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A SYSTEM OF VOLTERRA INTEGRAL EQUATIONS
WITH BLOWING UP SOLUTIONS

BY

WOJCIECH MYDLARCZYK (Wroctaw)

Abstract. A system of nonlinear integral equations related to combustion problems
is considered. Necessary and sufficient conditions for the existence and explosion of positive
solutions are given. Also the uniqueness of positive solutions is shown. The main results
are obtained by monotonicity methods.

1. Introduction. Nonlinear integral equations arise in models of igni-
tion and explosive behaviour in diffusive media. In applications, solutions
can describe a variety of processes including solid fuel combustion processes.
There are many papers related to this topic, e.g. [5], [12], [14].

Some simple models of combustion can be studied with the help of the
equation

(1.1) u(z) = S (z — 5)* tg(u(s))ds (a>0),
0

where ¢ is a nondecreasing continuous function such that ¢g(0) = 0. Obvi-
ously, u = 0 is the trivial solution to . This equation describes ignition in
media if there exists a nontrivial continuous solution u positive for x > 0. It
was shown in [, [3], [4], [6], [7], [LI] that a necessary and sufficient condition
for ignition is

(1.2) S[g(uu)] v %u < 00,

where ¢ is any finite positive number. A solution u to (|L.1) has explosive
behaviour if there exists a finite blow-up time T, that is, u(z) — oo as
x — T7. A necessary and sufficient condition for the existence of a finite
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blow-up time is
(1.3) | [u} Y
0

(see 11, [21, [8]).

However in more complicated models of combustion, systems of integral
equations appear [12], [13]. Inspired by considerations in those papers, we
study ignition and blow-up criteria for the system of equations

(1.4) u() = | (& — ) o(s)]” ds,

(1.5) v(z) =\ (& — )" g(u(s)) ds,

Ot 8 O

where o, 5 > 1, v > 0 and the function g is assumed to be as in .

Obviously u = 0, v = 0 is the trivial solution to , . But we
shall ask about nontrivial solutions, i.e. nonnegative continuous functions u
and v. Since they are nondecreasing, it follows from the convolution form
of and that either they are simultaneously positive for z > 0 or
there exists a constant ¢ > 0 such that u(z) = v(z) = 0 for 0 < z < ¢
and u(z),v(z) > 0 for > ¢. We show that if the system (L.4)—(LF) has
nontrivial solutions then it has a unique solution with wu, v positive for z > 0,
and the components of any other solution are respectively translations of u
and v of the form u((x — ¢)4), v((x — ¢)4), where ¢ > 0 is any constant and
(x —c¢)4y =0 for 0 <z < cand equals  — ¢ otherwise. From now on we deal
only with nontrivial solutions with components positive for x > 0. We are
also interested in the existence of a finite blow-up time 7" for such solutions.

The system (L.4), of integral equations was studied in [9], [10].
Unfortunately, the methods used there allowed one to consider only the
case of integer exponents o and f > 1. We extend those results to real
exponents using different methods and describe all the nontrivial solutions
of the system.

2. Notation and the statement of results. Throughout the paper
we assume that ¢g : [0,00) — [0,00) is a nondecreasing continuous func-
tion positive for z > 0 with ¢g(0) = 0. Furthermore, we make the following
technical assumption:

(2.1) there exists a constant cg > 0 such that g(x) < cqg(x/2) for z > 0.

We say that a solution (u,v) of the system (1.4)—(1.5)) is nontrivial if the
functions u(x) and v(x) are continuous and positive for z > 0. Such a non-
trivial solution will be called blowing up at some T > 0 if u(x) — oo, and
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consequently v(z) — 0o, as x — T'~. We emphasize that the functions u(x),
v(z) are nondecreasing. Integrating by parts in , one can see that
the derivatives u/(x) and v/(z) are also nondecreasing.

The main results of the paper are the following two theorems.

THEOREM 2.1. The system (1.4 . has a unique nontrivial solution
if and only if

s 1
at+By (d
(2.2) J| - T
oLg(u) u
THEOREM 2.2. The system (L.4)—(1.5) has a blowing up solution if and
only if
oo 1
at+By d
(2.3) S[ - ] T2
o Lg(w) u
Our first step in the study of the system ((1.4)—(1.5) relies on its reduction
to the following single nonlinear integral equation:

x S
¥
(2.4) u@) = | (@ —5)*" [g (s — ) Lg(u(t)) dt] ds.
0 0
REMARK 2.3. If ¥ = 1, then both the system ((1.4)—(1.5)) and the equation
(2.4) reduce to the equation (|1.1)) with exponent o 4+ 3 — 1. In this case the
conditions (2.2)) and ([2.3)) are equivalent to ((1.2)) and (|1.3)), respectively.
We introduce the function w(z) = u'(uv=1(z)) = 1/(u!)(z), where u~!
is the inverse function to u. To find a convenient relation for w we begin with
the observation that integration by parts and then the substitution z = u(t)
gives

u(s)

