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Torsion points and reduction of elliptic curves

by

Masaya Yasuda (Fukuoka)

1. Introduction. In 1977, Mazur [9, 10] first showed that no elliptic
curve over Q can have Q-rational p-torsion points for any prime p ≥ 11.
Then Kenku–Momose [8] and Kamienny [7] classified the possible torsion
subgroups of elliptic curves over quadratic fields K, and in particular they
showed that no elliptic curve over K can have K-rational p-torsion points
for any primes p ≥ 17. For cubic fields, Parent [13, 14] proved the same
result on p-torsion points as in the case of quadratic fields. In 2010, it was
announced in [19] that Kamienny, Stein and Stoll proved that 17 is the
largest prime dividing the order of the K-rational torsion subgroup of an
elliptic curve over any quartic field K (see also Derickx’s master thesis [3]
for number fields of higher degree).

In addition to the above progress on p-torsion points, the notion of reduc-
tion plays an important role in the study of the structure of the Mordell–Weil
group of an elliptic curve. Let E be an elliptic curve over Q of conductor n
(in particular, E has bad reduction at all primes dividing n). For p = 5
or 7 with p - n, Agashe [1, Theorem 1.1] proved that if n is square free
and p divides the order of the torsion subgroup of E(Q), then p divides the
cuspidal class number of the modular curve X0(n) (see Section 3 below for
details). In [20, Theorem 5.1], T. Takagi gave a formula for the cuspidal class
number for square free n. By combining Agashe’s result [1, Theorem 1.1]
with [20, Theorem 5.1], T. Takagi [21, Theorem] gave a relation between
the prime order p of torsion points and the conductor n of E. In a quite
different way from Agashe’s method, Yasuda [23] proved the non-existence
of Q-rational p-torsion points of an elliptic curve over Q with bad reduction
only at certain primes. Given p = 5 or 7, if E has bad reduction only at
primes ` 6≡ 0,±1 mod p, then E has no Q-rational p-torsion points [23, The-
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orem 1.1]. This generalizes Agashe–Takagi’s result [21, Theorem]. In [23,
Theorem 1.2], Yasuda further extended [23, Theorem 1.1] by proving the
non-existence of K-rational torsion points of elliptic curves over a number
field K with bad reduction only at certain primes.

In this paper, we improve [23, Theorem 1.2]. Given an elliptic curve E
over a number field K, let E denote its Néron model over the ring OK of
integers of K. Let E [m] denote the kernel of multiplication by an integer
m > 0. Let N be the product of the primes over which E has bad reduction.
Our method is different from [23]. In the proof of [23, Theorem 1.2], the
ramification of the extension K(E[p]) over K(ζp) is studied to deduce the
non-existence of p-torsion points of E for primes p - N , where K(E[p])
denotes the field generated by the points of the p-torsion subgroup E[p].
In contrast, we analyze the structure of the finite flat group scheme E [p]
over the ring OK [1/N ], by using Schoof’s results [15, Section 2] on p-group
schemes over OK . The main ingredient in our analysis is to show that for
certain N , the group scheme E [p] has a prolongation over OK if E has a
K-rational p-torsion point. Our main result is:

Main Theorem 1.1. Let K be a number field and p ≥ 5 a prime not
dividing the class number of the field F = K(ζp). Assume either of the
following two conditions holds:

(A) The ramification index ep satisfies ep < p− 1 for all primes p of K
over p.

(B) ζp ∈ K and there is only one prime of K over p.

Let E be an elliptic curve over K with good reduction outside the set

SK,p := {q : prime of K over a prime ` | ` 6= p and `fq 6≡ ±1 mod p},
where fq denotes the residue degree of the prime q of K. If E has a K-
rational p-torsion point, then E has complex multiplication (CM) by some
imaginary quadratic subfield of K and everywhere good reduction (EGR)
over K. In particular, if K has a real place, then E has no K-rational
p-torsion points.

