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On the AJ conjecture for cable knots
by

Anh T. Tran (Richardson, TX)

Abstract. We study the AJ conjecture for (r,2)-cables of knots, where r is an odd
integer. Using skein theory, we show that the AJ conjecture holds true for most (r, 2)-cables
of some classes of two-bridge knots and pretzel knots.

1. Introduction and main results

1.1. The colored Jones function. For a knot K C S2 and a positive
integer n, let Jx(n) € Z[t*'] denote the nth colored Jones polynomial of K
with framing 0, normalized so that Junxmot(n) = (t2* —t72")/(t> —t~2). The
polynomial Jx (n) is the quantum link invariant, as defined by Reshetikhin
and Turaev [RT], associated to the Lie algebra sla(C), with the color n
standing for the irreducible sly(C)-representation of dimension n. The color
n can be assumed to take non-positive integer values by setting Jx(—n) =
—Jg(n) and Jk(0) = 0. We remark that there are different conventions and
normalizations of the colored Jones polynomial. In this paper we choose the
one used in [Lel [LTT] Tr2].

For a fixed knot K C S3, Garoufalidis and Le [GL] proved that the col-
ored Jones function Jg : Z — Z[tT!] satisfies a non-trivial linear recurrence
relation of the form

d
D ap(t, 2" Jg(n+ k) =0
k=0
where ay(u,v) € Clu,v] are polynomials with greatest common divisor 1.

1.2. Recurrence relations. Let R := C[t*!]. Consider a function f :

Z — R, and define the linear operators L and M acting on such functions
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by

(Lf)(n) == f(n+1) and (Mf)(n):=t>"f(n).
It is easy to see that LM = t2M L. The inverse operators L~ and M !
well-defined. We can consider L and M as elements of the quantum torus

T = R(LEY, M*Y) /(LM — t?ML).
The recurrence ideal of f is the left ideal Ay in 7 that annihilates f:
Af:={PeT|Pf=0}
We say that f is g-holonomic, or f satisfies a non-trivial linear recurrence

relation, if Ay # 0. For example, for a fixed knot K C 53 the colored Jones
function Jg is g-holonomic.

1.3. The recurrence polynomial. Suppose f : Z — R is a g-holo-
nomic function. Let R(M) be the fractional field of the polynomial ring
R[M]. Let T be the set of all Laurent polynomials in the variable L with
coefficients in R(M):

T = {Z ap(M)LF : ap,(M) € R(M), a, = 0 almost always},
kEZ
and define the product in 7 by a(M)L* - b(M)L* = a(M)b(t* M) L'+,
Then it is known that 7 is a principal left ideal domain, and 7~ embeds
as a subring of T (cf. [Ga2]). The ideal extension A; := T - As of Ay in T
is generated by a polynomial

#(t, M, L) ZafktM

where the degree of L is assumed to be minimal and all the coefficients
arr(t,M) € C[tt!, M] are assumed to be co-prime. The polynomial o is
defined up to a polynomial in C[t*1, M]. We call a ¢ the recurrence polyno-
mial of f.

When f is the colored Jones function Jg of a knot K, we let Ax and ag
denote the recurrence ideal Ay, and the recurrence polynomial «j, of Jg
respectively. We also say that Ax and ap are respectively the recurrence
ideal and the recurrence polynomial of the knot K. Since Jx (n) € Z[tT'], we
can assume that ag (t, M, L) = ZZ:U ak (t, M)L* where all the coefficients
ok € Z[tTL, M) are co-prime.

1.4. The AJ conjecture. For a knot K C S3, Cooper et al. [CCGLS]
introduced the A-polynomial Ag (L, M). The A-polynomial describes the
SLy(C)-character variety of the knot complement as viewed from the bound-
ary torus. It carries important information about the topology of the knot.
For example, the A-polynomial distinguishes the unknot from other knots
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[BZl, [DG], and the sides of its Newton polygon give rise to incompressible
surfaces in the knot complement [CCGLS].

Motivated by the theory of non-commutative A-ideals of Frohman, Gelca
and Lofaro [FGL, [Ge] and the theory of g-holonomicity of quantum invari-
ants of Garoufalidis and Le [GL], Garoufalidis [Ga2|] formulated the following
conjecture that relates the A-polynomial and the colored Jones polynomial
of a knot in S3.

CONJECTURE 1 (AJ conjecture). For every knot K C S2, the polynomial
g lt=—1 s equal to (L — 1)Ag (L, M), up to a factor depending on M only.

The AJ conjecture has been verified for the trefoil and figure eight knots
[Ga2], torus knots [Hi, [Tr3], some classes of two-bridge knots and pretzel
knots [Lel, [LT1], the knot 74 [GK], and most cable knots over torus knots
[RZ], over the figure eight knot [Rul, [Tr1], over some two-bridge knots [Dr],
and over twist knots [Tr2].

