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Existence and uniqueness of group structures on
covering spaces over groups

by

Katsuya Eda (Tokyo) and Vlasta Matijevié¢ (Split)

Abstract. Let f : X — Y be a covering map from a connected space X onto a
topological group Y and let zop € X be a point such that f(zo) is the identity of Y. We
examine if there exists a group operation on X which makes X a topological group with
identity xo and f a homomorphism of groups. We prove that the answer is positive in
two cases: if f is an overlay map over a locally compact group Y, and if Y is locally
compactly connected. In this way we generalize previous results for overlay maps over
compact groups and covering maps over locally path-connected groups. Furthermore, we
prove that in both cases the group structure on X is unique.

1. Introduction and main results. A covering map f : X — Y
between topological groups, which is a homomorphism of groups as well,
is called a covering homomorphism. In the theory of covering maps over
topological groups the following question naturally arises:

Let f: X — Y be a covering map from a connected space X onto a
connected topological group Y and let p € X be a point such that
f(zo) is the identity of Y. Is it possible to define a group operation
on X which makes X a topological group with identity x¢ and f a
covering homomorphism?

The answer is positive (and known for a long time) if X is path-connected
and Y is path-connected and locally path-connected [I2, Theorem 79]. In
that case the operation on X is defined by lifting of paths. In particular,
any covering map f : X — Y from a connected space X onto a Lie group
Y is a covering homomorphism. Recently, several authors have considered
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the question in the case of covering maps over arbitrary compact connected
groups. Firstly, it was shown that the answer is positive if f is finite-sheeted
([6, Section 1 and 2] and [7, Theorem 1]). Previously, the positive answer was
obtained for finite-sheeted covering maps over compact solenoidal groups,
but using different methods [8, Theorem]. In [6] and [7] the investigation
was motivated by applications to the theory of algebraic equations with
continuous coefficients [0, Sections 3 and 4] and by finding algebraic criteria
for triviality of covering maps over groups ([0, Section 4] and [7} Section 4]).
We refer the reader to those references for more on this topic.

The finite-sheeted case for arbitrary compact connected groups was also
proved independently in [2, Lemma 2.9]. In [2] and [7], f is presented as the
inverse limit of a pull-back expansion of finite-sheeted covering maps f :
X — Y, over compact connected Lie groups Y), and the group operation
on X is induced by those on X).

Trying to solve the infinite-sheeted case, it was noticed that any cover-
ing homomorphism between topological groups is a special covering map,
namely an overlay map ([3, Theorem 2.2] and [I, Corollary 3.8]). Then it was
proved that for any overlay map f : X — Y from a connected space X onto
a compact connected group Y there is a group structure on X with identity
xo making f a covering homomorphism (3, Theorem 2.4, Corollary 2.5] and
[T, Corollary 7.3]). In [3] the proof was based on the fact that a covering map
f: X — Y from a connected space X to a compact group Y is an overlay
map if and only if f is the inverse limit of a pull-back expansion of covering
maps f) : X) — Y, onto compact connected ANRs Y) [3, Theorem 2.4].

We recall that the notion of an overlay map was introduced by R. H. Fox
in 1972 in an attempt to extend the classical classification theorem of cov-
ering space theory to arbitrary connected metric spaces ([4], [5]). Every
overlay map is a covering map, and the converse holds in some cases: if Y
is a connected locally connected paracompact space [0 Lemma 4] or if Y
is a connected paracompact space and the number of sheets is finite [10]
Theorem 1] (see also [5, Theorem 3] for the metric case). In the case of
surjective maps between metrizable spaces, overlay maps are characterized
as local isometries [I, Example 4.12 and Theorem 5.4]. Finally, the ques-
tion was answered in the negative by constructing connected spaces X and
infinite-sheeted covering maps f : X — X over solenoids X, i.e. compact con-
nected 1-dimensional abelian groups, which do not admit a topological group
structure on X making f a covering homomorphism [3, §3]. Note that the
constructed maps f : X — X are covering maps which are not overlay maps.

The aim of this paper is to investigate the existence and uniqueness of
a group structure on the total space X of a covering map f: X — Y over a
group Y which makes f a covering homomorphism generalizing the results
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obtained for overlay maps over compact groups and covering maps over
locally path-connected groups. To do that we introduce a new notion of “f-
compactly connected” and its local version, and then consider two particular
cases: overlay maps from connected, f-compactly openly connected spaces,
and covering maps from connected, locally f-compactly connected spaces.
We prove that in both cases there exists a group operation on X making
X a topological group with identity zp and f a homomorphism (precise
definitions of the relevant notions will be stated later):

THEOREM 1.1. Let f : X — Y be an overlay map from a connected
space X onto a topological group Y and let xy € X be such that f(zg) is
the identity of Y. If X is f-compactly openly connected, then there exists an
operation - on X such that (X, -) is a topological group with identity o and f
is @ homomorphism of groups. In addition, if x# € X is another point such
that f(x#) is the identity of Y, and -# is the corresponding operation with
identity x#, then the topological groups (X,-#) and (X,-) are isomorphic.

THEOREM 1.2. Let f : X — Y be a covering map from a connected
space X onto a topological group Y and let xy € X be such that f(xzg) is
the identity of Y. If X is locally f-compactly connected, then there exists an
operation - on X such that (X, -) is a topological group with identity o and f

is @ homomorphism of groups. In addition, if x# € X s another point such

that f(xo#) is the identity of Y, and -# is the corresponding operation with
identity m#, then the topological groups (X, -#) and (X,-) are isomorphic.

In addition, if YV is an abelian group, then so is X (Corollary .
The group operation on X is given explicitly by lifting chains of open sets,
following, in a way, the definition given by lifting paths for covering maps
over connected locally path-connected groups. Since a connected total space
X of a covering map f over a locally compact group is f-compactly openly
connected, Theorem implies that an overlay map from a connected space
onto a locally compact group is a covering homomorphism (Corollary .
In this way we generalize a previous result for overlay maps over compact
groups. On the other hand, since path-connectedness implies compact con-
nectedness, and local path-connectedness implies local compact connected-
ness, Theorem[1.2)generalizes the case of covering maps from path-connected
spaces onto path-connected, locally path-connected groups. Hence we answer
the starting question in the positive for overlay maps over locally compact
groups and covering maps over locally compactly connected groups. In ad-
dition, we prove that in these cases the group operation is unique:

THEOREM 1.3. Let f : X — Y be a covering map from a connected space
X to a topological group Y and let xg € X be such that f(xq) is the identity
of Y. If one of the following conditions holds:
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(1) f: X =Y is an overlay map and Y is locally compact,
(2) X is locally f-compactly connected,

then there exists a unique group structure on X making X a topological
group with identity xo and f a homomorphism.

All topological groups in this paper are Hausdorff.

2. Basic notions. Let f: X — Y be a continuous map and let B C Y
be a non-empty open set in Y. We say that B is evenly covered by f if there
exists a family Ap = (A%, 0 € Sp) of open sets in X, indexed by a set Sp,
provided the following three conditions are fulfilled:

(C1) f7H(B) = Uses, A%
(C2) AZN AL =0 for o # T,
(C3) flag : AL — B is a homeomorphism.

In that case we also say that Ap = (A%, 0 € Sp) evenly covers B (with
respect to f) and each A%, o € Sp, is called a sheet (or a slice) over B.
Let B be an open covering of Y and let (Ap, B € B) be a collection of
families Ap = (A%, 0 € Sp) of open sets in X. If Ap evenly covers B for
every B € B, then A = (A%, B € B, o € Sg) is an open covering of X
and we say that (A, B) is a covering pair for f : X — Y. Recall that a map
f: X — Y is a covering map provided it admits a covering pair (A, B). Note
that a covering map is an open surjection and a local homeomorphism.