Compared to the previous result [23, Theorem 1.2], condition (B) is new
(for p = 5 and 7, condition (A) was used in [24, 25] to find real quadratic
fields K such that the class number of K(ζp) is divisible by p, by constructing
elliptic curves with good reduction outside SK,p). For a regular prime p ≥ 5,
set K = Q(ζp). In this setting, the class number of F = K is not divisible
by p and condition (B) is clearly satisfied. Furthermore, the set SK,p is
empty since `fq ≡ 1 mod p for any prime q of K over a prime ` 6= p. Note
that the only quadratic field included in the cyclotomic field Q(ζp) is Q(

√
p)

(resp. Q(
√
−p)) if p ≡ 1 mod 4 (resp. p ≡ 3 mod 4). As a corollary of Main

Theorem 1.1, we obtain the following result:
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Corollary 1.2. Let p ≥ 11 be a regular prime. Let E be an elliptic
curve over Q(ζp) with EGR. Then:

• In case p ≡ 1 mod 4, the curve E has no Q(ζp)-rational p-torsion
points.
• In case p ≡ 3 mod 4, if E has a Q(ζp)-rational p-torsion point, then
E has CM by Q(

√
−p).

Schoof [15] determined all cyclotomic fields over which there exist non-
zero abelian varieties with EGR. In particular, he showed that there do
not exist non-zero abelian varieties over Q(ζm) with EGR for every m ∈
{1, 3, 4, 5, 7, 8, 9, 12} (i.e. the condition p ≥ 11 is sufficient for Corollary 1.2),
and the same result holds for m = 11 and 15 under the generalized Riemann
hypothesis. For the regular prime p = 13, set λ = ζ13 + ζ−113 . Let E : y2 +
a1xy + a3y = x3 + a2x

2 + a4x+ a6, where
a1 = λ2 + λ+ 1, a2 = −λ3 + λ2 + λ, a3 = λ5 + λ3 + λ,

a4 = λ5 − λ4 − 11λ3 − λ2 + 3λ,

a6 = 13λ5 − 31λ4 − 48λ3 + 52λ2 + 33λ− 10.

The elliptic curve E has EGR over the totally real field Q(λ) = Q(ζ13)
+

(the curve E arises from a cusp form of weight 2 and level 1), and it has a
Q(λ)-rational 19-torsion point (see e.g. [2, Example 6.8, p. 168]). In contrast,
the result of Corollary 1.2 shows that E has no Q(ζ13)-rational 13-torsion
points.

It is well known that there are no elliptic curves over Q with EGR. On
the other hand, there exist elliptic curves over certain quadratic fields with
EGR. In particular, for every prime p ∈ S = {29, 41, 109, 133}, there exists
an elliptic curve over Q(

√
p) with EGR (see the database of [26] for more

details). Every p ∈ S is a regular prime satisfying p ≡ 1 mod 4, and hence
Q(
√
p) ⊂ Q(ζp). Therefore, for each prime p ∈ S, no elliptic curve E over

Q(
√
p) with EGR has Q(ζp)-rational p-torsion points by Corollary 1.2.

The organization of this paper is as follows: In Section 2, we prove The-
orem 1.1. In Section 3, we give a sketch of proof of Agashe’s result [1, The-
orem 1.1] and compare our strategy with Agashe’s. In Section 4, we apply
Corollary 1.2 to obtain some results on the non-existence of Q(ζp)-rational
p-torsion points of certain elliptic curves. In particular, for every regular
prime p ≥ 11, we show the non-existence of Q(ζp)-rational p-torsion points
of elliptic curves over Q with EGR over Q(ζp).

Notation. The symbols Z and Q denote the ring of integers and the
field of rational numbers, respectively. For a prime p, the finite field with p
elements is denoted by Fp. Let ζp be a fixed primitive pth root of unity, and
µp denote the set of pth roots of unity. If G is a group scheme over a ring R,
and n ∈ Z, we write G[n] for the kernel of multiplication [n]G : G→ G.
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2. Proof of Main Theorem 1.1. In this section, we prove Main The-
orem 1.1. Let us give some lemmas:

Lemma 2.1. Let E be an elliptic curve over a number field K. If E has
a K-rational p-torsion point for a prime p ≥ 5, then E has semistable (i.e.
good or multiplicative) reduction at q for all primes q of K with q - p.

