin? ¢
Assume that o > 16.2.
First, assume that sin® ¢ > 2a~3/2. Then we obtain d, > 7a3/2.
Second, assume that sin? ¢ < 2a~3/2. By , we have
—1< —da"'? —a7? < 4a — b? = 4asin? o+ 412 cosp—a? < 120712 < 3.

Since 4a — b* = 0 or 3(mod4), we obtain 4a = b? and cos¢ < 0 (otherwise 4a — b? >
4o~ ? sin? ¢ + 42 cos® p — a2 > 0). Hence,

0 =4a —b* = 4dasin® ¢ — 4071/2\/ 1—sin’¢—a 2
Therefore, sin? ¢ = a=3/2 —a~3/4, cosp = —1 +a~3/%/2 and @ yields
do = 4(a®? +2)2 (%2 — a3 /4) > 40/,
Therefore, d, > 403/? for a > 16.2.
Finally, if 1 < a < 16.2, then I1,(X) = X3 —aX?+bX —1 € Z[X] is of type (T) with
0 <a< 18, by . Using we obtain that there are 211 such cubic polynomials. By
computing approximations to the real root o > 1 of each of these 211 cubic polynomials,

we check that the lower bound on d, given in holds for each of these 211 cubic
polynomials. m

REMARK 10. We can reformulate the lower bound on d,, in as follows: let v be a non-
real cubic algebraic unit of negative discriminant satisfying |y| > 1. Then |S(y)| > |y|~1/?
(explicitly). We wish we understood beforehand why such a lower bound must hold.

COROLLARY 11. Let € > 1 be a real cubic algebraic unit of negative discriminant. If
e =n" for some 1 < n € Z[e] and some n > 3, then n < 4.5 and n < 10. In particular,
by @), if I,(X) = X3 —aX? +bX — 1 € Z[X] is of type (T), then 0 < a < 6 and
b < +/4a +4.

Proof. By we have

779/2/2 < 773n/2/2 = 53/2/2 <d.=d, < 4(n "‘7771)37
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that implies n < 4.5. Moreover, we have n > 19 = 1.32471 ... (Lemma [7]). Hence, by ,

we have )
3 —1.3
) < 8(770 + Mg )
= n/2 )
Mo

1

(n+n1)° _ (n +0”

4
1= dn/df < 53/2/2 nn/2

that implies n < 11. =

3.4. Being a square

LEMMA 12. Lete > 1 be a real cubic algebraic unit of negative discriminant. Then & = n?
for some 1 < n € Zle] if and only if we are in one of the following three cases:

L IL(X) = X3 — M2X?%2 — 2MX — 1 with M > 1, in which case ¢ = 1> where
n=e?—M?e—MeZe],I,(X)=X>—MX? -1 and d, = d. = 4M> + 27.

2. T.(X) = X3 —2X? —3X — 1, in which case ¢ = n? where n = —&? +3e +2 € Z[e],
,(X) = X* —2X2 4+ X — 1 and d,, = d. = 23.

3. I (X) = X3 —2X? + X — 1, in which case ¢ = n* where n = 2 — ¢ € Z[e],
,(X) = X* — X — 1 and d, = d. = 23.

Proof. Assume that e = n? for some 1 < n € Z[e] with IL, (X) = X3—aX?+bX —1 € Z[X]
of type (T). Then Z[e| = Z[n] and d. = d,, (Lemma. Clearly, the index (Z[n] : Z[n?]) is
equal to |ab— 1|, where II,,(X) = X® —aX?+ bX — 1. Hence, we must have |ab— 1| = 1,
and we will have n = (¢? — (a® — b)e — a)/(1 — ab) and II.(X) = IL(X) = X? —
(a? —20) X2 + (b? — 2a) X — 1.

First, assume that ab = 2. Then ¢ = 2 and b = 1 (for a > 0 and b < a — 1),
I,(X)=X?-2X?+X —1land [I.(X) = X® —2X? —3X — 1.

Second, assume that ab = 0. If a =0, then b <a—-1= —1and d,, = 43 427 >0
yields b = —1, I, (X) = X3 —= X — 1, and II.(X) = X® —2X?+ X — 1. If a # 0, then
b=0,11,(X)=X>-aX?-1,d,=4a®>+ 27 and [I.(X) = X® —a?’X?*—2aX — 1. m

4. The totally imaginary quartic case. The aim of this section is to prove The-
orem Indeed, after having found a completely different proof of Nagell’s result we
thought it should now be possible to settle this third case where the rank of the group
of units of the order Zle] is equal to 1. In [Lou08| we partially solved this problem and
conjectured Theorem We could not prove it because we could not come up with lower
bounds on discriminants of totally imaginary quartic algebraic units (see Theorem .
Such a lower bound was then obtained in [PL] and its proof was simplified in [Loul0].

