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A dichotomy theorem for the generalized Baire space
and elementary embeddability at uncountable cardinals

by

Dorottya Sziraki (Budapest) and
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Abstract. We consider the following dichotomy for X3 finitary relations R on ana-
lytic subsets of the generalized Baire space for k: either all R-independent sets are of size
at most k, or there is a k-perfect R-independent set. This dichotomy is the uncountable
version of a result found in [W. Kubis, Proc. Amer. Math. Soc. 131 (2003), 619-623] and
in [S. Shelah, Fund. Math. 159 (1999), 1-50]. We prove that the above statement holds if
we assume ¢, and the set-theoretical hypothesis I (), which is the modification of the
hypothesis I(k) suitable for limit cardinals. When & is inaccessible, or when R is a closed
binary relation, the assumption ¢, is not needed.

We obtain as a corollary the uncountable version of a result by G. Sagi and the first
author [Logic J. IGPL 20 (2012), 1064-1082] about the -sized models of a Xi(L,+,)-
sentence when considered up to isomorphism, or elementary embeddability, by elements of
a K subset of "k. The elementary embeddings can be replaced by a more general notion
that also includes embeddings, as well as the maps preserving Ly, for w < u < A <k and
finite variable fragments of these logics.

1. Introduction. The domain of the generalized Baire space for k, or
the k-Baire space for short, is the set “x of functions from x to x, and its
topology is given by the basic open sets

Ny={ze"k:pCuz}

for all p € <*k. The generalized Cantor space for k is ®2 with the topology
induced by the x-Baire space via the natural injection of 2 into ®x. Unless
otherwise stated, "« and "2 are endowed with the above topologies, and for
2 < n < w the set "("k) is endowed with the resulting product topology;
as in classical descriptive set theory, this space is homeomorphic to “x. The
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hypothesis k<" = k is usually assumed when working with the x-Baire and
k-Cantor spaces, because it implies that these spaces have some nice prop-
erties. Under it, for example, the standard bases of both spaces are of size x
and consist of clopen sets, and furthermore the intersection (resp. union) of
<k many open (closed) sets is open (closed).

A subset of a topological space X is defined to be £9(k) (resp. II3(k))
if it can be written as the union (intersection) of at most x many closed
(open) subsets of X. More generally, the collection of k-Borel subsets of a
topological space X is the smallest set of subsets of X which contains the
open subsets and is closed under complementation and taking unions and
intersections of at most xk many sets. A subset of X is k-analytic, or X1 (k),
if it can be obtained as a continuous image of a closed subset of the k-Baire
space "k; this concept was introduced in [I§] (for the k-Baire space). In
the case of the k-Baire space "k (when k<" = k), a subset is k-analytic iff
it is the image of a x-Borel subset of “k under a x-Borel map. When the
topological space X is homeomorphic to a k-analytic subset of the x-Baire
space, we will omit the “k” when talking about X9(k), TI9(k), x-Borel or
k-analytic subsets of X, i.e., we will call them X9, TIS, Borel and analytic
(or 1) subsets, respectively.

We consider the following set-theoretical hypothesis:

I~ (k): there is a kT-complete normal (non-principal) ideal Z on k™ such
that the set

It=Pk")-T

contains a dense subset K such that every descending sequence
of length <k of elements of K has a lower bound in K.

This hypothesis is the modification of the hypothesis I(x) (introduced in [9])
which is appropriate for limit cardinals k (see also [7, [I7, 26] and [27] where
the specific case of I(w) is considered).

If x is a regular cardinal and A > k is measurable, then Lévy-collapsing
A to k1 yields a model of ZFC in which I (k) holds. The corresponding
statement for I(x) is an unpublished result of Richard Laver; the proofs can
be reconstructed from the I(w) case, which is described in [7]. Note that
O will also hold in the model obtained in the above way, and therefore
the consistency of 17 (k) together with ¢, follows from the existence of a
measurable A > k. A model in which I (k) holds and  is inaccessible can
be obtained in the same way, if we start out from a situation where k is
inaccessible and there exists a measurable A > k. The following two facts
were suggested to us by Menachem Magidor.

(1) Given any cardinal s, and assuming the existence of a measurable
A\ > k, one can also obtain a model in which 2* > xT holds together
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with I7 (k) (and also ), by forcing with the product of the Lévy
collapse of A to k* and Add(k, u) for any g > X (the standard forcing
notion that adds p many Cohen subsets of k).

(2) It is also possible for a supercompact k to satisfy I7 (k) and even

2f > Kkt (see Remark [2.11]).

We note that the hypothesis k< = k, which is useful when considering
the k-Baire space, follows from our assumption I (x). This implication can
be proven by a straightforward generalization of the proof of the fact that
I(w) implies CH [26], p. 1413]. Using this fact, and a result of Shelah [25]
that ¢, holds when k = u™ = 2# > Ny, we deduce that I7 (k) implies O
whenever k > N is a successor cardinal.

A subset Y of the generalized Baire space "k is defined to be perfect if
Y consists of the x-branches [T] of a perfect tree T, i.e., a subtree T C <Fg
whose set of splitting nodes is cofinal and which is <k-closed (i.e., every
increasing sequence in 7" of length < x has an upper bound in T"); this concept
was introduced in [27]. Note that X C "k contains a perfect subset iff there
is a continuous injection of #2 into X iff there is such a Borel injection (see,
e.g., [4, Proposition 2|).

Let X be an analytic subset of the k-Baire space "k. We say that R
is a X9 (closed, Borel, etc.) relation on X if, for some 1 < n < w, R is a
39(k) (closed, k-Borel, etc.) subset of the product space "X, where X is
endowed with the subspace topology induced by the k-Baire space. A subset
Y of X is R-independent if for all pairwise distinct yg,...,yn—1 € Y we have

(3/07 s 7yn—1) ¢ R.
Our main result, whose proof is detailed in Section [2] is as follows.

THEOREM [2.4] Assume 17 (k) holds and either O, holds or k is inac-
cessible. Suppose R is a X9 relation on an analytic subset of the r-Baire
space “rk. Then either all R-independent sets are of size < K, or there exists
a perfect R-independent set.

We note that in the case that R is a closed binary relation on an analytic
subset of "k, only the hypothesis I7 (k) is needed for the above dichotomy
to hold (see Remark [2.5).

This dichotomy is the uncountable generalization of [12], Corollary 2.3].
(There, the result is formulated in terms of homogeneous sets of G5 colorings
on analytic spaces; see Corollary below for this formulation in the un-
countable case.) The special case of the result for binary relations on Polish
spaces is also mentioned in [23, Remark 1.14].

The above dichotomy for uncountable x does not follow from ZFC alone:
if there exists a weak x-Kurepa tree, for example, then it cannot hold for «.
This further implies that when V = L, the dichotomy fails for all uncount-
able k, and that the consistency of this dichotomy is at least that of an
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inaccessible cardinal. (See Remark for details.) By Theorem the
consistency of a measurable cardinal implies the consistency of the above
dichotomy; however we do not yet know its exact consistency strength.