[ (s — 0P Tg(u(t) dt = = | (s — 1) dg(u(®) = = | (s — u='())" dg(2).
0 5 0 B 0
Thus can be rewritten in the form
15 17
(2.5)  u(z) = wg(x—s)a LG (u(s))? ds = 3 vé z — 5)*d[G(u(s))]”,
where

G(z
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The substitution z = wu(s) in (2.5) gives
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or equivalently
x

z = a; | (w(2) — w2 () dIG(s)).
0

Differentiating both sides of (2.6 we get the desired relation

1 x ,T 1 a—1
(2.7) w(z) = 7 §)<§ w() dz> d[G(9)]".

(2.6)

3. Auxiliary lemmas. In this section, we obtain a priori estimates for
the nontrivial solution u(x) of (2.4). They will be expressed in terms of the
function

B(z) = a [g(az)q g forz >0 and &(0) = 0.

x

This function is continuous, nondecreasing, and in view of (2.1)) there exists
a constant ¢ > 0 such that

(3.1) &(z) < eP(x/2) forxz>0.
We define an operator S related to the right hand side of (2.7)) as follows:

1 xr T 1 a—1 y
_ méQ e dz> d[Fo(s)) (x> 0),

Sw(x)

where

w(z)

Fu(s) = §(§ ! dz)ﬂ dg(t).

It is defined for any continuous function w(z) positive for z > 0 such that
the Stieltjes integrals Fy,(s) and

g(g ! dz> T AE )

o\, w(z)

are convergent.
LEMMA 3.1. There exist constants cé, cé > 0 such that
(3.2) cbd(x) < SP(x) < 2P(x)  for x> 0.
Proof. To prove the upper estimate we consider the integrals
s /8 1 B—k
0 Mt
for k=0,1,...,n, where n is the integer such that n <  <n+ 1. We show

by induction that there exist constants cg,c1,...,c, > 0 such that

_(B=k) B—k
(3.3) Vie(s) < crg(s)! ™ vor saipy
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for s >0, k =0,1,...,n. Starting with £ = n and integrating by parts we
get
Va(s) = Ji(®)[g + (B —n)J2(s),

where
5 B—n 575 B—n—1 1
t)=g(t d d = d ——g(t) dt.
10 =90 (1550:)  wd w6 =Y(554) g
t 0 M
Since the function g is nondecreasing, we have

p 1 ﬁ—’l’b ﬂ—n 1_(5*")"{ 1 1 ﬁ—’l’b
g0V ds) < (ot fr)Prg(t) T (s75 — ),
L P(2)

which shows that Ji(¢t) = 0 both at ¢t = 0 and at ¢ = s. Since @ is nonde-
creasing and 8 —n — 1 < 0, we observe that

S

1 T v
Jals) < W S (s — t)ﬁinilt T g(t)l ot dt
0
1 s L e o
< Wg(s)l ot B S(S — t)ﬂ—n—lt 4355 dt < Cg(s)l a+5“/ﬂ{sa+6v’

0

where ¢ > 0 is some constant. Thus we get (3.3)) for kK = n. For 0 < k < n,
to avoid the difficulties connected with possible divergence of the integral
Sx dz_ a5 ¢t — 0 we introduce the truncated integrals

t D(z)
T ,T 1 B_k
ViE(x) = SQ P dz> dg(t)
defined for 0 < k < n and any 0 < € < x. We first note that

S /8 B—k
%Vkﬂl(s) =(B—k+ 1)45(18)§<§ gs(lz) dz) dg(t)

1
=B —k+1)—=VE(s).
Using this recurrence relation and the induction assumption we get the es-
timate

T 1 xT

(34) Vi (@) =B-k+1)| i F (s < (B-k+ 1) |

5(s) Vie(s) ds

€ €

xX
_(B=k+l)y i, B=k+1
<(B-k+ 1)%59(5)1 a+m s aTey ds
€
_(B=(k—1))y B—(k—-1)
Sck_lg(;p) at+By  p atBy

with ¢x_1 = (o + 87)ck, valid for any 0 < € < z. Letting € — 0 in (3.4), we
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get the required estimate for Vj_1(z), which by an induction argument ends

the proof of (3.3]).

