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A GENERALIZED DOUBLE CROSSPRODUCT
FOR MONOIDAL HOM-HOPF ALGEBRAS
AND THE DRINFELD DOUBLE

BY

MIMAN YOU (Zhengzhou) and SHUANHONG WANG (Nanjing)

Abstract. A twisted generalization of a double crossproduct called a generalized
double Hom-crossproduct is introduced. We give conditions under which this new monoidal
Hom-algebra is a monoidal Hom-Hopf algebra. Moreover, its coquasitriangular structure
is described. Finally, we also construct a new braided monoidal Hom-category ’H(ﬂModg)
obtained from the structure of the generalized double Hom-crossproduct, and establish a
kind of new quantum Yang-Baxter Hom-operators.

Introduction. The first examples of Hom-type algebras were related to
g-deformations of Witt algebras and Virasoro algebras (see [CPP,[H, K| ILS]),
which play an important role in physics. Motivated by these examples,
Hartwig, Larsson and Silvestrov [HLS| first introduced the Hom-structures
for Lie algebras, where the Jacobi identity is twisted by a linear endomor-
phism. Hom-algebras have been introduced for the first time in [MSI]. Also
definitions of Hom-bialgebras and Hom-Hopf algebras have been proposed
(see [MS3| [IMS4]), which involve two different linear maps « and 3, with
« twisting the associativity condition and S the coassociativity condition.
Afterwards, two directions of study were developed, one considering the
class such that 8 = «, which are still called Hom-bialgebras and Hom-
Hopf algebras (cf. [MS2), IMS3l, [MS4]). Another one, called monoidal Hom-
bialgebras and monoidal Hom-Hopf algebras in monoidal Hom-category, ini-
tiated in [CG], where the map « is assumed to be invertible and 8 = o~ 1.
Hom-smash product [CWZIl MLY], Hom-smash coproduct [LSh], quasi-
triangular Hom-Hopf algebras [CWZ3], Hom-structures [CZ], the Yetter—
Drinfeld Hom-category [LM], the Long category [CWZ2|], Majid’s double
Hom-product [LW] and generalized Hom-smash product [ZZ] for monoidal
Hom-bialgebras have been studied.
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In the theory of classical Hopf algebras, a celebrated notion is Radford’s
biproduct [R1]. As a generalization of Radford’s biproducts, Majid’s double
crossproduct B <t H, with a Hopf algebra B right acting on a Hopf al-
gebra H and H left acting on B, generalizes a construction of the well-
known Drinfeld double. Many researchers have investigated it from different
points of view [Bl [CW, DNR] DT} [R2, R3, [Si, W]. As a generalization
of Majid’s double crossproduct, in this paper we study generalized double
Hom-crossproducts (see Section 2).

Recently, Majid’s double Hom-crossproduct (B <1 H,£p ® {x) has been
studied [LW]. Our motivation is the following: First, if (B,£p) acts on
(H,&p) trivially, then the multiplication in (B > H,{p ® ) is just the
multiplication in (B # H,{p ® £x), a left Hom-smash product. Similarly,
when (H,&py) acts on (B,&p), trivially then (B <t H,{p ® &) is a right
Hom-smash product. Secondly, a left Hom-smash product and a right Hom-
smash product are generalized to B #g H (a generalized left Hom-smash
product), where (H,&y) has a left J-Hom-action and (J,&;) a monoidal
Hom-Hopf algebra acting on (B,{g), and to B #5 H (a generalized right
Hom-smash product), where (H, ) has a right J-Hom-action and (B, ¢{p) is
aright J-Hom-module algebra [ZZ]. However, a generalized left (right) Hom-
smash product is not a special case of Majid’s double Hom-crossproduct
(B> H,&p ®&p). Therefore, we ask: Can one give an algebra construction
such that Majid’s double Hom-crossproduct and the generalized Hom-smash
product can be obtained as particular cases?

In this paper, we give a positive answer to this question (see Sections 2
and 3). The background material is presented in Section 1. In Section 2, we

J7
define and study a generalized double Hom-crossproduct (B ( l>4Q) H (p®&yr)

for two monoidal Hom-algebras (B, {p) and (H, {y ), where (J,§ ;) and (@, {Q)
are monoidal Hom-bialgebras (or monoidal Hom-Hopf algebras), (B,£p) is
a left J-Hom-module and right @Q-Hom-comodule algebra, (H,{y) is a left
J-Hom-comodule algebra and a right @-Hom-module. We show that the left
(right) generalized Hom-smash product, Majid’s double Hom-crossproduct,
in particular the Hom-smash product, the Drinfeld double D(H) and the
Doi—Takeuchi monoidal Hom-algebra (B <, H,{p ® &) are all special cases
of our monoidal Hom-algebra structure.

In Section 3, we give conditions under which this new monoidal Hom-

J:
algebra (B (NQ ) H,ép ® &) is a monoidal Hom-Hopf algebra, called a

generalized double Hom-crossproduct Hopf algebra, and we describe its co-
quasitriangular structure. In Sections 4 and 5, we construct a new braided
monoidal Hom-category ”H(jModg) obtained from the structure of the gen-
eralized double Hom-crossproduct, and we establish a kind of new quantum

Yang—Baxter Hom-operators (see Theorem and Corollary .
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1. Preliminaries. Throughout this paper, k is a fixed field. All al-
gebras, coalgebras and Hopf algebras are defined over k unless otherwise
specified. We refer the readers to the book of Sweedler [Sw| for the relevant
concepts of the general theory of Hopf algebras. Let (C, A) be a coalgebra.
We use the following notation:

0)2201@)02, Ve e C.

Let My = (Mg, ®,k,a,l,r) denote the usual monoidal category of k-
vector spaces and linear maps between them. Recall from [CG] that the
monoidal Hom-category H(My) = (H(My), ®, (k,id),a,l,7) is a monoidal
category associated with My, as follows:

e The objects of H(My) are couples (M,&yr), where M € My and
& € Auty (M), the set of all k-linear automorphisms of M.

e A morphism f : (M,&y) — (N,&n) in H(My) is a k-linear map
f M — N in M satisfying &y o f = f o &y for any two objects
(M, &), (N, EN) € H(Mp).

e The tensor product is given by

(M75M> ® (Nvé.N) = (M®N7§M ®§N)
for any (M7 gM)a (N7 gN) € H(Mk)
e The tensor unit is (k,id).
e The associativity constraint a is given by
amne =aunLo (Ey®id) @) = (Eu® (idoc ) oamnn,
for any objects (M, &ar), (N, €x), (Ly<) € H(My).

e The left and right unit constraints [ and 7 are given by

I =&woly =lro(d@éy), Far=E&uory =ryo €y ®id),
for all (M,&n) € H(My).

We now recall the following notions used later.

DEFINITION 1.1 ([CG]). A unital monoidal Hom-associative algebra is a
vector space A together with an element 14 € A and linear maps

m:A®A— A a®b—ab, &4 € Autyg(A)
such that
€a(a)(be) = (ab)sa(c),  &alab) = Ea(a)sa(d),
alg =1aa=2¢&4(a), &a(la)=14,
for all a, b, c € A.