LEMMA 2.1. Let (A, B) be a covering pair for a covering map f : X — Y.
If B,B’ € B intersect, then card Sp = card Spr = card f~1({y}) for all
y € BUB'. If Y is connected, then all the fibers f~1({y}), y € Y, and all
the indexed sets Sp, B € B, have the same cardinality.

Proof. Let B,B' € B with BN B" # (. If y € B, then the fiber
f71({y}) intersects each sheet A%, o € Sp, in a unique point. Consequently,
card f1({y}) = card Sp is constant on B. Analogously, if y € B’, then
card f~1({y}) = card Sp/ is constant on B’. Since BN B’ # (), it follows
that card Sp = card Sp = card f~'({y}) for all y € B U B’. Assume
that Y is connected and let y,y’ € Y be distinct. There exists a finite
chain By,...,B, € B such that y € By, v € B, and B; N Biy1 # 0
for i = 1,...,n — 1. Then card f~1({y}) = card Sp, = cardSp, = --- =
card Sp,_, = card S, = card f1({¢/}). =

According to the previous lemma, if (A, B) is a covering pair for f :
X — Y and Y is connected, then all B € B have the same number of sheets
and one can use the same index set S, with card. S = s, for all sets Spg,
B € B. In this case A = (A%, B € B, o € S) and we refer to S as the
index set of the pair (A, B) and f is said to be an s-sheeted covering map.
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Furthermore, depending on s being finite or infinite, we say that f is finite-
sheeted or infinite-sheeted. In particular, if f : X — Y is a covering map
from a connected space X, then f is s-sheeted for some cardinal s.

A covering pair (A, B) for a covering map f : X — Y is said to be an
overlay pair for f provided the following additional condition is fulfilled:

(C4) If B,B’ € B and BN B’ # (), then every o € Sp admits a unique
o' € Spr such that AL N A%, # 0.

A covering map f : X — Y is said to be an overlay map provided it admits
an overlay pair (A, B). The notion of an overlay map was introduced by
R. H. Fox in 1972 ([4], [5]). However, he considered only overlay maps over
connected metric spaces. Later on the notion was extended to arbitrary
connected spaces Y ([9]), and recently a different view on overlay maps over
arbitrary spaces Y was given via star refinements of open covers [I]. We
remark that in [9], besides (C4), it was required that the covering B be
normal. Recall that an open covering is called normal (or numerable) if it
admits a subordinated partition of unity. Since in a paracompact space each
open covering is normal, the definitions given by Fox and those in [9] and [I]
coincide if Y is paracompact and connected.

If (A,B) and (A, B') are covering [overlay] pairs for f: X — Y, we say
that (A’, B') refines (A, B) and write (A’, B") < (A, B) if for every B’ € B’
there exists B € B such that B’ C B, and for every o/ € S = Sp there
exists 0 € Sp such that A’g, C A%. If (A,B) is a covering [overlay] pair
for f and an open covering B’ refines B, then naturally, by setting A'g, =
f~YB') N A for B’ C B, we get a covering [overlay] pair (A’,B) for f
which refines (A, B).

It is known that a covering map f : X — Y over a connected para-
compact space Y is an overlay map if f is finite-sheeted [10, Theorem 1] or
if Y is locally connected [9, Lemma 4]. In both cases it is proved that for
arbitrary covering pairs (A, B) and (A’, B') for f there exists an overlay pair
(A", B") which refines both (A, B) and (A, B'). However, the assumption
that Y is connected does not play any essential role in those proofs, and it
is easy to see that the following holds:

LEMMA 2.2. Let f : X — Y be a covering map over a paracompact
space Y. If all the fibers of f are finite or if Y is locally connected, then f
is an overlay map.

LEMMA 2.3 ([3, Theorem 2.2]). Let f : X — Y be a covering map
between topological groups. If f is a homomorphism of groups, then f is an
overlay map.

For a covering map f : X — Y, a pair (A, B) consisting of a family A
of open sets in X and of a family B of open sets in Y is said to be a partial
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overlay pair for fif f|{JA:|JA — B is an overlay map with overlay pair
(A, B). In that case we also say that f: X — Y is a partial overlay map.

LEMMA 2.4. Let f: X — Y be a covering map and let B a family of
open connected subsets of Y such that BU B’ is evenly covered by f for any
B, B’ € B with BN B’ # (). Then there exists a family A of open connected
subsets of X such that (A, B) is a partial overlay pair for f, and the family
A is uniquely determined by B and f. If B is a covering of Y, then (A,B)
s an overlay pair for f.

Proof. By assumption, each B € B is evenly covered by f; let A be the
family of all sheets over all B € B. Each B € B is connected, so A consists
of open connected subsets of X.

We claim that f|JA: |JA — B is an overlay map with overlay pair
(A, B). Obviously (A, B) is a covering pair for f||J.A. Let B, B’ € B with
BN B # () and let A € A be a sheet over B. Then there is a connected
component A’ of f~1(B’) such that A’NA # (). Since f evenly covers BUB’,
A’ is unique. Hence (A, B) is a partial overlay pair. Uniqueness of A follows
from connectedness of members B of B. If B is a covering of X, then A is a
covering of X, since each B € B is evenly covered by f. Hence, (A, B) is an
overlay pair for f. =

Note that the claim of Lemma for the locally connected case easily
follows from the previous lemma. Namely, in a paracompact locally con-
nected space Y each open covering of Y has a star refinement consisting of
open connected sets. Consequently, for a covering map f : X — Y we can
find a covering B of Y consisting of open connected sets such that B U B’
is evenly covered by f for any B, B’ € B with BN B’ # (), and the lemma
applies.

A neighborhood V of the identity of a topological group is called sym-
metric if V.=V ~L

LEMMA 2.5. Let f: X — Y be a covering map over a locally connected
topological group Y, K a subset of Y, and U a neighborhood of the identity
e of Y such that f evenly covers each Uy for y € K. Then there exists
a symmetric connected open neighborhood V- C U of e such that the family
B = (Vy,y € K) admits a partial overlay pair (A, B) for f and A is uniquely
determined by B and f.

Proof. Choose a connected symmetric open neighborhood V of e such
that V3 C U and set B = (Vy,y € K). Suppose that Vy N Vy' # ) for
v,y € K. Then there are vy, v € V such that voy = v1y/. Hence v/ € VVy
and Vy' CVVVy C Uy. Now we get VyUVy' C Uy and VyUVy/' is evenly
covered by f. By Lemma we get the desired partial overlay pair (A, B)
for f. m
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For a covering map f : X — Y, we say that a space X is f-compactly
connected [f-compactly openly connected] if for any points a,b € X there
exists a [an open| connected subset C' of X such that a,b € C and the

closure f(C) is compact. If f : X — Y is a covering map from a connected
space X onto a compact space Y, then obviously X is f-compactly openly
connected.

A space X is said to be compactly connected if X is id x-compactly con-
nected. Note that each compact connected space and each path-connected
space is compactly connected.

The next lemma is a direct consequence of the Iwasawa structure theorem
[11, §4.13].

LEMMA 2.6. Let X be a connected locally compact group. Then there ex-
ist a compact connected subgroup K and a subspace S containing the identity
such that X = SK and S is homeomorphic to the euclidean space R™ for
some non-negative integer n, where R® = {0}. In particular, X is homeo-
morphic to the direct product K x R™.