We also need to discuss the integrals

T T a—1-—k
0 =V(g ) daer

fora>1land k=0,1,...,n, where n is the integer such that 0 < n < a—1 <
n + 1. For o = 1, our discussion simplifies to considering Up(x) = Vp(x)?
only. Due to the estimate of Vj(s) in we can argue as when estimating
Vi(s) and show that there exist constants dy, ..., d, > 0 such that

(k+1)y 1 k41

(3.5) Uk(x) < dgg(z) otby o= o+By

forx >0and k=0,1,...,n
Now we are ready to justify the inequalities of our main interest.
Since S®(x) = B~ "Up(x), the upper estimate in (3.2)) follows from the

estimate for Up(x) given in (3.5)).
To prove the lower estimate in (3.3) we first note that

(g ) dvior

a—1
> s aml(3)  Walap

S (3) s (5) sy

for x > 0. Now using the estimates (2.1)) and (3.1)) we get our assertion. m

REMARK 3.2. Since
x

S 1
1 9(2)
and since in view of ([3.3)),

1 1
< (a+ B)g(s) a5 (zarh — ot ),

o 3
F¢(S) = ‘/O(S) < cog(s)msm’
we observe that in the case of a > 1 the expression
z 1 a—1
J = d Vi(s)?Y
1(s) <§ 302) z) o(s)

is equal to 0 both at s = 0 and at s = x. This shows that we can integrate
by parts to obtain

5®(z) = aﬁ;1x<5§
0 s

a—2 1
s)]" ds.
i) gl
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For @ = 1, we have simply

1

G
LEMMA 3.3. Let w(z) be a continuous function and let ¢, > 0 be a

constant such that

Sd(x) Vo(x)7.

cw®@(z) <w(x)  forx > 0.
Then
Sw(z) < ez @t =V8P(x)  for x> 0.
Proof. We first note that
(3.6) Fu(s) < cPFs(s) for s > 0.

For a = 1, we have S®(x) = [ 7Fp(x)? and Sw(x) = BV Fy(z)?,
therefore our assertion follows from ([3.6)) immediately.
For o > 1, we first note that

1
b(z)

x ,x a—1
Sw(z) < egl@Vp=7 dz d[Fy(s)].
\(Ja%)

Now integrating by parts in the outer integral and then using (3.6)) we get

b(2) (s)

Hence our assertion follows from Remark 3.2 immediately. m

(atprn @ =171 “
Sw(zx) < e, 77 WS S dz QS—F¢(3)7 ds.
0 s

COROLLARY 3.4. Let u be a nontrivial solution to (2.4]) and let w(x)
= o/ (u"Y(x)), where u=! is the inverse to u. Then there ewist constants
cl,c2 >0 such that

w?r W
cld(x) <w(z) < EP(x)  forz >0,

Proof. To show the lower estimate we examine ([2.7). Since w is non-
decreasing, we have

1 z
(3.7) dz >
x§2 w(z) 2w(x)
and
z/2 ,x/2 1 B . 8
09 aem = (] gmee) w0 (i) oo

> (4&@)59@/4) for 2 > 0.
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It follows from ([2.7) that

1< :§ ! al,z>a_1G(:E/2)“Y for z > 0.
A RTE

Now combining (3.7)), (3.8) and using (2.1) we note that there exists a con-
stant ¢} > 0 such that w(x) > ¢} ®(z) for z > 0.

Now the upper estimate follows immediately from Lemma[3.3] =

w(z)

4. Proofs of theorems

Proof of Theorem [2.1 Uniqueness. We begin by showing that the sys-
tem f has at most one nontrivial solution with w,v positive for
x > 0. Let (u;,v;), i = 1,2, be two nontrivial solutions of f with
components positive for > 0. Consider a shifted solution with wug () =
ug((z—c)4) and va o(z) = va((x—c)4), where ¢ > 0 is a constant. We observe
that ugc(x) < ui(x) and vo () < v1(z) at least for 0 < z < ¢. Moreover,
the following implication holds: if ug.(x) < ui(x) and vec(x) < vi1(z) for
0 < & < a, where a > ¢ is a constant, then also us.(a) < ui(a) and
vac(a) < vi(a). Hence ug(z) < wi(z) and voc(z) < vi(z) on their com-
mon interval of existence. Letting ¢ — 0, we see that ug(z) < wui(z) and
va(z) < wi(z) for x > 0. Of course this is possible if and only if ue = u; and
vy = v1 for > 0.

Sufficiency. First, we are going to construct a nondecreasing subsolution
w of , that is, a nondecreasing function positive for > 0 such that

x S
(4.1) w(z) < Tw(x) = S (z —5)271 [S (s — ) Lg(w(t)) dt]7 ds.

0 0
Such functions w are equibounded at least on a fixed small interval z € [0, d].
To see this we first note that for any subsolution w,

w(z) 1
sw@) = B

where ¢(«, 5,7) > 0 is a constant. Hence

T

| (@ —s5)2 " ds = c(a, ,7)2°T (2 >0),
0

(4.2)

z2/g(z)7 =0 asz—0.
Now, let M > 0 and define
h(z) =inf{s/g(s)Y : 2 <s < M} and (z)=c(a,B,7)z2P7 for z > 0.