DEFINITION 1.2. Let (A4,&4) and (A’,€4/) be monoidal Hom-algebras.
A monoidal Hom-algebra map f : (A,€4) — (A’,€4) is a linear map such

(
that foga =& o f, f(ab) = f(a)f(b) and f(14) =14
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DEerFINITION 1.3 ([CG]). A counital monoidal Hom-coassociative coal-
gebra is an object (C, &) in the category H(M},) together with linear maps
A:C—-C®C,A(c)=c1 ®cy and € : C — k such that

€' (e1) ® Aez) = A1) ® €5 (ea),  A€e(e)) = Eoler) ® Eo(ea),
cie(ca) = €61 (c) = e(cr)ea,  e(éo(c)) = e(e),
for all c € C.

DEFINITION 1.4. Let (C,&¢) and (C’,&cr) be monoidal Hom-coalgebras.
A monoidal Hom-coalgebra map f : (C,éc) — (C',&cr) is a linear map such
that foéc =§crof, Aof=(f®f)oAande'of=e.

DEFINITION 1.5 (J[CG]). A monoidal Hom-bialgebra H = (H, &, m, 15,
A,e) is a bialgebra in the monoidal category H(M}). This means that
(H,&,m, 1) is a monoidal Hom-algebra and (H, £y, A, ¢) is a monoidal
Hom-coalgebra such that A and ¢ are morphisms of algebras, that is, for all
h,g € H,

A(hg) = A(R)A(g), A(lm)=1n ®1m,
e(hg) =e(h)e(g), e(lw) =1.

DEerFINITION 1.6 ([CG]). A monoidal Hom-bialgebra (H,{y) is called
a monoidal Hom-Hopf algebra if there exists a morphism (called antipode)
S:H — Hin H(My) (i.e., Sofy = 5 0S), which is the convolution inverse
of the identity morphism idy (i.e., S *id = 15 oe = id x S). Explicitly, for
all h e H,

S(hl)hg = E(h)lH = hls(hz)

REMARK 1.7. The antipode of monoidal Hom-Hopf algebras has almost

all the properties of the antipode of Hopf algebras such as

S(hg) = S(9)S(h), S(1y) =1y,
A(S(H) = S(he) ® S(hy), oS =c,
for all h,g € H. That is, S is a monoidal Hom-anti-(co)algebra homomor-

phism. Since &g is bijective and commutes with S, its inverse 5;11 also com-
mutes with S.

Now, we recall the notions of actions on monoidal Hom-algebras and
coactions on monoidal Hom-coalgebras.

DEFINITION 1.8 ([CG]). Let (A4,£4) be a monoidal Hom-algebra. A left
(A, &4)-Hom-module consists of an object (M, &) in H(My) together with
a morphism ¢ : A®@ M — M, ¥(a ® m) = a - m, such that

€ala)(b-m) = (ab) - Epr(m),  1a-m = E&u(m),
§mla-m) = Eala) - Epr(m),
for all a,b € A and m € M.
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Any monoidal Hom-algebra (A,£4) can be viewed as a Hom-module
over itself via Hom-multiplication. Let (M,&p) and (N,&n) be two left
(A, €4)-Hom-modules. A morphism f: M — N is called left (A,&a)-linear
if fla-m)=a-f(m) and f o &y = &n o f. We denote the category of left
(A, £4)-Hom modules by H(4My,).

DEFINITION 1.9 ([CG]). Let (C,&¢) be a monoidal Hom-coalgebra. Then
a right (C,&c)-Hom-comodule is an object (M, &yy) in H(M;) together with
a k-linear map py : M — M ® C, pp(m) = mg) ® myy), such that

&t (mo)) ® Ac(mry) = (moy0) ® m)1)) ® &6 (M),
par(Ea1(m)) = Enr(mye)) ® Eclmay),  moye(mey) = &7 (m),
for all m € M.

(C,¢c) is a Hom-comodule over itself via Hom-comultiplication. Let
(M, &) and (N, &) be two right (C,&c)-Hom-comodules. A morphism
g : M — N is called right (C, {c)-colinear if go§yr = Enog and g(m o)) @m (1)
= g(m))®@g(m)(1)- The category of right (C,~)-Hom-comodules is denoted

y H(ME).

REMARK 1.10. The reader is referred to |CZ, Section 5] for a useful

interpretation of Hom-structures.

2. A generalized double Hom-crossproduct

DEFINITION 2.1. Assume that (B,&p) is a left (J, £y)-Hom-module and
right (Q, {g)-Hom-comodule algebra, and let (H,&y) be a right (Q,&q)-

Ja
Hom-module and left (J, £7)-Hom-comodule algebra. Define B (DQQ ) H to be

B ® H as a vector space with (possibly nonassociative) multiplication
(2.1) (apah)(boag) = a(h1)— bo) ® (ho < b1))g
for all a,b € B and h,g € H.

PROPOSITION 2.2. Let (B,&p) be a left (J,&5)-Hom-module and right
(Q, &q)-Hom-comodule algebra, and let (H, &) be a right (Q, g )-Hom-mod-

J7
ule and left (J,&5)-Hom-comodule algebra. Then (B (Dg) H,ép ®&n) is an
associative monoidal Hom-algebra with unit element 1p ® 1y if and only if
the following three conditions hold:

A b® 1 = Ep(bo) ® (1 + b)),
lp®@h= (h( 1) = 1) @ &m(ho),

ZfJ = (boco) ® Em(ho) < (bycqy)
= Z ) = b0) ((ho = b(1))(—1) = o) © (£ (ho) + Eq(by))o + Eqleqy),
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(A3) D (hnyg-1) = Es(co) @ (hogo) + Eqley)
=> & (h1)) = (€5(g-1) = 8(c0))o @ (ho < (9-1) = co) 1)) (90 < c(1)),
for alla,be B and h,g € H.

Proof. It is easy to see that sufficiency is true, and it is obvious that
1p ® 1y is a unit element by (Al). For necessity, we calculate as follows:

[(a® h)(b @ 9)l(€s(c) @ &u(l))
= (a(h_1) = bo) ® (ho  b(1))g) (Ea(c) ® £x (1))
= (a(h_1y = b0)) (((ho < b)) (-1)9(-1)) — €B(c0))
® (((ho = bay)ogo) + Eqleqy))én(l)
2 S (@lh 1) = 0)) (€4((ho + b)) (1)) = (€(g(1)) = €(c0))o)
® (((ho < bay)o < (g(=1) = c0)(1)) (g0 < c1)))€r (1)
= &5(a) ((h—1) = bo)((ho < b)) (-1) = (9(-1) = €0)o))
® (€a((ho < by)o) + €@((g9(=1) = c0)1))) (90  cy)l)
2 > én(a) (&r(h—1)) = (bo(g(-1) = c0)o))
® (Ex(ho) + (bay(g(—1) = c0)(1))) ((go = cy)l)
=) (€na) @ £ (1) (bgi1) = co) @ (g0 c1))])
=) (€sa) ® En (W) (0@ g)(c @ D))

This completes the proof. m

J,
DEFINITION 2.3. We call (B (Dg) H, (g ®&x) a generalized double Hom-

. J?Q . . .
crossproduct if (B (D<1) H,¢p ® &) is an associative algebra.

