FUNDAMENTA
MATHEMATICAE
236 (2017)

Classification of bounded Baire class ¢ functions
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Abstract. Kechris and Louveau showed that each real-valued bounded Baire class 1
function defined on a compact metric space can be written as an alternating sum of a
decreasing countable transfinite sequence of upper semicontinuous functions. Moreover,
the length of the shortest such sequence is essentially the same as the value of certain
natural ranks they defined on the Baire class 1 functions. They also introduced the notion
of pseudouniform convergence to generate some classes of bounded Baire class 1 functions
from others. The main aim of this paper is to generalize their results to Baire class &
functions. For our proofs to go through, it was essential to first obtain similar results
for Baire class 1 functions defined on not necessarily compact Polish spaces. Using these
new classifications of bounded Baire class ¢ functions, one can define natural ranks on
these classes. We show that these ranks essentially coincide with those defined by Elekes
et al. (2014).

1. Introduction. A real-valued function on a completely metrizable
topological space is of Baire class 1 if it is the pointwise limit of continuous
functions. A rank on a class of functions is a map assigning an ordinal to
each member of the class, typically measuring complexity.

Kechris and Louveau [§] investigated the properties of three natural
ranks on Baire class 1 functions on compact metric spaces. We will recall
their definitions in Section They proved, among other things, that these
ranks essentially coincide on bounded functions, showing that for a bounded
Baire class 1 function f and an ordinal 1 < A < wy, the value of one of these
ranks on f is at most w” iff the same holds for the other ranks. This fact
made it possible to define a hierarchy of those functions: for a bounded Baire
class 1 function f, let f € %7 if the value of one (or equivalently all) of these

ranks on f is at most w?.
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They also proved that every bounded Baire class 1 function f can be
written as the alternating sum of a decreasing transfinite sequence of upper
semicontinuous (USC) functions. (Recall that a function g : X — R is USC
if {x € X : g(x) < ¢} is open in X for every ¢ € R.) Moreover, they showed
that the length of the shortest such sequence is at most w? if and only if
fe %i\ Hence, if we consider the length of the shortest such sequence as
the rank of the function f, we obtain a new rank on the bounded Baire
class 1 functions that coincides essentially with the three ranks investigated
by Kechris and Louveau.

They also introduced the notion of pseudouniform convergence, and
showed that 33;‘“ contains exactly those bounded Baire class 1 functions
that can be written as the pseudouniform limit of a sequence of functions
from 98}. For limit A, they proved that f € %} if and only if f is the uniform
limit of functions from (J, B

Elekes, Kiss and Vidnyénszky [2] generalized their results concerning
ranks to functions defined on general Polish spaces. They showed that most
of the results proved by Kechris and Louveau remain true in this general
setting. They defined analogous ranks on the Baire class £ functions. A func-
tion is of Baire class & for a countable ordinal & > 1 if it can be written
as the pointwise limit of functions from smaller classes. Similarly to the
Baire class 1 case, for a bounded Baire class ¢ function f and an ordinal
1 < X\ < wi, the value of one of these ranks on f is at most w™ iff the same
holds for the other ranks. We again denote by %é‘ the set of those bounded
Baire class £ functions with value of one (or equivalently, all) of these ranks
at most w™.

The motivation for investigating ranks on Baire class £ functions came
from calculating the so called solvability cardinal of systems of difference
equations (see [3]) that are connected to paradoxical geometric decomposi-
tions (see e.g. [9, [10]).

This paper is a continuation of the research started in [2]. The main
aim is to generalize the results of Kechris and Louveau concerning bounded
Baire class 1 functions to the Baire class & case. We show that a bounded
Baire class £ function f can be written as the alternating sum of a decreas-
ing transfinite sequence (fy), of non-negative semi-Borel class £ functions
(ie. {z : fy(z) < ¢} € 22 for all ¢ € R and 7). As in the Baire class 1
case, one can define a rank by assigning to the function f the length of the
shortest such sequence. We show that this rank is essentially equal to those
defined in [2]. We also show a method of generating the family %’2‘“ from

n+1
Our approach is based on topology refinements. Therefore, it was essen-
tial to obtain the results of Kechris and Louveau for Baire class 1 functions
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defined on general Polish spaces. Our proofs build on ideas of Kechris and
Louveau; however, since they relied on the compactness of the space (they
used for example the facts that the rank of a characteristic function is al-
ways a successor ordinal and that a decreasing sequence of USC functions
converging pointwise to 0 converges uniformly), it was necessary to reprove
their results.

2. Preliminaries. Most of the following basic notation and facts can
be found in [7].

Throughout this paper, (X, 7) is an uncountable Polish space, i.e., a sepa-
rable and completely metrizable topological space.

For a set H we denote the characteristic function, closure and comple-
ment of H by xg, H and H¢, respectively.

We write 22, Hg and Ag for the &th additive, multiplicative and am-

biguous classes of the Borel hierarchy, i.e., 39 = 7, II{ = {G°: G € 7},
0 _ 0 0 _ 0 0 _ §0 0
25—(U HA)J, H£_<U EA)(;’ AY = 30011,
<€ A<E

where Ho = {U,,eny Hn : Hn € H} and Hs = {(,,eny Hn : Hn € H}.

For a function f : X — R we write ||f| = sup,cx |f(z)|, whereas |f]
denotes the function = — |f(z)|. If ¢ € R then we let {f < ¢} = {z € X :
f(z) < c}. We use the notation {f > ¢}, {f < ¢} and {f > ¢} similarly.