Let € be an algebraic quartic unit which is not a complex root of unity, and for which
the rank of the group of units of the quadratic order Z[e] is equal to 1. Hence, ¢ is totally
imaginary and |e] # 1 (use [Was, Lemma 1.6]). Notice that if 1, e =27, e5 and ¢4 = &3
are the four complex conjugates of €, then 1 = 169364 = |e1|?|e3]?. By changing ¢ into
—¢, 1/e, or —1/¢ if necessary, we may and we will assume that its minimal polynomial
IT.(X) is of type (T):

DEFINITION 13. A quartic polynomial of type (T) is a Q-irreducible monic quartic poly-
nomial P(X) = X% —aX3+bX? — cX + 1 € Z[X] which satisfies |c| < a and which has
no real root (see Lemma [14] for a characterization). It is of positive discriminant Dp(x.
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LEMMA 14. Let ep be any complex root of a quartic polynomial P(X) = X* — aX? +
bX? —cX +1 € Z[X] of type (T). Then

—1<b<|ep)* +1/lepl* +4 and |c| <a <V4b+5. (7)

Proof. Let pei®, pe~i® p~le® and p~le~™ be the four complex roots of P(X). Then
a=2pcosd+2p~ ! costp and

b= + p2 + 4(cos §)(cos ). (3)
Hence,
4b — a* = 4(sin )?p? + 4(sin))?p~2 + 8(cos ¢)(cos p) > —8. 9)
Since 4b — a®> = 0 or 3 (mod4), we have 4b —a® > —5. m

LEMMA 15. Let P(X) = X* — aX?® + bX? — cX +d € Q[X] be Q-irreducible. Then
P(X) has no real root if and only if Dpxy > 0 and either A := 3a*> —8b < 0 or
B :=3a* — 16a%b + 16ac + 16b> — 64d < 0. Assume moreover that d = 1 and let n = pe'®,
i, =p~te’? and 7' be these four non-real roots. Then p> +1/p? > 2, 2cos(a + ) and
2cos(a — B) are the roots of

R(X)=X?—bX"+ (ac — 4)X — (a® — 4b+ %) € Q[X],
of positive discriminant Dr(xy = Dp(x) = d;.

Proof. Write P(X) = (X — a1)(X — a2)(X — a3)(X — aq) in C[X].

1. Set 81 = (a1+a2—a3—a4)2, Bo = (al—ag+a3—a4)2 and 83 = (Oél—Oég—(Jé3+Oé4)2.
Then Q(X) := (X —31)(X —B2)(X —83) = X3— AX%+BX —C, where A and B are given
in the statement of Lemma and C = (a® — 4ab + 8¢)?. Moreover, Dgx) = 2"2Dp(x).

(i) If P(X) has two real roots, say a1 and ag, and two non-real roots, say as and
a4 = as, then f; > 0, whereas 35 and (3 = 3 are non-real. Hence Dgxy <0.

(ii) If P(X) has four non-real roots, say a1, ag = @y, as and ay = ag, then Q(X) has
three real roots 8 > 0, 2 < 0 and 33 < 0. Hence Dg(x) > 0 and Q'(X) = 3X2—-24X+B
has a negative real root v € (82, 83), which implies A < 0 or B < 0.

(iii) If P(X) has four real roots, say aj, ag, ag and ay, then Q(X) has three real
roots 81 > 0, B > 0 and f3 > 0. Hence Dg(x) > 0 and Q'(X) = 3X? — 24X + B has
two positive real roots 7; and 2, which implies A > 0 and B > 0.

The proof of the first part is complete.

2. Set v1 = a1z + azay, y2 = apaz + agay and y3 = agay + asag. Then R(X) :=
(X =) (X =72) (X —3) = X3 —bX?+(ac—4d) X —(a*d—4bd+c?), and Dg(x) = Dp(x). In
our situation, d = 1 and we may assume that a; = 7, as = 7, ag = 1’ and ay = 7. Hence,
=+ 1/n* > 2, 92 = 2R(n') = 2cos(a + ) and v3 = 2R(n7)) = 2cos(a — B). u

Notice that and the first part of Lemma make it easy to list all the quartic
polynomials of type (T) whose roots are of absolute values less than or equal to a given
upper bound B. Using the second part of Lemma we can compute these absolute
values. Taking B = 2, we obtain:

LEMMA 16. Let n be a totally imaginary quartic unit. If |n| > 1 then |n| > |no| =
1.18375. .., where I, (X) = X* — X3 + 1.
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4.1. Statement of the result for the quartic case

THEOREM 17. Let € be a totally imaginary quartic unit with II.(X) of type (T). Assume
that € is not a complex root of unity. Let nn be a fundamental unit of Zle]. We can choose
n =g, except in the following cases:

1. The infinite family of exceptions for which TI.(X) = X* — 20X3 + (b + 2)X?
(2b6—1)X+1, b > 3, in which cases ¢ = —1/n* wheren = £3—2be?+(b*+1)e—(b—1) € Z[e
is a root of II,(X) = X* — X3 + bX? + 1 of type (T), Z[n] = Z[] and d,, = d.
166" — 4b® — 128b2 + 144b + 229.

2. The 14 following sporadic exceptions:

(a) i H.(X)=X*-3X3+2X%+1, in which case e = —n~2 wheren = —e*+e+1 €
Z[e] is a root of I)(X) = X* —2X3 +2X? — X + 1 of type (T), Zn] = Ze]
and d. = d,) = 117.

ii. II.(X) = X* - 3X3+5X2 —3X + 1, in which case ¢ = n* where n = —> +
2e2 — 2¢ € Z[e] is a root of I)(X) = X* — X3 — X% + X + 1 of type (T),
Zln) = Z[e] and d. = d,, = 117.

iii. TI.(X) = X* —5X3+8X2%2—4X +1, in which case (3 = & —4e% +5e —2 € Z]¢]
and € = (3n> where n = —? +3e — 1 € Z[e] is a root of I,(X) = X* —2X3 +
2X? — X + 1 is of type (T), Zn) = Z[e] and d,, = d. = 117.

(b) T.(X) = X*—5X3+9X? —5X + 1, in which case € = —n* where n = —e> +4e? —
6c+2 € Zle] is a root of IL,,(X) = X* — X3+ 3X? — X +1 of type (T), Z[n] = Z|[e]
and d, = d. = 189.