DEFINITION 2.4. Let (B,¢p), (H,£r) be two monoidal Hom-Hopf alge-
bras. A skew pairing of (B,£p) and (H,{y) is amap 7 : B® H—k satisfying

(SP1) (ab,h) = 7(a,h1)7(b, ha),
(SP2) (a,hl) =Y (a1, 1)7(az, ),
(SP3) (¢ ( )7 u(h)) = 7(a,h),
(SP4) 7(a,1) =e(a), 7(1,h) =e(h),

for all a,b € B and h,l € H. In this case, we call (B, H,7,£p,£r) a T-skew
pair monoidal Hom-Hopf algebra. If (H, &y ) has a bijective antipode S, then
7 Y(a,h) = 7(a, S~L(h)), by the above.
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EXAMPLE 2.5. Let 7 be a skew pairing of (B,{p) and (H,&m). Set

h—a=) 7(a & (M)ER(a),  ha=) 7(¢5" (), h)eh (ha),
for any a € B and h € H.

It is easy to check that (B,¢p) is a left (H°P,{y)-Hom-module with
structure map —, and (H, &) is a right (B°P, {p)-Hom-module with struc-
ture map <. Moreover, (B,&p) is a right (B“P, £p)-Hom-comodule algebra
with structure map AR, and (H, &) is a left (HP, £y )-Hom-comodule al-
gebra with structure map pl; : H— HP® H given by p(h) = > S~ (he)®h;.

Now, we check that conditions (A1)-(A3) in Proposition [2.2 hold.

It is obvious that (A1) holds. We next prove (A2) as follows: for all
b,ce Band h € H,

> (hi-1y = b0) ((ho < bry)(—1) = c0) ® (£u(ho) < E8(bay))o + Ea(c))
= (S (ha) = b2) (STH((ha = b1)2) = €2) ® (§m((ha + b1)1) + Em(cr))
= 7(baa, ST (h2))7(caz, ST Em (M22))EB (ba121)
®T(E5" (b1), ha1)7(e1, E(ha211))ERr (hazia)
= 27(5227 Sk (ha22))T(c22, 5™ € (h221)) &R (barcar)
®7 (b, €x(ha1))7(cr, € (h2))ERy (har)
(LY > 7(bascaz, S 6 (ha2))Eh (barear) @ T(E5" (brcr), ha)ER (har)
= 7(bazcas, S (h2))Eh (barean) @ T(E5" (brer), € (hn))ER (haa)
= Z S ¢m (he) — (bac2) ® Ep(h1) « (bicy)
= &r b1y — (baca)) ® € (ho)  (brcy),

and (A2) is proved.
Let -°P be the multiplication of H°P, i.e. h -°P [ = [h. Then we have

> (€rlh—ny) = Erlg1) = E(c0))o) ® (ho  (9—1) = o)1) (90 = c(1))
= Z (S e (ha) —>&u (S~ ga) —e2)2)) @ (h1 < (S (g2)—c2)1) (g1 < c1)
= 7(ca2, S (92))7(€B (c2122), ST (h2)) EB (canzn)
®7(€p(ca11), h11)7(€5" (c1), 911)EF (h12912)
= 7(€p(can), S 5" (h2))7 (€8 (ca22), ST (92))
£ (ca1) ® T(crn, g11)7 (12, 1) € (hizgia)
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(5P2) > 7(énlca), ST (hag2)) b (ean) @ T(er, hargin) €3 (hazgi2)

= 5 '(haga) = &p(c2) ® (hagr) « Ep(cr)

= (97 (h2) * S7H(g2)) = €B(c2) ® (h1g1) + Ep(cr)

= (b1 P g(-1)) = €a(co) @ (hag1) + Ealcqy),
and so (A3) holds.

op Bcop)

)

Thus (B ( > H, &g ® &py) is an associative monoidal Hom-algebra
with multiplication

(a@h)(b®@g)= ) a(h1)— bo)® (ho < be1))g

a(S7H(ha) = by) @ (hy < b1)g

7(baa, S7'E5" (ha))asB (bar) @ T(£5" (b)), ha1)ER (ha2)g

765" (01), €5 (m)) a& (bar) @7 (h12) g7 (baz, S~ (ha2))
(

7(br, h1)a&p (ba1) @ &7 (ho1)gr ™ (bao, hoo),

and this proves that
(H°P Bc°P)
(B = H{&p®&n)= (B H ¢ ®&n).
EXAMPLE 2.6. Let (H,&pm) be a finite-dimensional monoidal Hom-Hopf
algebra, and let B = H**P. Then D(H) = B <, H, where D(H) is the
Drinfeld double. Thus by Example

(HOP, H*) o1
> H,{y o @&m) = D(H).

By applying Proposition [2.2] we get the following corollaries.

COROLLARY 2.7. Let (J,&7) be a monoidal Hom-bialgebra. Let (B,E{p)
be a left (J,&5)-Hom-module and right (J,&;)-Hom-comodule algebra, and
let (H,&m) be a right (J,&5)-Hom-module and left (J,&y)-Hom-comodule al-

JJ
gebra. Then (B (D<1) H, (&) is an associative monoidal Hom-algebra with
unit element 1 ® 1y if and only if conditions (A1)—(A3) of Proposition
hold.

COROLLARY 2.8 (|ZZ]). Let (J,£;) be a monoidal Hom-bialgebra. Let
(B, &) be aleft (J,&7)-Hom-module algebra, and let (H,Epr) be a left (J,€)-

JJ
Hom-comodule algebra. Then (B N)L H, (p@&y) = (B#] H, (g ®@¢&y) is
an associative monoidal Hom-algebra with unit element 1g ® 1g.
Proof. Assume that the right coaction (J,£;) on (B,{p) is trivial in

Corollary [2.7]and the right action (J, ;) on (H, &) is trivial. Then condition
(A3) naturally holds, and it follows from the left (J, £ y)-Hom-module algebra

(H*cop
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JJ
condition that (A2) holds. Thus (B (M)L H (p®&h) = (B#i H, (p®&x),
a generalized left Hom-smash product. =

COROLLARY 2.9. Let (J,£s) be a monoidal Hom-bialgebra. Let (B,{R)
be a right (J,&7)-Hom-comodule algebra, and let (H,&p) be a right (J,€7)-

JJ
Hom-module algebra. Then (B (M)R H,ép®&p) = (B#% H ép ® &) is
an associative monoidal Hom-algebra with unit element 15 ® 1.

Proof. Apply the arguments used in the proof of Corollary .
By Corollary with H = J, we get:

COROLLARY 2.10 ([CWZI)). If (H,&m) is a monoidal Hom-bialgebra and
(A,€4) is a left (H,&y)-Hom-module algebra, then (A4 H,{p ®&y) is an
associative monoidal Hom-algebra with unit element 1g @ 1.

By Corollary with H = J, we get:

COROLLARY 2.11 ([CWZI)). If (H,&y) is a monoidal Hom-bialgebra and
(A,€4) is a right (H,&m)-Hom-module algebra, then (A#r H,{p ® &x) is
an associative monoidal Hom-algebra with unit element 1g ® 1.