1.5. Main results. Suppose K is a knot with framing 0, and r, s are
two integers with ¢ their greatest common divisor. The (r, s)-cable K (1:5) of
K is the link consisting of ¢ parallel copies of the (r/c, s/c)-curve on the
torus boundary of a tubular neighborhood of K. Here an (r/c, s/c)-curve is
a curve that is homologically equal to r/c times the meridian and s/c times
the longitude on the torus boundary. The cable K (") inherits an orientation
from K, and we assume that each component of K ("% has framing 0. Note
that if » and s are co-prime, then K% ig again a knot.

In [Le, LT [Tr2], Le and the present author used skein theory to study
the AJ conjecture for knots. In this paper, we keep following this geometric
approach and study the AJ conjecture for (r,2)-cables of knots, where r is
an odd integer. Before stating the main results, we need to introduce the
set, K.

For a Laurent polynomial f(t) € C[t*!], let d,[f] and d_[f] be respec-
tively the maximal and minimal degrees of f in t~*. It should be noted that
these di[f] are equal to —1/4 times the corresponding ones in [Lel [LTT), [Tr2).

For a knot K C S3, Garoufalidis [Ga3] proved that the degrees of its
colored Jones function are quadratic quasi-polynomials. This means that
for each ¢ € {£} there exist a constant Nj > 0 and periodic functions
aj(n), b5 (n), 5 (n) such that

de[Jx (n)] = af (n)n? + b5 (n)n + 5 (n)
for n > N

Following [Gad], we say that a knot K is mono-sloped if aj (n) is a

constant function for each ¢ € {£}. In this case we also write a3 for a3 (n).

DEeFINITION 1. With the above notation we define K to be the set of all
mono-sloped knots K C S3 such that b} (n) < 0 and by (n) > 0.
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The set K contains adequate knots (see, for example, [Tr2l proof of
Lemma 3.2]) and (—2,3,2m + 3)-pretzel knots [KT]. We remark that the
following conjecture was proposed in [KT]. Note that bj;(n) = 1/2 and
b (n) = —1/2 for the trivial knot U.

CoNJECTURE 2 ([KT]). For every non-trivial knot K C S® we have
bi(n) <0 and bg(n)>0.

Conjecture [2| has been verified for several classes of knots, including
adequate knots and their iterated cables, and 2-fusion knots and their cables.
We refer the readers to [KT] and references therein for more details.

DEFINITION 2. For K € K and € € {£}, we let

e = max{|bj (i) = bic ()| + 4.4 =1 (mod 2)},
052 = max{e(bi (i) + b (4)) + Ici (1) — ¢ (§)] : ,5 = 1 (mod 2)}
and
rf = 8aj + (20% ; + max{0, 5% ,}).

For a knot K C S3, we let Xx denote the complement of K, that is,
X = 5%\ K. Following the definitions and notation in [LTT], we state the
first result of the paper.

THEOREM 1.1. Suppose K is a knot in IC satisfying the following condi-
tions:

(i) K is hyperbolic,
(ii) the SLa(C)-character variety of m(Xk) consists of two irreducible
components (one abelian and one non-abelian),
(iii) the universal SLa(C)-character ring s(X) is reduced,
(iv) the localized skein module S(X ) is finitely generated over D,
(v) Age(L, M) # Agc(~L, M), and
(vi) the breadth of the degree of Jx(n) is not a linear function in n.

Then the AJ conjecture holds true for the (r,2)-cable of K if r is an odd
integer satisfying (r —ri)(r —rg) > 0.

Applying Theorem [I.1] to two-bridge knots, we obtain the following.

THEOREM 1.2. Suppose K is a hyperbolic two-bridge knot such that the
non-abelian SLa(C)-character variety is irreducible. Then the AJ conjec-
ture holds true for the (r,2)-cable of K if r is an odd integer satisfying
(r —4cf)(r + 4cg) > 0, where ¢ denote the number of positive/negative
crossings of K.

As a corollary of Theorem we have:
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COROLLARY 1.3. The AJ conjecture holds true for the (r,2)-cable of the
double twist knot J(k,l) (with k #1) if r is an odd integer satisfying

r(r—4(k+1-1))>0 if >0, >0,
r(r—4(k+14+1))>0 if k<0, <0,
(r+4k)(r+41) >0 if kl <O0.

Fig. 1. The double twist knot J(k,!), where k and ! denote the numbers of half-twists
in the boxes. Positive/negative numbers correspond to right-handed/left-handed twists
respectively.