We denote the family of real valued functions defined on X that are of
Baire class £ by Bg. It is well-known that a function f is of Baire class £ iff
7YU) e 22+1 for every U C R open iff {f < c},{f > c} € 22+1 for every
¢ € R. We use the abbreviation USC for upper semicontinuous functions,
i.e., a function f : X — R is USC if {f < ¢} is open for every ¢ € R. As
an analogue, a function f is of semi-Borel class £ if {f < ¢} € Eg for every
¢ € R. Note that the pointwise infimum of an arbitrary class of non-negative
USC functions is USC.

For a countable ordinal {£ > 1 we denote by DUSB¢ the set of non-
negative, bounded, transfinite decreasing sequences of semi-Borel class &
functions (f;)y<x with A <w; and f, — 0 as n — X for limit A. The length
of a sequence (fy;),<x € DUSB¢ is length((f;)n<x) = A.

If 7/ is a topology on X then we denote the set of Baire class £ functions
with respect to 7/ by Be(7'). Analogously, 22(7" ) stands for the {th additive
class of (X, 7'), and similarly for Hg(T/ ) and Ag (7). Moreover, we will use
the notation DUSB¢(7’) analogously.

2.1. Short introduction to ranks. A rank on a class of functions F
is a map assigning an ordinal to each f € F. In this section we give the
basic definitions for ranks on the Baire class £ functions that we will need.
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For more on ranks defined on the Baire class 1 functions on a compact space
see [8], and for generalizations to Baire class & functions on Polish spaces
see [2].

2.1.1. Derivatives. The definition of some ranks will use the notion of
a derivative operation. A derivative on the closed subsets of X is a map
D : 1Y — TIY such that D(A) € A and A C B = D(A) C D(B) for all
A, B € TIY. In the definition below, every derivative operation will satisfy
these conditions. However, we omit the proofs of these easy facts; for a more
thorough introduction consult the above references.

For a derivative D we define the iterated derivatives of the closed set F'
as follows:

DP*Y(F) = D(DY(F)),

DY(F)= () D"(F) if 0 is limit.
n<o
The rank of D is the smallest ordinal § such that D?(X) = ) if such an
ordinal exists, and w; otherwise. We denote the rank of D by rk(D).

2.1.2. Ranks on Baire class 1 functions. Now we look at ranks on the
Baire class 1 functions. The separation rank has been first introduced by
Bourgain [I]. Let A and B be two subsets of X. We associate a deriva-
tive with them by D4 g(F) = FN AN F N B and denote the rank of this
derivative by «(A, B). The separation rank of a Baire class 1 function f is

a(f) = sup a({f <p},{f = q})-
p<gq
p,qeQ
The oscillation rank was investigated by many authors (see e.g. [6]). The
oscillation of a function f: X — R at a point x € X restricted to a closed
set FF C X is
w(f,x,F):inf{ sup |f(x1)—f(:v2)]:Uopen,xEU}.

z1,22€UNF

For each € > 0 consider the derivative Dy (F) = {x € F : w(f,z, F) > ¢}.
The oscillation rank of a function f is
(2.1) B(f) = suprk(Dy.c).
e>0

Next we define the convergence rank (see e.g. Zalcwasser [11] and Gille-
spie and Hurwitz [5]). Let (f,)nen be a sequence of real valued functions
on X. The oscillation of this sequence at a point z restricted to a closed set
FCXis
W((fn)neNaﬁU,F) = égf inf sup{]fm(y) - fn(y)’ tn,m >N,y € UDF}'

U NeN
U open
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Consider a sequence ( fy, )nen of functions, and for each € > 0, let a derivative
be defined by D(y,), cv.c(F) = {z € F : w((fn)nen, v, ') > €}. Again, for a
sequence (fn)nen let

(2'2) 7((fn)nEN> = ig%)) rk<D(fn)neN,5)'

For a Baire class 1 function f let the convergence rank of f be defined by

(2.3)
~v(f) = min{~((fn)nen) : each f, is continuous and f,, — f pointwise}.

2.1.3. Ranks on Baire class £ functions. Let (Fy),<x be a continuous
(i.e., for a limit ordinal § < A, ﬂn <9 Fy = Fy) decreasing sequence of Hg
sets for some A\ < wy with Fy = X and ﬂn</\ F, = 0 if X is limit. We say
that the sets A and B can be separated by the transfinite difference of this
sequence if

AC U Fy\ Fy1 C B,

n<A
7 even

where F,, = () if n > X\. We denote by ag(A, B) the length of the shortest
such sequence if there is any, otherwise we let a¢(A, B) = wi. We define the
modified separation rank of a Baire class £ function f as

ag(f) = Sup ac({f <p}Af > q}).
p,g€Q

Now we introduce one of the methods used in [2] to construct ranks on
the Baire class £ functions from existing ranks on the Baire class 1 functions.
Let f be of Baire class £. Let

(2.4) Tte={7":7 27 Polish, 7' C 22(7’), f€Bi(r)}.
Let p be a rank on the Baire class 1 functions and let

pe(f) = Jgiﬁg pr(f),

where p./(f) is just the p rank of f in the topology 7'. This method yields

the rank pf on the Baire class £ functions.
We use the notation

%g‘ = {f € B¢ : f is bounded and ag(f) < w’}.