COROLLARY 2.12 ([LW]). Assume that (B,¢g), (H,£m) are monoidal
Hom-bialgebras, (B,E{p) is aleft (H, &y )-Hom-module coalgebra, and (H, &)
is a right (B,&p)-Hom-module coalgebra. Then (B > H,{p ® {x) is an
associative monoidal Hom-algebra with unit element 1p ® 15 if and only if
the following three conditions hold:

(Al) 1H<—b:€B(b)1H, h%lB:EH(h)lB,
(Ag) h— (be) = (1 — €a(01)) (€5 (ha) + b2) = c),

(A3) (hg) < c= Z(h = (g1 = €5 (1)) (€r(g2) < c2),
for alla,b e B and h,g € H.

Proof. In Proposition[2.2] let J = H, Q = B. Then (B, {p) has a natural
(B, &p)-Hom-comodule algebra structure given by Ap, and (H,&y) has a
natural (H,&p)-Hom-comodule algebra structure given by Apg. It is not
hard to see that conditions (A1)—(A3) in Proposition are equivalent to
(A1)-(As3) respectively. m

3. A generalized double crossproduct of monoidal Hom-Hopf
algebras. In this section we give conditions under which the generalized

J7
double Hom-crossproduct (B (Dg) H,¢p ® £1) equipped with the tensor
product coalgebra structure (i.e. A(b® h) = > (b1 ® h1) ® (b2 ® hg) for all
b€ B and h € H) is a monoidal Hom-Hopf algebra.
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DEFINITION 3.1. Let (B,¢p) and (H,£{m) be monoidal Hom-Hopf al-
gebras. The associated generalized left-left Long module Hom-category is
denoted by ﬁ(gLM); its objects (M, &yr) are objects in H(PMod) and in
H(gMod) satisfying

(3.1)  plh—=m)=> &p(m_y) @& (h) —mo, VYme M, heH,

and its morphisms are left B—Hom—comodule maps and H-Hom-module
maps.

Similarly, a generalized left-right Long module Hom-category is denoted
by H(y LM?P). Explicitly, an object (M,&y) is both in H(Mod?) and in
H(gMod), and satisfies the compatibility condition

p(h —m) Z’SH _>m0®§B(m(1)), VYme M, h € H.

Analogously, we define a generalized right-right Long module Hom-category
H(LME) and a generalized right-left Long module Hom-category H (P LMp).

EXAMPLE 3.2. Let B = H be a commutative and cocommutative mono-
idal Hom-Hopf algebra. Then H(2LM) is the Long category H(}L) (see
[CWZ2]).

THEOREM 3.3. Assume that (Q,&q), (J,&1), (B,&B) and (H,{m) are
monoidal Hom-bialgebras. Assume also (B,Ep) is a left (J,£;)-Hom-module
such that (B,—, Ap,&p) is an object of H(¥LM) and a right (Q,&q)-Hom-
comodule algebra, and (H,&r) is a left (J,&5)-Hom-comodule algebra and a
right (Q,&q)-Hom-module such that (H, <, Ag,&m) is in 7:[(LM5) Then

J7
the generalized double crossproduct (B (Dg) H, ép ® &) equipped with the

tensor product monoidal coalgebra structure is a monoidal Hom-bialgebra
whenever

(32) > &a(bor) ® hor + £5" (b)) @ & (h_1y) = boz ® &mr (hoo)
= hi—1y = bio ® hig = bi(ry ® ha(_1) — bao @ hao < by
forallbe B and h € H.

Proof. Since the proof is a simple checking, we leave it to the reader. =

EXAMPLE 3.4. In Example it is easy to see that (B,—,Ap,{p) is
an object in H(Bo, LM) and that (H, <, Apg,&y) is in H(LME.,). Note

(Hop Bcop)

that (B B H,¢p ® &pr) is a monoidal Hom-bialgebra. To see this, it
suffices to check that (3.2)) is satisfied, as follows:
Z hl(fl — b1o ® hig < bl(l) & hg(, 1) — bag ® hag < b2(1)

=Y S (h12) = bia @ hay < b1y @ S (hag) = byp ® hay - bay
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= ZT(blzz, ST (R12)) €5 (b121) ® hay < b
® S (ha2) = bao @ T(E5" (b21), ha11)Exr (haia)
= 7(ba11, S (h121))€p(b12) ® hay = biy
® S~ (ha2) = bay ® T(ba12, ha22) & (1)
(52 ZT(b217 h122S ™1 (h121))€p (b12)®h11 < b1 @S~ (hag)—bae®@Epr (hat)
= Z ¢p(ba1) @ hay = &5 (b1) © S™1¢," (ha) = bag @ Er(ha2)
= ¢nbor) @ hor = £5" (b)) ® &5 (h—1)) = boz ® &t (ho2)
Hop,peop)

for all b € B and h € H, and thus 1} is proved. Therefore B ( < H
= B i, H is a monoidal Hom-bialgebra.
(H°P,H™) . .
Analogously, we prove that H*°? ~ q ~ H = D(H) is a monoidal
Hom-bialgebra.

THEOREM 3.5. Assume that (Q,&q), (J,&s), (B,¢B) and (H,{m) are
monoidal Hom-bialgebras. Assume also that (B,&p) is a left (J,&5)-Hom-
module coalgebra and a right (Q,&q)-Hom-comodule algebra. Assume that
(H,&m) is a left (J,&7)-Hom-comodule algebra and a right (Q,&q)-Hom-
module coalgebra.

J?Q . . .
(a) B (D<1) H equipped with the temsor product coalgebra structure is a

monoidal Hom-bialgebra if and only if the following conditions hold:

(A1) b@ 1y =Ep(bo) @ (1n + b)),
lp®@h= (h( 1) = 1) ® & (ho),

(A2) Z&J — (boco) @ Em (o) < (bycq))
=3 (h_1y = bo) ((ho = b)) (1) = c0) @ (Ea(ho) < Eo(bay))o + Eoleqy),
(A3) Z(h(—ng(—n) — &B(co) ® (hogo) < &qlcq))
= &(h1)) = (€5(g-1) = €8(c0))o® (ho < (g(—1) = co) (1)) (g0 < €(1))s
(A4) Zh ) = bo @ ho < by

= Z e (h10)€s(hi(—1)) = b1 @ ha + &qQ(by(1))eB(b20)

= en(ha)és(ha-1)) = b2 ® hy < Eq(bir))en(bro),
(A5) > en(ho)Ap(h_1) —b)

= en(hio)hy—1) = by ® ho_1) = baz g (hao),
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(A6) > en(bo)Au(h + bpy)
= en(bio)h1 b1y ® ha < byryen(bao).
(b) If in addition (B,&p), (H,&x) are monoidal Hom-Hopf algebras, then
B ((ljﬁ) H is also a monoidal Hom-Hopf algebra with an antipode defined by
S(b>a h) = (1 5 Sy (h)(Sues" () = 1)
for allb,ce B and h,g € H.