Let K(m) denote the (—2, 3, 2m+ 3)-pretzel knot. It is known that K (m)
is a torus knot if [m| < 1, and is a hyperbolic knot if |m| > 2. By applying
Theorem [L.1] we have:

THEOREM 1.4. The AJ conjecture holds true for the (r,2)-cable of the
hyperbolic (—2,3,2m + 3)-pretzel knot (with |m| > 2 and ged(m,3) = 1) if
r 1 an odd integer satisfying

r(r—(%Tm+%+19))>0 if m>2,
r(r—20)>0 if m= -2,
(r— (B + 555+ ) (r—20)>0 if m< -3

) AN
= = = 2m + 3 crossings
/

N

\ )

Fig. 2. The (—2,3,2m + 3)-pretzel knot

REMARK 1. (a) In [CTT], it was proved that if a knot K C S® satisfies
conditions (i)—(iv) and (vi) of Theorem |I.1| then K satisfies the AJ conjec-
ture.
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(b) Regarding Theorem[1.1] we conjecture that condition (v) follows from
(i) and (ii). That is, if K C S% is a hyperbolic knot such that the non-abelian
character variety of m (Xg) is irreducible, then Ag (L, M) # Ag(—L,M).
This has been shown to hold true for two-bridge knots and (-2, 3, 2m + 3)-
pretzel knots (see Section 6).

1.6. Plan of the paper. In Section [2] we review character varieties and
skein modules. In Section [3] we study the recurrence polynomial and the -
polynomial of a knot. Similarly, in Section |4 we study the A-polynomial and
the C-polynomial of a knot. In Section [5| we use skein theory to relate the
~-polynomial and the C-polynomial. Finally, we prove the main results (see

§1.5) in Section []

2. Character varieties and skein modules. In this section we will
review character varieties and skein modules, and their relationship. We
will also review the classical and quantum peripheral ideals of a knot. How-
ever, we will not review the definitions of the A-polynomial and the colored
Jones polynomial. We refer the readers to [CCGLS|] and [Jo, [RT] for those
definitions.

2.1. Character varieties. The set of characters of representations of a
finitely generated group G into SLs(C) is known to be a complex algebraic
set, called the character variety of G and denoted by x(G) (see [CS| [LM]).
For a manifold Y we also use x(Y) to denote x(m(Y)). Suppose G = Z?2,
the free abelian group with two generators. Every pair of generators pu, A
will define an isomorphism between x(G) and (C*)?/7, where (C*)? is the
set of non-zero complex pairs (M, L) and 7 : (C*)? — (C*)? is the involution
defined by 7(M, L) := (M~', L), as follows: Every representation is con-
jugate to an upper diagonal one, with M and L being the upper left entry of
w and A respectively. The isomorphism does not change if we replace (u, A)
with (u=1, A7h).

2.1.1. The classical peripheral ideal. Let K be a knot in S® and X
its complement. The boundary of Xy is a torus whose fundamental group
is Z?. The inclusion 0X g — X induces the restriction map

p: x(Xk) = x(0XK) = (C*)/T.

For a complex algebraic set V', let C[V] denote the ring of regular func-
tions on V. For example, C[(C*)?/7] = t°, the o-invariant subspace of
t:= C[L*, M*], where o(M*L') = M—*L~!. The map p above induces an
algebra homomorphism

0:Clx(0Xk)] =17 = C[x(Xk)].

We call the kernel p of 6 the classical peripheral ideal; it is an ideal of t°.
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2.1.2. The B-polynomial. The ring C[x(Xx)] has a t°-module structure.
For f € t7 and g € C[x(Xk)], the action f-g is defined by 6(f)g € C[x(Xk)]-
Since C[M¥*']° is a subring of t°, C[x(Xf)] also has a C[M*!]?-module
structure. Extending the map 6 : t — C[x(Xg)] from the ground ring
C[M™*Y? to C(M), the fractional field of C[M], we get

(85 CXCXR)]) = (¢ 5 O (X)) @cpprene COM).

The ring t = C(M)[L*!] is a PID. The ideal p := ker § C t is thus gener-
ated by a single polynomial By € Z[L, M| which has co-prime coefficients
and is defined up to a factor £MF* with k € Z. We call Bx the B-polynomial
of K.

From the definition, we see that By (L, M) is the polynomial in t of mini-
mal L-degree such that §(Bg) = 0. In [LT1] it was proved that By (L, M) =
(L—1)Ag(L, M), up to a factor depending on M only, where Ay (L, M) is
the A-polynomial of K defined in [CCGLS].

2.2. Skein modules. Recall that R = C[t*!]. Let £ be the set of
isotopy classes of framed links in the oriented manifold Y, including the
empty link. Consider the free R-module with basis £, and factor it by the
smallest submodule containing all Kauffman expressions [Ka] of the form

N =t =t7")( and O +(# +t72)9,

where the links in each expression are identical except in a ball in which
they look like depicted. This quotient is denoted by S(Y) and is called the
Kauffman bracket skein module, or just skein module, of Y (see [Pl [Tul).

For an oriented surface X we define S(X) := S(Y), where Y = X' x [0, 1]
is the cylinder over X. The skein module S(X) has an algebra structure
induced by the operation of gluing one cylinder on top of the other. The
operation of gluing the cylinder over 9Y to Y induces an S(9Y)-left module
structure on S(Y).