Since the function h is continuous and nondecreasing, we can choose 0 <
My < M such that h(My) < h(Mp + €) for € > 0. Due to (4.2) we have

w(z) < b (Y(x))
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for 0 < x < §, where h~! is the inverse function to h and § > 0 is such that
P(x) < h(Mp) for 0 < x < 4. Integrating by parts in the inner integral in
(4.1) and then substituting z = w(t) we get

s s w(s)
V(s =) g(w(t) dt = L | (s = )% dg(w(t)) = = | (s —w'(2))" dg(2).
0 B 0 p 0

Denote

Vw ™ (2) —w™'(5))" dy(s).
0

Integrating by parts in the outer integral in (4.1) and then substituting
z = w(s) we get

w(x)

| (@ —w™(2)* dFu(2)].
0

x

V(2 —5)* d[Fu(w(s)]
0

1
= oF

1

Tw(z) PR

To construct a subsolution we define an auxiliary function wg(z) by its in-
verse

1
T a5 d
wo_l(x):S[ i } +7§ for z > 0.

x /2
(4.3)  §(wp (@) ~wg ! (2)* d[Fu ()] 2 | (wg ! () —wy ' (2)* d[Fuo (2)]

(44)  wy'(2)—wy (2/2) > cgle/2) T mamr,

where ¢ > 0 is a constant and

z/2
(45)  Fuy(e/2) = }3 [ (w5 (@/2) — wy () dg(s)
1 z/4 ’
> 5 ) (g @/2) g (6) dg() 2 (0" @/2) i 2/0) gl 1),
0

Now combining (4.3))—(4.5)) and using (2.1]) we see that there exists a constant
¢ > 0 such that

T z/2
§(wp ! (@) — wy ' (2) " d[Fu (2)] = | (wy ' (2) = wy ' (2)" d[Fi (2)]7 = e



108 W. MYDLARCZYK

1
for z > 0. Now if take g ' (z) = ¢~ 575wy () then we get

The substitution z = wo(x) shows that TWwo(x) > wo(x), which means that
Wo(x) is a sought subsolution. Moreover, the functions T"wy, n = 1,2,. ..,
constitute a nondecreasing bounded sequence of subsolutions of . The
required solution u can be obtained as the limit u(x) = lim,,—oo 7™ () for
0 < x < 4. Thus we get a nontrivial solution u of defined on a small
interval [0, d]. Now using standard arguments from the theory of Volterra
integral equations [4] one can extend this solution to the maximal interval
of existence.
Necessity. Let u be the nontrivial solution of . Since
x
ul(z) = S (u™(s)ds < 0o for x >0,

0

our assertion follows from the upper estimate of u’(u~!) in Corollary n

Proof of Theorem . Necessity. Let u be the nontrivial solution of ([2.4])
blowing up at 7' < co. Since

[e.e]
T = lim v '(z) = | (™) (s)ds < o0,
T—00 0
our assertion follows from the upper estimate of u/(u~') in Corollary
Sufficiency. Assume that holds. We first note that a nondecreasing,
nontrivial solution u(x) of is blowing up if and only if u~!(x) converges
to some 0 < T < 0o as x — 00. Since by the left inequality in Corollary [3.4]

T

ul(z) < (1/ch) S QSCZ) for z > 0,
0

it follows from ([2.3) that

x

T = lim uw(z) < (1/c)

i ) gy <
0

which shows that u(z) is blowing up at 7' > 0. Thus the proof is complete. =

EXAMPLE 4.1. Assume g(u) ~ u” (r > 0) as u — 0+. In this case,
D(u) ~ ult=D/(@+B7) a5 4 — 04-. Therefore the ignition condition (2.2)
is equivalent to

0
du

§u1+<m—1>/(a+m> < 0

Thus ignition holds if and only if ry < 1.
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If g(u) ~ u" as u — oo, then &(u) ~ uw!tT=D/(@+57) a5 4 — 0.
Therefore the blow-up condition is then equivalent to
T du
§5 ultry=1)/(a+p7)

<oo (6>0).

Thus blow-up occurs if and only if ry > 1.

EXAMPLE 4.2. Assume g(u) ~ u'/7(—Inu)" (r > 0) as u — 0+4. In this
case, ®(u) ~ u(—Inu)"/(@+5) as 4 — 04. Therefore the ignition condition

(2.2) is equivalent to

1

5 u(— In u)T'Y/(aJFﬁ'Y) <
Thus ignition holds if and only if r > 8+ «/~.
If g(u) ~ u'/7(Inw)" (r > 0) as u — oo, then D(u) ~ u(In)"/(@+57) a5
u — 00. Therefore the blow-up condition is equivalent to
v du

5 u(— In u)r'Y/(OH‘/B'Y)

<oo (6>0).

Thus blow-up occurs if and only if r > 8 + /7.
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