Proof. (<) It is clear that ¢ is an algebra map, and A(lp ® 1g)
= 1p ® 1. Second, we will check that A is multiplicative, i.e. we need
to check

Zal 11— bo1) @ (ho1 < b(1y1)g1 ® az(h(—1y2 = bo2) ® (ho2 < b(1)2)92
= Zal —1) = b10) @ (h1o < bi(1))g1 @ az(ha—1) = b2o) @ (hao < b12))g2,
which is equlvalent to
(3.3) > (h—1y1 = bor) @ (hor <= bayr) ® (-—1y2 = boz) @ (hoa < b(1y2)
= (hy_1y = b10) @ (hao = bi(1y) ® (ha(_1) = b2o) @ (hao + baz)).
We calculate as follows:
Z(}h(— 1) = b10) ® (h1o = bi1)) ® (ho—1) = b20) @ (h2o < b(12))
Z er(h120)€5(hig(—1)) = b1z ® ha1 = §@(b11(1))eB(b110)
®@en(h210)€7(ha1(—1)) = bar ® hay  &q(bao1))em(ba2o)
= ZEH h9110)€5 (ho11(~1)) = € (ban1) © &' (ha)
 by1yeB(b10) @€ 1 (h2120)€7 (ha1a(—1)) =€ B (ba12) @ haa < £ (baa(1))e B (b220)
=2 > " en(h210)€5(hay—1)1) = €8 (ba11) @ &' (ha)
— biyen(b10) ® 5 (har(—1)2) = £B(b212) ® haa  €o(bag(r))e B (bazo)
(AO@D > e (ha20)&7 (has—1)1) = E(bazt) @ £ (M)
— byyen(b10) ® &5 (hag(—1)2) — £B(b222) @ hay + §q(ba11))eB(b210)
= Z e (h20)€7(ho—1)1) = b21 ® ha1 < &q(b11(1))
ep(b110) ® £y (ho(—1)2) = b2z ® hiz < £q(bia(1))eB(b120)
=4 Z er(h20)€(ho(-1)1) = ba1 ® ep(b10)hn1
— §@(biy1) @ Ey(ha—1)2) = bz ® h1a <+ EQ(bi(1)2)
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A4
) > (R = bo1) @ (hot = bayy) ® (h_1y2 = boz) @ (hoa + bay2),

and so is satisfied.

(=) Applying (id®e®id®¢) to both sides of , we get (A5); applying
(e®id®e®id), we obtain (A6); applying (ild®e®e®id) and (e®id®id®e),
we obtain (A4).

Finally, for any b<th € B 1 H, we have

(I%8)(brah)= Z(b1 > hy) (L 5 Suéy' (ha))(SpER (b2) = 1p))
=Y (5" (01) b 51 (m)) (1 29 Suéy' (ha))) (S (D) b 1ar)
(2-)x(A1) 37 (b1 &5 (A1) SEg (h2)) (Sp(b2) > 1)

21 A1
Z&H blSB bg l>41H Z&H 1BI>Q1H)

JJ
A similar calculation shows that S is an antipode in B ((Dd ) H,£5®&5) and

completes the proof. =

COROLLARY 3.6 ([LW]). Let (B,&p) and (H,&m) be monoidal Hom-bi-
algebras. Let (B,&p) be a left (H, & )-Hom-module coalgebra and (H,&x) a
right (B, &p)-Hom-module coalgebra.

(a) (B H,Ep®&p) equipped with the tensor product coalgebra structure
is a monoidal Hom-bialgebra if and only if the following four conditions hold:

(A1) 1y b=epb)ly, h—1lp=cy(h)lg,

(A2)  h—(bc) = Z(hl — £(b1)) (657" (ha) < b2) = ¢),
(As)  (hg) < c=) (h— (g1 = &5 (1)) (€r(g2) « c2),
(M) D m—=bi®hyby=> hy—by®hy by,

for all a,b € B and h,g € H.
(b) If (B,&) and (H,&m) are monoidal Hom-Hopf algebras, then

(B H, (g ® Ex) is also a monoidal Hom-Hopf algebra with an antipode
defined by

S(be<ah) = (1> Sp&t () (SpER (b) > 1p).
Proof. Apply the arguments used in the proof of Theorem .

COROLLARY 3.7. Let (J,&y), (B,&B) and (H,&m) be monoidal Hom-
bialgebras. Assume that (B,&g) is a left (J,&5)-Hom-module algebra and
(H, &) is aleft (J,&7)-Hom-comodule algebra.

(a) (B#{ H,Ep®&) equipped with the tensor product coalgebra structure
is a monoidal Hom-bialgebra if and only if
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(34) D hey—=b@&(ho) =Y em(hi0)és(hi1) = b @ Em(ha)

= ZeH hao)&( 2(—1)) = 0@ & (h).

(b) If (B,&p) and (H, ) are monoidal Hom-Hopf algebras, then
(B#7 H,ép @ €g) is also a monoidal Hom-Hopf algebra with an antipode
defined by

S(brah) = (1p > Suéy () (SpER" (0) >4 1),
Proof. By Corollary conditions (A1)—(A3) of Theorem hold. In

this case, (A6) is also true, and (A4) becomes (3.4).
As for (A5), we have

> en(hio)hy(—1) = b1 @ hy(_1y — baep (hao)
iE Z (h2o)ho(—1) = b1 @ e (h1o)hy(—1) — b2

-ZfJ —)b1®€H(h00)h0( 1)—>b2
:Zh(_1)1—>51®€[{(h0) 2—>l)2 Z5H ho)A )_>b)a

which completes the proof. m

J,
4. A coquasitriangular structure of (B (NQ) H, (g @ &) In this

section we investigate a relation between the coquasitriangular structure of
(J,Q)
(B > H7§B®§H) and (B7§B)7(H7§H>

We recall from [YW] that a coquasitriangular monoidal Hom-Hopf al-
gebra is a triple (A, &4, 0), where (A, €£4) is a monoidal Hom-Hopf algebra
over k and 0 : A® A — k is an invertible bilinear form on (A, £,4) satisfying
the following four conditions: for all x,y,z € A,

(BR1) o(xy,2) =Y o(x,21)0(y, 2),

(BR2) o(x,yz) = Za(azl, z)o(x2,y),

(BRs) Zg(xlayl)x2y2 = Zylxla(x%?h)a
(BR4) o(§a(r),8a(y)) = o(z,y).

If 0~ ! is the convolution inverse of o, we have

(BR} o~ :L‘y, Za (y,21)0 (:U 29),

o x ,YZ) ZU 371, U (532, z),
ZO'_ :El,yl Yoo = leylo 332,3/2)
o' (a(x),€a() = 07 (=, y).
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Hence, o} (z,5) = o(S(x),y) = o(z, 57 (y)) and o(la,z) = £a(x) =
o(x,14). Moreover, if (A, &4, 0) is coquasitriangular, then (A°P, €4, 0~ 1) and
(AP ¢4,071) are also coquasitriangular.

LEMMA 4.1. Let (B (Dq) H,(p®&m,0) be a coquasitriangular monoidal

Hom-bialgebra. Then there exists a u-skew pair monoidal Hom-bialgebra
(B, H,u) such that

J,
(4.1) BY H=Bs, H

with u(b,h) =6(b® 1,1 ® h).
Proof. Straightforward. =

J,
THEOREM 4.2. Let (B (Dg) H, &g @ &) be a monoidal Hom-Hopf al-
gebra. Let (B,&p,0) and (H, &, T) be coquasitriangular monoidal Hom-Hopf
algebras. Assume that (B, H,u) is a u-skew pair monoidal Hom-Hopf al-

gebra and (H,B,u) is a u-skew pair monoidal Hom-Hopf algebra. Then

J,
(B ( Q) H (g @&, ) is a coquasitriangular monoidal Hom-Hopf algebra

with

_ (J Q) (JQ)
o(a h,b 9) =Y _u(ar, g1)o(az, b1)7(h1, g2)v(ha, by),

if and only if the following four conditions hold:

(a) > w(h,cr)o(bea) =Y wv(ho + by, ea)a(h_) = bo, 1),
(b) > 7 l)u(b, 1) = > 7(ho = by, la)u(h_1) = bo, 1),
(c) Z (h1,c)T(ha, g) = ZT(thO — cy)v(h2, g—1y — o),
(d) > o(ar, cufaz, g) =Y ular, go + cy)o(az, g1y = co);
for all a,b,c € B and h,l,g € H.