A specific case of Theorem is that the (k-)Silver dichotomy holds for
39 equivalence relations on the x-Baire space under the assumption 1~ (k)
together with either ¢, or the inaccessibility of . Recently, a considerable
effort has been made to investigate set-theoretical conditions implying (the
consistency of) the satisfaction or the failure of the Silver dichotomy for
Borel equivalence relations on the generalized Baire space (see, e.g., |4 0]
and [B], Section 4.2]). It would be worth investigating whether our hypotheses
imply this more general case as well.

In Section [3] we use the results of the previous section to obtain model
theoretic dichotomies motivated by the spectrum problem.

Suppose & is a cardinal and 1 is a sentence in X1(L,.+,) (ie., it is a
second order sentence of the form IR p(R) where R is a set of < s many
symbols disjoint from the original vocabulary and ¢(R) is an L,.+ .-sentence
in the expanded language). One obtains interesting questions by considering,
instead of the number of non-isomorphic k-sized models of 1), the possible
sizes of sets of such models which are pairwise non-elementarily embeddable,
as in for example [I} 22]. More generally, the elementary embeddings may
be replaced by embeddings preserving (in the sense of in Definition

“nice” sets of formulas, possibly of some extension of first order logic.

We consider the case when the “nice” sets of formulas to be preserved are
what we call fragments of L+, (see Definition . Examples of fragments
of L+, include not only the set of all first order formulas and the set At of
all atomic formulas and their negations (the maps preserving these sets of
formulas are elementary embeddings and embeddings, respectively), but also
the infinitary logics L),, where w < u < A < k, and n-variable fragments of
these logics. In the case of fragments F' C L, .+, and sentences 1) € F', the set
of models of 9 together with the embeddings preserving F' forms an abstract
elementary class, and the corresponding version of the above question has
been studied in, e.g., [24]. To the best knowledge of the first author, this
question has not been studied yet in the case of fragments of L.+, which are
not subsets of L+,

Since we are dealing with models of size k up to elementary embeddability
or, more generally, up to embeddability by maps preserving fragments of
L,.+, (and isomorphisms are a special case of such embeddings), we may
assume that all models have domain . Accordingly, let Modff denote the
set of models of ¢ with domain x, and denote by Inj(x) the set of injective
functions in ®k. Then any embedding between elements of Mod}f (preserving
a fragment of L, +,.) is an element of Inj(x). It is natural to ask what happens
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when, in the above questions, the set Inj(k) is replaced by a certain subset
H of Inj(k), i.e., when Mod? is considered up to only the embeddings which
are in H (and preserve the given fragment of L+, ). Notice that when H is
a subgroup of Sym(k), the above question reduces to considering models up
to isomorphisms in H.

More precisely, let A and B be models with domain x. For a subset H of
Inj(k), we say that A is H-elementarily embeddable into B if there is some
function h in H that embeds A elementarily into 5. (In the special case that
H is a subgroup of Sym(k), we say that the two structures are H -isomorphic.)
Analogously, we define the more general notion of (F, H)-elementary embed-
dability for fragments F' of L+, (see Definition . We are interested in
the possible sizes of pairwise non-(F, H)-elementarily embeddable subsets
of Modff. By introducing the set H of “allowed embeddings” as an extra
parameter, we may study explicitly the role the topological properties of H
play in the above question.

A subset C of a topological space is defined to be k-compact if any open
cover of C has a subcover of size <k, and C is K if it can be written as the
union of at most k many k-compact subsets. A topological space is K if it
is a K, subset of itself.

The next dichotomy theorem, which is the main result of Section [3] gives
an answer to the above question when H is a K, subset of the k-Baire
space, or, for certain fragments, when H is a K, subset of the product
space ("K, Tpr), where 7, is the product topology on the set s obtained by
equipping x with the discrete topology.

THEOREM [3.8] Assume the set-theoretical hypotheses of Theorem [2.4]
hold. Suppose that H C Inj(k), F is a fragment of L.+, and ¢ is a sen-
tence of 31(L,.+,). Suppose that either

(1) H is a K,; subset of the k-Baire space, or
(2) H is a K, subset of the product space ("k,Tpr) and F' C Ly+,,.

If there are at least k™ many pairwise non-(F, H)-elementarily embeddable
models in Modf, then there are perfectly many such models.

Theorem can be seen as uncountable version of [2I, Theorems 5.8
and 5.9]. We note that these two theorems of [21] also follow from [12], Corol-
lary 2.3| or from [23, Remark 1.14].

In order to prove Theorem we have to first show, at the beginning
of Section [3] that for any fragment F' and K, subset H of the x-Baire
space, Mod} can be viewed as an analytic subset of the x-Cantor space on
which (F, H)-elementary embeddability is a £Y binary relation (and when
F C L+, this holds even when H is K, only in the product topology Tpr).
This is done by considering a Borel refinement (the Borel refinement tp
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induced by F') of the canonical topology used to study the deep connections
between model theory and generalized descriptive set theory (see [18] and,
e.g., |28] and [5]), and generalizing to the uncountable case an argument
in [19]. These arguments allow us to obtain Theorem as a special case of
our more general dichotomy result, Theorem In Theorem the word
“perfect” may refer to the topology tg induced by any fragment F’ of L, +,
(see Proposition [3.7)).

We remark that when « is a non-weakly compact cardinal, the assumption
I” (k) implies that there are no K, subsets of the k-Baire space other than
those of size < k. However, K, sets of size > k exist in the case of the
product space (K, Tpr), or in the case of the k-Baire space when & is weakly
compact (see Remark [2.10)).

One possible motivation for investigating the above questions for K, sub-
sets H, even in the case of the xk-Baire space for k non-weakly compact, is
the following. Let F be a fixed fragment of L+, and equip Mod¥ with the
topology tp described above. Consider, for each H C Inj(k), the (F, H)-
elementary embeddability relation RI; viewed as a subset of Mod¥ x Mod¥.
Specifically, the relation Rf; (%) (of embeddability by any map preserving F')
corresponds to the original question where the set of “allowed” embeddings
“has not been restricted”. Because the standard base of the space (Mod¥, ¢ )
is of size &, it is possible to construct a subset (even a submonoid) H of Inj(k)
of size < k such that RZ is dense in Rf; (k)" On the one hand, the density

F o F
of Ry in RInj

(x) TOAY be interpreted, on an intuitive level, to mean that
“the action of H on ModY is locally similar to the action of Inj(x)”. On the
other hand, |H| < k, and therefore H is a K, subset of the x-Baire space,
which implies that our model-theoretic dichotomy result, Theorem [3.8] is

applicable in this case as well.

NoOTATION. The notation we use is mostly standard. In particular, for
sets X,Y and ordinals \, we denote by XY the set of functions from X into Y,
and [X]* denotes the set of subsets of X which are of size A. Furthermore,
idx denotes the identity function on X. When n € w, we denote elements
of "X by Z, and x; denotes the ith coordinate of Z. When f € XY, we write
f() for the element of ™Y whose ith coordinate is f(z;).

Unless otherwise mentioned, we assume the set *x is equipped with the
k-Baire topology. However, we will sometimes consider the product topology
on the set "k, where & is equipped with the discrete topology; we denote this
space by (“k, Tpr).

2. Independent sets of 28 relations. In this section, we prove the
main result of the paper, Theorem Some corollaries of this theorem are
stated at the end of the section.
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Accordingly, we assume throughout this section that the hypothesis I~ (k)
holds. We also assume that R is a X9 relation on an analytic subset X of
the k-Baire space and that B C X is an R-independent set of size x*. Our
goal is to show that under the additional hypothesis of ¢, or when & is
inaccessible, X has a perfect R-independent subset.