(¢) i IL(X)=X*—X3+2X?+1, in which case e = n? wheren = —e3+e%—¢ € Z[e].

ii. II.(X) = X*-3X34+3X%2— X +1, in which casee = 1/n>, n = —e+1 € Z[e].

iii. I.(X) = X% —4X3 4+ 6X2 — 3X + 1, in which case € = —1/n* where n =
g3 —3e% + 3e € Z[e].

iv. TI.(X) = X* —5X3 +5X2 +3X + 1, in which case ¢ = —n5 where n =
g2 — 2 —1€Z[.

v. II.(X) = X* - 7X3 + 14X?% — 6X + 1, in which case e = —1/n" where n =
g2 —4e +2 € Z[e.
In these five cases, I1,(X) = X*—X3+1 is of type (T), Z[n] = Z[e], d, = d- = 229.
(d) i IL(X) = X* —2X3 + 3X?% — X + 1, in which case ¢ = —1/n? where n =
g3 — 2¢? + 2¢ € Z[e].

ii. II.(X) = X*—3X3+X2+2X +1, in which case e = 1/n?, n = &2 —2¢ € Z|e].

ili. (X)) = X*—5X3+7X2—-2X +1, in which case ¢ = —n*, n = &2 —2¢ € Z|g].
In these three cases, IL;(X) = X* — X3 + X2 + 1 is of type (T), Zn] = Z[e] and
dy =d. = 257.
(e) TI(X) = X* —4X3 + 7X?% — 4X + 1, in which case (4 = —&3 +4e? —6c + 2 €
Zle] and € = (4n?, where n = —e3 + 3¢? —4e + 1 € Ze] is a root of I1,(X) =
X4 —2X3+ X2+ 1 of type (T), Zn) = Zle] and d,, = d. = 272.
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g3 + 622 + 3¢ € Z[e] is a root of I,)(X) = X* —2X3 +4X? — X + 1 of type (T),

(f) I(X) = X* — 13X3® + 43X2 — 5X + 1, in which case ¢ = —n> where n =
3
Zln| = Zle] and d,, = d. = 1229.

4.2. Sketch of proof. Let ¢ be a totally imaginary quartic unit which is not a complex
root of unity. Compared with the non-totally real cubic case, this quartic case is more
tricky.

The first problem is that the totally imaginary quartic order Z[e] may contain complex
roots of unity. Let u(e) denote the cyclic group of order 2N > 2 of complex roots of
unity contained in Z[e]. Since the cyclotomic field of conductor 2N and degree ¢p(2N) is
contained in the quartic field Q(e), we deduce that ¢(2N) divides 4, hence that 2N €
{2,4,6,8,10,12}.

We will devote Sectionto the case that 2N € {8, 10, 12} and will settle our problem
in this situation.

Hence we may and we now assume that 2N € {2,4, 6}.

We want to determine when & = (5P for some ¢ € u(e), some n € Z[e] and some prime
p > 2. We may and we will assume that 7 is also a totally imaginary quartic unit which
is not a complex root of unity (if 1 is not totally imaginary then it is a real quadratic
unit and ¢ # +1, and we have ¢ = {'n’? with n' = (n € Z[e] a totally imaginary quartic
unit and ¢’ = (1P € p(e)).

Clearly there are three subcases.

1. For p = 2 we determine when & = £n? (Lemma , and when ¢ = (4n? where (4 is
a complex root of unity of order 4 in Z[e] (Lemma [20).

2. For p = 3 we determine when € = 7% (next subcase), and when ¢ = (31 where (3 is
a complex root of unity of order 3 in Z[e] (Lemma [20)).

3. For p > 3 we determine when £ = 7P for some n € Z[e]. Using |n| > |no| = 1.18375...
(Lemma and a double bound for d. similar to and , we will obtain
in Corollary 27 p € {3,5,7,11,13}.

p | I, (X) QX) D
2 XT-XT-X"+X+1 IL2(X)=X"—-3X"+5X7-3X +1 117
2| X*—2X%42X° - X +1 [II_,,2(X)=X"-3X>+2X°+1 117
3| X' —2X?+2X? - X 41 | Ig,e(X) = X" —5X° +8X° —4X +1 117
2| X* =X 43X - X +1 |[I_2(X)=X*"-5X>+9X%>-5X +1 189
3 X' -X%+1 IT, 5 (X) = X* - 3X% +83X* - X + 1 229
2| X*—38X%4+3X* - X+1|[_y,2(X)=X"—5X>+5X>+3X+1 | 229
2| X' —Xx3+1 IL2(X) =X*-X®+2X?+1 229
2| X*-X%+2X%+1 I_y)2(X)=X"—4X° +6X* —3X +1 | 229
3| X*-X®+2X2 41 I,3(X)=X"-5X%+5X>+3X +1 229
7| Xt —X*41 Iy (X)=X*—7X%+14X% —6X +1 | 229
2| X* - X34 X241 I_y)2(X) =X*—2X%+3X* - X +1 | 257
2| X*—2X%43X? - X +1 | I_)2(X)=X*"—5X>+7X*—2X +1 | 257
3| X X3+ X241 I (X) =X —3X°+ X? +2X +1 257
2| X*—2X% 4+ X241 M2 (X) = X" —4X° +7X% —4X 41 272
3| X' —2X? +4X° - X +1 |II_5(X)=X"—13X%+43X° —5X +1 | 1229
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In the cubic case, if e = 7P > 1 and II.(X) is of type (T), then so is IT,;(X). This is no
longer true in the present quartic case. For example, if II.(X) = X4 -3X3+ X2 +2X +1,
of type (T), and n = —e? + e+ 1 € Z[¢], then e = n® and IL,(X) = X* + X% — X + 1 is
not of type (T). Since we want 7 to be of type (T) in all our statements, we may have to
present our results in using —n, 1/n or —1/7 instead, as in Lemma