Proof. First, we note that 6(1p ® 1g,b® 1) = ep(b)en(l) and o(a ® h,
1p ® 1) = ep(a)eg(h). By the definition of &, (BR4) is straightforward.
Next, for (BR1) we need to check that for all a,b,c € B and h,g,l € H,

J, J, J,
#((a 5 e 5 g), e (D?) 1)
J J, J,
= E h Cl( o2 ll)a'(b(bg)g,CQ(Dg) ZQ),
that is,

> ular, ln)o(ag, e11)7(ha, liz)v(ha, cra)u(by, I21)o (ba, €21)7(g1, l22) v (g2, 22)

= Z u(a1, l11)u(h(—1y1 = bo1, li2)o(ag, c11)o (h(—1)2 — boz, c12)
7(hot < b1y1,l21)7(g1, la2)v(ho2 < b(1)2, c21)v(g2, c22).
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This is equivalent to
(4.2) Zu(h(,l)l — bo1, ll>0(h(,1)2 — boa, Cl)T(h()l — b(1)17 12)
v(ho2 = b2, c2)

= Z hl,ll hg,cl) (bl,lg)U(bg,Cz).

(a) and (b) follow from (4.2) by respectively letting | = 1y and ¢ = 1p.
Conversely, we show that (4.2) holds as follows:

> 7 (b, ) v(ha, cr)u(by, la)o(ba, c2)

a),(b
( ):( ) ZT(th — bl(l)’ lg)u(hl(,l) — b1o, l1)U(h20 — b2(1), 62)

o (ha—1y — bao, c1)
(&) Z e (h110)u(E7(h1(—1)) = bir, 1) em (haio)
o (&1(ha1(—1y) = ba1, c1)ep(br20)7 (h12 < Eq(biaay), l2)
eB(b220)7 (ha2 &g (b)), 2)
= > en(ho)u(hy 1y — 5" (b1), l)em (haino)
0(53(@11(—1)) — €p(b211), 1) e (b2120) (€ (ha212)
— & (bara(1))s l2)e B (b220) 7 (haz  €o(baa(1)), c2)
= Ze?H hio)u(€m(hiy(~1)) = bin, 1) em (hizo)
0 (£1(P1a(=1)) = biz, c1)eB(ba10)7 (har = £q(bai(r)), l2)
eB(b220) (h22 — £q(bag(1)), c2)
ASLEA Z&‘H hio)u(Ex(hy—1y1) = bi1, 1) o (€5 (hy—1)2) = bi2, c1)
eB(b20)7 (h21 <= £q(bain), l2)T(h22 — &o(ba)2); c2)
= en(ho)u((Ea(hi1) = b1)1, 1) o (€5 (hy(_1)) = b1)2, c1)
eB(b20)7 ((ha <= £q(ba1)))1, l2) T ((h2 = Eq@(ba1y))2: c2)
(A Z u(h(—1y1 — bo1, l1)o(h(—1)2 = bo2, c1)
T(h01 < b(1)1)7 lg)T(hoz < b(l)Qa CQ).

Thus we have proved that (BR1) holds.
To prove (BR2), we have to show that

J, J, J,
& n 05 g 59 0)

J, J, s )
:Za(al(@hl,c(ﬁ)w (a1 D b g).

gla

Q|
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By the definition of &, we have

Zu(an, l1)u(aiz, go1 < cq1y1)o(az1, g(—1y1 — co1)o(azz, b1)
7(h11,l2)7(h12, go2 < cq)2)v(ha1, g(—1)2 — coz)v(haz, b2)
= Z u(air, l1)o(aiz, c1)7(hi, l2)v(haz, c2)ulas, g1)o(azz, b1)
7(ha1, g2)v(ha2, ba).

This is equivalent to

(4.3) ZU(CL1,QO1 — cay)o(az, g1y — co1)
7(h1, o2 < c)2)v(he, g—1)2 = co2)
= Z o(ay, c1)v(hy, c2)ulaz, g1)7(h2, g2)-

Letting a = 15 we obtain (c), and letting h = 15 we get (d). Conversely,
we check that (4.3) holds as follows:

> olar, er)v(hn, e2)u(az, g1)7(ha, go)
€L > ular, g0 < 1)) (az, gi(—1) = c10)7(h1, g2 < (1))
U(h2792(—1) — €20)
(/ﬁl) ZEB(CnoM(ahgm — fQ(C12(1)))0'(612» §J(911(—1)) —c11)
er(g110)e8(c220)7 (M1, 922 <+ &q(c1)))
v(h, £1(921(-1)) = ca1)emr(9210)
= > en(eanso)u(ar, €nga2) < £5(caz(1y)) o az, gi—1) = €5 (1))
en(g10)eB(caz0)7 (1, g22 + Eq(ca2(1)))
v(h, 5?7(9211(71)) — &p(ca11)) e (g2110)
= 263(0210)?1(@1,921 — &oleainy))olaz, €5 (g11(—1y) = c11)
EH(9110)€B(0220) (h1, 922 < €q(canny))v(ha, £5(g12(—1)) = €12))em(9120)
PLAS) 263 c0)u(ar, (92 + &q(ca)))1)o(az, (€5(g1—1)) = c1)1)
er(g10)7(ha, (92 FfQ(Cz ))2)v(ha, (E5(g1—1)) = c1)2)
= D u(ar, gar = cyn)o(az, g1y — con)7(h1, ga2  cye)
v(h2, g(—1)2 = co2)-

Thus we have shown that (BR2) holds.
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Finally, we check (BR3):

_, Q) (J,Q) (J,Q) (J,Q)
O’(CLl > hl,bl > gl)((ag > hg)(bg > gg))

= 3 wlonn, gz, €51 (00) (€ (), g12)0 (o, )0z 5 1)

(5 B €5 o) €51 02) B 1) (15 22 €574 00))

> ularr, gi1)o(arz, €5 (01))7 (€5 (h1), g12)v(hag, bas)

(65" (a2) " 1) (br B 1)) (15 2 han) (15 58 €5 (02))
P2 S w(ar, g1)o(azn, bin) 7 (R, gor)olhaz, €5 (b2)
(§B(aabi2) =l §u(h12922))
B2 S w(ar, g1)o (s, bia)T(hia, g22)o(hae, €5 (b2)
((p(b11a21) =l Er(ga1hir))
Y > ul€pt(an), &5 (911))0 (€5 (a2), bi2)T(haa, €57 (92)) v (haa, £ (b2))
(3 1) (65 ) B 1) (18 B €57 (9120)) (1o 5 € ()

> u(€g (a12), €5 (912))0 (65" (a2), b12)7(ha, £ (92))
v(hzz, €5 (b)) ((bry 58 W 6 ) (€5 @) 5 1)
(5 &g (hn))
PR ™ (st g21)0(a22, b ) (B, ga2)0 (o, bao) (b1 B4 gn)(ar 54 )

_, Q) (J,Q) (J,Q) (J,Q)
:ZU(GQ > h2,b2 > g2)((b1 > gl)(al > hl))

(]

(BR

lg)((1p o< 9

This completes the proof of Theorem .