We also use the notation %2‘(7" ) for the corresponding class with respect to
the topology 7" on X. Note that by [2, 3.14] and [2 3.35], for a bounded
Baire class 1 function f we have f € %} < a(f) < Wt & B(f) < W &
v(f) < w?, and by [2, 5.7], for a bounded function f € B¢ we have f € %g‘ &

af(f) St & BE(f) S wt e (f) S Wt
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REMARK 2.1. For a function f, f € %’2 if and only if there exists a
topology 7' € T ¢ such that f € %7(7"). This can be easily seen: f € %’g\ &
af(f) < wr & 37 € Tre (ar(f) <w?) & 3T € Tre (f € BYT)).

Now we prove three lemmas about these ranks to be used later on.

LEMMA 2.2. For a characteristic function x4 € By, a(f) = B(f).

Proof. 1t is enough to prove that for every ¢ < 1 and F' C X closed,
we have Dy, <o} {xa>1}(F)) = Dy, c(F). Let x € X. Then x € Dy, (F) <
w(f,z,F) >e < (x€Uisopen = Jy,z e UNF (yc€ ANz ¢ A)) &
WS FﬁAmFﬂAC@xGD{XASO}y{XAzl}(F) | ]

LEMMA 2.3. Let (fn)nen, (gn)nen be two sequences of functions such that
V((fa)new), Y((gn)nen) < w for some A < wi. Then Y((fn + gn)nen) < ™.
Proof. By [2, Theorem 3.29], the rank ~ defined on By satisfies v(f+g) <

w* whenever v(f),v(g) < w*. But they actually prove the statement of this
lemma and derive the theorem from this fact. »

LEMMA 24. If f: X — R s any function and g : R — R is a Lipschitz

map then B(go f) < B(f).

Proof. Let the Lipschitz constant of g be c. Then one can easily see that
w(go f,z,F) < c-w(f,z,F) for every z € X and F C X closed, hence
rk(Dgof’c.E) <1k(Dy.), showing that S(go f) < B(f). m

3. The alternating sums of semi-Borel class ¢ functions. Now we
define the notion of an alternating sum of a transfinite sequence of semi-
Borel class ¢ functions. It is a generalization of the alternating sum of USC
functions defined by A. S. Kechris and A. Louveau [§].

DEFINITION 3.1. Let A be a countable ordinal and let (f;),<x € DUSBg.
The function . _4(—1)"f, is defined inductively on & < A by

DD =Y (=0 4+ (=1 fo,
n<o+1 n<o
where (—1)? = 1if 0 is even and —1 if 6 is odd, and for limit § < A,
Z*(—l)”fn = sup{ Z*(—l)”f77 :(is even, ( < 0}.
n<6 n<¢
For a function f, if (f,)y<x € DUSB¢ is a sequence with f = ¢ +

z:;;o\(—l)”ﬁ7 for some ¢ € R, then we say that f is the sum of a constant

and the alternating sequence (fy)n<x of length A\. We use the notation

lengthe (f) = inf{)\ £ 3(fy)yer € DUSB, c € R (f —ct Z*<‘1)”fn)}7

n<A
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where we define lengthe(f) to be wy if f is not the sum of a constant and
an alternating sequence from DUSB,.

REMARK 3.2. It is easy to prove by transfinite induction that for even
ordinals 61 < 69 we have

(3.1) Z nf, < Z 1) f.
n<601 n<62
From this fact, for limit @, if 6,, — 6 with all 6,, < 6 even then
(32) S0y = lim Y (1)
17<0 77<0n
We will use this fact to calculate Y- _o(—1)"f;.

REMARK 3.3. Let (fy;)p<x € DUSB¢ and 6 < A with 6 even. We show
by transfinite induction on ¢ that for every 8 < ¢ < X even, we have

(3.3) 0< Y 1y = S (1) < fo— f
n<¢ n<o
For ¢ + 2 we have

0< (=17 — D (-1,

n<¢ n<o
<SS+ fo - Fen = Y (C1)y
n<¢ n<o

< fo—fct+ fe— Jerr < fo— fero,

where the expression in the middle equals
DD =Y (=),

n<¢+2 n<o

proving the successor case. For limit ¢, (3.3)) is an easy consequence of ([3.2)
and the monotonicity of the sequence (f;)n<x.

Now let f = Z; <x(=1)7f,. Since the alternating sum of a sequence does
not change if we append 0 functions to it, we can suppose that A is even.
Hence we can substitute ( = A to get

(3.4) 0< /=3 (~1)"fy < fo,
n<6

in particular,

(3.5) 0<f<fo.

THEOREM 3.4. Let f be a bounded Baire class 1 function. Then f € %7
if and only if length, (f) < w?.
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REMARK 3.5. A straightforward consequence of this theorem is that
every bounded Baire class 1 function can be written as the sum of a constant
and an alternating sequence from DUSB; (as a1(f) < w; for every Baire
class 1 function f, see [2, 3.15]). For the other direction (if f can be written
in this form then f is a bounded Baire class 1 function), see [4].

Proof of Theorem [3.7]. It is easy to see that it is enough to prove the
theorem for non-negative functions, since for any constant ¢, f € %; <
f+c€ % and length, (f + ¢) = length; (f). We first show that if f € %
then length, (f) < w?.