Putting together the results of Lemma [I8] Lemma [20] and Corollary 27, we obtain
Table 2 on the previous page (similar to Table 1 of Section where we single out the
cases b =1 and b = 2 of point 1 of Lemma [18] of discriminants D = 257 and D = 229),
which completes the proof of Theorem [I7]

4.3. Being a square

LEMMA 18. Let € be a totally imaginary quartic algebraic unit which is not a complex
root of unity, with 11.(X) of type (T). Then *e is a square in Z[e] if and only if we are
in one of the seven following cases:

LI (X)=X*—2bX3+ (b2 +2)X2—(2b—1)X +1, b > 1, in which cases e = —1/n?
where n = &3 — 2be? + (b + 1)e — (b— 1) € Z[e] is a root of IL,,(X) = X* — X34+ bX? +1
of type (T), and d. = d,, = 16b* — 4b> — 128b* + 114b + 229.

2. T (X) = X% — X34+ 2X2 + 1, in which case e = n? where n = —% + &% — ¢ € Z[¢]
is a root of IL;(X) = X* — X3 + 1 of type (T), and d. = d,, = 229.

3. (X)) = X*—3X3+2X2+1, in which case e = —n~2 wheren = —e2+e+1 € Z[e]
is a root of IL;(X) = X* —2X3 +2X? — X + 1 of type (T), and d. = d,, = 117.

4. T (X) = X*—-3X3+5X2-3X +1, in which case e = n? wheren = —e3+2e2—2¢ €
Z[e] is a root of I,(X) = X* — X® — X? 4+ X + 1 of type (T), and d. = d,, = 117.

5. M. (X) = X* —5X349X2 —5X 41, in which case ¢ = —n? where n = —&3 + 4% —
6e+2 € Z[e] is a root of I,)(X) = X*— X3+3X%2— X +1 of type (T), and d. = d,, = 189.

6. I (X) = X*—5X3+5X2+4+3X +1, in which case e = —n~2 wheren = —e2+2e+2 €
Z[e] is a root of I1,;(X) = X* —3X% +3X?% — X + 1 of type (1), d, = d. = 229.

7.1(X) = X*—5X3+7X2-2X +1, in which case e = —n~2 wheren = e3—4e%+4e €
Z[e] is a root of I1,,(X) = X* —2X3 +3X% — X +1 of type (T), and d,, = d. = 257.
Proof. Assume that ¢ = +n? or £n~2 for some 7 € Z[e], with IL,(X) = X* — aX3 +
bX? — cX +1 € Z[X] of type (T). Hence,

—1<b and |c]<a<V4b+5.
The index (Z[n] : Z[n?]) is equal to |a® + ¢® — abc|. Hence, we must have
la? 4+ ¢® — abe| = 1,
and we will have IL2 (X) = X*— AX3+ BX?—CX+1, where A = a?—2b, B = b*—2ac+2
and C = ¢® — 2b.

Assume that ¢ = 0. Then 1 = |a? + ¢ — abe| = a?, hence a = 1 and we are in the first

or the second case.

Assume that ¢ # 0. Then a > 1 and a® + ¢® — abc = +1 yield |b] < f(|c|), where

flx) = 4424 i is convex. Hence,

b] < g(a) := max(f(1), f(a)) = max(a + 2/a,2 + 1/a*) = a + 2/a.
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Since g is convex we obtain |b| < max(g(1), g(v/4b+5)) = max(3, j%) Hence, b < 5.
There are 9 triplets (a, b, ¢) satisfying —1 < b <5 and 1 < |¢|] < a < v/4b+ 5 for which
la? + ¢® — abc| = 1. Getting rid of the three of them for which I,(X) = X* — aX? +
bX? — cX + 1 is of negative discriminant and of the one of them for which 7 is a fifth
complex root of unity, namely (a,b,c) = (1,1,1), we fall in one of the five remaining last
cases.

Finally, by choosing between the four units e = 1% or ¢ = +1~2 the ones for which
I.(X) = X* — AX3 + BX? — CX + 1 satisfies |C] < A, we complete the proof of this
lemma. =

4.4. The case where pu(e) is of order 8, 10 or 12

LEMMA 19. Let € be a totally imaginary quartic algebraic unit which is not a complex
root of unity. If (on € Zle|, with 2N € {8,10,12}, then ¢ is a fundamental unit of the
order Z[e].

Proof. We have Z[e] C Z[(an] (Z[Con] is the ring of algebraic integers of Q((an)). Hence,
Zle] = Z[¢on] and de = de,, . Let non be a fundamental unit of Z[(an]. Then non € Z[e]
and € = (S} n%y, with m € Z and 0 # n € Z. We want to prove that |n| = 1. We prove
that [n| > 2 implies d. > de,, . Set p = |n2n|. Let o, be the Q-automorphism of Q((an)
such that o4(Can) = ¢y, where ged(t,2N) = 1 and ¢ # +1 (mod 2N), i.e. o is neither
the identity nor the complex conjugation. Then €1 = ¢, €9 = 04(g), €3 = €1 and €4 = &3
are the four complex conjugates of e. Since |e1]?|e2]? = e1e2e3e4 = No(cyn)/0(e) = 1, we
have |eo| = 1/|e1| = 1/p™ and

de = ((51 —¢e2)(e1 —e3)(e1 — €4)(e2 — €3)(e2 — €4)(e3 — 54))2
= 163%(e1)3%(e2)|e1 — e2[*|er — E2|" > 163%(€)S% (04 (e))|p" — 1/p" .