Let T? be the torus with a fixed pair (i, \) of simple closed curves in-
tersecting at exactly one point. For co-prime integers k and [, let A\ ; be a
simple closed curve on the torus homologically equal to ku + IA. Recall that
T =R(M* LFYY /(LM — t2M L) is the quantum torus. Let o : T — T be
the involution defined by o(M*L!) := M~FL~'. Frohman and Gelca [F(]
(see also [Sa]) showed that there is an algebra isomorphism S(T?) — T
sending A\ to (—1)FHF(MFLE + M—FL7Y).

2.2.1. The quantum peripheral ideal. Recall that X is the complement
of K C S%. The boundary of X is a torus whose skein module is 7°. The
operation of gluing the cylinder over 0 X to Xg induces a 77-left module
structure on S(Xg). For £ € T° = S(0Xk) and ¢ € S(Xk), the action
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00 € S(Xk) is the disjoint union of ¢ and ¢'. The map
0:8(0XK) =T — S(Xx), O(f):=1L-0,

can be considered as a quantum analog of the map 6 : t© — C[x(Xk)]
defined in Subsection Its kernel P := ker © is called the quantum pe-
ripheral ideal, first introduced in [FGL]. In [FGL, [Ge] (see also [Gall), it
was proved that every element in P gives rise to a recurrence relation for
the colored Jones polynomial. That is, P C Ag.

2.3. Skein modules as deformations of universal character rings.
Let € be the map reducing ¢ = —1. An important result [Bul,[PS| in the theory
of skein modules is that s§(Y) := ¢(S(Y)) has a natural C-algebra structure
and is isomorphic to the universal SLg(C)-character algebra of 7 (Y'). See
[BH [PS] for the definition of the universal character algebra. The product of
two links in §(Y") is their disjoint union, which is well-defined when t = —1.
The isomorphism between §(Y') and the universal SLa(C)-character algebra
of m(Y) is given by K(r) = —trr(K), where K is a knot in Y representing
an element of m1(Y) and where r : m(Y) — SLo(C) is a representation
of m1(Y). The quotient of s(Y") by its nilradical is canonically isomorphic
to C[x(Y)], the ring of regular functions on the SLg(C)-character variety
of T (Y) .

In many cases the nilradical of s(Y") is trivial, and hence s(Y) is exactly
equal to the character ring C[x(Y')]. For example, this is the case when Y
is a torus, or when Y is the complement of a two-bridge knot/link [Lel [PS|
LT3|, or when Y is the complement of the (—2,3,2n + 1)-pretzel knot/the
(—2,2m,2n + 1)-pretzel link [LT1, [Tr5].

3. The recurrence polynomial and the y-polynomial. In this sec-
tion, we will prove some properties of the recurrence polynomial of cables
of knots in the set L. We will also define and study the y-polynomial of a
knot, a relative of the recurrence polynomial.

3.1. The recurrence polynomial of cable knots. Suppose r is an
odd integer. For n > 0, by [LT2], Section 2.1] we have

(3.1)  Jxea(n) =t 1>Z 1)r(n=k)g2rk(k=1) (2K — 1),

For a Laurent polynomial f(t) € (C[til], recall that dy[f] and d_[f] are
respectively the maximal and minimal degrees of f in ¢~4.

LEMMA 3.1. Suppose K is a knot in K.
(a) If r > 1}, then for n >0 we have

A+ o ()] = r(n? = 1)/2.
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(b) If r <1y, then for n>> 0 we have
d_[Jge2(n)] = r(n2 —1)/2.

Proof. Fix n > 0. We prove the formula for d [Jy(r2)(n)]. The one for
d_[Jg 2 (n)] is proved similarly. By (3.1)) we have

(3.2)  di[Jgea(n)] =7r(n%—1)/2+d, [zn:(—l)T("_k)t2Tk(k_1)JK(Qk — 1)]
k=1

In the above formula, there is a sum. Under the assumption r > r}, we will
show that there is a unique term of the sum whose highest degree is strictly
greater than those of the other terms. This implies that the highest degree
of the sum is exactly equal to the highest degree of that unique term.
For k € {1,...,n} let
Flk) = dy [(—1) R 2RE T (26 — 1)
= —rk(k—1)/2 4+ dy[Jx(2k — 1)].
Denote aj;, bj(n), ¢k (n), (5}}71 and 5}72 by a, by, ¢,, 41 and d9 respectively.
Then
(51 = max{]bi — bj’ : ’i,j =1 (mod 2)},
d2 = max{b; + b; + |¢; —¢;| : ¢, =1 (mod 2)}
and
7’;;- = 8a + 2d; + max{0, d2}.
We have
f(k) = —rk(k —1)/2 + a(2k — 1)® + boj_1(2k — 1) + o1
= —(T/Q — 40)/€2 + (T/2 —4a+ 2[’2k—1)k +a—bog_1+ cop_1.
We claim that if k1 > ko then f(k1) < f(k2). Indeed, let w = f(k1) —
f(k2). Then w = w’ + (cok,—1 — €2k,—1) Where
w/ = —(T‘/2 — 4Cl)(k1 - kz)(kl + k?g — 1) + 2[12k1_1(k‘1 - kg)
+ (bog; —1 — bagy—1)(2k2 — 1).
Since r/2 — 4a > r}/Q —4a >0, k1 > k2 > 1 and bgg,—1 <0 we have
—(r/2 —4a)(k1 — ka2)(k1 + ko — 1) < —(r/2 — 4a)(2k2),
2b9s, 1 (k1 — k2) < 2bgg, 1.
Therefore
W' < —(T‘/2 — 40)(2k2) + 2[1%1_1 + (b2k1—1 — kag—l)(2k2 — 1)
= —(r/2 —4a — (bak, 1 — bag,—1))(2k2) + (bag,—1 + bog,—1)-
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As 7/2 —da — (bog,—1 — bogy—1) > 1} /2 — 4a — &1 = max{0, 52/2} we have
w' < —(rf —8a—281) + (bagy—1 + bag,—1) < =2 + (bag,—1 + bog,—1)
< —leak—1 — C2ky—1]-