We start by describing the basic idea of the proof in the special case
when X = "k; the more general version will follow easily from this one. We
are going to construct functions (pg € <"k : £ € <#2) in such a way that for
all n C £ € <72 we have p, C pe and that pe~o and pg~1 are incomparable;
closing the set of these p¢’s under initial subsequences will give us a perfect
tree T. When { holds or  is inaccessible, further conditions can be improsed
on the p¢’s to ensure that the s-branches of T' form an R-independent set.
In order to be able to construct all the p¢’s, we also make sure that the basic
open subsets NNp, are “big” in the following sense. By the assumption I™ (k),
we can fix a kT-complete normal ideal Z on the set B and a subset K of ZT
which is dense and in which every descending chain of length <« has a lower
bound. We will guarantee the existence of sets Be € K (for all { € <72) such
that Bg - Npg.

Lemmas 2.1] to 2.3 below are needed to ensure that these sets and func-
tions can be constructed. When stating these lemmas, we assume that B, 7
and K are fixed and satisfy the requirements described in the above para-
graph. Note again that our assumption I™ (k) implies £<" = k.

LEMMA 2.1. Suppose that p € <*k and B' € T are such that B' C N,,.
Then there exist pg,p1 2 p such that

(1) Npy NNy, =0 (i.e., po € p1 and py € po), and
(2) Ny, NB" €I" fori=0,1.

Proof. Assume, seeking a contradiction, that for p and B’ as above, no
such po, p1 exist. For any o < k such that domp < «, since B’ C N,, we have

B/:U{NsﬂBlipCSEQH}.

As T is a kT-complete ideal, B’ € ZT and |“k| < k, our assumption implies
that there exists exactly one s, € *2 extending p such that

N, "B €It and B —N,, €T.
Our assumption also implies that sg C s, for all domp < f < o < K, and
therefore s ={Jom pca<r Sa 15 an element of “x. Then (Mo pea<n Vsa =15}
and so

Bci{stu |J (B -N,)eT,

dom p<a<k

by the x*-completeness and the non-principality of the ideal Z, contradicting
the assumptions of the lemma. m
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In the next two lemmas, 0 < n < w and S denotes a closed subset of
"(*k) such that B is S-independent.

LEMMA 2.2. Suppose that po,...,pn—1 € “Fk and By,...,Bp,_1 € I+
are such that

B; C N,, and p; Lp; forall i,j <n withi# j.
Then there exist qo,...,qn—1 € <"k and BY,...,Bl,_, € K for which

(1) (NQO X X NQn—l)ﬂS: 0,
(2) pi Cq; foralli <n, and
(3) Bl C N4, NB; for all i <n.

Proof. Take T = (xg,...,2pn—1) € By X -+- X By_1. The z; are pairwise
distinct elements of the S-independent set B, and therefore Z ¢ S. Since S
is closed and z; € B; C N,,, there exists a ¢(Z) = (qo(%),...,q-1(T)) €
"(<fg) such that p; C ¢;(Z) C x; and

N,

qo(@) X X N

gn-1(%) g n(ﬁlﬁ) - S.
Fix 7 € By X -+ X By,_s. Since the ideal Z is k™-complete and does not
contain B, _1, and also because there are k<" = xk many possibilities for the

G;(T)’s, there exists q(7) € "(<"x) such that
A@W) ={x € By_1:9(y,x) =q(y)} isin Z%.

Similarly, using induction on k& < mn, we can define, for all 7 €
By x -+ X By, (1), elements q(7) of "(<"x) for which

A®@) = {2 € Bpy 1 q(7.2) =47} isin I".
Finally, for k = n, we obtain ¢ = (qo,...,qn—1) € "(*"k) and A = {z € By :
q(z) =7}

To see that qo, . . ., g,—1 will satisfy the requirements of the lemma, define
an element ¥ = (yo,...,Yn—1) € By X -+ x By_1 such that § = g(7), as
follows: let yo € A be arbitrary, and if 1 < i <n —1 and yg,...,y;—1 have
been defined, then let y; be an arbitrary element of A(yo,...,y;—1). Then,
using ¢ = q(y), we have p; C g; and Ny, x --- x Ny, C"("k) — S.

Furthermore, for 0 < i <mn — 1, the set A(yo,...,yi—1) is a subset of B;
by definition, and also of Ny, because for all x € A(yo,...,yi—1), we can
find Z € B;j11 X -+ X B,_1 such that

g(yo; cee 73/2'—17%5) 26(?/07 cee ,?/i—la$) = 6)

implying that ¢; C . Therefore, since A(yo,...,yi—1) € Z* and by the
density of K in ZT, there exists a B} € K such that B, C B, N,,. m

The next lemma will aid us in proving the theorem for X9 relations in
the case where k is inaccessible.
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LEMMA 2.3. Suppose p < k is a cardinal, and (po, € <"k : o < p) and
(Bo €Z7 : oo < ) are such that

By, C Ny, and po Zpsg forall o, B < p with o # B.
Then there exist, for all a < p, elements g, € <k and B!, € K for which

(1) (Ngoy X+ -x Ny, INS=0 for all pairwise different ag, .. ., an—1 < pa,
(2) Pa C qo for all o < p, and
(3) B, € Ny, N By for alla < p.

Proof. To prove this lemma, we basically iterate the application of the
previous one as many times as necessary (checking that the iteration goes
through at limit stages); the details are below. To simplify notation, we
assume n = 2.

Let ((ay,Bs) : 0 < p/) be an enumeration of {(a, ) : o, 8 € pu, a # B},
where p/ = p if p > w, and ¢/ = p? — p for g1 < w. By transfinite induction
for o < p/, we define

pl € <"k and BZ € K for all a < p simultaneously,

in such a way that the three properties below are true for all & < p and
7 < o < . For simplicity, we use the notation PJ = Ny

: 1
(i) (Prt < PE)ns =0.
(ii) pa € p}, Cpg and B, 2 B}, 2 BY.
(iii) BS C Pg.
This is enough, because once these sequences have been defined, ¢, = pg/

and B!, = BY will satisfy the conclusions of the lemma. To see that item (1)
is satisfied, note that N, = PO’f/ C P! for all a < p,7 < g/, and use
property (i) above.

To build the sequences, we start from pY = p, (and P} = N, ) and some
BY € K such that B C B,,. For limit ordinals o, we define

= U Do, and thus PJ = m P.
T<0o T<0
Then, from B] € K and the closure property of K, there exists B € K
such that B C (.., B}. Therefore, using B}, C Pj for all 7 < o and the
definition of p, we also have B C PJ.

In the case of a successor ordinal o + 1, we define elements p?, +1,pg+1
of <Fk and sets B"Jrl BU'H to be those obtained from an application of
Lemmato the functlons P2, ,pﬂ and the sets BY_, B . For a, # v # By,
we leave everything unchanged, i.e., we let pJ ! = p,y and BJ™! = BJ. Then
these definitions will satisfy all three requlred properties. =

We now state and prove the main result of our paper.
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THEOREM 2.4. Assume 17 (k) holds and either {, holds or k is inac-
cessible. Suppose R is a X9 relation on an analytic subset of the k-Baire
space "k. Then either all R-independent sets are of size < k, or there exists
a perfect R-independent set.