Notice that if 7o is real, then 163%(2)3?(0y(g)) = 16sin® (5 sin? (572).
1. If 2N = 8, we may take g = 1 + /2 = p and ¢t = 3 and we obtain

3
d. > 16 Sin2<%> sin? (%)(p" —p™E > 4(p? — p?)® = 2% > 256 = d,

(since € is totally imaginary, we have m % 0 (mod 4)).
2. If 2N = 10, we may take 710 = (1 ++/5)/2 = p and t = 3 and we obtain

de > 16 sin2<%) sin2<37TTm) (p" —p ™) > 5(p% — p~2)® =5 > 125 = d¢,,
(since € is totally imaginary, we have m # 0 (mod 5)).
3.If 2N = 12, then gg = 24++/3 = [14+(12]? = N, (<12)/@(f)(1—|—§12) is the fundamental
unit of Z[v/3]. Hence, we may take 7o = 1 + (1o, p = 50 ? and t = 5. Noticing that

M2 = Ca(Coa + <24 ) = Cp and o(m2) = 1+ (P = 1Jcr1§212 = (3,/m2 = (34/p, we obtain
1632%(£)32(04(e)) = 16 sin2((2m;;”)”) sin (d(2m+n 7T) €{1,4,9,16} and

de > (e0/? — g8 > (e — 1/20)® = 1442 > 144 = d,

(since ¢ is totally imaginary, we have 2m +n # 0 (mod 12)). =
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4.5. The case where € = (4n? or ¢ = (30>

LEMMA 20. Let € be a totally imaginary quartic unit which is not a complex root of unity
such that TI.(X) = X* —aX?3 4+ bX? — cX + 1 satisfies |c| < a.

1. Assume that € = (31 for some totally imaginary quartic unit n € Z[e] and some
complex root of unity (3 € Z[e] of order 3. Then II.(X) = X* —5X3 +8X? —4X +1, in
which case € = (31>, where n = —e? + 3¢ — 1 € Z[e] and (3 = &® — 4e% + 5e — 2 € Z[e].
Moreover, I1,(X) = X* —2X3 +2X? — X + 1 is of type (T) and d. = d,, = 117 and
2] = 2.

2. Assume that € = (4n?* for some totally imaginary quartic unit n € Z[e] and some
complex root of unity (4 € Z[e] of order 4. Then T.(X) = X* —4X3 +7X? —4X + 1, in
which case e = (4n?, wheren = —e3+3e2—4e+1 € Z[e] and (4 = —3+4e?—6c+2 € Z[e].
Moreover, I1,(X) = X* —2X® + X2 + 1 is of type (T), d. = d,, = 272 and Z[e] = Zn).

Proof. Set K := Q(¢3) and A := Z[(3]. Since 7 is quadratic over K, there exist a and 3
in A such that n> — an+ 8 = 0. Clearly, 8 € A* and « # 0. Moreover, A[n] C Alg] =
AlGn®] = A[p®] C Aln] yields A[n] = A[n3]. Since n® = (a® — 8)n — af and since
n® & A (otherwise n would be a complex root of unity), we obtain a? — 3 € A*. Now,
1 <a]? < |a? =B+ 8] = 2 yields |a|?> = 1 (there is no element of norm 2 in A) and
a € A*. Hence, a,  and a® — 3 are in A*. Setting 3 = —a?y with v € A*, we have
1+~ € A* = {£1,+(3,+£(3}. Hence, v € {(3,¢3} and n? — an — a?y = 0 yields that
e = (3n® is a root of P(X) = X2 —6(3(37+ 1)X — (3 € K[X] (use a® = +3 = 1), where
§ = a? € {+1}. Hence,

X4 4+46X3 +8X2+55X +1 ify=(,
X1 —55X3 +8X2 40X +1 if y=(2.

Set K := Q(¢4) and A := Z[(4]. Since n is quadratic over K, there exist a and
in A such that n> — an+ 8 = 0. Clearly, 8 € A* and « # 0. Moreover, A[y] C Alg] =
AlCan?] = A[n?] C Aln] yields A[n] = A[n?]. Since n?> = an — B and since n? ¢ A we
obtain o € A*. Hence, o and 3 are in A*. Setting 3 = —a?y with v € A*, we obtain
n? —an — a?y = 0, with o,y € A* = {£1,4¢}. It follows that € = (4n? is a root of
P(X)=X?—60(1427)X — 2 € K[X] (use o = 1), where § = o € {£1}. Hence,

I (X) = P(X) P >={

Xt - X241 if y=—1,
- X1+ 45X3 +7X2+ 40X + 1 ify=(y,
X*—40X°+7X° —40X +1 if v = —(y,
X44+7X2+1 if v = 1.
If v = —1 then € is a complex root of unity of order 12, a contradiction. If v = 1 then
¢4 € {£(e® +8¢)/3} is not in Z[e]. =

REMARK 21. Whereas there are only finitely many cases for which the quartic order
Z[e] contains a complex root of unity of order 8, 10 or 12, by Lemma it happens
infinitely often that is contains a complex root of unity of order 3 or 4. For example, if
I.(X) = X* - 24X3 + (A2 - 1)X? + AX +1, A > 0, then (3 = —¢? + Ae € Z[g]. If
I.(X) = X*—2AX3 + A2X2 + 1, A >0, then {4 = &2 — Ae € Z[e].
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4.6. When does Z[e] contain a third or fourth root of unity? Even though we do
not need the results of the present subsection to settle our problem, we have the following
result which essentially was proved in [Loulll:

PROPOSITION 22. Let € be a totally imaginary quartic algebraic unit, of minimal poly-
nomial 1. (X) = X* — aX? +bX? — cX +d € Z[X] with |c| < a.