5. The braided monoidal Hom-category ’H(J Mon) The aim of this

section is to construct a new braided monoidal Hom-category ’H(‘] Mon)

obtained from the given braided monoidal Yetter—Drinfeld Hom—category
H(JYD), H(yDg) and the structure of the generalized double Hom-cross-
product, and establish a kind of new quantum Yang—Baxter Hom-operators.
Furthermore, when (J, {y) and (Q, {g) are arbitrary two monoidal Hom-Hopf
algebras with bijective antipodes, we show that both H(JyD) and H(:VDQ)

are subbraided monoidal Hom-categories of H(J Mon)
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In this section we always suppose that (J,&;) and (Q,&g) are monoidal
Hom-Hopf algebras. If (M, &7, p7) is a left J-Hom-comodule and (M, €y, o)
is a right Q-Hom-comodule, we formally define p”(m) = Y- m_1) ® mg and
pfim) = S m® @ mM) for all m € M. If (M, &y, -5) is a left J-Hom-
module and (M, &y, @) is a right @Q-Hom-module, we formally represent
g JOM—Mby-;(l®m) =1-ymand-g : M®Q—M by -o(m®p) = m-qq,
foralll e J, g€ @ and m € M. B

A left-left Yetter—Drinfeld Hom-category H(fyD) is the category of ob-
jects (M, Enr, p”,-5) such that (M, &y, p7) € H('Mod) and (M, €&x,-5) €
H(;Mod), and the compatibility condition

(5.1) p’(l-ym) = Z(lufJ (m(_1)))S(l2) @ Er(li2) -7 Mo
is satisfied for all [ € J and m € M. B
Suppose that (M, &) and (N, Ey) are objects of H(JYD). Then their

tensor product is an object of H(ij) with the tensor product Hom-module
and Hom-comodule structures given by /-y (m®n) = > 11 -ym®I2-yn and
p’(m@n) =Y m_yyn1) @ (mo ®ng), for all m,n € M and | € J.

First, we note that the “prebraided” map 7y, n : M@N — N @M defined
by

Tan(men) = m1y - &yt (n) © Ear(mo)

for all m € M and n € N is a morphism of ﬁ(ij) The category
ﬁ(fyD) with the morphisms 7y n is a prebraided monoidal Hom-category
(see [LSh]); if Sy is bijective then 7ps n is an isomorphism and then ﬁ(ij)
is a braided monoidal Hom-category.

Similarly, a right-right Yetter—Drinfeld Hom-category ﬁ(ypg) is the cat-
egory of objects (M, &nr, p%,-q) such that (M,&x, p%?) € H(Mod?) and
(M, €pr,-q) € H(Modg), and the compatibility condition

(5.2) PQ(m ‘Qq) = Z mo -Q §Q(q12) ® (5(6111)5531(7”(1)))%
is satisfied for all ¢ € Q and m € M.

Suppose that (M, &yr) and (N, €y) are objects of ”H(yDQ) Then their
tensor product is an object of H(yDQ) with the tensor product Hom-module
and Hom-comodule structures given by (m®n)-gq¢=> m-qq1 ®n-q ¢
and p?(m @ n) = 3 (m°® @ n%) @ mMWn® for all m,n € M and ¢ € Q.

Next, we note that the “prebraided” map 7ps,n : M QN — N @M defined
by

Fun(men) =Y En(n®) @&l (m) -y nt)

for al m € M and n € N is a morphism of ’H(yDQ) The category
(yDQ) with the morphisms 77, is a prebraided monoidal Hom-category
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(see |[LSh]); if Sg is bijective then 7y n is an isomorphism and thus ’ﬁ()ﬂ)g)
is a braided monoidal Hom-category.

DEFINITION 5.1. Let (M, &)7) be an object of #(yMod) and of H(Modg).
We call (M, &) a J-Q-Hom-bimodule if (M,&n,-g) € H(Modg) and the
compatibility condition
(5-3) (L-gm)-q&qlq) = &) -5 (m-qq)
is satisfied for all [ € J, m € M and q € Q.

DEFINITION 5.2. Let (M, £)7) be an object of H(yMod) and of H(Mod®).
We say (M, &nr) is a J-Q-Hom-bicomodule if

(5.4) Y& mey) @ (m§emY) =3 (md_) @ mf) @ &5t (m™)
for all m € M.

DEFINITION 5.3. Let (M,&um,-7,-Q) be a J-Q-Hom-bimodule, and
(M, §M,,0J,pQ) be a J-Q-Hom-bicomodule. We call (M, fM,,OJ,'J,PQNQ)
a generalized Yetter—Drinfeld-Long Hom-module over (J,&;) and (Q,&q) if

(M, &nr, p”, - 7) is an object ofﬁ(ij), (M, €pr, p2, ) an object ofﬁ(yDg),
(M, &, p”7, ) an object of f[(JLMQ) and (M, &y, p@,-7) an object of
H(;LM®).

REMARK 5.4. (a) (M, &, p”,-q) is an object of H(/LMyg), i.e
(5.5)  pl(m-gq) = ZEJ ) ® mg Qé’Q(), Vge @, me M.
(b) (M, Enr, p9,-7) is an object of H(;LM®), i.e.
(5.6) Quym) =30 yml @eom®), Ve me M.

For any monoidal Hom-Hopf algebras (J,&;) and (Q,&q), H (JMon) is
the category of generalized Yetter—Drinfeld—Long Hom-modules. The mor-
phisms in 7—[(‘] Mon) are left J-Hom-module, left J-Hom-comodule, right
@-Hom-module and right Q-Hom-comodule maps.

Now we are able to prove the following useful result.

PROPOSITION 5.5. (a) The tensor product of two generalized Yetter—
Drinfeld-Long Hom-modules (M,&y) and (N,En) is again a generalized
Yetter—Drinfeld—Long Hom-module.

(b) The category ﬁ(fModg) is a monoidal Hom-category.

Proof. We have to show that (M ® N, &y ® En) is a generalized Yetter—
Drinfeld-Long Hom-module. For all l € J, ¢ € Q, m € M and n € N, we
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have

PRl -7 (m®n)) :ZpQ li-gm®ly-yn)
=> ((lhym)° @ (2 -sn)°) @ (ly -5 m)V(ly -y n)™
B 5 (6510 om0 @ 657 12) s 1) ® €g(mD)eg(n)

= ngl(l) 7 (m @ n®) @ &g (mWn),
and (5.6) is proven. Also

p’(m®n)-qq) = Zﬂj(m QU RN Q)
= Z m-Q QI (n Q QQ)(—l) ® ((m Qq)o® (n-g q2)0)
.Z Er(m—1))€r(n-1) @ (mo @ €51 (@) @no - £5' (@2))

= &i(myny) ® (m&n)o - 55" (9),

as needed. It is stralghtforward to Check that (M ® N, &y ® En) is both a
J-Q-Hom-bimodule and a J-Q-Hom-bicomodule. Thus (M ® N, &y ® En)
is a generalized Yetter—Drinfeld—Long Hom-module.

