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SOME CONGRUENCES FOR SCHRODER TYPE POLYNOMIALS

JI-CAI LIU (Shanghai)

Abstract. The nth Schréder number is given by Sp, = -7, (Z) (”:k) %4-1 Motivated

by these numbers, for any positive integer o we introduce the polynomials
k

5)(z) = ano ) (n}:k)a CESV

k=

We prove that for any positive integers r, a, odd prime p and any integer m not divisible
by p, and for € = £1,

p—1
Zek(2k + 1)S,i2a71)(m)T =0 (mod p),
k=1
p—1
k (2a) ro__ T
> "2k 4+ 1)8 (m)" = —2" (mod p).

k=1

1. Introduction. In combinatorics, the nth Schroder number is given

by
n
n\ n+k\ 1
S — —
20 )
k=0
It equals the number of paths from (0, 0) to (n, n), using only steps (1,0), (0, 1)
and (1,1), that do not rise above the line y = x. For more information on

the Schréder numbers, one may refer to [§]. Motivated by these numbers,
for any positive integer a we introduce the polynomials

o £ (0 (1

Clearly, S (1) = S,..
Some amazing arithmetic properties of the Schréder numbers have been
studied by Z.-W. Sun. For example, Sun [9] proved that if p is an odd prime
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and m is an integer not divisible by p, then

p—1 2 2
— 1 — 1
ZS;Z m2 — 6m + (1_<m 6m + >>( od ),

Pt 2m D

where (5) denotes the Legendre symbol.

Recently, Pan [7] introduced the generalized Apéry polynomials defined

by
n o o
Ag@(x):Z(Z) (”‘,‘;’“) o,
k=0

where « is a positive integer. He proved that for any positive integers m and
a, and for e = +1,

n—1
(1.1) 3"k 2k + 1AM (@)™ = 0 (mod n),

k=0
and thus he confirmed the related conjectures by Sun [10] 11I] and Guo and
Zeng [0]. Chen and Guo [3] have generalized by introducing multi-
variable Schmidt polynomials. Note that the values A%Q)(l) are called the
Apéry numbers; they play an important role in Apéry’s ingenious proof [2]
of the irrationality of ((3).

Congruences for some similar numbers and polynomials have been widely
studied by several authors: see, for example, Ahlgren and Ono [I], Gessel [4],
Guo [5], Guo and Zeng [6] and Sun [0} 11].

The aim of this paper is to prove the following theorem:

THEOREM 1.1. Let r and o be any positive integers and p be an odd
prime. Then, for e = £1,
p—1
(1.2) STtk + 1S (@) =1 (1+ (~1)%?™)" (mod p).
k=0
Letting z = m be an integer not divisible by p in and then noting
that mP~! =1 (mod p) for p{ m and Séa) (m) = 1, we get the following two
congruences:

COROLLARY 1.2. Letr and « be any positive integers, p be an odd prime,
and m be an integer not divisible by p. Then, for e = +1,

3
L

b2k + 1)SP* ™V (m)" =0 (mod p),

A
— =

e*(2k + 1)5,5;2&) (m)" = —2" (mod p).

i
I
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We shall prove Theorem for & = 1 in Section 2 and for o« > 2 in
Section 3. The proof is based on some combinatorial identities and mathe-
matical induction.

2. Proof of Theorem for a = 1. We first prove the case ¢ = 1.
Note the following identity [5, (2.5)]:

o ()
I
- 0006

Let f(i,j,5) = (") () (5). Using r — 1 times, we obtain
(OO O
“saman (3O ()
= g fir, iz, s1) f (51,143, 52)
<(EIEE -0

= Z f(ila i27 31) ce f(sr—3> i?‘—l) ST—Q)f(Sr—Qa ira Sr—l)

81y--58r—1
X )
Sr—1 Sp—1

where we have the following relationships (replace i1 by s¢):

(2.3) max{s;_1,ij41} < sj <sj_1+i;41 forl<j<r-—1
It is clear that implies

(2.4) §1 < -0 < Spt,

and

(2.5) iy ije <sj for1<j<r—1.
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By (2.2)), we have

p—1
Sk + 1S (@)
k=0
i kN [k +i kN [k +i
= 1 .« .. 7‘
ey $ ()G
k=0 0<i1,...,ir<k
xll++lr
X = ;
(i1 +1)---(ir +1)
p—1