We note that, as was mentioned in the Introduction, I™ (k) implies ¢, for
successor cardinals x > N;. Furthermore, when R is a closed binary relation
on X, the above dichotomy follows from I~ (k) alone (see Remark 2.5 below).

Proof of Theorem [2.]} Throughout the rest of this section, we assume
I~ (k) holds. We start by proving the theorem in the case that R is a X9
relation on the whole "k. Suppose R is m-ary (where 0 < n < w), and
(Ra : o < k) are closed subsets of "("x) such that R = (J,., Ra- Let B
be an independent set of R of size k*. By the hypothesis I (k), there is a
kT-complete normal ideal Z on B and a subset K of ZT which is dense and
in which every descending chain of length <« has a lower bound.

First, assume {, holds. Then the following combinatorial principle also

holds:

there exists a sequence
(22, ...,20 ) e ™(*2) : a < k)

) «
of n-tuples such that z!, # 2l for all i < Jj <mn, a < K, and for
all (zo,...,2p—1) € "("2) with z; # z; for all i < j < n the set
{a € k:zl, =z;la for all i < n} is cofinal in k.

We note that whenever x is not inaccessible, the above combinatorial prin-
ciple is equivalent to (., by [16, Proposition|. (See also [2] and [20], from
which this equivalence follows when k = w; and when « is a successor car-
dinal, respectively.)

We define sets (Be € K : £ € <¥2) and functions (pe € <"k : { € <"2) in
such a way that the items below are satisfied for all £, € <2 and a < .
We use the notation Py = Np,.

(1) Be C Pe;

(2) if n €&, then B, O B¢ and p,; C pg;

(3) if £ #m €2, then PN P, =0 (i.e., p¢ and p, are incomparable);

(4) for all v < a we have

(Ppo X =o- X Pa1) N Ry =
(i.e., for any ¢ € "("k) with t; D p,; for all i < n, we have t ¢ R).

By (2) and (3), themap ¢ : "2 = "k, x — |, <, Pzja, IS a continuous injection
whose image Im(t) is a perfect subset of “x. Furthermore, item (4) guarantees
that Im(¢) will be R-independent: if zg,...,x,—1 € “2 are pairwise distinct
and vy < k is arbitrary, then there exists a 7 < a < & such that 2%, = z;|«
for all ¢ < n, and therefore (t(xzo),...,t(xn-1)) ¢ Ry by (4).



A dichotomy for the generalized Baire space 63

Thus, it is enough to see that sets B¢ and functions p¢ satisfying the
conditions above can indeed be constructed. To guarantee (1)—(3), we will
use Lemma [2.1] and the density of K at successor stages, and we will use
the closure property of K C Z1 at limit stages. Then, property (4) can be
guaranteed using Lemma The details are below.

Let py = 0 and let By € K be arbitrary. Now, fix @ < k and suppose
that p, and B, have been defined for all n € <“2 so that (1)—(4) hold. We
first construct pf5 € <fk and Bé € K for all £ € *2 which satisfy the first
three required conditions, i.e., for all £, € 2 with £ # n,

PeLpy  BeC Ny, pe2pg, BeCBg, forallf<a.

If « = B+1, then, for each n € #2, apply Lemmafor py and B, to obtain
Pp~o and p)~;. By the density of K in %, we can find B; -, B;~; € K
such that B%Ai C Npﬁyw N B, for © = 0,1. If a is a limit ordinal, then for
all £ € *2) let p’g = U5<a peig, and using the closure property of K, choose
Bé € K such that Bé C ﬂ,@<a Be¢ig. We have Bé C Np/§ because Be¢ig C P
for all 8 < « and by the definition of p’g.

After p; and By have been constructed for all £ € “2, we apply Lemmafor
the closed subset | J Brgfl
to obtain pyg, ..., pyn-1 and By, ..., B n-1. In case { ¢ {20, ... 2"} we
leave everything unchanged, i.e., we let p; = pfc- and By = Bé. This choice of
the p¢’s and Be’s will guarantee that all four required properties are satisfied.

Now, assume that k is inaccessible. We modify the previous argument in
every step of the construction, by requiring, instead of condition (4), that
the following property is satisfied for all a < k:

n(Kk / / /
<o By of ( fi)andforng,...,pxz,l andBmg,...,

(4") for all pairwise distinct &g, ...,&—1 € *2 and v < a, we have
(Peg X =+ x P, )N Ry = 0.

This property will ensure that the perfect set Im(¢) is R,-independent for
each v < k and is therefore R-independent. Condition (4') can be guaranteed
in the ath step of the construction by applying Lemma for the closed
subset |J,_, Ry of "("x) and for the collections (p} : £ € “2) and (B :
¢ € “2) of the previous argument; note that |*2| < x by the inaccessibility
of k. This completes the proof of the theorem in the case that R is a 39
relation on the whole space k.

Now, assume that R is an n-ary X9 relation on a closed subset X of "x.
Then R’ = RU ("("k) — "X) is an n-ary XY relation on “x (note that
the assumption x<* = k implies that all open subsets of ®x are also Eg).
Furthermore, the R'-independent sets of size at least n are subsets of X, and
are therefore also R-independent. Hence, this case follows by applying the
previous case to R’.
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Finally, suppose that X is an arbitrary analytic subset of *x and R is
an n-ary 28 relation on X. We can assume that A, = {Z € "X : z; = z;
for some i < j < m} is a subset of R (we can take R U A, instead of R
if necessary, because 4, is a closed relation on X, and by definition a set
Y C X is (RU A,)-independent iff it is R-independent).

Because X is analytic, there exists a closed subset X” of ®x and a con-
tinuous function f : "k — "k such that X = f[X"]. Denoting by f(Z) the
vector (f(xo),..., f(zn—1)) (for T € "X), we let

R'={ze"X": f(z) € R}.

That is, R” is the inverse image of R under the continuous function
"X" "X, T+ f(Z), and is therefore a X9 n-ary relation on X”.

If B is an R-independent set of size k™, then any B” C X" such that
f[B"] = B and f|B” is injective is an R”-independent set (by the definition
of R"and the injectivity of f]B"”), and B” has cardinality xT. Therefore, by
the previous case, R” has a perfect independent set, i.e., there is a continuous
injection ¢ of 2 into X” whose image is R’-independent. Then, by the
definition of R” and because A, C R, the function f ot is a continuous
injection of 2 into X whose image is R-independent, and thus X has a
perfect R-independent subset. =

REMARK 2.5. When R is a closed binary relation on an analytic subset
X of the k-Baire space, the dichotomy in Theorem already follows from
the hypothesis I~ (), even when neither ¢, nor the inaccessibility of & is as-
sumed. This can be seen by a slight modification of the proof of Theorem [2.4]
which we give below.

We first describe the proof for a closed subset X of the k-Baire space;
the more general case of analytic subsets follows just as in the proof of
Theorem (However, the argument for obtaining the statement for closed
sets X from the X = "k case no longer works, since ("x x "k) — (X x X) is
not necessarily closed when X is closed.)