Proof. If X is compact, then S = {e}, e is the identity of X, and K = X
satisfy all the requirements for n = 0. Assume that X is not compact. Ac-
cording to the Iwasawa structure theorem [11} §4.13], X contains a compact
connected subgroup K and subgroups Hi, ..., H, all isomorphic to the ad-
ditive group R such that each x € X can be uniquely and continuously
decomposed in the form x = hy---hyk, h; € H;, k € K. Denote by S
the subspace Hj --- Hy. Then S contains the identity e, X = SK and S is
homeomorphic to R", n > 1. Since SK is homeomorphic to K x R", n > 0,
we get the second claim of the lemma. =

Since the direct product of two compactly connected spaces is compactly
connected, the preceding lemma implies:

LEMMA 2.7. A connected locally compact group is compactly connected.

It is easy to see that if X is compactly connected, then it is f-compactly
connected for any covering map f : X — Y. We remark that connected
covering spaces over solenoids constructed in [3] are not compactly con-
nected, so there exist covering maps f : X — Y such that X is f-compactly
connected but not compactly connected.

For a covering map f : X — Y, the space X is said to be locally f-
compactly connected if for any a € X and any neighborhood U of a there
exists a neighborhood V' of a with the property that for any b € V there
exists a connected subset C of U such that a,b € C' and f(C') is compact.

A space X is said to be locally compactly connected if X is locally id x-
compactly connected. Obviously, each locally path-connected space is locally
compactly connected. If X is locally compactly connected, then X is locally
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connected. The converse holds if X is locally compact. In particular, the
following holds:

LEMMA 2.8. Let X be a path-connected locally compact group. Then the
following statements are equivalent:

(i) X s locally path-connected.
(ii) X is locally compactly connected.
(iii) X is locally connected.

Proof. (1)=(ii) and (ii)=-(iii) are obvious, while (iii)=-(i) follows from
[13, Theorem 3]. m

We remark that there exist non-locally compact, connected groups
that are locally compactly connected, but not locally path-connected. An
example is the product Gy X G of an infinite-dimensional normed space G
and a compact, connected, locally connected, non-locally path-connected
group (1. For G; one can take the Pontryagin dual of the infinite direct
product of copies of the integer group.

LEMMA 2.9. If a space X is connected and locally compactly connected,
then X is compactly connected.

Proof. Choose ap € X and let X be the subset of X consisting of those
a € X such that there exists a compact connected set C' with ag,a € C.
First note that X is not empty, since ag € Xj.

We claim that X is clopen in X. Let a € Xy and let U be a neighborhood
of a. Take a neighborhood V' C U of a obtained from the local compact
connectedness of X. Then for each b € V there exists a connected compact
set C' with ag,b € C, which proves that V' is contained in Xy. Hence, X is
open. Assume that a € Xy. Choose a neighborhood U of a and let V be a
related neighborhood of a obtained from the local compact connectedness
of X. Since V N Xy # 0, it follows that a € Xy. Hence Xy is closed. By
assumption, X is connected, so Xg = X and we have the conclusion. =

If a space X is locally compactly connected, then it is locally f-compactly
connected for any covering map f : X — Y. The converse is considered in
the next lemma.

LEMMA 2.10. If X is locally f-compactly connected for some covering
map f : X — Y over a reqular space Y, then X is locally compactly con-
nected.

Proof. Pick a € X and a neighborhood U of a. Since f is a covering map
over a regular space Y, X is regular as well. Hence, there is a neighborhood
Up of a such that Uy C U and f|Uy : Up — f(Up) is a homeomorphism.
By assumption, there is neighborhood V' of a such that for any b € V' there
exists a connected subset C of Uy with a,b € C' and with f(C) compact.
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Since C' C Uy, the set C is homeomorphic to f(C) and is compact. Hence,
V' has the required property that for any b € V' there is a connected set
C C U such that a,b € C and C is compact. m

3. Proofs of Theorems and Let f : X — Y be a covering
map from a connected space X onto a topological group Y. Our aim is to
prove that there is a group operation on X making X a topological group
and f a group homomorphism in two cases: (i) f is an overlay map and X
is f-compactly openly connected, (ii) X is locally f-compactly connected.
To do that, we will follow, in a way, the idea given in [I2 Theorem 79| for
connected, locally path-connected spaces, but instead of lifting paths we will
lift chains of open sets and use related finite sequences. Those sequences will
play the role of paths and homotopies in covering space theory.

DEFINITION 3.1. Let A be a family of open sets in a space X. A sequence
ag, - - ., ap of points in X is called an A-sequence if there exists a sequence
Ag, ..., Ap_1 of elements of A such that a;,a;11 € A; for all 0 <i<n—1.

The sequence ay, ..., a, obtained in the next lemma is called the A-lift
of the B-sequence vy, . .., y, starting from ag.

LEMMA 3.2. Let (A,B) be a partial overlay pair for a covering map
f:+X =Y and let yo,...,yn be a B-sequence in Y. If ay € |JA with
f(ao) = yo, then there exists a unique A-sequence ag, ..., a, in X such that
fla;) =y; for 0 <i<n.

Proof. Since yo, . .., y, is a B-sequence, there exists a sequence By, . .., B,
of elements of B such that y;,y;11 € B; for 0 < i <n—1. Let Ay € A be
unique such that g € Ay and f|Ag : Ay — Bp is a homeomorphism. By
the overlay property of (A, B) there are unique Aq,..., A,_1 € A such that
AiNAigg #Dfor 0 <i<n-—2 and fl|A; : A; > B;, 1 <i<n-—1,is
a homeomorphism. Since each f|A4; is a homeomorphism, we have a unique
a; € A; such that f(a;) = y;. Since y;, yi41 € B; and A;NA;11 # 0, it follows

that a;41 € A; for 0 < i < n — 1. Hence, ag,...,a, is an A-sequence with
the required property.
It remains to prove the uniqueness of ao, . .., an. Assume that aj, ..., a;,

is another A-sequence such that a, = ag and f(a}) = y; for 0 < i < n. Then
there exist Ay,...,A;,_; € A such that a},a;,, € A} for 0 <i <n — 1. For
each i = 0,...,n — 1 set B, = f(A)) € B and note that f|A; : A, — B
is a homeomorphism and y;,y;+1 € B.. By induction on i we will prove
xz; = ) for ¢ = 0,...,n. We have ap = a(, by assumption. Assume that
a; = a,. Then A; N A} # (), and since (A, B) is an overlay pair, it follows
that f|A;NA,: A;N A, — B;N B, is a homeomorphism. On the other hand,
Yi+1 € B; N B. and we conclude that a;11 = a 41, which proves the claim.
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Note that in this way we also prove that the A-sequence ay, ..., a, does
not depend on the choice of the elements B; of B such that y;, y;+1 € B; for
0<i<n—1.m

LEMMA 3.3. Let V be a symmetric neighborhood of the identity of a
topological group Y. Then z € yV NVy if and only if y € z2VNVz.

Proof. Suppose that z € yV N Vy. Then y~'z,2y~! € V, and conse-

quently 2z ty,yz=! € V™! = V. Hence, y € 2V N Vz. The statement is
self-symmetric and the converse also holds. =

LEMMA 3.4. Let K be a compact subset of a topological group Y and
let U be a neighborhood of the identity e of Y. Then there exists an open
symmetric neighborhood V' of e such that VyVy=' C U for everyy € K.

Proof. Assume the contrary, i.e. for each open symmetric neighborhood
V of e there exists y € K such that VyVy~! ¢ U. Let V., be the set
of all open symmetric neighborhoods V' of e. For V' € V., consider the
non-empty set Sy = {y € K : VyVy~! ¢ U}. Note that Sy C Sy for
W C V. Since K is compact, the intersection ({Sy : V € V.} is non-
empty; choose gy in that intersection. Then there exists Vp € V. such
that VOQyOVOQyO_1 C U. Since yy € ST/O, there is y1 € yoVo N Voyo N Sy,.
Then Vo1 Voy; b € VoVoyoVoVy tygt = VidwoVidyy ' C U, which contradicts
y1 € Sy, =

From the previous lemma it follows that for any compact subset K of a
topological group Y and any neighborhood U of the identity e of Y there
exists an open symmetric neighborhood V of e such that yVy~! C U for
every y € K.