1. The order Z[e] contains a third root of unity (s if and only if we are in one of the
following four situations:

(a) IL(X) = X*— (24— B)X3+ (A2 +3— AB)X? — (2A— B)X +1 with B € {£1} and
A > 1, in which case we may take (3 = B(—e3+(2A—B)e?—(A?+2—AB)e+A-B).

(b) TI.(X) = X*—(2A-B)X?+ (A2 —-1-AB)X?+(2A— B)X +1 with B € {+1} and
A > 1, in which case we may take (3 = B(e® — (2A — B)e? 4+ (A% — AB)e+ A— B).

(c) T(X) = X* —2AX3 + (A% - §) X%+ 0AX + 1 with § € {1} and A > 0, in which
case we may take (3 = 6(—e? + Ae).

(d) TI(X) = X* —3X3 +2X2+1 or TI.(X) = X* - 5X3 +8X2 —4X + 1.

2. The order Z[e] contains a fourth root of unity (4 if and only if we are in one of the
following four situations:

(a) TI(X) = X* —2AX3 + (A% +3)X? — 2AX + 1 with A > 0, in which case d. =
16(A* — 6A2 + 25) and we may take (4 = €3 — 2Ae% + (A2 4+ 2)e — A.

(b) TI(X) = X* —2AX3 + (A% — 1) X% 4+ 24X + 1 with A > 0, in which case d. =
16(A* + 1042 +9) and we may take (4 = €3 — 2Ae? + A% + A.

(c) TI(X) = X4 —2AX3 + A%2X2 + 1 with A > 0, in which case d. = 16(A* + 16) and
we may take 4 = €2 — Ae.

(d) TI(X) = X* —4X3 +5X% — 2X + 1, in which case d. = 144 and we may take
(=63 —3e2+3—1.

|

Proof. Assume that a primitive complex root of unity (n; of order N =3 or N =4 is
in Z[e]. Let I, ,(X) = X? — aX + 8 € Z[(n] be the minimal polynomial of € over the
imaginary quadratic number field k = Q({x), with « = A+ B{y € Z[{n] and § a unit
of k, hence a complex root of unity. By considering £ if necessary, we may assume that
Be{l,—1,4¢} for (v = Csand B € {1,—1,(y} for (v = (4. Set T = (v +Cn € {0, -1}
Then I (X) = I (X)) 1 (X) = X? —aX? +bX? —cX +1 € Z[X] witha=a+a =
2A4+TB,b=aa+pB+3 =A?+B>*+TAB+ 3+ and ¢ = a3+ aS. Now, we distinguish
four cases:

1. Assume that 3 = 4+1. Then @ = 2A +TB = ¢, b = A> + B2 + TAB + 2 and
. () =1l(e) =0 yield B{y = e+ 1/e — A= -3+ ae® + (1 —b)e + ¢ — A € BZ[e].
Hence, B € {£1}.

IfN=3thenT=-1,a=24A—B =c¢, b= A2 - AB+ 3 and B(y = —&3 +
(24— B)e? — (A2 +2 - AB)e + ¢ — A € BZ[g].

If N=4,then T =0,a=2A,b=A2+3,c=a = 2A and B(y = —&> + 24<? —
(A% +2)e + A.

2. Assume that § = —1. The proof is similar to the previous one, the only difference
being that now a =24 +TB = —c, b= A?+ B>+ TAB -2 and B{y =¢ —1/e — A=
g3 —ae?+ (14 b)e —c— A € BZ[e].
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3. Assume that 3 = 0(3, § € {£1}. Then (y = (3, T = —1,a =2A— B, b = A% +
B?—AB—4,c=6(2B—A) and |c| < a if and only if | B| < A. Now, II. x(¢) =.(c) =0
yield (3 = 5;;465 = A:EBi6€3+' .. € Z[e], and, more precisely, (3 = §(—%+ Ae) for B = 0.
If B =0, we are in case 1(c). Assume now that B # 0. Then AB — § divides B, hence
divides AB, hence divides 1. Therefore |[AB — §| = 1, which implies A = 2, B = § (use
0#|B|<A)and (X)) = X' - (4-0)X3+ (5-30)X?+6(2—-20)X + 1,0 € {1},
and we are in case 1(d).

4. Assume that 8 = (4. Then {y = (4, T =0,a =2A,b= A2+ B? c=2Band |c| < a
if and only if |B| < A. Now, II. (¢) = I.(¢) = 0 yield {4 = =4 = B34 € Z[e],
and, more precisely, (4 = —e2 + Ae if B = 0. If B = 0, we are in case 2(c). Assume now
that B # 0. Then AB —1 divides B. Therefore |AB — 1| = 1, which implies A =2, B=1
(use 0 # |B| < A) and we are in case 2(d).

The proof is complete. m

COROLLARY 23. Let € be a totally imaginary quartic algebraic unit, of minimal polyno-
mial TI.(X) = X* — aX3 + bX? — X + d € Z[X] with |c| < a.

1. The order Z[e] contains a complex oot of unity (s of order 8 if and only if II.(X) =
X* + 1, in which case ¢ is a primitive complex Sth root of unity.