Z(% +1) Z Z fliryiz, 1)« f(sp—3,ir—1, 8r—2)

01 yornyir <k S1yeeesSr—1

X f($r—2,ir, 8r_1) (R AR
r—2ylryor—1 S,,,_l Sr_l (’[,1 + 1) . (’L,,, + 1)

Exchanging the summation order, we get

ol

o

p—1
26) D Ek+1DS @ = Y Y RIURSY
k=0 0<t1,0ensir<p—181,...,87—

X f(Sr—?n lr—1, 5r—2)f(5r—27 Ty, Sr—l)

11++Zr pil

“arr—eam, = @)

k=max{i1,...,ir }

Furthermore, noting that, by (2.5)), i1,...,%, < s,_1, and using the iden-
tity

SR O CO RGN

S
which can be easily proved by induction on n, we may simplify (2.6) as
p—1

28) Y @k +1)s (@)
=p Z Z f(i17i2751)"‘f(sr—3vir—lasr—2)

01 ey <p—1 81,0871

. D+ S p gt
" B B .
f(ST' 2y Ury Sy 1)< Sp—1 ><5T—1+1> (11+1)(2r+1)

We shall now prove Theorem for a« = 1 by induction on r.
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When r = 1, ([2.8)) reduces to

p—1 p—1 . .
+1 P x
2.9 Y@k +1)SM ) =p> (P .
(2.9) k:O( + DS (@) P2\ JNiv)ira
Since the summands on the right-hand side of (2.9) are congruent to 0 mod p
for i # p — 1, we have

p—1
(2.10) Z(?k‘ + I)S,il)(x) = 2P~ (mod p),
k=0
where we have used the fact that (2;’__11) =1 (mod p).
When r > 2, by we have
p
(t14+1)--(ir+1)
It follows from that

=0 (mod p) for s,—1 <p-—2.

p—1
211 S ek+nsP@r=p > 3
k=0 0<41 yoeyin <p—181,018r—2

f(ila i27 31) te f(ST’—37 7:7‘—17 5r—2)f(37"—27i7”7p - 1)
(i + 1) (ir + 1)
11++Z7

X X (mod p).

Now we need the following lemma to continue the proof.

LEMMA 2.1. If (ST—27iT) g {(07]7 - 1)7 (p - 170)7 (p - 17p - 1)}7 then
f(ilai% 31) T f(Sr—?nir—l) 5r—2)f(3r—27ir7p - 1)
g (1) G+ 1)

Before proving this lemma, let us draw some conclusions from it. If

(sr—2,ir) = (0,p — 1), by (2.4)—(2.5) we have s; = -+ = 5,3 = i1 =

-+ =14,-1 = 0. Applying (2.12) to the right-hand side of (2.11]) yields

(2.12) =0 (mod p).

pz_:l(% +1)8W (@) = 2P + <p gl <2p_—12>>

k=0
% Z Z f 117227 51 f(srffivi?"flap - 1)
(i1 + 1) (ip—1 +1)

x gt T=1 (mod p).

0<i1,estpr—1<p—151,...,57—3

1<2p2>
p\p—1

Noting that

1 (mod p)
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and using (2.11)), we get the recurrence

p—1

213) Y @k + 1S (@)

k=0

¥
L

=P P (12PN (2% + 1)5,(61)(56)“1 (mod p).
0

Then the proof of ([1.2]) for « =1 and e = 1 directly follows from (2.10) and

(2.13) by induction on r.
If e = —1, we need to apply the following identity instead of ([2.7)):

= s net1 [(n+S\[(n—
S ) )0

The rest of the proof is similar to that for ¢ = 1, and we omit the details.

e
Il

Proof of Lemma 2.1 If 1 < s,_5 < p— 2, then by (2.5]) we see that
(°*=21) /(i + 1) -+ (ir + 1) is a p-adic integer, so that

p—1
p f(ST'7272.7’ap - 1)
(1 +1)---(ir +1)
which implies that LHS (2.12) = 0 (mod p).
If s,_o =0, then from (2.3) and s,—1 =p — 1 we have i, =p — 1.
Ifs, o=p—1and1 <. <p-—2, then
f(pi 157’T7p7 1)
ir+1