Let (A, B) be a partial overlay pair for a covering map f: X — Y from
an f-compactly connected space X onto a group Y with identity e. Let
zo € X with f(xg) = e, and let C be a connected subset of (A such that
zo € C and f(C) is compact.

To define A-sequences which will play the role of paths and homotopies
as mentioned above, we need neighborhoods V' of e having the following

property:

() V is a symmetric open neighborhood of the identity of Y, and every
VyV, for y € f(C), is contained in some B € B.

Suppose that () holds for V. For x € C, denote by W, an open neighbor-
hood of z such that f|W, is a homeomorphism onto f(x)V NV f(z) and
W, C A for some A € A. We say that a sequence xg, ..., z, of points in C'
is an A-sequence with respect to V if xj11 € Wy, for 0 < i < n — 1. Note
that f(ziy1) € f(z)V NV f(x;) for 0 <i<n-—1
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A sequence ug, . . ., Uy, in X is called an expansion of a sequence xg, . . ., T,
if there exist 0 = mg < m; < --- < m, = m such that w,, = z; for
1=0,...,n.

LEMMA 3.5. Let (A, B) be a partial overlay pair for f and let C C |J.A
be a connected subset of X such that ag € C and f(C) is compact. If V
satisfies (x), then, for every a € C, there exists an A-sequence ag, ..., a,
in C' with respect to V' such that a,, = a.

Proof. Let O be the set of all a € C' such that there exists an A-sequence
from ag to a with respect to V satisfying the statement. Then O contains
ag and is open in C.

We claim that O is closed in C. Let v € C and suppose that W, NO # (.
Choose v € W,, N O. Then f(v) € f(u)V NV f(u) and Lemma implies
flu) € f(v)VNVf(v). Since v € O and f|W, is a homeomorphism, and
since (A, B) is a partial overlay pair, we have u € W, N O. So, O is clopen
in C', and since C is connected, it follows that O = C. u

Next we define a group operation - on a covering space X under one of
the conditions of Theorems [I.1] and [I.2] Since many parts are common for
both theorems, for brevity we refer to Theorem as the first case and to
Theorem [1.2] as the second case.

Definition of a group operation on X. Take an overlay pair (A, B)
for f in the first case and a covering pair (C,D) for f in the second. First
note that a topological group is a regular space, which implies that X is f-
compactly connected in the second case according to Lemmas and
So, X is f-compactly connected in both cases. Hence, for a,b € X there
is a connected subset C' of X such that zg,a,b € C and f(C) is compact.
Since f(C)f(C) is compact, there exists a neighborhood U of e such that
every Uy with y € f(C)f(C) is contained in some B € B in the first case,
and in some B € D in the second case. Then, in the second case, the fam-
ily (Uy,y € f(C)f(C)) is evenly covered by f, and by Lemma there
exists an open symmetric connected neighborhood Uy C U of e such that
B = (Uyy,y € f(C)f(C)) admits a partial overlay pair (A, B) for f, and A
is uniquely determined by B and f. Since f(C) C f(C)f(C), the set C is
contained in | J.A. Rename this Uy as U.

By Lemma there exists an open symmetric neighborhood V of e
such that VyVy~! C U for every y € f(C)f(C). Since obviously yV NVy C
VyV for y € f(C)f(C), the neighborhood V' satisfies (x). Then there is an
A-sequence by, ..., b, in C with respect to V such that by = x¢ and b, = b
by Lemma

Since f(a)f(bit1) € f(a)f(b;)V for 0 < ¢ < n — 1, it follows that
fla)f(bo),..., f(a)f(by) is a B-sequence. By Lemma there is a unique
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A-sequence wuo, ..., u, such that ug = a and f(u;) = f(a)f(b;) for 0 < i
<n—1. We define a - b = u,.

Note that an overlay pair (A, B) is fixed and given in advance in the first
case, while in the second case the partial overlay pair (A, B) depends on the
set C. Further, f(a-b) = f(un) = f(a)f(bn) = f(a)f(b).

We need to show that the operation - is well-defined.

LEMMA 3.6. The product a - b does not depend on the choice of C or V
whenever they fulfill the following requirement:

(xx) C is a connected subset of |JA such that xo,a,b € C, f(C) is
compact, and V is a symmetric open neighborhood of e € Y such

that for each y € f(C)f(C) there exists B € B with VyV C B.
In addition, in the second case, a - b does not depend on the choice of the
partial overlay pair (A, B).
Proof. First we show that a - b does not depend on the choice of the
A-sequence by, . ..,b, in C with respect to V such that by = 29 and b,, = b.

CrLAIM 1. Let by,..., b, be an A-sequence in C' with respect to V' such
that by = xo and by, = b. If ug, . .., uj, is the A-lift of f(a)f(by), ..., f(a)f(D)
starting from uy = a, then uj, = uy,.

Choose in C' an A-sequence ay, ..., a, with respect to V such that

ap = xo and a,, = a. Since f(a;)f(bo), ..., f(ai)f(by) and f(a;)f(p), ...,
f(a;) f(b),) are B-sequences, each has a unique A-lift starting from a;. Denote

by a; - b and a; ' b the points in X obtained from the sequences by, ..., b,
and by, ..., b, respectively.
We will show a; - b= a; ' b for every i = 0,...,m, by induction on i. For

i =0, we have ap = z9 and ag-b = b, = b = b, = ag-'b. Assume that a;-b =
a;"'b. To prove a;4+1-b = a;+1-'b, it is sufficient to show that a;11-b and a;41-'b
belong to the same sheet over V f(a;)f(b)V C U f(a;)f(b;) determined by
(A,B). To do that, let v; = f(aj4+1)f(a;)™! and w; = f(b;) " f(bjt1) for
j=0,...,n—1. Since aqg, ..., an is an A-sequence with respect to V, it fol-
lows that f(a;+1) € f(a;)V NV f(a;), and consequently v; = f(a;+1)f(a;)~!
€ V. Analogously, w; € V for each j = 0,...,n — 1. We have a unique
A-lift ¢, . .., ¢ pn of the B-sequence f(a;)f(bo),- .., f(a:)f(bn) starting from
a;=c;p, and a unique A-lift ¢; 110, ..., ¢it1,n of the B-sequence f(a;t1)f(bo),
-y flaiz1) f(bn) starting from a;41 = ¢it10.
Observe that the points f(a;+1)f(b;) = vif(a;)f(bj),

flait1) f(bj1) = vif(ai) f(bjs1) = vif(ai) f(bj)w;,

flai)f(b;) and f(a;)f(bj+1) = f(ai)f(bj)w; all belong to V f(a;)f(b;)V.
Then by induction on j we see that c;;, ¢; i1, ¢iy1,; and ciy141 belong
to the same sheet over V f(a;)f(b;)V determined by (A, B). Consequently,
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a;-b = ¢ and aj41-b = ¢j11,, belong to the same sheet over V f(a;) f (bp—1)V
determined by (A, B). Analogously, a;-'b and a;41-'b belong to the same sheet
over V f(a;) f(bn—1)V determined by (A, B). Since f(a;+1-b) = f(ai+1)f(b) =
f(a;41 ' b) and a; - b = a; ' b by assumption, we get a;+1 -b = a;41 -’ b and
the inductive step is done. Hence, a, - b = a,, - b, which implies u,, = uj,
which proves the claim.