2. The order Z[e] contains a complex root of unity (12 of order 12 if and only if

I.(X) = X* - X2+ 1 = &15(X), in which case € is a primitive complex 12th root of
unity, or T(X) = X —4X34+5X2%2 —2X +1 = ®15(X — 1), in which case d. = 144 and
e is a fundamental unit of the order Zle].
Proof. 1If (g € Z[e], then Q((s) = Q(g) (both fields being of degree 4), hence Z[e] C Z[(s]
(the latter order being the ring of algebraic integers of Q((s)), hence Z[e] = Z[(s] and
d. = 256. Now one can easily check that in the four cases of the second point we have
d. = 256 if and only if we are in case 2(c) with A = 0. The proof of the second assertion
is similar, except that now we have Z[e] = Z[(12] and d. = 144. =

4.7. Bounds on discriminants
THEOREM 24. Let a be a totally imaginary quartic algebraic unit. Then
7max(|al?, |a] ™) /10 < dy < 16(|a| + || 7H)® < 256 max(|af®, | 7). (10)
Proof. Since both terms of remain unchanged if we change a into —«, 1/ and —1/«,
we may assume that IT,(X) = X* — aX?® + bX?% — cX + 1 € Z[X] satisfies |¢| < a. By
taking an appropriate choice of the root of I, (X), we may also assume that p := |a| > 1.
Let a = pe'®, a, o' = p~'e®™ and & be the four complex roots of II,(X) (use
|a|?|a/|?> = 1). Then
do = (0 —a)(a —a')(a—a)(a—o)(a—a)( —a))°
= 16(sin ¢)?(sin))[p — p~ Ll V=D |*|p — p~ el HO T < 16(p + 7).
Assume that p > /3 and a > 37.
Then |2p~Lcosé + 2pcostp| = |c| < a = 2pcosd + 2p~ ! costp implies cos ¢ > | cos )|
and
do > (4(p — p~*)* sin? ¢)2
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First, if sin® ¢ > %p‘2, then d, > (3(1 — p_2))2p4 > 4p* (use p > V/3).
Second, assume that sin? ¢ < 2p=2. Since p > 1, we have

—8 < 4b—a® <3 +4sin®¢ +8¢/1 —sin®¢ < 11,

by @ (« is totally imaginary, hence sin¢ # 0 and siny # 0, and V1 —¢t < 1 —¢/2
for 0 < t = sin?% < 1). Since 4b — a? = 0 or 3 (mod4), we obtain J := 4b — a® €
{-5,-4,-1,0,3,4,7,8} and we are in the situation of Lemma[25] By Lemma [26] we have
do > 4max(|alt, || ~4).

Finally, since |c| < a < +/4b+5and —1 < b < p?+p~ 244, it is easy to list all possible
polynomials TI,,(X) for which 1 < p < /3 or for which a < 36 and b = (a® + J)/4 with
J e {-5,-4,-1,0,3,4,7,8} and also to check that the lower bound for d,, in holds
for these polynomials, by using Lemma m

LEMMA 25. Fiz J € {—5,—4,-1,0,3,4,7,8}. For a € Z with a®> = —J (mod 4), i.e. with
a even if J =0(mod4) and a odd if J =3 (mod4), set

a’+J
4

(X)) =X*—aX3+ X? —eX +1€z[X].

Assume |c| < a, that a > 15 and that 11;(X) is Q-irreducible with no real roots, hence is
of positive discriminant D(a, J,c) (a quartic polynomial in c). Set

a—1 if J =8
B:= 4 Ja/8 if J € {—4,0,4}
(Ja—1)/8 if Je{-5,-1,3,7}.
Then —a < ¢ < B and D(a, J,c¢) > F(a,J) := min(D(a, J, —a), D(a, J, B)).

Proof. Assume that a = 2A is even. Then J = 45 and II;(A4) = jA2 —cA+1 > 0
(for I1;(X) has no real root) yields ¢ < jA = Ja/8. Moreover, since X* — 2AX? +
(A24+2)X2 -2AX +1 = (X?— AX +1)? is not irreducible, we obtain that ¢ # a = Ja/8
for J = 8. Hence, ¢ < B.
Now, assume that a is odd. Then 0 < 16I1;(a/2) = Ja? — 8ac+ 16 = 3 (mod 4) yields
Ja?—8ac+16 > 3. Hence, 8¢ < Ja+13/a < Ja+1 for a > 15. Hence, ¢ < (Ja—1)/8 = B.
Numerical investigations suggest that D(a, J,¢) as a function of ¢ has four real roots
close to —a, Ja/8, a and /54 + Ja/24. Set e = 0 if J is even and e = 1 if J is odd, and
Ja—e e a®  Ja
Ala, J,c) = 727(c+a)(cf 3 )(cf (af 1+ g))(cf ik 1).

Using any software of symbolic computation, we check that D(a,J,c) = A(a,J,c) +

P(a, J,c), where P(a, J,c) = a(a, J)c*+ B(a, J)c+~(a, J) is a quadratic polynomial in ¢

whose leading coefficient
3

2 3
—a——&-(3—1—2—)@2—&—(27—%)@—{—6+36J—27, J even
o= —a23+(3+ﬁ) 2+(@—@) L e =3 oda
2 64/ 8  64/)" 16 64 @ °°

is less than or equal to 0 for J € {—5,—4,—1,0,3,4,7,8} and a > 14.
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Clearly, we have A(a,J,c¢) > 0 for —a < ¢ < B (notice that a®/54 — Ja/24 — 1 >
a®/54—a/3—1>a—1> B for a >9). Hence, D(a, J,c) > P(a,J,c). Since a(a, J) <0,
we have

P(a,J,c¢) > min(P(a, J,—a), P(a,J,B)) for —a<c¢<B.