=0 (mod p),

=0 (mod p)

and

pf(il,lé, s1)- f(Sr—a,tr—2,8r—3) f(Sr—3,1r—1,p — 1)
(il + 1) T (ir—l + 1)

is a p-adic integer, which can be proved as follows. If s,_3 < p — 2, then by
@.5), p/(i1 +1) -+ (ir—1 + 1) is a p-adic integer, and hence so is (2.14). If
Sp—g=p—1,then f(p—1,i.—1,p—1)/(ir—1 + 1) is a p-adic integer and we
can prove that is a p-adic integer by induction on r. In conclusion,
for s,_9 =p—1and 1 <i, <p—2, we have LHS =0 (mod p). This
completes the proof. m

(2.14)

3. Proof of Theorem for o > 2. Since the proof for ¢ = —1 is
similar to that for ¢ = 1, we shall only deal with the case ¢ = 1. From ({2.2)),
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we have

o (YL

> TGz sin) - T £ (sir20irs s501)

$1,15-,81,r—1 j=1 j=1
a
k k+ Sjr—1
<11 :
- \Sjr—1 Sjr—1

max{s;jd—1,d+1} < Sja < Sjd—1 + Gd+1

Sar,15-- 75ar 1

where

for 1 <j<aand1<d<r—1 (replace i1 by s;0). Applying (2.2) again,
we obtain

< k k4 si1
‘2 jv
(3 ) H <5jml> < Sjr—1 >

7j=1
> flsieo1,s2p1,t) f(t1, s30o1,t2) - fta2, Sar—1,ta1)

t1,la—1
o))
X .
750171 tafl

Substituting (3.2) into (3.1)), then using (2.7) and the same idea as in the

previous section, we get

p—1
(33) > (2k+ 1S\ (2)
k=0
=p . > > Hf (41,12, 85,1) Hf(sj,r—ZairaSj,r—l)
0<41,eensir <p—1 S1,1,--,81,r—1 t1,...,;tn_1 j=1 J=1

Sa,15- 7So¢7 1

X f(s1,0-1,520—1,t1) f(t1,83,0—1,t2) - - - f(ta—2, Sa,r—1,ta—1)

YT )
ta—1 ta—1+1 (il + 1)0‘ s (ir + 1)’1

By (2.5), we obtain i1,...,4, < sj,—1 for 1 < j < a. So we must have
sjr—1=p—1for 1 <j <, unless

p
(i1 +1)>- - (i + 1)

=0 (mod p).
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Furthermore, from (2.3)), t; < -+ < to—1 < p—1and t; > sj41,—1 for
1<j<a—1, weconclude that t; =p—1for 1 < j <a—1, and so

(3.4)  f(s1r—1,82,—1,t1) f(t1,830—1,t2) - f(ta—2:Sa,r—1:ta—1)

S [P I g A ey
to—1 to_1+1 p—1 p—1)"

It follows from (3.3)) and (3.4) that
p—1 (@) 2p _9 a—1
(35) > (2k+1)SY () = p< ) > >

k=0 0<i1,eip<p—1 S1,1,--,51,r—2

5a,1,~~-;;9a,r72
H?:l f(ilv i?) Sj,l) e H?:l f(sj,r—Qy Z’T’p - 1)xi1+"‘+ir
(i + )% (i +1)°

Note that (2]5’:12) = 0 (mod p). Now we will generalize Lemma [2.1] to

continue the proof; the proof is similar to that of Lemma [2.1| and we omit
it.

(mod p).

LEMMA 3.1. If (S1,-2,...,8q,r—2,0r) i Ot in
{(0,...,0,p—1),(p—1,...,p—1,0),(p—1,...,p—1,p— 1)},

then
(3.6) [ finyd2,850) - T2 f(8j0—2,0r,p — 1)
' (i1 + 1)>- - (i + 1)
a—1
X p(if__f) =0 (mod p).
Applying (3.6) to the right-hand side of (3.5)), we finally get
p—1
3.7 Y @k +1)8" (x)
k=0
p—1
= (—1)* 2Pt (14 (~1)%2P ) S 2k + 1)S ()" (mod p).
k=0

Then the conclusion for o > 2 directly follows from by induction on 7.
Now we only need to prove the case r = 1. Letting r = 1 in and
using the same idea as in the previous section, we can easily get
p—1
Z(Qk: + 1)5,5;1)(3:) = (=1)*"zP~1 (mod p).
k=0
This completes the proof of Theorem for a > 2.
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