CrLAIM 2. Suppose that C' and V' fulfill (xx) and let bf, ..., b, be an
A-sequence in C" with respect to V' starting at by = xo and ending at b, = b.
If wy,...,ul, is the A-lift of f(a)f(by),..., f(a)f(b),) with uy = a, then

ul =,

m

Set C"” = C'UC'. Then C” is connected and f(C") = f(C)U f(C") =
f(C)U f(C") is compact. Hence there is an open symmetric neighborhood
V" of e such that C” and V" fulfill (x«). Without loss of generality we may
assume that V" C V' N V’. Since C is connected, we may apply Lemma
to the points b;,b; 11 of C for each i = 0,...,n — 1, and get an A-sequence
in C' with respect to V" which expands by, ..., b,. The expanded sequence
is an A-sequence in C' with respect to V' which starts at xg and ends at b.
By Claim 1 the end point of the A-lift starting from a of the B-sequence
related to the expanded sequence is equal to u,. Analogously, we expand
b - - -5 b, to an A-sequence in C” with respect to V”. Then the expanded
sequence is also an A-sequence with respect to V'’ which starts at zo = b,
and ends at b/, = b. By Claim 1 the end point of the A-lift starting from
a of the related B-sequence equals u/,. Finally, the two expanded sequences
are A-sequences in C'U C’ with respect to V" from xq to b. Hence, applying
Claim 1 once more, we get u, = u,,.

Note that the above arguments hold even in the second case for a fixed
partial overlay pair (A, B). Now, we show that in the second case a - b does
not depend on the choice of (A, B).

CLAIM 3. In the second case, suppose C' and V' fulfill (x*) for a partial
overlay pair (A',B), and let b, ... b, be an A'-sequence in C" with respect
to V' starting at by = o and ending at b}, =b. If uf, ..., u,, is the A'-lift

of fa)f(bp),- .., f(a)f(¥,) with uy = a, then ul, = uy,.

Set C" = C UC". Then C” is connected and f(C”) is compact. Then
there is a partial overlay pair (Ap, By) and an open connected symmetric
neighborhood V" of e such that C” and V" fulfill (xx) for (Ao, By). Without
loss of generality we may assume that V” C V N V’. Then C and V" fulfill
(xx) for (A, B) and C’" and V" fulfill (xx) for (A, B’).

Now consider the family B” = (V"yV", y € f(C")f(C")). Each V"yV"
is connected and contained in some By € By by (xx). Denote by (A", B")
a partial overlay pair induced by (Ag,Bp). Then C” and V" fulfill (k)
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for (A”,B”). Note that each member of A” is connected. Furthermore, if
y € f(C)f(C), then V"yV" C VyV is contained in some B € B and each
sheet over V"”yV" is contained in only one sheet over B. Analogously, if
y € f(Cf(C"), then V"yV" C V'yV' is contained in some B’ € B’ and
each sheet over V"yV" is contained in only one sheet over B’. Hence, each
A”-sequence in C' with respect to V" is an A-sequence in C' with respect
to V", and each A”-sequence in C’ with respect to V" is an A’-sequence in
C’ with respect to V”. Since C' is connected, we may apply Lemma to
the points b;, b; 11 of C, for each i = 0,...,n — 1, and get an A”-sequence in
C with respect to V" starting at by = ¢ and ending at b,, = b which expands
bo, .- .,bn. Then the end point of the unique A”-lift starting from a of the
B"-sequence related to the expanded sequence is equal to u,. Namely, the ex-
panded sequence is an A-sequence in C' with respect to V", the B”-sequence
related to the expanded sequence is a B-sequence, the A”-lift obtained is
also an A-lift starting from a, and by Claim 2 we get the conclusion. Anal-
ogously, we expand by, ...,b), to an A”-sequence in C’ with respect to V".
Then the expanded sequence is also an A’-sequence with respect to V" which
starts at xp = bf, and ends at b/, = b. Similarly we conclude that the end
point of the unique A”-lift starting from a of the B”-sequence related to
the expanded sequence is equal to u,. Then the end point of the A'-lift of
the related B’-sequence equals u/,. Since the two expanded sequences are
A’-sequences in C” with respect to V” from zy to b, by Claim 1 we get

Up = Up,. ®
LEMMA 3.7. The operation - is continuous.

Proof. Pick a,b € X and let W be a neighborhood of a - b.

In the first case, since X is f-compactly openly connected, the connected
set C containing a,b,xo can be taken to be open. Pick V satisfying (xx).
Then there is a symmetric open neighborhood Vy C V such that the sheet
over Vof(a)f(b)Vp containing a - b is contained in W. By the continuity
of the group operation on Y there is a symmetric neighborhood V; C Vj
such that Vi f(a)ViVif(b)Vi C Vof(a)f(b)Vy. Since C is open, there is a
symmetric neighborhood V* C Vj such that the sheet W, over f(a)V* N
V* f(a) containing a is contained in C', and the sheet W, over f(b)V*NV* f(b)
containing b is contained in C. Obviously, V* satisfies ().

We claim that W, - W, C W. Let a’ € W, and V' € W},. Then o',/ € C
and there is an A-sequence by, ...,b, in C with respect to V* such that
bp = z¢ and b, = b. Then a-b is the end point of the A-lift of f(a)f(bo),. ..,
f(a)f(by) starting from a. Since b’ and b belong to the same sheet over
FOV*NV*f(b), it follows that by, ..., b,,b is also an A-sequence in C
with respect to V*, and a’ - b’ is defined as the end point of the A-lift
of the f(a')f(bo),..., f(a")f(bn), f(a')f(V/) starting from a'. Since do
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and a belong to the same sheet over f(a)V* N V*f(a) and f(da’)f(V') €
V*f(a)V*V*f(b)V* C Vo f(a)f(b) Vo, we conclude that a’ - b’ belongs to the
sheet over Vi f(a)f(b)Vp which contains a - b. This implies a’ - ¥ € W as
desired.

Next we deal with the second case. The initial setting is the same, but
C may not be open and so we will need larger connected sets depending
on points in neighborhoods of a and b. We follow the previous case until
taking V. Then choose a symmetric neighborhood V5, C V; so that V22 c V.
Let U, and U, be the sheets over f(a)Va N Vof(a) and f(b)Va N Vaf(b)
containing a and b respectively. According to Lemma X is locally
compactly connected. Then, applying the local compact connectedness to
the open sets U, and Uy, we find a symmetric neighborhood V* with V* C V5
such that the sheets W, over f(a)V*NV*f(a) and W} over f(b)V*NV*f(b)
containing a and b have the property that for each o’ € W, C U, [t/ €
Wy, C Uy there is a compact connected set Cy C U, [C) C U] containing a
and a’ [b and b'].

We claim that W, - W, C W. Let @’ € W, and V' € W},. Choose compact
connected sets Cy C U, and C; C U, such that a,a’ € Cy and b, 0 € Cy.
Since f(CUCHUCY) = f(C)U f(Co) U f(C1), f(CUCyUC) is compact.
Next we show that, for each y € f(CUCyUCy)f(CUCyUCy), ViyV*is
contained in some B € B. The case y € f(C)f(C) holds by assumption. We
check only the casesy € f(C)f(Cp) and y € f(Cy)f(C1), since all other cases
are proved in a similar way. Let y € f(C)f(Cp) and choose x € C such that
y € f(2)f(Co). Since F(Co) C f(a)Va, we get V*yV* C V*f(z) f(a)VaV" C
Vif(x)f(a)Vi and the last term is contained in some B € B. Now consider
the case y € f(Cy)f(C1). Since f(Co)f(C1) C Vaf(a)f(b)Va, it follows that
V*yV* C V*Vaf(a)f(b)VaV* C Vif(a)f(b)V; and again the last term is
contained in some B € B. We have shown that C'U Cy U C7 and V* satisfy
(xx) for zg,a,b,a’,b’. Now using these data instead of C' and V| arguing as
in the first case, we conclude that a’ -5’ € W. u

LEMMA 3.8. The operation - is associative.