Let f € %; be a characteristic function, i.e., f = y for some A C X.
Using the definition of %7, we can separate {f > 1} = A and {f < 0} = A°
with an appropriate sequence, hence A can be written as

A= U Fn\Fn—&-la

n<wA
n is even

where (F}), ,» is a decreasing, continuous sequence of closed sets with
Fy = X and ﬂn<w* F,=0.
Now let f; = xp,. It is easy to see that (f;), <, is a decreasing sequence

of non-negative, bounded USC functions with f, — 0 as n — w?. From this
(fn)p<wr € DUSBY, hence to prove that length;(f) < w?, it is enough to

prove that f = Z;;<w)\(_1)nf17. We do this by proving that for every 8 < w?

even we have .
E 1\ £ —
( 1) f?’] - XUcvcnn<0 F”I\Fﬁ+1'
n<o

For 6 = 0 this is obvious. Suppose this holds for 8. Then
S0y =Y (=) g+ fo— for

n<O+2 n<o
= XUeven n<o F’H\F"H'l + XFG - XF9+1 = XUeven n<o0+2 FU\FW"Fl '
For limit 6 let 6,, — 6 with all 8,, < 8 even. Then

>Ny = lim Y=,

n<o n<6n

= nli)n;o XUeven n<6n Fn\Fn-H = XUeven n<eé F‘”’I\F'U‘Q'l7

proving length, (f) < w? for the characteristic function f € %;.

Now let f € %’{‘ be a non-negative step function, that is, a linear com-
bination of characteristic functions. Such a function can be written as f =
>, cixa, where the ¢;’s are distinct, non-negative real numbers and the
A;’s form a partition of X with A; € AY for each i. By the above statement,
each x4, can be written as x4, = Z;<m(—1)" f], where (f,i])n<wx € DUSB;,
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since ay(xa,) < w* (see [2, 3.38] and [2, 3.14]). Now let f,, = >0 ¢; - f}.
It is easy to see that (f),<,» € DUSBy and f = 37 x(—1)"f, showing
that length, (f) < w? for step functions f € %;. Moreover, this construction
shows that the f,’s can be chosen in such a way that

(3.6) Ifall < 1I£1I-
Now we turn to the case of arbitrary non-negative bounded functions.

LEMMA 3.6. If f € %) then there exists a sequence (g¥)ren of non-
negative step functions g¢ € %} such that inf f + Y keN g = f and ||¢¥|
<1/2% for k> 1.

Proof. Tt is enough to show that there exists such a sequence with
> keN g* = f for a non-negative function f, since f — inf f € %, is always
non-negative.

Solet f e %’f‘ be non-negative. Then there exists a sequence (f*)ren of
step functions converging uniformly to f with f* € %} for every k € N (see
[2, 3.40]). By taking a subsequence, we can suppose that || f* — f|| < 1/2k+5.
By replacing f* with max{f* — 1/2¥+3 0}, we can suppose moreover that
(f¥)ren is an increasing sequence of non-negative functions now satisfying
|f* — f|l <1/2F2 and using Lemma we still have f* ¢ %7;.

Let ¢° = f0 and for k > 1 let g* = f¥ — f*=1. Then ¢* > 0, ||¢*|| < 1/2F
for k> 1and >, yg" = f. By [2, 3.29], ¢* € #?, proving the lemma. u

Now let (g*)ren be the sequence given by the lemma and replace ¢°
with g% +inf f. Then g" remains non-negative and now 3 keN g* = f. Since
gk e 93{‘ is a step function for each k, we can write

k * k
g = Z (_1)7]9777
n<w
where (9§)n<w* € DUSB; and each g,’; is chosen to satisfy (3.6)), hence
lgrll < llg¥
For < w™ let
fo=2_ay
keN
We claim that (fy),<,» € DUSB; and

%
F=3 )"y
n<w?

It is enough to establish these claims to finish the proof of the implication
f € %} = length,(f) < w.

Since [|gr|l < 1/2% for k > 1, |lg9ll < [l¢°]| and (g}),<.» € DUSBy, the
sequence ( fn)n <w> 1S a non-negative, bounded, decreasing sequence of USC
functions, as the finite sum and uniform limit of USC functions is USC.
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Now we show that f,, — 0 asn — w*. Let z € X and € > 0 be fixed.
There exists a ko with 3~ gf;(x) < D kko 1/2F < £/2. For this ko, we
can find an ordinal \g < w” such that for every Ao < n < w* and k < ko,
we have g,]?(:zj) < ¢/(2kp), since gf; — 0 as n — w for each k. Hence for
every A\g < 1 < w* we have f,(x) < ¢, showing that f,, — 0 as n — w?, thus
proving (f;),<.» € DUSB;.

To show that f =7/ x(—

ST =33

n<o keN n<6
Suppose this holds for #. Then

ST = S0+ (<D

1)" f,, we prove by transfinite induction that
for every 6 < w?,

n<6+1 n<o
=S NS = S (-
keN n<o keN keNn<0+1

And for limit 6 let 6,, — 6 with all ,, < 8 even. Then

Z( )" fn = hmZ D"y = JH{}OZZ

n<o n<6n keNn<6,
li Y(—1)1gk “(—1)1gk
DD WEIED I UE
> lim Y (~1)7, (=1)"gy,
keN n<Opn keN n<o

where we have used the dominated convergence theorem to interchange the
operators lim and ) : For a fixed z € X let

ha(k) = 3 (~1)7gk(z) and h(k) = Y (~1)7gk(x).
n<6n n<o

Then hy, (k) converges to h(k) for every k, and for every n € N by and
we have |h, (k)| < H(k), where H(k) = | g&||. The function H (k) is
summable, since H (k) < 1/2¥ for k > 1, hence we can apply the dominated
convergence theorem to get limy oo Y peny An(k) = D pen iMp oo An(k).
This finishes the proof of length, (f) < w? for f € %;.