Hence w = w' + (¢2g, -1 — ¢2k,—1) < 0. This means that f(k1) < f(ke) for
k1 > ko. In particular, f(k) attains its maximum on {1,...,n} at a unique
k = 1. Hence, (3.2) implies that

Ay e (m)] = (02 — 1)/2+ £(1).
Since f(1) = d4[Jk(1)] = 0, the lemma follows. m
Let Jx(n) := Jx(2n + 1). Then
(3.3) M"™(L 4+t M) T2y = I
(see [RZ, Section 6.1] or [Trll Lemma 2.1]).

PROPOSITION 3.2. Suppose K € K. If r is an odd integer such that
(r—rf)(r—rg) >0, then

Qpe(r2) = aJKMT(L + t_QTM_Qr).

Proof. We first claim that (.2 is left divisible by M" (L + 2" M ~2").
Indeed, write
Qi = QM L+t M )+ R

where Q € R[M*!][L] and R € R[M*!]. From (3.3) we have
(3.4) 0=ape ey = QM (L + t_2TM_2T)JK<T,2) + RJ g (r2)
=QJx + RJK(’I‘,Q)-

Assume that R # 0. Write Q = Zi:o ex(M)L* where ej,(M) € R[M*1].
Suppose 7 > 7“;; = 8a}2 + 25;}1 + max{(),d}g}. For n > 0, by Lemma
we have

(3.5) d+[RIr (n)] = di [T (n)] + O(n) = rn® /2 + O(n).

This implies that RJy -2 # 0. Hence, (3.4) gives @ # 0.
Let I ={0<k <d:e,#0}. If k € I then for n > 0 we have

(3.6) dil(exL*Ik)(n)] = dy[Jk(2n + 2k + 1)] + O(n) = dafn* + O(n).
Since r/2 > r}; /2> 4(1}%, equations and imply for n > 0 that
dy [RI g2 (n)] > I}ggf{dﬁt[(ekLkﬂK)(nﬂ} > di[QIk (n)].

This contradicts (3.4]).
Similarly, if » < ry then for n > 0 we have

d—[RJ 2 ()] < fglei?{d—[(ekLkJK)(n)]} < d_[QIk(n)].
This also contradicts .
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Hence R = 0, which means a (.2 is left divisible by M"(L+t=2"M~2").
Then, since M"(L +t"2"M~2")J 2y = Jk, it is easy to see that a (.2 =
ap M (L+t"2"M~2"). m

To determine oy (-2, we will need the following lemma.

LEMMA 3.3 ([Tr2, Lemma 4.4]). For P(L,M) € T we have

(P(L*, M)Jg)(2n + 1) = (P(L,*M*)Jk)(n).

3.2. The v-polynomial. To determine aj, (and hence aj(r2)), by
Lemma we need to find an element P(L, M) € T of minimial L-degree
such that P(L?, M) annihilates the colored Jones function Jg (n). For this
purpose, we now define and study a relative of the recurrence polynomial,
namely the y-polynomial.

Let ¢ := L?. Let

T = RUFL, MY /(M — 4 M 1)

be a subring of the quantum torus 7, and @, the restriction of @ : 77 —
S(Xk) on Ty C T7. That is,

Oy = (Ol7y : Ty — S(Xk))-
Let Py :=ker ©y C Ts.

Recall that R(M) is the fractional field of the polynomial ring R[M]. The
ring 777 C T7 is an R[M*!]7-algebra. Let Ty := Ty @p =10 R(M). We have

Ts = {Z an(M)E* : a, (M) € R(M), aj, = 0 almost always}
kEZ

with commutation rule a(M )€ - b(M)€* = a(M)b(t¥ M)ei+F.

It is known that 75 is a left PID. The ideal extension 752 = 732-75 C 75 is
a principal left ideal, and thus can be generated by a polynomial yx (¢, M) €
R[¢, M]. We call vx (¢, M) the y-polynomial of K.