Proof. Let a,b,c € X. We claim that a-(b-c) = (a-b)-c. First we choose
a connected set C' such that zg,a,b,c,a-b € C and f(C) is compact. By
Lemma[3.7] the set C, = {b-z : © € C} is connected. By the definition of -, it
follows that f(b-z) = f(b)f(z). Hence, f(Cy) = f(b) f(C), which implies that
f(Cy) is compact. Then we have a neighborhood V' of the identity of Y such
that for each y € f(C U Cy) f(C U Cy) there exists B € B with VyV C B. Let
V1 be a symmetric open neighborhood of e such that yViy~t C ViyViy~t C
V for every y € f(C). Since Vi C V, the sets C' and V; fulfill ().

According to Lemma the element (a - b) - ¢ is defined as follows. We
choose an A-sequence by, ...,b, in C' with respect to V starting at xy = by
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and ending at b = b,, and an A-sequence cy, ..., c; in C with respect to V;
starting at x¢g = cg and ending at ¢ = ¢; with the required properties. Then
a - b is the end point of the unique A-lift starting from a of the B-sequence
f(a)f(bo),--., f(a)f(by), and (a-b) - c is the end point of the unique A-lift

starting from a-b of the the B-sequence f(a-b)f(co), ..., f(a-b)f(ck). Hence,
(a-b) - cis the end point of the A-lift starting from a of the B-sequence

(1) fla)f(bo), ..., f(a)f(bn) = fla-b) = f(a-b)f(co),..., f(a-b)f(ck)-

Now consider a - (b-¢). First note that b- ¢ is the end point of the unique A-
lift starting from b of the B-sequence f(b)f(co), ..., f(b)f(cx). We claim that
b-cg, ..., b-ck is an A-sequence in C with respect to V. It is sufficient to show
that f(b)f(cix1) € f(b)f(c))VNV f(b)f(c;) for 0 < i < k—1. Since ¢y, ...,k
is an A-sequence with respect to Vi, we have f(ci+1) € f(e;)VinVif(e;) for
each 4. Hence, (f(b)f(c;)) ™ (f(D)f(ci+1)) = flei) ™' f(eirr) € Vi CV and

(fO) fleir))(F(O)f(ei) ™" = f(b) fleirr) fler) T F(0) ™ € fFO)VLF(B) ™ C V.

which proves f(b) f(ci+1) € f(b)f(ci)V NV f(b)f(ci).
We conclude that

zo=by,...,bp =b-co,b-c1,....,.b-cp.=0b-c

is an A-sequence in C'UC}y with respect to V', and by the definition, a- (b-c)
is the end point of the unique A-lift starting from a of the B-sequence

(2) f(a)f(bo), ..., f(a)f(bn) = fa)f(b-co),..., f(a)f(b-ck).
Note that the B-sequences (1) and (2) coincide. Now both a - (b - ¢) and
(a-b) - c are defined as the end point of the unique A-lift of the B-sequence

f(a)f(bo), ..., fa)f(bn)=f(a)f(b)f(co), ..., fa)f(b)f(ck) starting from a.
Hencea-(b-c)=(a-b)-c. m

LEMMA 3.9. The element xq is a left identity for the operation - and
each point a € X has a left inverse a*.

Proof. Let a € X. We will prove that zg - a = a, and that there exists
a* € X such that a* - a = xy. Choose a connected set C' containing xg, a
such that f(C) is compact. Then (f(C))~! = (f(C))~! is compact and
there is an open symmetric neighborhood V' of e such that, for each y €
FOVf(O)LF(C) = F(C)F(C))"LfF(O), VyV is contained in some B € B.
Then there exists an A-sequence ag, . . ., a,, in C with respect to V starting
at ag = xo9 and ending at a,, = a. Since ag,...,a,;, is the A-lift of the
B-sequence f(xo)f(ao),--., f(zo)f(am), it follows that z¢ - a = an, = a.
This proves that xq is a left identity for -.

Next we prove that a left inverse a* € X of a exists. We will define points
u;; in X, for 0 < 4,5 < m, such that f(u;;) = f(a;)f(a)"'f(a;), um,; = a;,
uim = a; and the points u; j, u; j41,ui+1,; lie in some member A € A. Set
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zij = f(a;))f(a)" f(a;), 0 < 4,5 < m. Since f(ait1) € f(a)V NV f(a;),
0<t < m, we get

Zija1 = flai) f(a)" flaji) € fai) f(a)™ flag)V = 25V,
ziy1,; = flair1)f(a)” 1f(a]) € Vf(ai)f(a)” 1f(aj) Vzij,
Ziv1,j+1 = flai1)f(a)” lf(ajﬂ) € Vf(a;)f(a)” lf(aJ)V Vi V.

By assumption, Vz; ;V is contained in some B € B, and we see that the
points z;j, 2 j+1, Zi+1,j, Zi+1,j+1 belong to some B. We will obtain the points
u;j by decreasing induction on ¢ and j. First we set u,, ; = a; for each j.
Since ag, . . . , Gy, is an A-sequence, Uy, j, Um j+1 belong to some member of A.
Assume that we have defined points uj; with the required properties if k > ¢
orif k =1 and [ > j. We define u; ; in the following way. If j = m, we set
Uim = a; and note that u;,, and w11, = a;41 belong to some member
of A. If j < m, then, by the induction assumption, wu; j41,%; 42, Wit1,j+1
belong to some member A’ € A, and Uit1,j, Uit2,j, Uitr1,j4+1 belong to some
member A” € A. Since Zij+1s Rit1,55 Zi+l,5+1 € B and Ui+1,5+1 € A'N A”, it
follows that w; j41,%it+1,5, Ui+1,j+1 belong to the same sheet A over B. Now,
there exists a unique u; j € A such that f(u; ;) = 2 ; and the inductive step
is done. The properties of the points u; ; imply that, for each 0 <7 < m, the
sequence u;, . .., u;m is the A-lift of the B-sequence z;, ..., 2 m starting
at u; 0, and for each 0 < j < m, the sequence ug j, ..., U, ; is the A-lift of
the B-sequence zpj, ..., 2m,  starting at up ;. Finally, we set a* = up,0. We
claim that a* - a = xg.

Choose a connected set C” which contains g, a, a* such that f(C") is com-
pact. Without loss of generality we may assume C’' O C. Let V' be an open
symmetric neighborhood of e such that, for each y € f(C")(f(C"))~1f(C"),
V'yV’ is contained in some B € B. Choose an A-sequence ao, ...,al in
C" with respect to V' starting at af, = x¢ and ending at a], = a. By
the same procedure as above, we define points v;; in X, for 0 <7 < m
and 0 < j < n, such that f(v;) = w;; = f(ai)f(a)_lf(a;), Um,j = aj,
vin = a;, and the points v; j, v; j4+1,vi+1,; lie in some member A € A.
As above, for each 0 < ¢ < m, the sequence v;,...,v;, is the A-lift of
the B-sequence w;, ..., w;, starting from v; o, and for each 0 < j < n,
the sequence vy j,...,vp ; is the A-lift of the B-sequence wqj,...,Wwn,;
starting from vg ;. In particular, vop,...,v0n = ag = xo is the A-lift of
the B-sequence f(a)~tf(ap),..., f(a)~1f(al) starting from vgo. Note that
fluip) = zip = flai) fla)™F = wio = flvip).