Proof. See the proof of [6, Lemma 1.3].

Lemma 2.2. Let E be an elliptic curve over a number field K. If E has
a K-rational p-torsion point for a prime p ≥ 5, then the field K(E[p]) is
unramified over K at any prime q ∈ SK,p.

Proof. The proof is based on the second proof of [23, Theorem 1.1], in
which only the caseK = Q is studied (see [23, Section 3]). By Lemma 2.1, the
curve E has either good or multiplicative reduction at any prime q ∈ SK,p

(note q - p). If E has good reduction at q, then K(E[p]) is unramified over
K at q by the criterion of Néron–Ogg–Shafarevich (see [16, Chapter VII]).

We next consider the case of multiplicative reduction. Let Kq denote
the completion of K at q. By the theory of Tate curves, there exists an
unramified extension M over Kq of degree at most 2 such that E is isomor-
phic to the Tate curve Eq over M , where q is the Tate parameter (see [17,
Chapter V] for details). More precisely, we have an isomorphism

Φ : E(M) 'M∗/qZ,

and so the p-torsion subgroup E(M)[p] is isomorphic to (ζZp ·QZ)/qZ under Φ,

where Q = q1/p ∈M is a fixed primitive pth root of q. In other words, when
we view E(M)[p] as an Fp-vector space, the set {ζp, Q} gives a basis of
E(M)[p] under the isomorphism Φ. Now consider the following extensions:

Kq

Kq(ζp)
Kq(E[p])

M
M(ζp)

M(E[p])

Note that the extensions M/Kq and M(ζp)/M are unramified since
Kq(ζp)/Kq is unramified as q - p. Here we focus on the extension M(E[p])
over M(ζp), which is a Kummer extension of degree either 1 or p. If the ex-
tension degree equals 1, the extension M(E[p])/M(ζp) is trivial, and hence
K(E[p])/K is unramified at q.

Next we consider the case M(E[p]) 6= M(ζp). Suppose that M(E[p]) =
M(ζp, Q) is a ramified extension over M(ζp) of degree p. Then the totally
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ramified extension M(E[p])/M(ζp) is defined by the polynomial

Xp − q =

p−1∏
i=0

(X −Q · ζip),

and hence Q · ζip 6∈ M for any 0 ≤ i ≤ p − 1. However, we have ζp ∈ M
since E has one K-rational p-torsion point and the point is also M -rational.
Therefore [Kq(ζp) : Kq] ≤ [M : Kq] ≤ 2, and hence `fq ≡ ±1 mod p. This
contradicts q ∈ SK,p. Thus M(E[p]) is unramified over M(ζp), and hence
K(E[p]) is also unramified over K at q.

Let K be a number field and p ≥ 5 a prime. Let E be an elliptic curve
over K with good reduction outside the set SK,p. Assume that E has a
K-rational p-torsion point P . Using the p-torsion point P , we can define a
group homomorphism

φ : E[p]→ µp by T 7→ ep(P, T ),

where ep : E[p] × E[p] → µp is the Weil pairing (see [16, Chapter III]).
Let GK denote the absolute Galois group Gal(K/K). Since the point P is
K-rational, the map φ gives an exact sequence

(2.1) 0→ Z/pZ→ E[p]
φ→ µp → 0

ofGK-modules, where Z/pZ is the constantGK-module generated by P . The
action of GK on E[p] gives an associated Galois modulo p representation

ρE,p : GK → Aut(E[p]) ' GL2(Fp).

Set L = K(E[p]) and F = K(ζp). Then the representation ρE,p induces a
faithful representation ρ : Gal(L/K) → GL2(Fp). By the exact sequence
(2.1) of GK-modules, the representation ρ has the form

(
1 ∗
0 χ

)
, where

χ : ∆→ F×p , ∆ := Gal(F/K),

denotes the cyclotomic character defined by σ(ζp) = ζ
χ(σ)
p for every σ ∈ ∆.