Suppose that R is a closed subset of X x X and B C X is an R-in-
dependent set of size k1, and let Z and K be as in the proof of Theorem [2.4
As before, we define, for all { € <"2, functions p; € <"k and sets By € K
satisfying certain conditions. We require items (1)—(3) of the proof of Theo-
rem to hold; these conditions can be guaranteed exactly as in that proof.
For R-independence, it is enough this time to ensure, using Lemma (for
n = 2), that

(4") (Pe~o X Pe~1) N R = for all £ € <2

(where P, = N,,). That the x-branches defined by distinct z,y € *2 will
not be R-related follows from applying (4”) to the node £ € <#2 at which
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x and y split. The sufficiency of (4”) is the reason the extra assumption of
either ¢, or the inaccessibility of x is unnecessary.

We have to add a fifth condition to guarantee that the perfect set defined
by the p¢’s is a subset of X. Since X is closed and k<" = &, there exist open
sets Xo with X =, Xo. We require that

(5) Pe € X, forall @ < k and § € *2.

Suppose § € “2 and p; and Bg have been defined satisfying (1)—(3) and (4").
Then B; C B C X C X,, and so (using (1)) we have B C Npé N X,.
Therefore, using the facts that B} € I, that 7 is kT-complete and that
Npg N X, is the union of at most k many basic open sets, we can find an
extension pg 2 p’5 such that Np, C X, and Ny, N Bé € I*. By the density
of K in I, there exists B¢ € K which is a subset of Npe N Bé, and thus p
and B satisfy all five required conditions. This completes the proof of the
case when X is a closed subset of the k-Baire space.

To deduce from this case the dichotomy for closed binary relations R on
arbitrary analytic subsets X of "k, we employ exactly the same argument
(for n = 2) as the one used at the end of the proof of Theorem to show
the corresponding implication for 39 relations. Note that, in the notation
used there, R” is now a closed binary relation on a closed subset X" of "k,
because it is the inverse image of the closed subset R of X x X under a
continuous function.

REMARK 2.6. The special case of the dichotomy in Theorem for
the empty binary relation R = () is that the x-perfect set property holds
for closed (and even analytic) subsets of the x-Baire space, i.e., any closed
(analytic) subset is either of size < k or contains a perfect subset. (In fact,
by a generalization of [27, Theorem 1|, or as a special case of Remark
the k-perfect set property for closed sets follows already from the assumption
I7(k).)

This implies that our dichotomy does not hold for « if there exists a weak
k-Kurepa tree, i.e., a tree of height x with at least k¥ many k-branches (of
length k) whose ath level has size < |« for stationarily many « € k. If T'is a
weak rk-Kurepa tree, then the set [T of k-branches of T is a closed subset of
the x-Baire space of size > kT that does not contain a perfect subset (see |5,
Section 4] and [4]). The idea of using Kurepa trees to obtain counterexamples
to the Nj-perfect set property already appeared in [27] and [I8§].

We therefore have the following two facts. Firstly, in V = L, our di-
chotomy does not hold for any uncountable regular , by [4, Lemma 4].
Secondly, our dichotomy for s implies, by a result of Robert Solovay [10),
Sections 3 and 4], that ' is an inaccessible cardinal in L. Note that by
Theorem the consistency of our dichotomy follows from the existence
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of a measurable A > x; however, we do not yet know its exact consistency
strength.

As mentioned in the Introduction, Theorem [2.4] can also be seen as the
uncountable version of a result [12] Corollary 2.3] about homogeneous subsets
of Gy colorings on analytic spaces. A coloring of a set X is any subset
C of [X]" for some 1 < n € w, and a set B C X is C-homogeneous if
[B]" C C. Notice that [X]" can be identified with an open subset of "X,
namely {Z € "X : z; # z; for all i < j < n}. Thus, when X is an analytic
subset of the x-Baire space, we may speak about Hg colorings on X. The
“complement” of such colorings can be considered as X9 relations on X, and
furthermore the concept of homogeneity translates to that of independence.
Hence, Theorem [2.4] yields the following.

COROLLARY 2.7. Assume 17 (k) holds and either O, holds or x is in-
accessible. Suppose that C is a TIJ coloring on an analytic subset of "k.
Then either all C-homogeneous sets are of size < K, or there is a perfect
C-homogeneous set.

In the remainder of the section, we state some corollaries of the n = 2
case of Theorem 2.4l

COROLLARY 2.8. Assume 17 (k) holds and either {, holds or k is inac-
cessible. Then the k-Silver dichotomy holds for 9 equivalence relations on
analytic subsets of "k.

We use the following notation in the next corollary. For H a topological
space, X any set and S C H x X x X, let Rg be the projection of S onto
X x X, ie.,

Rs ={(z,y) : (h,z,y) € S for some h € H}.

Specifically, for the action a of a group H on X, R, is the orbit equivalence
relation.

Recall from the Introduction that a topological space is k-compact if any
of its open covers has a subcover of size < k, and is K, if it can be written as
a union of at most k many k-compact subsets. A topological group is K, if
it is K,; as a topological space. The first item of the next corollary is stated
because we will need to use this more general form later.

COROLLARY 2.9. Assume 17 (k) holds and either ¢, holds or k is inac-
cessible. Let X be an analytic subset of the k-Baire space (equipped with the
subspace topology) and let H be an arbitrary K, topological space.

(1) If S C H x X x X is closed, then either all Rg-independent sets have
size < Kk or there is a perfect Rg-independent set.

(2) If H is a group that acts continuously on X, then there are either
< k many or perfectly many orbits.
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Proof. A generalization of a standard argument from the countable case
[8, Exercise 3.4.2] shows that if H is a k-compact topological space, then
Rg is a closed subset of X x X. In more detail, let (z,y) € X x X — Rg be
arbitrary. Because S is closed, for all h € H we can choose open sets U, C H
and Vj, € X x X such that

(hyz,y) eUp, x V), CHXx X x X —65.

By the x-compactness of H, there exists a set I € [H]<" such that H =
Uner Un- Then V' = (;,c; Vi is an open subset of X x X such that (z,y) €
VCXxX-—Rs.

Thus Rg is indeed closed in the case H is k-compact, implying that if H
is K, then Rg is a 28 binary relation on X. An application of Theorem
completes the proof of (1), and (2) is a special case. =

REMARK 2.10. In the rest of the paper, we will be considering the special
cases of K topological spaces obtained by endowing K, subsets of the x-
Baire space with the subspace topology (induced by the k-Baire topology).
We also consider K, subsets of the product space (", T,:) equipped with
the subspace topology induced by 7. (Recall from the Introduction that
Tpr 18 the product topology on the set “x obtained by endowing s with the
discrete topology.) We therefore give characterizations of, or some examples
for, such sets below.

Notice that K, subsets of the r-Baire space are always K, subsets of
("k, Tpr) as well, due to the fact that the x-Baire topology on “« is finer than
the product topology pr.

When « is a weakly compact cardinal, the converse also holds; in this
case, the following are equivalent for any H C "x.

(1) H is a K, subset of the x-Baire space.

(2) H is a K, subset of the product space (“k, Tpr).

(3) H is a XY subset of the x-Baire space which is eventually bounded
(this means, by definition, that there exists an x € "k such that for
all h € H, we have h <* z, i.e., there exists an o < k such that

h(B) < z(p) for all « < B < k).