It is now clear that the tensor product defines a functor ”H(‘] Mon)

H(J Mon) — H(J Mon). It is obvious that the trivial J-Hom-action,
Q- Hom—actlon J-Hom- Coaction and Q-Hom-coaction given by

1y @ q=¢e(@)lm, Loy lv =e(l)1n,
PPm) =1y ®1q, p/(ln) =17 1n
make k into an object of 7—[(‘] Mon) It is clear that k is a unit object of

’H(‘]Mon) Let (U, &u), (V,&v) and (W, &) be generalized Yetter—Drinfeld—
Long Hom—modules The isomorphisms

avyw:(UV)eW =Ux (VeW),
(0@ ) & W s &r(u) @ (v @ G (w)),
v:U®@k—=U, u®lw—&y(u),
ly:k@U—=U, 1Qu~— &y(u),
obviously satisfy the pentagon axiom and the triangle axiom [CGJ. Hence
ﬁ(ﬁModg) is a monoidal Hom-category. m
In what follows, let (M, £xr), (N, €x) € H(JModg). Set

(5.7) Yy N (m®n) Zm gn’@mg - Qn(l)

for all m € M and n € N.
The following theorem is one of the main results of this section.
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THEOREM 5.6. Assume that Wy N is as in (5.7)).

(a) YNy : M ®N— N®M is a morphism in ﬁ(jModg).

(b) For any objects (M,&nr), (N,&n) and (P,&p) in ﬁ(jModg),
an,p,m © Yar,Nep © ay,n,p = (idy ® Yar,p) o anar,p o (Vv ®idp),
aphyn © Unen.pody y p = Tarp ©idy) 0y py o (idar © Wy, p).

(c) If the antipodes Sy and Sg are bijective then Wyr N s an isomorphism.
Therefore, the family of maps

UYyun:MOIN—NM, m®n&—>Zm Jn & myg Qn(l)

defines a braiding on ﬁ(fl\/[odg), the category of generalized Yetter—
Drinfeld—Long Hom-modules.

Proof. (a) It is sufficient to show that ¥ys n are left J-Hom-module, left
J-Hom-comodule, right -Hom-module and right )-Hom-comodule mor-
phisms. For all [ € J, m € M and n € N, we calculate:

V(g (men) =Y (i -gm)1y -5 (2-5n)° @ (- m)o-q (la -y )V
> U ym)cy g (65 (1) o) @ (b -y m)o g Eo(n™)
> & (€5 (m1)S(2))l2) - En (1)

@ (£5(l12) -5 mo) -@ So(nth)
= & ((umy )(5(521)122)) 7 & (%) @ (hz -5 mo) -q So(n™)
=D (& Wmn) g En(n®) ® (€57 (12) -7 mo) -q Eo(nV)

&3 Z Ly (m(fl) " no) ®ly -y (mo-gnV) =15 ¥y ny(m@n),

and so ¥y n is a left J-Hom-module map.

Similarly, by using (5.2)), (5.3) and (5.5) one can show that ¥y, y is a
right @-Hom-module morphism. Also

pQ o Wy N(m @ n)

- Z((m(—l) - nO)O ® (mo -q n(l))o) ® (m(_1) - nO)(l)(mO Q n(l))(l)
(5-6) _

S (67 m 1)) -0 1%) & (mo g nV)) @ o (n"D) (mg - n) D

S (€5 tmy) 0 1) @ g o n)) @ ()
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=3 (€5 () 1 E51 () @ m -q Eq(ny))

2 (Eo(n1))S&o(n]y)) (m éq (nsy)
=> (& (my) s n® @mf o n°Y) & go(mg)nt
.Z % @md-on’M) @ mWnM) = Wy, xy @idg) 0 p%(m @ n),

and this proves that ¥ n is a right @-Hom-comodule map.

A similar check shows that ¥y, y is a left J-Hom-comodule morphism.
Hence ¥ n is a morphism in ﬁ(jModg).

(b) For any m € M and n € N, and p € P, one obtains

an,pm ©Yn Nep © dyvnp((Mm®@n) @ p)

= an,p (Epr(m) (1) (° @ €51 (D)°) ® Enr(m)o @ (RVeR (p)M))
= &n(&r(may) -an®) @ (E5(m_1y2) v &5 (0°)

wmo-q (&' (M) (™))
= en(me_1y s n°) ® (Es(mo(-1y) - &5 (0°)

® (moo -@ &5 (n™M)) 0 €5 (0™))

Z&v(m(q) 1)@ ((mo -@nM) 1y -y &1 (")

@ (mo - nM)o ¢ &5 (™M)
= (idy ® WM,P)(Z Env(m—1y -an®) ® (mo @ n! ®§;1(P))>
= (idy ® ¥pr,p) © an,m,p o (PN ®idp)((m @ n) @ p),

and so the equatlity &N,P,M o WM,N@)P o) dMvap = (ldN & LpMjp) o &N,M,P o
(YN ®idp) is proven.
Similarly, we prove

dphsn ©YMeN.p oy v p = Wap ®idy) ody) py o (idy ® ¥y p).
(c) We set
Py n(m@n) = Zno - So(m ®S’ Y(n (1))-J'm0.
We check that ¥, n is bijective as follows:
s (m @) = U (Dm0 g So(m®) @ 57 (n 1) -sm")
= (noq So(mM)) 1y (S5 (n_y)) -7 m°)°
® (no @ So(m™M))o g (87 (n(_1)) -y m")M
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3,69 Zf 7(no(=1)) (551551(”(71)) -y m%)

® (noo @ Saég' (mM)) g &o(m"M)

= Z(n(—1)25}1(n(—1)1)) ym® ®ng-q (So(m$ymY) = id(m @ n),

and so Yy, MWJ/\/I, N = idpgn. Similarly, WJ/V, wPu N = idyen. It follows that
g’fv[lN =N -

Therefore, by Proposition ﬁ(jModg) is a braided monoidal Hom-
category. m

COROLLARY 5.7. Let (M, &) be an object in ﬁ(jModg). Then W v
satisfies the following Yang—Baxter Hom-condition:
(WM,M ® idM) oato (idM ® !pM,M) oao (WM,M ® idM)
= (idp @ Wasar) 0 @o (Warar @idps) 0@t o (idar @ Wagar) 0 @
REMARK 5.8. In general, assume that ﬁ(C) is a braided monoidal Hom-
category. A subcategory H(C’l) of H(C) is called a subbraided monoidal

Hom-category of H(C) if H(C}) itself is a braided monoidal Hom-category
according to the braided monoidal structure over H(C)

A straightforward checking yields:

THEOREM 5.9. Under the notation of Remark [5.8, the categories
(JyD) and H()JDQ) are the subbraided monoidal Hom-categories of

H@Modg) :

REMARK 5.10. Equality (2.1) can be obtained from the braided ¥y g as
follows:

(axxh)(bag) = (mp@mpg)oaoc (idpg®a)o (idp @ ¥y p ®idy)
o(idp®a)oa((a®h)® (b® g)),
where mp and my are multiplications of B and H respectively.
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