Since E has good reduction at all primes of K over p (recall that SK,p

contains no prime of K over p), the curve E has everywhere semistable
reduction by Lemma 2.1. Let E denote the Néron model of E over OK .
A commutative finite flat group scheme of order p over a commutative ring
R is called a p-group scheme over R (see [15, Section 2]). Let N ∈ Z be
the product of all primes ` over which E has bad reduction. Then E [p] is a
p-group scheme over the ring OK [1/N ].

We now give a lemma on prolongation of the p-group scheme E [p]:

Lemma 2.3. The p-group scheme E [p] overOK [1/N ] prolongs to a p-group
scheme over OK .
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Proof. A similar argument about patching of finite flat group schemes
in [9, (I.2), pp. 44–45] shows that the p-group scheme E [p] over OK [1/N ]
prolongs to a finite flat group scheme over OK since the inertia group of
Gal(K(E[p]/K)) at every prime q over N (i.e. q ∈ SK,p) is trivial by
Lemma 2.2.

Lemma 2.4. Let G denote a prolongation of the p-group scheme E [p]
over OK . Then we have an extension

(2.2) 0→ (Z/pZ)OK
→ G→ (µp)OK

→ 0

of p-group schemes over OK , where (Z/pZ)OK
and (µp)OK

denote the con-
stant and the diagonalizable group schemes of order p over OK , respectively.

Proof. Let G0 be a simple subgroup scheme of G. Since the order of the
group Γ := Gal(L/F ) is divisible by p, this group acts trivially on G0(K)
by the same argument as in the proof of [15, Proposition 2.2]. Since G0 is
simple, the Fp[∆]-module G0(K) is a one-dimensional eigenspace over Fp.
Therefore the group scheme G0 has order p. By the Oort–Tate classification
[12, Theorem 3] of finite flat group schemes over OK of prime order, the
structure of a finite flat group scheme H over OK of order p is uniquely
determined up to isomorphism by its generic fiber H ⊗ K, or its Galois
module H(K). Then by the exact sequence (2.1) of GK-modules, we can
take for G0 the constant group scheme (Z/pZ)OK

, which is generated by
the p-torsion point P . Let C denote the finite flat group scheme given by
the cokernel of G0 = (Z/pZ)OK

↪→ G. Then the group scheme C also has

exact order p, and its Galois module C(K) is isomorphic to µp by the exact
sequence (2.1) again. Hence C is isomorphic to the diagonalizable group
scheme (µp)OK

over OK .

Now we recall a key result proved by Schoof (the field K in the proposi-
tion below is assumed to be a complex number field in [15, Proposition 2.6],
but the result holds for any number field when p ≥ 3).

Proposition 2.5 (Schoof [15, Proposition 2.6]). Let K be a number
field and p ≥ 3 a prime not dividing the class number of K(ζp). If either
(A) or (B) of Main Theorem 1.1 is satisfied, then any extension of (µp)OK

by (Z/pZ)OK
over OK is split.

We are now ready to prove Main Theorem 1.1 (our strategy is based on
Mazur’s work [10, §3]).

Proof of Main Theorem 1.1. Let K be a number field and p ≥ 5 a prime.
As in Theorem 1.1, we assume that p does not divide the class number hF
of F = K(ζp), and either (A) or (B) holds. Let E be an elliptic curve over K
with good reduction outside SK,p. Let E denote its Néron model over OK
as above.
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Suppose E has a K-rational p-torsion point. By Lemma 2.2, there exists
a p-group scheme G over OK extended from E [p]. Then G has an extension
(2.2) over OK by Lemma 2.3, and the extension is split by Proposition 2.5.
This implies that the exact sequence (2.1) of GK-modules is split, that is,

(2.3) E[p] = Z/pZ⊕ µp
as GK-modules. Set E1 = E. Then there exists an elliptic curve E2 over K
and a K-isogeny E1 → E2 with kernel µp. Note that the image of the Galois
submodule Z/pZ ⊂ E1 gives a K-rational p-torsion point of E2 again. By
repeating this procedure, we obtain a sequence of K-isogenies