The equivalence of the first and third items follows from [I5, Lemma 2.6],
and, as just noted, the second item is implied by the first one.

The third item can be obtained from the second using the fact that a
k-compact subset C of ("k,T,) is closed in the x-Baire topology and is
bounded (i.e., there exists an x € "k such that ¢(8) < z(8) for all ¢ € C
and 8 < k). The above fact can be proven by modifying standard arguments
from the countable case (see [11, Exercise 4.11]). In more detail, suppose
that C C "k is k-compact in the product topology 7. If we take any o < &
(and we denote by Ny(q )} the set {y € "k : y(a) = v} € 7 for all v < k),
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then the family
{N{(aﬁ)} 1y <k and CN Ny # 0}

is a disjoint Tp-open cover of C, and must therefore be of size < x. Thus,
we can define x € "« by letting x(a)) = sup{y < £ : C'N Ny(q ) # 0} for all
a < k, and x witnesses that C' is bounded.

To see that C' is closed in the k-Baire topology, let z € "k — C'. We
can choose, for all y € C, disjoint neighborhoods Uy, V,, € 7, of z and y
respectively. By the r-compactness of C, the 7,-open cover {V, : y € C}
of C' can be refined to a subcover {V, : y € I} of size < k. Then the
intersection U = ﬂye ; Uy is disjoint from C, contains z, and is open in the
r-Baire topology (because the k-Baire topology is finer than 7, and is closed
under intersections of size <k).

Now, consider the case when k<% = k is not weakly compact. If I7 (k)
holds, the K,; subsets of the k-Baire space are exactly those of size at most k.
This is because by [I5, Corollary 2.8|, the above equivalence holds when
k<" = k is not weakly compact and the closed subsets of the x-Baire space
have the k-perfect set property (this latter requirement is implied by I~ (k);
see Remark . Examples of subsets H of the set "« which are x-compact
subsets of the product space ("k, ) but are not K, subsets of the x-Baire
space, even when I7 (k) is not assumed, include by [15, Lemma 2.2| (and
Tychonoff’s theorem) the set H = #2 and, more generally, sets of the form
H =[], Ia, where I, € [k]~" and I, is finite except for <& many a < k.
(See [14] and the references therein for when this last assumption can be
weakened.)

<K

REMARK 2.11. In light of the previous remark, especially the fact that
K subsets of the x-Baire space are of size < k when k is not weakly compact
and I7 (k) holds, we mention the following observation.

A model of ZFC in which x is weakly compact (in fact, supercompact)
and 17 (k) holds can be obtained, starting out from a situation in which
is supercompact and there exists a measurable A > k, in the following way.
Before Lévy-collapsing A to ™, one first applies the Laver preparation [13]
to make the supercompactness of x indestructible by any <x-directed closed
forcing. If we also liked to have 2 > kT together with I~ (k) for a supercom-
pact x, we force after the Laver-preparation with the product of the Lévy
collapse and Add(k, 1) for some p > A. We would like to thank Menachem
Magidor for suggesting the arguments found in this remark.

3. Elementary embeddability on models of size x. In this sec-
tion, we use our previous results to obtain dichotomy properties for the set
of models with domain x of some ¥i(L,+,)-sentence, when considered up
to isomorphism, embeddability or elementary embeddability by elements of
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some K, subset H of the x-Baire space. More generally, we will be inter-
ested in these models up to maps (in H) that preserve certain subsets of
L,.+,-formulas, which we will call fragments (see Definition below). In
the case of some fragments, it will be enough to assume that H is a K,
subset of the product space (", 7,) (recall from the Introduction that 7, is
the product topology on the set “k, where k is given the discrete topology).

NoTATION. We will use the following notation in this section. As usual,
Sym (k) denotes the permutation group of k, and we write Inj(k) for the
monoid of all injective functions of “x.

The symbol L denotes a fixed first order language which contains only
relation symbols and is of size at most x. However, the arguments below also
work in the case of languages which have infinitary relations of arity < &.
We assume the language L has x many variables, the sequence of which
is denoted by (v; : i € k). The symbols A, B, etc. are used to denote L-
structures whose domains are A, B, etc. The set of all L-structures with
domain & is denoted by ModZ. Given a structure A € Mod%, we identify
A-valuations with elements of *.

As usual, Ly, (where w < p < A < kT and p < k) denotes the infinitary
language which allows conjunctions and disjunctions of < A many formulas
and quantification over < p many variables. See, e.g., |3l Definitions 1.1.2
and 1.1.3] for the precise definition of Lj,-formulas, or alternatively [29,
Definitions 9.12 and 9.13|. In particular, note that by definition, an Ljy,-
formula contains < g many free variables, from {v; : i € k}. The concept
of the subformulas of a formula ¢ € L,+, is defined by induction on the
complexity of ¢ as usual (see, e.g., |3, Definition 1.3.1] or |29 p. 234]; note
that if o is obtained as ¢ = A @, then any ¢ € @ is defined to be a subformula
of ¢, but A @', where &' C @, is not a subformula).

For ¢ € L.+, and h € "k, we denote by spp the formula obtained
from ¢ by simultaneously substituting, for all ¢ € k, the variable vy ;) for the
variable v;. We say that a set F' of L+ .-formulas is closed under substitution
if for any ¢ € F and h € "k we have spp € F. Note that since k<" = k,
closing a non-empty set of formulas of L+, of size < x under substitution
leads to a set of formulas of size k.

DEFINITION 3.1. We define a subset F' of the infinitary language L+,
to be a fragment of L+, if |F| = k and:

(1) F contains all atomic formulas,
(2) F is closed under negation and taking subformulas, and
(3) F is closed under substitution of variables.

DEFINITION 3.2. Suppose F' is a fragment of L, +,, H C Inj(k), and
A, B € ModL. We say that A is (F, H)-elementarily embeddable into B if
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there is a map h € H such that
(1)  AE pla] iff B = ¢[hoad] for all ¢ € F and valuations a € "k.

Note that any function h € “k satisfying , where F' is any fragment,
must be an embedding of A into B (by item (1) of Definition [3.1)), and in
particular, we must have h € Inj(x). This is why we have chosen to define the
above concept only for subsets H of Inj(k) (instead of arbitrary subsets of
"k). We remark that if H is a submonoid of Inj(k), then the binary relation
of (F, H)-elementary embeddability on ModZ is a partial order (but there is
no reason for this to hold when H is an arbitrary subset of Inj(k)).

EXAMPLE 3.3. Many interesting notions are special cases of (F, H)-
elementary embeddability, including:

e H-embeddability (when F' is the set At of atomic formulas and their
negations),

e H-clementary embeddability (when F' = L), and

e H-isomorphism, when H is a subgroup of Sym(x) (and F' is any frag-
ment; two models in ModZ are defined to be H-isomorphic if there
exists an h € H which is an isomorphism between them). Note that
H-isomorphism is an equivalence relation on Modﬁ when H is a sub-
group of Sym(k).

Other maps that may be of interest are:

e those obtained when F' = Ly, (where w < < A < k), or

e those preserving the n-variable fragment LY = of this logic. (By defini-
tion, the n-variable fragment of Ly, or equivalently of L), consists of
those formulas which use only the variables vg, ..., v,—1. In this case,
the corresponding fragment F' is the set of those Lj,-formulas which
contain at most n (arbitrary) variables from {v; : i € s}. It is this
fragment F' that we will denote by L7 .)