Finally, we have A(a,J,—a) = A(a,J,B) = 0. Hence, D(a,J,—a) = P(a,J,—a) and
D(a, J,B) = P(a,J, B). The desired result follows. m
LEMMA 26. Assume that I1,(X) = X* — aX® + “a%JXZ —cX +1 € Z[X] is a quartic
polynomial of type (T) with J € {—5,—-4,—-1,0,3,4,7,8}, a € Z and a = J (mod 2).
Assume that a > 37. Then d, > 4max(|a|*,|a|7).
Proof. Set M = max(|al,|a|™!). Using (8], we obtain

(a®> 4+ J —16)/8 < M? < (a® + J + 16) /4. (11)
By Lemma for J € {—4,0,4,8} we have

D(a, J,¢) > min(D(a, J, —a), D(a, J, B))
> D(a,4,a/2) = 9((a® — 8)* + 192)/16
(check (i) that the quartic polynomials with positive leading coefficient D(a, J, —a) —
D(a,4,a/2) = %é”u)a‘l + ... are non-negative for J € {—4,0,4,8} and a > 1,
(ii) that D(a,8,a — 1) — D(a,4,a/2) > 0 for a > 0 and (iii) that the quartic polynomials
2 2

with non-negative leading coefficient D(a, J, Ja/8)—D(a,4,a/2) = %aﬁ-. .
are non-negative for J € {—4,0,4} and a € Z).

Using , we have M? > (a? —20)/8 > 8 and a® — 8 > 4(M? — 8) > 0. Hence,
do > 9((M? —8)2 +12) > 4M*.

In the same way, for J € {—5,—1,3,7} we have

D(a, J,¢) > min(D(a, J, —a), D(a, J,(Ja —1)/8))
> D(a, -5, —a) = 9((a® + 19)® — 192)/16
(check (i) that the quartic polynomials with non-negative leading coefficient D(a, J, —a)—
D(a,-5,—a) = %a‘hﬁ .. are non-negative for J € {—5,—1,3,7} and a > 1 and
(ii) that the quintic polynomials with positive leading coeflicient D(a, J, (Ja — 1)/8) —
D(a,—5,—a) = (1 _ gj) o® | .. are positive for J € {~5,~1,3,7} and a > 36).

Using (11), we have M? > (a? — 21)/8 > 1 and 4(M? — 1) < a® + 19. Hence,
do >9((M? —1)2 - 12) > 4M*. =
COROLLARY 27. Let e be a totally imaginary quartic algebraic unit which is not a complex
root of unity. If ¢ = n™ for some n € Z[g] and some n € Z, then max(|n|, |n|~!) < 2.787
and |n| < 13. In particular, by (@), if IL,,(X) = X* —aX? + bX? — cX + 1 € Z[X] is of
type (T), then —1 < b <11 and |c| < a < V4b+ 5.

Proof. We may assume that |¢| > 1, |[9| > 1 and n > 3. Notice that n is necessarily a

totally imaginary quartic algebraic unit which is not a complex root of unity. By ,
we have

n _1\ 8
7In|*2/10 < 7[n|*" /10 = 7|e|*/10 < d. = d,; < 16 (|n| + |n| "),
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that implies || < 2.787. Moreover, we have |n| > |no| = 1.18375... (Lemma [I6). Hence,
by , we have

16 -1)8 160 -1\8 16
| —d,/d. < (In] + In| )_7(In\+|nl )s

_ 7(|770|+|770|_1)8
7le[*/10 7\ pn/2 ’

0
7 o[/
that implies n < 14. =

References

[Lou06]  S. Louboutin, The class-number one problem for some real cubic number fields with
negative discriminants, J. Number Theory 121 (2006), 30-39.

[Lou08] S. Louboutin, The fundamental unit of some quadratic, cubic or quartic orders,
J. Ramanujan Math. Soc. 23 (2008), 191-210.

[LoulO] S. Louboutin, On some cubic or quartic algebraic units, J. Number Theory 130 (2010),
956-960.

[Loull] S. Louboutin, Some quartic number fields containing an imaginary quadratic subfield,
Colloq. Math. 122 (2011), 139-148.

[Nag] T. Nagell, Zur Theorie der kubischen Irrationalititen, Acta Math. 55 (1930), 33-65.

[PL] S.-M. Park, G.-N. Lee, The class number one problem for some totally complex quartic
number fields, J. Number Theory 129 (2009), 1338-1349.

[Was] L. C. Washington, Introduction to Cyclotomic Fields, Grad. Texts Math. 83, second
ed., Springer, New York 1997.


http://dx.doi.org/10.1016/j.jnt.2006.01.008
http://dx.doi.org/10.1016/j.jnt.2009.09.002
http://dx.doi.org/10.4064/cm122-1-13
http://dx.doi.org/10.1007/BF02546509
http://dx.doi.org/10.1016/j.jnt.2009.01.022
http://dx.doi.org/10.1007/978-1-4612-1934-7




	Notation
	The real quadratic case
	The non-totally real cubic case
	Statement of the result for the cubic case
	Sketch of proof
	Bounds on discriminants
	Being a square

	The totally imaginary quartic case
	Statement of the result for the quartic case
	Sketch of proof
	Being a square
	The case where mu(epsilon) is of order 8, 10 or 12
	The case where epsilon=zeta4eta2 or epsilon=zeta3eta3
	When does Z[epsilon] contain a third or fourth root of unity?
	Bounds on discriminants