By decreasing induction on %, we will show that u; o = v; 0 for 0 <7 < m.
First note that u,, 0 = ag = 9 = ah = Um,0. Assume that Uir1,0 = Vit1,0
and consider the points w; o and v; . Since u;o and u;41,0 belong to some
A€ A, v and viy1 belong to some A” € A and f(u;0), f(uit1,0) belong
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to some B € B, we conclude that u; o and v; o belong to the same sheet
A € A over B. Hence, u; o = v; . In particular, upo = vo,0-

It remains to prove that vgo - @ = xg. By the definition of -, vo0 - @
is the end point of the unique A-lift starting from vg of the B-sequence
fla)~tf(ap),..., fla)~tf(al). As we already remarked, vo g, . . ., Vo, = T I8
the A-lift of the B-sequence f(a)~!f(ay), ..., f(a)~' f(al,) starting from vg g,
which implies v, - @ = xg. This proves that a* = up,0 = vo,0 is a left inverse
of a. m

Proof of Theorem [1.1. Now (X,-) is a group by Lemmas and
Namely, since the operation - is associative, Lemma [3.9] implies that xq
is the identity for -, and a left inverse a* of a € X is the inverse element
of a.

To see the continuity of a — a~!, let C' be an open connected set con-
taining z¢ and a such that f(C') is compact. Then, for each y € f(C)~1f(C),
there is B € B such that VyV C B. For a given neighborhood W of a1,
we pick a symmetric open neighborhood Vy C V such that the sheet over
Vof(a)™1Vy containing a~! is contained in W. Since C'is open, we can choose
a symmetric open neighborhood V; C Vj such that the sheet over Vj f(a)Vy
containing a is contained in C'. Let W, be the sheet over f(a)V1 NV f(a) C
Vif(a)Vy containing a.

We claim that W, 1 C W. Let b € W,. Then f(b) € f(a)Vi N Vif(a)).
Choose an A-sequence ay, . . ., a,, in C with respect to V; starting at ag = xg
and ending at a,, = a. By the definition of a* = a~!, the inverse a~! is
obtained as the end point of the A-lift ag,...,a}, starting from af = z¢ of
the B-sequence f(a)~'f(am),. .., f(a)"'f(ag). Hence a~! = a,. Note that
ag, - - -, Gm, b is also an A-sequence in C' with respect to V7, and analogously
b~! is defined as the end point of the A-lift bys - -+ by, q starting from zg
of a B-sequence f(b)~1£(b), f(b) "1 f(am),- .., f(a)~Lf(ap) starting from z.
Since f(b)~! € f(a)"'Vi N Vif(a)~!, there is v € V7 such that f(b)~! =
vf(a)~!. Similarly, there is v; € Vi such that f(a;11) = f(a;)viyq for 0 <
1 < m — 1. Hence,

FF1) = FO) 7 flam—i) = vf(a)~" fam—i),
flai ) = fla)  flam—it1) = f(a) " f(am—i)vm—is1,

which implies that £(57,.), £(a7), f(a}_,) € Vi f(a) " f(am—i)Vi = Vi (a})Vi
for 1 <4 < m. Since aj = z9 = b, and a] and b] belong to the same
sheet over V1, it follows that aj = xo, a] and b3 belong to the same sheet
over Vif(a})Vi. Then, by induction we can show that af,_;, ai, = a™*
and b}, ., = b~! belong to the same sheet over Vi f(a},)Vi = Vi f(a)™'V; C
Vo f(a)~'Vp, and consequently b~ € W. This completes the proof that (X, )

is a topological group with identity xg and f : X — Y is a homomorphism.
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Finally, we show that the topological groups (X,-) and (X, -#) are iso-
morphic. We will define an isomorphism ¢ : (X,-) — (X,-#) such that
fe=1.

Deﬁnego:X—)Xandw:X%bego(a):x#-aandw(a):xo#a,
respectively. Then, by the continuity of - and -#, v and ¢ are continuous
maps. First we show that ¥ oy =idyx . Take a € X and let C be a connected
set, containing a, xg, CL’# such that f(C) is compact. The sets Cy, = {zo-# 1 :
z € C} and C%# = {xo# -z : x € C} are connected with f(Cy,) and
f (sz,s) compact. Therefore, CUC,, UCx# is connected, f(C U Cy, U C’xo#) is
compact and there is a related symmetric neighborhood V. Let ag, ..., a, =
a be an A-sequence in C' with respect to V starting at ay = xg. Then
p(a) = :zo# - a is the end point of the A-lift a#, e ,an# starting at a# = x#

of the B-sequence f(ao),. .., f(an). Hence, p(a) = alf . Note that a#, alf

is an A-sequence in Cm# starting at a:z)#'é with respect to V, which implies
that 1(p(a)) = ¥(al) = zo -# all = a, by the uniqueness of A-lifts starting
from xg. This proves ¢ o ¢ = idx . Similarly, we have ¢ o1 = idx. Hence ¢
is bijective.

To see that ¢ : (X,-) — (X,-#) is a homomorphism, we show that
x-b=x-#@(b) for any z,b € X. Let x,b € X and consider a connected set C
which contains z, b, :L‘o,:ljz)éé and f(C) is compact. Set Cx# = {:L'zfé uzu € Cl

as above, C'U C # is connected, f (CU Cx#) is compact, and there is a re-
0

lated symmetric neighborhood V. Let by, ..., b, = b be an A-sequence in C
with respect to V starting at by = zo. Then ¢(b) is the end point of the
A-sequence b#, ... ,bﬁ in Cx# with respect to V starting at b# = :Jc# such
that f(b¥) = f(b;) for 0 <'i < m. Note that « - b is the end point of
the A-lift of the B-sequence f(x)f(bo), ..., f(z)f(bm) starting from z. On
the other hand, z -# ¢(b) is the end point of the A-lift of the B-sequence
f(x)f(b#), ..., f(z) f(b¥) starting from z. By the uniqueness of A-lifts start-
ing from x, we get - b=z -# ©(b).
Now, we prove that ¢ is a homomorphism: for all a, b,

pla-b)=af - (a-b) = (a§ -a) b= p(a) b= p(a) # o(b).

We remark that we needed C' to be open only in proving continuity of taking
the inverse. =

Proof of Theorem[I.3. To see the continuity of taking the inverse, take
a € X and let C be a connected set containing xg and a such that f(C)
is compact. Then, for each y € f(C)~1f(C), there is B € B such that
VyV C B. For a given neighborhood W of a~!, we choose a symmetric
open neighborhood V; of e such that V2 C V and the sheet over Vo f(a)~1Vp
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containing a~! is contained in W. Let U, be the sheet over f(a)VoN Vo f(a)
containing a. Applying the local f-compact connectedness to U,, we find a
symmetric neighborhood Vi C Vj and the sheet W, over f(a)Vi U Vi f(a)
containing a with the property that, for any b € W, there exists a connected
subset Cy of U, such that a,b € Cy and f(Cj) is compact.

We claim that Wt C W. Let b € W,. Then there is a connected subset
Cy of U, such that a,b € Cy and f(Cp) is compact. Now, f(C UCp) is
compact. Since (Vof(a)N f(a)Vo)™! = fla) " VonVof(a)™t and VZ C V, we
see that, for each y € f(C' U Cy)~1f(C U ), VoyVp is contained in some
B € B. Let us consider only the case y € f(Co)~!f(C). Then there exists
z € C such that y € £(Co)~Lf(x). Since £(Co) € f(Ua) € f(a)Vo N VoS (a),
we get f(Co)~t C Vof(a)~!, which implies that VoyVo € VoVof(a)~t f(z)Vo
C Vf(a)~lf(x)V is contained in some B € B. The remaining part of the
proof of continuity and also other parts of the proof are the same as in the
preceding case. m

COROLLARY 3.10. Let Y be a connected compact group and X a con-
nected space. If f : X =Y is an overlay map and xo € X is such that f(xo)
1s the identity of Y, then there exists a group operation on X making X a
topological group with identity xo and f a homomorphism.