A fragment F' C L, +, induces a topology tr on the set M0d£ in a natural
way. To a formula ¢ and a valuation a € "k, we correlate the basic clopen
set Mod,(p,a) = {A € ModZ : A = ¢[a]}. The topology tF on ModZ is
obtained by taking arbitrary unions of intersections of < x many sets from
the collection

br = {Mod,(p,a): ¢ € F, a € "k},

and we denote by Modr the topological space (M0d£ ,tr). The canonical
topological space used to study the connections between model theory and
the generalized Baire space is Mod a¢, and it is homeomorphic to the Cantor
space “2; see [18, 28] 5]. An advantage of working with ¢z instead of ¢y is
that (F, H)-elementary embeddability induces a “¢p-continuous action” of
H on Mod? (in the more general sense of Corollary (1); see the proof of
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Theorem below). The above fact is needed in order for us to be able to
use the results of the previous section.

Firstly, we show that for an arbitrary fragment F, the space Modp is
homeomorphic to a TI$ subset X of #2. Our proof is basically a generaliza-
tion from the countable case of a proof in [19]. To start, note that a bijection
between x and F allows us to define the generalized Cantor topology on 2.
In fact, since x is regular (by k<" = k), another basis for this topology is
{N, : p € 22 for some & € [F|*"}, where N, = {z € ¥2 : p C 2}, and
therefore this topology does not depend on the bijection chosen.

For a fragment F' of L, +,., define an injection ip : Modﬁ — 2 as follows:
if A € ModZ, then let ip(A) € ¥'2 be such that

ir(A)(p) = 1iff A= plid,]
for all ¢ € F. The function i is in fact injective, because if A, B are different
structures in ModZ, then there exists a formula ¢ in At (the set of all atomic
formulas and their negations) such that A = ¢[id,] and B £ ¢[id,], i.e.,
ir(A)(¢)=1 and ip(B)(p)=0.

This implies, using the fact that At C F by Definition [3.1] that ip(A) #
ir(B).

We denote by X the image of the injection ip.

PROPOSITION 3.4. If F is a fragment of L.+, then X is a TIS subset

of the Cantor space ¥'2, and ip is a homeomorphism from Modp onto its
image X, where X is equipped with the subspace topology.

Proof. Because F' is closed under substitution, the collection bp from
which the topology ¢ is obtained is actually equal to {Mod (¢, idy) : ¢ € F'}.
Using this fact, it is not hard to see that the injection i is a homeomorphism
between Modp and its image Xp.

To see that Xp C 2 is TIJ, we define the following subsets of 2. For
any h € "k, we denote by supp(h) the set of those o € k for which h(a) # .

Xo={z €2 2(y) =1iff x(—p) = 0 for all o € F},
X1:{xEFQ:ifszFandw:/\sZ)forsome@G[F]S"‘,
then z(v) = 1 iff for all p € @ we have z(p) :1},
Xo={xct2:ifpcF and o = I(vs : B € I)p where p€ F and I € [x]~",
then z(¢) = 1 iff z(spp) =1

for some h € "k such that supp(h) C I};
X3 ={x T2 :foralli,j €k we have x(v; = v;) = 1 iff i = j}.
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We let X denote their intersection. We claim that the X;’s are all ITJ subsets
of ¥'2 and show this in detail for X;. For ¢p = A ® € F, the set

X{y={ze2:x()=1and z(p) =1 for all p € B}

= () M@)o}
ped

is T1J, while the set
Xﬂw:{l’€F2$(¢):Oand,l?((p):Oforsome(pe@}

= | Mwoy.e0
ped

is open. Therefore X; = ﬂ{X?WUX%ﬂp ) = \® € F}is also a ITJ subset of
the Cantor space £'2. That Xy, X and X3 are also Hg can be seen similarly;
in the case of X9, one has to use the fact that |{spp : h € "k}| < K, because
¢ has <k variables and k<" = k.

Therefore the intersection X of the X;’s is also ITJ, and it remains to
see that Xp = X. It is straightforward to show that for any A € Modﬁ ,
we have ip(A) € X, and so Xr C X. For the other direction, first observe
that if z,y € X and xz[At = y[At, then also x = y, by an easy induction on
the complexity of formulas. Suppose x € X is arbitrary. We wish to define a
model A € ModZ such that z = ir(A); by the above observation, it is enough
to require that x[At = ip(A)[At. Clearly, the L-model A whose domain is
x and whose relations are defined by letting, for each n-ary relation symbol
Rof L and aq,...,ay, € K,

(o1, ..., an) € RYiff 2(R(vay, - - -, va,)) = 1,
satisfies these requirements.

Let 1 be an arbitrary sentence in 31(L,+,.) (recall that this means 1) is

a second order sentence of the form IR p(R) where R is a set of < k many

symbols disjoint from L and ¢(R) is an L+ .-sentence in the language ex-
panded by R). We let Mod? be the set of elements of ModZ which are models

of . If F'is a fragment of L,+,., we denote by Mocf}p the corresponding sub-
space of the topological space Modf, or in other words, Mod}b is obtained
by endowing Modf with the topology tr. We furthermore define
X¥ = {ir(A) : A Mod¥},
the set of elements of X corresponding to models of ).
COROLLARY 3.5. If ¥ is a sentence of £3(L,.+,) and F is a fragment
of L+, then X? is an analytic subset of 2. Furthermore, the map

i [Mod;ﬁ is a homeomorphism from Mmf}/} onto its image Xﬁ equipped with
the subspace topology.
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Proof. As we have seen at the beginning of the previous proof, it is
enough to show that Xﬁ is analytic. First, in the case when ¢ € F (and

therefore is an L.+ ,.-sentence), we have X% = XF N Nyey,1)}- Thus, X% is a
IT) subset of 2 by Proposition

Now, in general, suppose that 1 is the sentence 3R ¢(R). Let F’ be the
fragment generated (in the expanded language) by F'U {¢(R)} U R. Then
Xﬁ is the image of the Hg set Xﬁ, under the continuous map ‘9 5 F 2,

x — z[F, and is therefore analytic. (Equivalently, Moc[}z) is the image of
Mod }, under the continuous map defined by taking the L-reducts of models
for the expanded language.) »

We now turn to the “number” of pairwise non-(F, H)-elementarily embed-
dable models of an arbitrary sentence ¢ € 21(L,.+,.), where H C Inj(k) and
F is a fragment of L,.+,. We will say that ¢ has perfectly many non-(F, H)-
elementarily embeddable models if the binary relation of (F, H)-elementary
embeddability on Mod}f has a tp-perfect independent set. (Note that we may
speak about tp-perfect sets since Moc{}/} is homeomorphic to a subset of the
k-Baire space.)

We remark that, as Proposition below shows, the choice of the frag-
ment that generates the topology on Modf is actually irrelevant in the
above definition. That is, given any fragment F’ of L,+,, the sentence
has perfectly many non-(F, H)-elementarily embeddable models iff the bi-
nary relation of (F, H)-elementary embeddability on Mod? has a t-perfect
independent set.