From the definition we see that v (L?, M) is an element in the quantum
peripheral ideal P. Since P C A, we have v (L%, M) € Ag. This means
that v (L?, M) annihilates the colored Jones function Jg (n).

4. The A-polynomial and C-polynomial. In this section, we will
prove some properties of the A-polynomial of cable knots. We will also define
and study the C-polynomial of a knot, a relative of the A-polynomial.

4.1. The A-polynomial. A formula for the A-polynomial of cable
knots has recently been given by Ni and Zhang (cf. [Rul). In particular,
for an odd integer r we have

(4.1)  Agwea(L,M) = (L —1)Resy(Axg(\, M*),\* — L)(L + M%)

where Res) denotes the polynomial resultant eliminating the variable A.
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LEMMA 4.1. Suppose P(L, M) € C[L, M] is irreducible and P(L,—M)
= P(L,M). Then P(L,M?) € C[L, M] is irreducible.

Proof. Let Q(L, M) := P(L, M?). Since P(L,—M) = P(L, M), we have
(42) QL MV=1) = P(L,—M?*) = P(L,M?) = Q(L, M).
Assume that Q(L, M) is reducible in C[L, M]. Since P(L, M) has the

same property, we get Q(L, M ) = R(L, M)R(L,—M) for some irreducible
R(L,M) € C[L, M]. Equation (4.2) is then equivalent to

R(L, M~v/-1)R(L, MF) R(L, M)R(L,—M).
This implies that R(L, M)=+R(L, M+/—1) or R(L, M)==+R(L, —M+/—1).

Without loss of generality, we can assume that R(L, M )=+R(L, M~/—1).
Then

R(L,M) = +R(L,M+/—1) = R(L,(M+/—1)v/—1) = R(L, —M).
This implies that R(L, M) = S(L, M?) for some S(L, M) € C[L, M]. Hence
P(L,M?) = R(L, M)R(L,—M) = (S(L, M?))?,

which means P(L, M) = (S(L, M))?2. This contradicts the assumption that
P(L,M) € C[L, M] is irreducible. Hence Q(L, M) € C[L, M] is irreducible. m

Let
Ry (L, M) := Resy(Ag(\, M), \*> — L).

It is known that the A-polynomial satisfies the condition Ag(L,—M) =
Ag (L, M) (see [CCGLS]). Combining [Tr2, Lemma 4.1] and Lemma we
have the following.

PROPOSITION 4.2. Suppose that Ax (L, M) € C[L, M] is irreducible and
Ag(—L,M) # Ax(L,M). Then Ry|L, M?) is irreducible in C[L, M| and
degy (Ri) = degy (Ak).

4.2. The C-polynomial. In this subsection we define and study a rel-
ative of the A-polynomial, namely the C-polynomial. The C-polynomial
Ck (¢, M) can be considered as a classical analog of the ~-polynomial
vi (¢, M) defined in Subsection

For simplicity, we consider the knots K whose universal character ring
s(X ) is reduced. This means that s(Xx) = C[x(Xk)]. Recall that £ = L.
Let ty := C[¢(*!, M*!] C t and 6, be the restriction of 6 : t° — 5(Xf) to
tg C t9. That is,

92 = (9|tg : tg — E(XK))

Recall that s(Xx) = C[x(Xk)] has a t?-module structure and hence a
C[M™*1)7-module structure, since C[M*1] is a subring of t°. Extending the
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map 0 : t§ — 5(Xf) from the ground ring C[M*!)7 to C(M) we get

€ LR 5(Xx)) = (2 s(Xi) ) @y CM).

The ring t = C(M)[¢*!] is a PID. The ideal ps := kerfy C t can thus
be generated by a polynomial Ck (¢, M) € C[¢, M]. We call Ck (¢, M) the
C-polynomial of K.

We now relate the C-polynomial to the A-polynomial.

LEmMA 4.3. We have
Crc(t, M) = (¢ = V)R (¢, M)
up to a factor depending on M only.

Proof. From the definition, we see that Cx (¢, M) is the polynomial in
to of minimal /-degree such that 6o(C (¢, M)) = 0. Recall from Subsection
that By (L, M) is the polynomial in t of minimal L-degree such that
0(B(L,M)) = 0. Since £ = L?, we have

Cx (¢, M) = Resp(Bg(L,M),L* —¢) = ({ — 1) Resy(Ax (L, M), L? — ¢)
= (£ = 1Rk (£, M)
up to a factor depending on M only. =

PROPOSITION 4.4. Suppose K C S® is a hyperbolic knot such that the
universal character ring s(X ) is reduced, the non-abelian character variety

of m(Xx) is irreducible, and Ax (L, M) # Ax(—L,M). Then the map 05 :

to — 5(Xg) is surjective.

Proof. By assumption, K is hyperbolic, the universal character ring
$(Xk) is reduced and the non-abelian character variety of 7 (Xg) is ir-
reducible. The proof of [LTI, Theorem 1] then implies that the map 6 :
t — s(Xg) in Subsection is surjective. Moreover, the B-polynomial
Br (L, M) has L-degree equal to the dimension of the C(M)-vector space
§(Xg). That is,

deg (Bg (L, M)) = dimc(ar) §(Xk).