E1 → E2 → E3 → · · · ,
each with kernel µp. By Shafarevich’s Theorem [16, Theorem 6.1 in Chapter
IX], we have Ei ' Ej for some i < j. Composing some K-isogenies gives an
endomorphism f : Ei → Ei defined over K. If Pi ∈ Ei(K) is the image of the
p-torsion point P ∈ E(K), then Pi 6∈ ker f by construction. Since deg f is a
power of p, we see that f is a non-scalar endomorphism. This implies that
Ei has CM, and E also has CM. Recall that E has everywhere semistable
reduction, which implies that E has EGR (see e.g. [16, Proposition 5.4 in
Chapter VII] for details). Furthermore, since Ei has CM, there exists an
imaginary quadratic field K ′ such that Ei has CM by some order O in K ′.
By [17, Proposition 1.1 in Chapter II], we have an isomorphism

[·] : O ' End(Ei)

such that for any invariant differential ω ∈ ΩEi on Ei, we have [α]∗ω = αω
for every α ∈ O. Let α denote the element of O such that [α] = f ∈
EndK(Ei). By considering the action of EndK(Ei) on H0(Ei/K,ΩEi) ' K,
we have α ∈ K∩K ′ and K ′ = Q(α) ⊂ K since α 6∈ Q and [K ′ : Q] = 2. Then
both Ei and E have CM by the imaginary quadratic subfield K ′ of K. In
case K has a real place, we have α ∈ K∩K ′ = Q, a contradiction. Therefore
E has no K-rational p-torsion points in this case. This completes the proof
of Main Theorem 1.1.

3. Agashe’s result and strategy for K = Q. In the case K = Q,
Main Theorem 1.1 shows that given p = 5 or 7, an elliptic curve E over Q
has no Q-rational p-torsion points if E has bad reduction only at primes ` 6≡
0,±1 mod p. In contrast, as stated in Section 1, Agashe proved the following
result for elliptic curves over Q of square free conductor [1, Theorem 1.1]
(see [5] for the definition of the optimal curve of an elliptic curve over Q):

Theorem 3.1 (Agashe). Let E be an elliptic curve over Q of square
free conductor n. Let E′ denote the optimal curve in the isogeny class of E.
Suppose p is a prime with p - 6n.
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(i) If p divides the order of the torsion part E′(Q)tor of E′(Q), then p
divides the order of E′ ∩ C, where C is the cuspidal subgroup (i.e.
the group of degree zero divisors on X0(n)(C) that are supported on
the cusps). In particular, p divides the order of C.

(ii) If p divides the order of E(Q)tor, then p divides the order of C.

By combining (ii) with the cuspidal class number formula of [20], we can
obtain a part of our result in the case K = Q. In this section, we give a
sketch of the proof of Theorem 3.1 by Agashe, and compare our proof with
Agashe’s strategy.

The result (ii) of Theorem 3.1 easily follows from (i) in view of the fact
that if the optimal curve E′ has a Q-rational p-torsion point, then so does E
[5, Theorem 1.2]. In the proof of (i) by Agashe, the key results are the
following two propositions:

Proposition 3.2 ([1, Proposition 2.1]). Let n > 0 be a square free
integer. Given δr ∈ {1, r} for every prime r |n, with δ` = 1 for at least
one ` |n, there exists an Eisenstein series G of weight 2 on Γ0(n), which
is an eigenfunction for all the Hecke operators such that as(G) = s + 1
for all primes s - n, and ar(G) = δr for all primes r |n, where G(q) =∑∞

k=0 ak(G)qk denotes the Fourier expansion of G at the cusp ∞ with q =
e2πiz.

Proposition 3.3 ([1, Proposition 3.6]). Let E′ and n be as in Theo-
rem 3.1. Let f denote the cuspform of weight 2 on Γ0(n) associated to E′.
Suppose that there is a prime p ≥ 5 such that p divides the order of E′(Q)tor.
Then there is a prime ` | n such that w` = −1, where w` is the sign of the
Atkin–Lehner involution W` acting on f .