Below, by a tp-Borel subset of Modf, we mean a k-Borel subset of wa}zj,
and a map f : X — Mod? (where X is a topological space) is tp-Borel if
the inverse images of ¢p-Borel subsets of Mod? are s-Borel subsets of X.

PROPOSITION 3.6. Let F and F' be arbitrary fragments of L,.+,.

(1) A subset of Mod¥ is tp-Borel iff it is t -Borel.
(2) A map f:"2 — Mod¥ is tp-Borel iff it is tp:-Borel.

Proof. An easy induction shows that for any ¢ € L,+, (and therefore
for any ¢ € F’) and valuation a € "k, the set Mod,(p,a) is tp-Borel.
Consequently, all tg-Borel sets are tp-Borel sets as well. By symmetry, we
have item (1), of which item (2) is a direct consequence. m

PROPOSITION 3.7. Let F and F' be arbitrary fragments of L,+,., and
suppose R is a binary relation on Modf. Then R has a tp-perfect independent
set iff it has a tpr-perfect independent set.

Proof. The binary relation R has a tp-perfect independent set iff there is
a tp-Borel (instead of “tp-continuous”) injection of #2 into ModY such that

(%) (r(z),r(y)) ¢ R forall z #ye "2
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(see for example |4, Proposition 2| for a proof). (A map satisfying () is called
a reduction of idsy to R.) Therefore, using Proposition [.6{2), we conclude
the proof immediately. =

We now state and prove the main theorem of this section.

THEOREM 3.8. Assume 17 (k) holds and either O, holds or k is inacces-
sible. Suppose that H C Inj(k), F is a fragment of L,.+,. and 1 is a sentence
of BH(L,.+,). Suppose that either

(1) H is a K, subset of the k-Baire space, or
(2) H is a K,; subset of the product space ("k,Tpr) and F' C Ly+,.

If there are at least k™ many pairwise non-(F, H)-elementarily embeddable
models in Modf, then there are perfectly many such models.

Note that since the x-Baire topology is finer than the product topol-
ogy Tpr, being a K, subset of the x-Baire space implies being a K, subset
of the product space (“k, 7). This implication is strict if and only if x is
not weakly compact. Moreover, if £ is not weakly compact and I~ (k) holds,
then the K, subsets of the k-Baire space are exactly the ones of size < k
(see Remark [2.10)).

We note that, as mentioned in the Introduction, it is consistent to also
have 2% > k™ together with the set-theoretical hypothesis of the above theo-
rem, relative to the consistency of a measurable A > k. Furthermore, starting
from a stronger situation, we can also assume that x is a weakly compact

cardinal such that 17 (k) and 2% > k™ (see Remark [2.11]).

Proof of Theorem . We start with the proof under the assumption (1).
Suppose, as usual, that H is given the subspace topology induced by the
k-Baire space and X% is equipped with the subspace topology induced by
the generalized Cantor space 2.

Define the subset S of H x X% X X% by letting, for any h € H and
A, B € Mod?,

(h,ip(B),ir(A)) € S iff h witnesses that A is
(F, H)-elementarily embeddable into B.

Then, since F is closed under substitution and negation, (h,ip(B),ir(A))
€ S iff for all formulas ¢ in F', A = ¢[id,] implies that B = ¢[h oid,], or
equivalently that B = sp[id,]. Therefore

S ={(h,y,x) € HXX}ﬁ XX? :for all p € F,z(p) = 1 implies y(spp) = 1}.

CLAIM 3.9. S is a closed subset of H X X% X Xﬁ.
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Proof. We prove that the complement U = H x X% X X? — S is open.
Suppose that (h,y,z) € U, or in other words, there exists ¢ € F such that
z(¢) = 1 and y(spp) = 0. Then, since the set A(y) of free variables of ¢ is
of size <k, the set N1 = Nj;4(,) N H is an open subset of H. Furthermore,
R’ € Np implies that for all z € X%, we have z(sp¢) = x(spep). Thus,
denoting by N2 and N3 the open subsets of Xg determined by the conditions
z(p) = 1 and z(spp) = 0, respectively, we obtain an open neighborhood
N1 x No x N3 of (h,y,x) which is also a subset of U. This completes the
proof of Claim

Clearly, the projection Rg of S onto Xﬁ X X% is the relation correspond-
ing to (F, H)-elementary embeddability on Mod? (i.e., (ir(B),ir(A)) € Rg
iff A is F-elementarily embeddable into B by H). By Corollary Xﬁ is
an analytic subset of the generalized Cantor space £'2, and H is a K, topo-
logical space by the assumption (1). Thus, by Corollary we have the
required conclusion.

To prove the theorem under the assumption (2), we equip H with the
subspace topology induced by the product topology T, on the set "k. As
before, X? is given the subspace topology induced by the generalized Cantor
space ©'2, and the set S is defined as above. Then, using the assumption
F C L+, of item (2), one can show that

S is a closed subset of the space H X X% X X%.

This can be seen by using the argument in the proof of Claim [3.9 and taking
note of the fact that since the set of free variables of any ¢ € F is finite by
the assumption F' C L.+, the set denoted by Ny in the proof of Claim
is an open subset of H even when the topology on H is inherited from the
product space (“k, Tpr).

Furthermore, H is a K, topological space by the first part of assump-
tion (2), and X% is an analytic subset of the generalized Cantor space 2
by Corollary [3.5] Therefore Corollary can again be applied to obtain the

required conclusion. m

REMARK 3.10. Suppose that @ is an arbitrary x-sized subset of L, +,-
formulas which is closed under substitution. For a subset H of *k, consider
the models in Modf up to maps h € H which preserve the formulas in @
(i.e., maps h : A — B such that for all ¢ € ¢ and valuations a € *A, if
A = ¢la] then B |= ¢[hoal; note that in this case, such maps h need not be
injective). Using the topology tr, where F' is the fragment generated by &,
the proof of Theorem [3.8 can be generalized to yield an analogous statement
about the “number of models” up to such maps. This version seems to cover
all natural generalizations of Theorem
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Specifically, when @ is the set of those atomic formulas which do not
contain the = symbol, a map h preserves @ iff it is a homomorphism. There-
fore, when H is a K, subset of the product space (", 7pr), we find that the
following holds under the assumptions of Theorem [2.4} if there are at least
kt many models in Mod}f such that no h € H is a homomorphism from one
into another, then there are perfectly many such models.

We conclude this section by mentioning some interesting special cases of
Theorem [3.8

COROLLARY 3.11. Assume that 17 (k) holds and either O, holds or k is
inaccessible. Let H C Inj(k) and let ¢ be a sentence of £3(L,.+,.).

(1) Suppose H is a K, subset of the product space ("k,Ty). If there are
at least k™ many pairwise non-H -elementarily embeddable models in
Mod}f, then there is a perfect set of such models.

(2) The above also holds for H-embeddability, as well as (F, H)-element-
ary embeddability when F'is either Ly, or LY , andn <w < XA < K.

(3) Suppose H is a K, subset of the k-Baire space. Then the same state-
ment holds for (Ly,, H)-elementary embeddability, where w < p <
A< k.

(4) Now, suppose that H is a subgroup of Sym(k) which is K, again
in the product topology Tpr. If there are k™ many pairwise non-H -
isomorphic models in Modf, then there is a perfect set of such models.
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