Now we prove the following two statements by transfinite induction on A:

(3.7) if f= Z 1)"f, with (fy),<.» € DUSB1 then f € 2},
77<w

(3.8) if f= Z 1)"f, with (fy),<,» € DUSB] then f € 2™,
n<w?

where DUSB consists of all decreasing, transfinite sequences of bounded,
non-negative USC functions of countable length, i.e., we do not assume that
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fy — 0 as p — w” for the sequence (fa)y<wr € DUSBY. It is easy to see
that (3.7 yields the second part of the theorem, hence it is enough to prove
these two statements.

First we prove (3.7)) for A+ 1, supposing (3.7) and (3.8]) for \. So let f =
Z:Kw/\‘“(_l)nfm where (f’ﬂ)n<w>‘+1 € DUSB;. Let fk = Z;<w>‘-k(_1)nf77'
By (3.2) we have f¥ — f.

CLAM 3.7. B(f*) < w L.

Proof. We prove this by induction on k. For k = 1 this is for A
as the sequence (fy), <, is in DUSB]. For k 4 1 we have Rl = fk gk
where ¢F = fF*+1 — f*¥. We have ¢* = D om<r (1), where fi = forpyy
with (f;),<,» € DUSB]. Now using for g* we have g* € %7 hence
Al = fh 4 g € B using [2, 3.29] to show that B(fF), B(¢*) < wt!
implies B(f*!) < w1,

Now we prove f € Z7! by showing that B(f) < w 1. Let z € X. It is

A+1

enough to prove that « ¢ DY (X) for every € > 0. By we have 0 <
f — f¥ < forp, hence there exists a k such that |f(z) — f*(z)] < forp(2)
< g/5. Since f,x. is USC, we have an open set x € U with |f(y) — f*(y)| <
fuork(y) < e/4 for every y € U. Now we need the following lemma.

LEmMA 3.8. If f and g are Baire class 1 functions, U is open and F' is
closed with |f(y) — g(y)| < e/4 for every y € FNU then for every n < wy,
D} (F)nUC D!, (F)nU.

Proof. The proof is by transfinite induction on 5. For n = 0 this is obvi-
ous from the definition of the derivative. Let x € (Dg7€/4 (F)nU) \DZI/14(F)’
We need to show that x ¢ D?ng(F) There is an open neighborhood z €

V' C U such that |g(y) — g(z)| < €/4 for every y,z € D" _, (F)NV. Then

g,e/4
|f(y)—f(2)] <3e/dforally,z e D276/4(F)0V. By the induction hypothesis
D"

t(F)NV C DZ,6/4(F) NV, hence this holds for all y,z € D} _(F)NV,

thus x ¢ D?ng(F) This shows the successor case, and for limit 7 the lemma
is an easy consequence of the definition of the derivative. =

Applying the lemma with ¢ = f* F = X and n = w™!

A+1 A+1

, we see that
Dy (X)nU C D;”Jk,s/4(X) NU = 0, since B(f*) < w*?. This shows that

T & D‘*’;H (X), proving (3.7)) for the successor case.
The proof of (3.7)) for the limit case is similar. Let A be a limit ordinal
and let A\p — A with Ax < A. Let

=30,

n<wk
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By (3.8) for Ay < A we have f* € ™' C ). Again by (3.4),0< f — f*

< f ., and using the fact that f;, — 0 and f;, is USC, for a fixed x € X we

get a neighborhood = € U and a k such that |f(y) — f*(y)| < e/4 for every
A

y € U. The application of Lemma |3.8) yields D“’;(X) nU < Dy, E/4(X) NnU

= (), hence z ¢ D“’; (X). As we started with an arbitrary = € X, this shows
D;’Z(X) = (), thus B(f) < w?, proving f € %;.

It remains to prove (3.8)). Now we can use (3.7) for A as we proved it
using (3.8) only for smaller ordinals. Let (f;),<,» € DUSB] and A\, — w?

with A\;, < w? even. Let

=30, and fF =317,

n<w? n<Ag

Since we can extend the sequence (fy)n<x, by zero functions to a sequence
in DUSB; of length w?, using we deduce that f* € %;. By we
have f*¥ — f; moreover, for the sequence (fy),<,»41 € DUSB1, where
fur =g =1nf, . f; is a USC function, yields

(3.9) 0<f—fF<h.—g

A+1

It is enough to prove that D¢~ (X) = () for every fixed € > 0. To do so,
let Fj, = {x € X : g(x) > n-e/12}. Note that g is USC, hence F, is closed
for every n € N. Since (N, Fy, = 0, it is enough to prove that

A
(3.10) Df (Fn) C Frtr,
since then by induction on n one can easily get D‘J}’;'”(X ) C F),, hence
A+1 X,
P (X)=[D{MX)C () Fu=0.

neN neN

Let = € F,, \ Fy41. Since fy, — g, there exists a k such that

(3.11) fru(@) — gla) < £/12.
Since fy, is USC, there exists a neighborhood U > x such that fy, (y) <

Ia, (@) +¢e/12 for every y € U. Using that € F),\ Fy, 41, we have g(z) —g(y)

< g/12 for every y € F,. Using (3.9), the last two inequalities and (3.11)),
we find that for every y € U N F,,

0< f(y) — f*(y) < H.(W) — 9(y) < (@) +€/12 — g(z) + /12 < /4.