Here we give a sketch of the proof of Theorem 3.1(i) by Agashe.

Sketch of proof of Theorem 3.1(i). Let f denote the cuspform of weight
2 on Γ0(n) associated to the optimal curve E′. Assume that there is a prime
p - 6n dividing the order of E′(Q)tor. By Proposition 3.3, there exists a prime
` |n such that w` = −1. For every prime r, we set δr = −wr if wr = −1,
and δr = r if wr = 1. Since δ` = −w` = 1, by Proposition 3.2 there is an
Eisenstein series G such that as(G) = s + 1 for all primes s - n, and for all
primes r |n,

ar(G) =

{
r if wr = 1,

1 if wr = −1.

In particular, if r |n and wr = 1, we have p | (r + 1) by [1, Lemma 3.2],
and hence ar(G) = r ≡ −1 = −wr mod p (the result of [1, Lemma 3.2] is
basically due to [5, Section 4], and its proof is related to that of Lemma 2.2).
As in Proposition 3.2, let f(q) =

∑∞
k=0 ak(f)qk denote the Fourier expansion

of the cuspform f . Then ak(f) ≡ ak(G) mod p for all primes k. Furthermore,
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since f and G are eigenfunctions for all the Hecke operators, we see that
ak(f) ≡ ak(G) mod p for all k ≥ 1. By [9, Lemma II 5.6(a)], we also have
a0(f) ≡ a0(G) mod p and hence f ≡ E mod p. Let CG denote the subgroup
of the cuspidal subgroup C associated to G defined by Stevens [18, Definition
1.8.5]. By the assumption p - n, the cuspform f is ordinary at p since ap(f) =
ap(G) ≡ p + 1 ≡ 1 mod p. Then it follows from [22, Theorem 0.4] that
E′[p] ∩ CG 6= 0, and thus p divides the order of E′ ∩ C.

In order to study the structure of the torsion part of an elliptic curve E
over Q, Agashe investigates the coefficients of the Fourier expansion of the
cuspform f corresponding to E. Our strategy is quite different: we study the
structure of finite flat group schemes obtained from the Néron model of E.

4. Non-existence of Q(ζp)-rational p-torsion points. In this sec-
tion, we apply Corollary 1.2 to obtain some results on the non-existence of
Q(ζp)-rational p-torsion points of certain elliptic curves. For a regular prime
p ≥ 11, let E be an elliptic curve over Q(ζp) with EGR (recall that it is shown
in [15] that there do not exist non-zero abelian varieties over Q(ζp) with
EGR for p = 3, 5 or 7). Here we study the non-existence of Q(ζp)-rational
p-torsion points of E. By Corollary 1.2, the curve E has no Q(ζp)-rational
p-torsion points if p ≡ 1 mod 4. Hence we focus on p ≡ 3 mod 4. We begin
with the following lemma:

Lemma 4.1. For a regular prime p ≥ 11 with p ≡ 3 mod 4, let E denote
an elliptic curve over Q(ζp) with EGR. Assume that E has a Q(ζp)-rational
p-torsion point. Then E has CM by a non-maximal order of Q(

√
−p).

Proof. By Corollary 1.2, the curve E has CM byK ′ := Q(
√
−p). Suppose

that E has CM by the maximal order R of K ′, i.e., the ring of integers of
K ′ (we have R = Z[

√
−p] for p ≡ 3 mod 4). By the theory of CM elliptic

curves [17, Theorem 5.6], the field K ′(j(E), h(E[p])) is the ray class field
of K ′ modulo p, where j(E) is the j-invariant of E and h : E → P1 is the
Weber function defined over K ′(j(E)) (see [17, §5 in Chapter II] for the
construction of h). Let Cl(K ′) and Cl(K ′, p) denote the class group and
the ray class group of K ′ modulo p, respectively. By [11, Exercise 13 in
Chapter VI], we have an exact sequence