Since the non-abelian character variety of w1 (X ) is irreducible, so is the
A-polynomial Ax (L, M) € C[L, M]. Since Ax(L,M) # Ax(—L, M), [Tr2]
Lemma 4.1] implies that

degy(R (¢, M)) = degr (A (L, M)).
Hence, by Lemma |4.3| we have
degy(Cr (¢, M)) = degy(Rx (¢, M)) + 1 = deg(Br (L, M)).

This implies that deg,(Ck (¢, M)) = dimc(as) 5(Xk), and thus Oy : to —
s(Xk) is surjective. m




274 A. T. Tran

5. Localized skein modules and the AJ conjecture. In this sec-
tion, we first recall the definition of the localized skein module S(Xg). We
then show in Proposition that under an assumption on S(Xk) and an
extra condition, the y-polynomial and the C-polynomial of K are related
by 5(7]((67 M)) | CK(& M)

5.1. Localization. Let D := R[M*!] and D be its localization at 1+t:

D= {g:f,geD,gg(l—l-t)D},

which is a discrete valuation ring and is flat over D. The ring D = R[M +1]
is flat over D? = R[M*!]?. Hence D is flat over D?. )
The ring 77 C 77 is a D?-algebra. Let Tz := Ty ®ps D. We have

T2 = {Z ap(M)* : ap,(M) € D, aj, = 0 almost always}
keZ
with commutation rule a(M)€ - b(M)¢* = a(M)b(t** M)e+*.

Let 7_‘27+ be the subring of 75 consisting of all polynomials in ¢, i.e.
polynomials like the above with a(M) = 0 if k < 0. Although the ring 75 is
not a left PID, by [LT1, Proposition 3.3] we have the following description
of its left ideals.

PROPOSITION 5.1. Suppose I C Ty is a non-zero left ideal. There are
ho,...,hm_1 € 7_'27+ with leading coefficients 1 and v € Tz such that I is
generated by {hoy, (1 +t)h17y,...,(1+ )™ hy 17, (1 +t)™}. Moreover,
1 < degy(hgs1) < degy(hg) for k =0,...,m —2; and ~ is the generator of
the principal left ideal I =1-T5 C Ts.

5.2. Localized skein modules. The skein module S(Xx) has a T7-
module structure, hence a D?-module structure since D7 is a subring of 7.
Extending the map @3 : 7Y — S(Xk) in Subsection from the ground
ring D7 to D, we get

(7 6, 5(Xi)) = (75 2 8(Xk)) @ D.

In [LT1], the D-module S(X) is called the localized skein module of X.

PROPOSITION 5.2. Suppose 0y is surjective and S(X ) is finitely gener-
ated over D. Then e(vk (¢, M)) | Cx (€, M) in C(M)[].

Proof. Consider the following commutative diagram:

T %2, S(Xx)

(5.1) el El
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Since 0y is surjective and S(Xk) is finitely generated over D, by [LTT,
Lemma 3.4], O3 is surjective. Diagram ([5.1)) can be extended to the following

commutative diagram with exact rows:

0 752 L > 7_5 O S(XK) — 0
.
0 ﬁg {2 b2 E(XK) — 0

where Py := ker Oy C Ts.
~ Taking the tensor product of the first row, which is an exact sequence of
D-modules, with the D-algebra C(M), we get the exact sequence

752 ®D (C(M) ﬂzg 0—2>5(XK) — 0.
This implies that ps = ker f = Im(e(1)) = Im(g 0 1) = h(Ps).

Suppose {gr := (1 +t)*hpy, k = 0,1,...,m} (with h,, = 1) is a set of
generators of I = P, as described in Proposition[5.1} Then h(gy) = e(gx) = 0
except possibly for k& = 0. It follows that po = h(P2) is the principal ideal
generated by £(go). Hence e(gg) = Ck (¢, M) # 0. On the other hand, it is

clear that v (¢, M) = ~. Therefore e(vx (¢, M)) |e(go) = Cx (¢, M). m

6. Proof of main results. In this last section we prove the main re-
sults, stated in §1.5.

6.1. Proof of Theorem Since K C S® satisfies conditions (i)—(v)
of Theorem [I.T], we deduce from Propositions [.4] and [5.2] that
e(yk(l, M)) | Cx (¢, M) = (£ —1)Rk (£, M).
Since vk (L?, M)Jg(n) = 0, by Lemma we have v (L, t2M?)J g (n) = 0.
This means that v (L, t>M?) is divisible by aj, in 7. Hence
(6.1) e(ag, ) divides (L — 1)Rg (L, M?) in C(M)[L].