Again applying Lemma with ¢ = f*, F = F,, and n = w*, we get
DY (Fo)NU € D;J,j’EM(Fn)mU =0, hence x ¢ D% (F,,). Since z € F,,\ Fos1
was arbitrary, we get (3.10) as desired. This finishes the proof of (3.8) and

also the proof of the theorem. m
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Now we prove an analogue of the previous theorem for the Baire class £
case.

THEOREM 3.9. Let f be a bounded Baire class £ function. Then f € %’g‘
if and only if lengthe(f) < W,

REMARK 3.10. If one considers length(f) as the rank of the function f,
then the theorem says that this rank essentially coincides with 042, ,BE and
¢ on the bounded Baire class £ functions.

Proof of Theorem 3.9. First we prove that if f € %’g‘ then lengthg(f)
< w*. By Remark we have a topology 7" € Ty ¢ such that f € BN (T).
Theorem shows that there is a sequence (fy),<,» € DUSB(7') and
c € R with

The function f,, is USC in 7/ for each 7, hence {f, < ¢} € £9(7'), and since
7' € Tye, we have 29(7) C 22(7'), thus f, is a semi-Borel class { function
with respect to the original topology 7. From this, one can easily conclude
that (f;),<.» € DUSB¢(7) and consequently length,(f) < w*, proving this
part of the theorem.

For the other direction, suppose that lengthg( f) < w?, and let

where (f;),<.,» € DUSB¢. Since {f,; < ¢} € 22 for every ¢ € Q, it can be
written as {f, < ¢} = U, Fi?, where Fi)? € Jq, Y C A, By Kura-
towski’s theorem (see e.g. [7, 22.18]), there exists a Polish refinement 7/ O 7
such that F? € AY(r’) for every n, n and ¢ € Q, and 7/ C Z2(7).

Now {f, < q} € (') for every n and ¢ € Q, hence f, is USC in 7/,
since {f, < ¢} = U, {fn < an} is open, where ¢, € Q, ¢, — ¢, gn < c. From
this (fy),<w» € DUSB1(7’), hence with the application of Theorem for

the space (X,7’), we get f € %;(7). Note that 7 € T}, hence Remark
yields f € %2‘(7’), completing the proof. =

4. Generating %’2‘ from lower classes. Kechris and Louveau intro-
duced the notion of pseudouniform convergence.

DEFINITION 4.1 ([]]). A sequence (fn)nen of functions is pseudouni-
formly convergent if y((fn)nen) < w, as defined in (2.2)).

DEFINITION 4.2. If F is a class of bounded Baire class 1 functions then
let &(F) be the set of those bounded Baire class 1 functions that are the
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pseudouniform limit of a sequence of functions from F, i.e.,
&(F) ={f € B; : f is bounded,

El(fn)neN € "rN (’7((fn)n€N) <wand f, = f pointwise)}.
Now we define inductively the families @) of functions by ¢y = %1 and

for 0 < A < wy,
o =o(|J ).

n<A
THEOREM 4.3. For every ordinal A\ < wy, we have &) = %3,

REMARK 4.4. This is a nice analogue of the well-known theorem that a
function is of Baire class A if and only if it is Borel-(A + 1) (see e.g. [T, 24.3,
24.10)).

REMARK 4.5. The authors of [§] defined @) for limit A as the uniform
limits of functions from the smaller classes, and they proved that in this
case @y = %7 (with &y = %), if the space is compact. However, this is not
the case for arbitrary Polish spaces. We sketch the proof of this.

First, for every A < wi, one can easily construct a countable closed set
Fy CR and a subset Ay C F) such that the o rank of x4, in the space F)
is equal to A. (Let F)\ be a set with Cantor-Bendixson rank A (see [7, 6.12]).
Then choose Ay such that Ay and F) \ Ay are both “dense” in F), meaning
that if FY* C F) is the ath iterated Cantor-Bendixson derivative of F)\ then
the closures of both Ay N F{' and FY' \ A\ contain every limit point of FY'.)
This step will not work in compact spaces as the « rank of a characteristic
function on a compact space is always a successor ordinal.

Then, it is easy to see that x 4 . cannot be the uniform limit of functions
from J,, .., A7, since if || f — x4, || < 1/3 then a(f) > a(xa,.) = w.

Proof of Theorem[[.3 We use transfinite induction. For A = 0 the con-
clusion is exactly the definition of @.
To prove that &, C %’f‘“, it is enough to show that

(4.1) B(BY) C B,
since for successor A it is exactly what is required, and for limit A we have
&, = @(U @,7) - @(U %’{“) C &(B).
n<A n<A

Let (fn)nen be a sequence from %7 converging pointwise to a bounded
function f.