1→ R∗/R(p) → (R/pR)∗ → Cl(K ′, p)→ Cl(K ′)→ 1,

where R∗ is the group of units of R, and R(p) the group of units a ∈ R∗

satisfying a ≡ 1 mod p. Since R∗/R(p) = {±1} for R = Z[
√
−p] and p ≥ 11,

we have

[K ′(j(E), h(E[p])) : K ′] = #Cl(K ′, p) =
#(R/pR)∗ ·#Cl(K ′)

2
≥ #(R/pR)∗/2 ≥ p(p− 1)/2
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by the above exact sequence. On the other hand, we have j(E) ∈ Q(ζp) and
all points of E[p] are defined over Q(ζp) by (2.3). Consequently, the ray class
field K ′(j(E), h(E[p])) is included in Q(ζp) (note that the Weber function h
is defined over K ′(j(E)) ⊂ Q(ζp)), and hence

[K(j((E), h(E[p])) : K ′] ≤ (p− 1)/2,

a contradiction. Hence E cannot have CM by the maximal order of K ′.

By combining Corollary 1.2 with Lemma 4.1, we obtain the following
non-existence result for Q(ζp)-rational p-torsion points of elliptic curves
over Q:

Theorem 4.2. Let E be an elliptic curve over Q. If E has EGR over
Q(ζp) for a regular prime p ≥ 11, then E has no Q(ζp)-rational p-torsion
points. Conversely, if E has a Q(ζp)-rational p-torsion point, then E has
bad reduction at some primes of Q(ζp).

Proof. By Corollary 1.2, we only need to consider p ≡ 3 mod 4. Assume
E has EGR over Q(ζp). Suppose that E has a Q(ζp)-rational p-torsion point.
Then E has CM by Q(

√
−p) by Corollary 1.2. It is well known that there

are 13 isomorphic classes of elliptic curves over Q with CM. All representa-
tive elliptic curves over Q with CM, denoted by ED,f , are listed in [17, §3 in
Appendix A]. Note that ED,f has CM by an order of conductor f of the imag-
inary quadratic field Q(

√
−D), and D ∈ T = {3, 4, 7, 8, 11, 19, 43, 67, 163}.

Furthermore, it follows from [16, §5 in Chapter X] that any CM elliptic
curve over Q is Q-isomorphic to a twist of some ED,f . From these facts, the
curve E is Q-isomorphic to a twist of Ep,f for some conductor f . According
to the list of ED,f in [17, §3 in Appendix A], we always have f = 1 for
D ≥ 8. Thus E has CM by the maximal order of Q(

√
−p) for the primes

p ≥ 11. This contradicts Lemma 4.1.

For d ∈ Q∗, we let Ed denote the twist of an elliptic curve E over Q (see
[16, Proposition 5.4 in Chapter X] for details). As mentioned in the proof
of Proposition 4.2, any CM elliptic curve over Q is given by a twisted curve
EdD,f for some d, f and D ∈ T (the curve ED,f and the set T are introduced
in the proof of Proposition 4.2). Dieulefait et al. [4] gave some information
about the field of definition of p-torsion points of CM elliptic curves EdD,f
for primes p dividing the discriminant D. According to [4, Theorem 3], given
any CM curve E = Edp,f for a prime p ≥ 11, there are p-torsion points of E

defined over Q(ζp + ζ−1p ,
√
d). Furthermore, d = −p is the only case where

any Galois number field containing p-torsion points of E contains Q(
√
−p).

In other words, the curve Edp,f with d = −p has a p-torsion point defined

over Q(ζp + ζ−1p ,
√
−p) = Q(ζp) for p = 11, 19, 43, 67 and 163. In contrast,

Theorem 4.2 implies that Edp,f with d = −p has bad reduction at some
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primes of Q(ζp) for p = 11, 19, 43 and 163 (note that p = 67 is irregular).
More precisely, for p = 11, 19, 43 and 163, the curve E = Edp,f with d = −p
still has bad reduction at the prime (1 − ζp) of Q(ζp) over p (note that E
has bad reduction only at p).
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