By [Tr1, Proposition 2.6], e(ay, ) is divisible by L — 1. Since the breadth
of the degree of the colored Jones function Jx(n) is not a linear function
in n, the proof of [Trll, Proposition 2.5] implies that aj, has L-degree > 1.
Hence

(6.2) 61(161‘“}{1) is a polynomial in C(M)[L] of L-degree > 1.

Since A (L, M) € C[L, M] is irreducible and A (L, M) # Ax(—L, M),
Proposition shows that Ry (L, M?) is irreducible in C[L, M]. This, to-
gether with (6.1) and (6.2)), implies that for all knots K C S® satisfying
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conditions (i)—(vi) of Theorem [1.1| we have
(6.3) ) _ po(n, M2
L—-1
up to a factor depending on M only.
Therefore, if the conditions that K € K and r is an odd integer with

(r—rk)(r—ry) > 0 are also satisfied, then by (6.3)) and Proposition [3.4] we
obtain

(L —1)Agqa (L, M) = (L — 1)Ry (L, M*)(L + M%)
= e(ag )L+ M) = e(ages)

up to a factor depending on M only. This completes the proof of Theo-
rem [L.11

6.2. Two-bridge knots. For a non-trivial adequate knot K, the breadth
of the degree of the colored Jones polynomial Jg(n) is a quadratic polyno-
mial in n, by [Li, Lemma 5.4] and [Le, Proposition 2.1]. Moreover, by [Tr2,
Lemma 3.2] we have K € K and

+ a4+ - 4
re =4cp and 1 =dcy

where ci are the numbers of positive/negative crossings of K.

For a two-bridge K, its skein module S(X) is a free R[M*!]7-module
of finite rank and its universal character ring s(Xg) is reduced, by [Le].
Moreover, by [Na, Section 3] we have Ay (L,v/—1) = (L — 1)¥ for some
k > 1. This implies that Ag (L, M) contains at least one term L'M* where
i is odd. In particular, we have Ax (L, M) # Ax(—L, M).

Theorem [[.2] now follows from Theorem [l

Double twist knots J(k, 1), with k # [, have irreducible non-abelian char-
acter varieties by [MPL]. Hence Corollary 1.3 follows from Theorem

6.3. Pretzel knots. Let K(m) denote the (—2, 3, 2m + 3)-pretzel knot.
Then K (m) belongs to the set K by [KT]. It is known that K (m) is a torus
knot if |m| < 1, and is a hyperbolic knot if |m| > 2. Since K(—2) is the
twist knot 52, Theorem for K(—2) follows from Theorem Hence we
consider the two cases m > 2 and m < —3 only.

For m > 2, by [KT] we have
d-[Jg@m)(n)] = (m +5/2)(n = 1),

5 1 1 1

3Im 1
- (3+4 - 4m> —mr,
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where 7, is a periodic sequence with |r,| < 1/2. Hence
33m 3

=0 and 7T <T+—+19.

T K (m) Km) S -

For m < =3, by [KT] we have
di [Ty ()] = 502 /2 + (1 + m)n — (7/2 + m),

m 2
d_[Jg(my(n)] = 2(%1:23)

where r,, is a periodic sequence with |r,| < 1/2 and

b(n) {1/2 if (2m + 3) 1 n,

s i (2m+3) | n.

n? + b(n)n — (6m +17)/8 — (m + 3/2)r2_,,

Hence
33m 6 171

TRm) < - + P + S and r}(m) = 20.

For the (—2,3,2m + 3)-pretzel knot K(m), its localized skein mod-
ule S(Xg () is finitely generated over D and its universal character ring
$(Xg(m)) is reduced, by [LTT]. The breadth of the degree of the colored
Jones polynomial Jg(,,)(n) is not a linear function in n, by [Gad]. More-
over, if ged(3,m) = 1 then the non-abelian character variety of m1(Xg ())
is irreducible, by [Ma] (see also [Tr4]).

If P(L,M) =3, aixLl!M* € C[L, M] then its Newton polygon is the
smallest convex set in the plane containing all integral lattice points (i, k)
for which a;, # 0.

By [Ma] (see also |[GM]), the Newton polygon of the A-polynomial of the
(—2,3,2m + 3)-pretzel knot K(m) is a hexagon with vertex set

{(0,0), (1,16), (m — 1,4(m? 4+ 2m — 3)), (2m + 1, 2(4m? + 10m + 9)),
(3m — 1,2(6m? + 14m — 5)), (3m, 2(6m? + 14m + 3))}
ifm > 1,
{(=3m —4,0),(=3(1 +m), 10), (=3 — 2m, 4(3 + 4m + m?)),
(—=m, 2(4m? + 16m + 21)), (0, 4(3m?* + 12m + 11)), (1,6(2m? + 8m + 9))}
if m < =2, and
{(0,0), (1,0), (2,4), (1,10), (2,14), (3,14)}

if m = —2. This implies that Ag,,)(L, M) contains at least one term L'MF,
where i is odd. In particular, we have Ay (,,) (L, M) # Ag(m)(—L, M).
Theorem [L.4] now follows from Theorem [L.1]
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