CLAIM 4.6. For every closed set F' and € > 0,
A
Dio(F) C Dig)ene/alE):
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Proof. Let x € F\Dy,), .e/4(F), we need to show that z ¢ D‘}’Z(F) By
the definition of the derivative, there exists a neighborhood x € U and N € N
such that for every y € FNU and n,m > N we have |f,(y) — fm(y)| < /4.
As fu(y) = f(y) for every y € X, we have |fn(y) — f(y)| < /4 for every
y € FNU. Applying Lemmawith g = fy and n = w’, we get

SF)YNU C DY (F)NU =0,
since fy € %;. Hence x ¢ Dw;(F), proving the claim. =

Now suppose moreover that v((fn)neny) < w. We need to show that
B(f) < w1, Applying the claim repeatedly with F = Dy 5/4(X)’ by
induction we get D}JZ_"(X) S Dy, en E/4(X) for each n € N. Taking the

intersection over all n € N, we get D;{;H(X) - fon)nENﬁM(X) = (), hence

fe %’f‘“, showing (4.1]) and thus finishing the proof of @) C %’f‘“.
Now we show the other direction, i.e., @) D %’{‘H. We use transfinite
induction on A. The inclusion is obvious for A = 0. For A > 0, using the

statement for each n < A, we have &y = (U, ?y) = ®(U,<, %’Trl),

hence it is enough to show that &(UJ, .\ B D B
Let f € %{‘H be a characteristic function, i.e., f = x4 for some A C X.
Using the same argument as in the proof of Theorem [3.4] one can write A
as
A= |J F)\Fp,

n<wt
7 even

where (F}),<,a+1 is a decreasing, continuous sequence of closed sets with
FO = X and ﬂ77<w>‘+1 Fn = @

Let A\ — w?, A\ < w” be an increasing sequence of even ordinals with

A > 0 and let
B = U Fy\ Fyp

nEN A .n<n<w™ n4;
7 even

Let fi = xB,. It is easy to see that f; — f pointwise. We need to show that
this convergence is pseudouniform, and f; € Un <A %’71”1 for every k € N.
The proof of the former statement is based on the following claim.

Cramm 4.7. For everyn € N and € > 0 we have D?fk)keNys(X) C FE .,

Proof. For n = 0 this is a consequence of the definitions, so we need to
show that it holds for n 4 1 if it holds for n. For this, it is enough to show
that D(p), cne(Furn) C© Forng)- Let z € Fon, \ Forny1)- We need to
show that x & Dy, Fx.,)- The sequence (F)), ,»+1 is decreasing and

kGst(
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continuous, hence Fn (1) = (Vycwr(nt1) F1 = ke Furngr,» SO there is
a k € N such that z € F x5, -

Since Fx., 1y, is closed, there is a neighborhood U > x such that U N
Foxpin, = 0. If 4,5 > k then fi(y) = f(y) for all y € U N F,5,,, hence
T & D) en,e(Furn), Proving the claim. u

Now
DL(’Jfk)keNyf(X) - ﬂ D?fk)kEN»E(X) < ﬂ g =0,
neN neN

hence the convergence fr — f is pseudouniform.

It remains to prove that fr € U, . BT for each k.

CLAM 4.8. For every € > 0 and m € N we have Dgc;\f“:4)'m(X) CF -

First we show that it is enough to prove the claim. Since A\ > 0, we have
(Ak +4) -w = A, - w, hence using the fact that ), . x+1 F5, = 0 we obtain

AW A 4)-m
Dy (X)) = () D™ € () Fogn =0,
meN meN
showing that B(fr) < Mg - w. If X is limit then \; < w? for some § < A,
hence B(fi) < M\ - w < w1, showing that f; € Un<>\ ,%’?H in this case. If

\ is successor then let A = 6 + 1. Now A\, < w? - [ for some | € N, hence
A - w < w1 showing that fi, € 2771 C | _, #7"!. Now it only remains
to prove the claim.

n<A

Proof of Claim [{.8 We use induction on m. For m = 0 the assertion
is a consequence of the definitions. Suppose it holds for m; to prove it for
m+1 we need to show that if £ € Fx.,, \ Fyx. (1) then z ¢ D;\:7j4(Fw)\,m).

There exists a neighborhood U of z with U N Fx.(;41) = (. Let

H= U Fy\ Fypr.
wr m<n<wt m4Ay
7 even
It is easy to see that a1 (xg) < Ax+4, since H can be written as a transfinite
difference of closed sets of length A\j, 44 by taking the sequence (P;)p<x,+4,
where

(X ifn=0or1,
Forxmmgn—2 H2<n<w,
P77 = Fw)‘-m-i-n if w< n < Ak,

ka-m«k/\k if >\k S n S >\]€ + 1)
0 if A\, +2<n< A+ 3.
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Note that A\ is even, hence H is indeed the transfinite difference of this se-
quence. Using Lemmal[2.2]and [2, 3.14] we have B(xn) = a(xn) < a1(xn) <
A +4. But as fi(y) = xB,(v) = xu(y) for every y € F ., N U, we have
DY (Fp,,) NU = DWHA(F,,) NU = 0, hence x ¢ Dy H(F ),
proving the claim. =

This finishes the proof that f € &, for a characteristic function f €
B

Now let f € ;! be a step function, i.e., f = 3. ¢;xa,, where the
¢;’s are distinct real numbers and the A;’s form a partition of X. For each i,
x4, € B! by [2, 3.38], hence for each i there exists a sequence (fF)ren
such that (fF)reny — xa, pseudouniformly, and f¥ € Un</\ ,931”1. Let fF =
S ¢+ fF. Lemma yields ((f*)ren) < w, and it can be easily seen
that f* — f pointwise. It remains to prove that f* € Un <A ,%17“ for each k.
Fix k € N. Then fik € %’fiﬂ for some \; < \. Hence with N = max{)\; :
1 <i<n} < Xwehave fF € 2! for every i. Now [2, 3.29] yields
e %’flﬂ - Un<>\ %?+1, proving that f € &,.

To finish the proof of the theorem, it remains to show that f € &, for
every f € %’f‘“.

Let f € 93?“. By Lemma there exists a sequence (g¥)ren of non-
negative step functions such that g* € Z, inf f + 3, g% = f and ||g*|| <
1/2F for k > 1. We can replace ¢° with ¢ +inf f, so now we have >k g =f.
Since g is a step function, g¥ € ®,, hence for each k we have a sequence
(%) nen tending pseudouniformly to g with gF € Upar @n = U< 95’17“
for each n, k € N.

We first show that we can suppose that ||gk|| < ||g¥||. For every k € N
define h¥ : R — R by

0 if z <0,
W (z) =< 2 if 0 <a<1/2%
1/2F if 1/2F < 2.
Then h* is a Lipschitz function, hence B(h* o g¥) < B(g¥) by Lemma

thus h* o gF € Un<)\ QE?H. Using the same arguments as in the proof of

Lemma it is easy to see that y((h* o gF)nen) < V(g% )nen) < w, hence
the sequence (h* o g¥),.en is pseudouniformly convergent for every k. Using
the continuity of A* we have (h* o gF),en — h¥ o g¥ = ¢gF. This shows that
by replacing ¢g¥ with h* o g¥, we can indeed assume that [|g¥|| < ||¢*|.

Now we prove the following claim.

CramM 4.9. Let f,, = Y 1<, 9%. Then the sequence (fy)nen tends pseu-
douniformly to f. -
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Proof. First we show that f,, — f pointwise. Fix ¢ > 0 and z € X,
and let K € N be large enough that 1/2K-2 < ¢/2. Then there exists
a common N > K € N such that for all ¥k < K and n > N we have
gk (x) — k( )| <e/(2K). Thus, for n > N,

[fale) - \—\Zgn <m>\

k<n keN
k k
< gkl @+ D k@) + > 19" @)
k<K K<k<n k> K

1
K42 s <
2K TR =6

proving the pointwise convergence.
Let € > 0. It remains to show that D( ) eNE( ) =10. Let K € N be

large enough that 2 - 1/2% < /2. Then for n,m > K we have
1
k k k k
k<n k<m k<K k<K

hence if [ f(y) — fn(y)| > € then | 324 95 (¥) — Xp<ic 9m(y)| = €/2. From
this, using transfinite induction, one can easily deduce for all n < w; that

n n
DltiynensE) €Dl ghynemesaX)-

By Lemma the sequence (ZK 1 I¥)nen converges pseudouniformly to
k w —
> <k 9" hence D(ZkgKg,’i)neNf/?( ) = 0, proving D( o (X)=0. u

eNyEe

<A %?+ for each n.

Using the same idea as above, we have a \' < \ with g* € %flﬂ for every
k < n, hence by [2, 3.29] we have f, € %’f‘/ﬂ C Uy<r 7. This shows
that @) D %’f‘“, finishing the proof of the theorem. =

Using this claim it remains to prove that f, € |J

Now we give a generalized version of the above theorem for Baire class
¢ functions. From now on, let 1 < £ < wy be a fixed ordinal.

DEFINITION 4.10. Let F be a class of bounded Baire class £ functions
and let

O(F) ={f € Be: f is bounded, 3f, € F,7' 2 7 Polish
(r' C Zg(v'), fns f € Bi(7'), fn = f pseudouniformly with respect to 7')}.
As in the Baire class 1 case, we define the families @) as follows. Let &5 = %’51

and for 0 < A < wq let
By — @(U @,).
n<A
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THEOREM 4.11. For every ordinal A < w1, we have @) = ,932+1.

Proof. For A = 0 the statement is obvious. We first prove the inclusion
%’AH by transfinite induction on A. Let f € ,%’)‘H By Remark |2

there ex1sts a Polish topology 7/ D 7 such that f € %AH( "). Thus, by
Theorem [4.3] - 3| there exists a sequence (fn)nen of functions such that f,, — f

pseudouniformly in the topology 7/, and f, € |J ”+1(T’ ) for each n.

r]</\
It is easy to check from the deﬁnltlon that 7/ € T, ¢ for each n, hence

Remark now yields f, € U, 932“(7). The sequence (fn)nen and the
topology 7' is exactly what is required by the above definition, showing that
feoU,<n %’g“) so f € @,. This proves that &, D 93>‘+1

We prove the other inclusion by transfinite 1nduct10n on \. Let f € &),
i.e., there is a sequence (fy)nen and a topology 77 O 7 with 7/ C 22(7),
fs fn € B1(7"), fn — f pseudouniformly with respect to the topology 7" and
finally f, € U<\ @y = U,<x %’g“, using the induction hypothesis for each
1n < A. Consequently, for each n there exists an ordinal )\, < A such that
fn r%)\nJrl

Usmg Remark [2.1] again, we conclude that there exists a Polish topology
Ty, € T, ¢ such that f, € Bt (7).

By [2, 5.12] there exists a common Polish refinement 7" of 7/ and each
Tn with 77 C 22(7’). Then by [2, 5.13], fn,f € Bi(7"); moreover, f, €
Bt for each n and vy ((fa)nen) < Yo ((fa)nen) < w from the defini-
tion. Theorem yields f € %) ("), but since one can easily check that

7" € Tye, we have f € @?H(T) again by Remark finishing the proof of
the theorem. m
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