Proof. Since Y = f(X) is compact, X is f-compactly openly connected,
and the conclusion follows from Theorem L1l =

COROLLARY 3.11. Let X be a connected space, f : X — Y a covering
map to an abelian topological group Y and let zo € X be such that f(xo) is
the identity of Y. Suppose that one of the following conditions holds:

(1) f: X = Y is an overlay map and X is f-compactly openly con-
nected.
(2) X is locally f-compactly connected.

Then there exists a group operation on X making X an abelian topological
group with identity xo and f a homomorphism.

Proof. Let - be the group operation defined in Theorems [I.1] and [I.2]
Let a,b € X. We will show a-b = b a, following the notation of Claim 1 in
the proof of Lemma [3.6

Let v; = f(aiﬂ)f(ai)_l and w; = f(bj)_lf(bj+1) be from Claim 1.
Then v;,w; € V and we see that the points f(b;)f(ai+1) = f(aiy1)f(bj) =
vif(ai) f(bs), f(bj1) f(aiv1) = flair1)f(bjr1) = vif(ai) f(bj)wy, f(ai)f(b;)
= f(bj)f(a;) and f(bj+1)f(ai) = f(ai)f(bj+1) = f(a;)f(bj)w; all belong to
V f(a;)f(bj)V. Then, much as in Claim 1, we can show that a; - b; = b; - a;
by induction, and consequently a-b = am, by =by -0 =0-a. m
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Next we consider overlay maps over locally compact connected groups.
First, we prove the following lemma.

LEMMA 3.12. Let X be a connected space and f : X — Y a covering
map to a locally compact group Y. Then X is f-compactly openly connected.

Proof. According to Lemma there exists a compact connected sub-
group K C Y such that Y is homeomorphic to the direct product of K and
the euclidean space R" for some n > 0. So, we identify Y with K x R", and
(y,0) with y for y € K.

We claim that f~!(K) is connected. Choose g € X such that f(zg)
is the identity of ¥ and let Xy be the connected component of f~!(K)
containing 9. We enumerate the connected components of f~1(K) as X;.
To simplify the reasoning, for each » € R" we define a path p, : [0,1] — R"
by pr(t) = tr.

Then, for each point (y,r) € K x R", the path ¢, , : [0,1] = Y given by
qy.r(t) = (y,pr(t)) connects y = (y,0) € K to (y,r). Fory € K, r € R" and
€ f71{y}), let Qyrz - 10,1] = X be the unique lift of the path g, , such
that g, ,. ,(0) = = € X; and f(q, ,,(0)) = (y,0). Let Z; be the set of all z €
X defined by z = G, . , (1) for some z € X;N f~1({y}). Then it is easy to see
that X = J,; Z; and each Z; is open. Moreover, tracing g reversely and con-
sidering the uniqueness of lift of a path from a given point, we see that each
x € X belongs to a unique Z;. Hence, the sets Z; are open and disjoint. Now,
the connectedness of X implies that X = Zy and f~!(K) = X is connected.

For a € X, let f(a) = (y,r). We choose a bounded open set U C R"
containing . Let Cp = Xo U U{Im(q, ;,) :y € K, s € U, f(z) = y}. Then
C,, is open, connected and contains a. It is easy to see that f(C,) is compact.
Hence, if a,b € X, then C = C, U C} is an open connected set such that
a,b € C and f(C) is compact. This proves that X is f-compactly openly
connected. =

COROLLARY 3.13. Let f: X — Y be an overlay map from a connected
space X to a locally compact group Y and let xg € X be such that f(xg)
is the identity of Y. Then there exists a group operation on X making X a
topological group with identity xo and f a homomorphism. In addition, if Y
1s abelian, then so is X.

Proof. According to Lemma [3.12] we can apply Theorem [I.1] and we get
the first statement. The second one follows from Corollary .

REMARK 3.14. Theorem [I.2] implies that any covering map f: X — Y
from a connected space X onto a locally compactly connected group Y is
an overlay map. Namely, in that case X is locally f-compactly connected
and by Theorem X admits a group structure making X a topological
group and f a homomorphism. Then, f is an overlay map by Lemma [2.3
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4. Proof of Theorem [1.3. First we need some lemmas.

LEMMA 4.1. Let f : X — Y be an overlay map from a connected
space X onto a compact group Y. Denote by - and -’ the group operations
on X from Theorem [1.1] defined by overlay pairs (A, B) and (A',B') for f,
respectively, with identity xo. If (A, B) refines (A', B'), then the operations -
and - coincide.

Proof. Let a,b € X. We claim a -b = a ' b. Let V and V' be re-
lated sets for - and /. Pick an open symmetric neighborhood Vj of e € Y
such that Vy € V N V’. Choose an A-sequence bg,...,b, in X with re-
spect to Vj from by = xg to b, = b and let ug,...,u, be the A-lift of
the B-sequence f(a)f(by),...,f(a)f(by) from uyp = a. Then a-b = uy,.
Since (A, B) refines (A", B'), ug, ..., u, is also the A’-lift of the B’-sequence
fla)f(bg),..., f(a)f(b,) from ug = a. Hence, a -’ b = u,, which shows that

a-b=a-'b. n

LEMMA 4.2. Let f: X — Y be a covering homomorphism from a con-
nected group X to a compact group Y and let ex be the identity for X.
Then there exists an overlay pair (A,B) for f such that the group opera-
tion - on X from Theorem[L.]] defined by (A, B) and zo = ex coincides with
the operation given on X.

Proof. Denote the group operation on X by o. Since f is a covering
homomorphism, there exist open symmetric neighborhoods W and U of xg
and e respectively such that f|W is a homeomorphism onto U and the open
coverings B = {yU : y € Y} and A = {x oW : & € X} form an overlay
pair (A, B) for f. Let - be the group operation on X defined by (A, B) and
o —€x.

We claim that a ob = a - b for each a,b € X. Let V C U be a related
open neighborhood of e for - and choose an A-sequence by, . .., b, in X with
respect to V' such that by = xg and b,, = b. Let ug, ..., u, be the A-lift of the
B-sequence f(a)f(bo),..., f(a)f(b,) starting from ug = a. Then a - b = .

Since by, ..., b, is an A-sequence, for each 0 < ¢ < n there exists x; € X
such that b;,b;11 € x; 0 W. Then aob;,ao0b;y1 € (aox;) o W, which shows
that aobg = a,aoby,...,ao0b, = aob is an A-sequence and also the A-lift of

f(a)f(bo), ..., f(a)f(by) starting from a. Consequently, aob=u, =a-b. =

Now, we can prove the uniqueness of the group structure on X for a
covering map f : X — Y from a connected compact space X onto a group Y.

LEMMA 4.3. Let f: X — Y be a covering map from a connected compact
space X to a group Y and let xg € X be such that f(xg) is the identity of Y.
Then there exists a unique group operation on X making X a topological
group with identity zo and f a homomorphism.
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Proof. Since X is compact, f is finite-sheeted. Then f is an overlay map
and any two overlay pairs for f admit an overlay pair which is their common
refinement [10, Theorem 1]. According to Corollarythere exists a group
operation on X making X a topological group with identity x¢ and f a
homomorphism. It remains to prove that the operation is unique.

Assume that o and * are two group operations on X with the required
properties. According to Lemma there exist overlay pairs (A, B') and
(A", B") for f such that the group operation - on X from Theorem de-
fined by (A’, B') and xy = ex coincides with o, and the group operation " on
X from Theorem [I.1|defined by (A”, B”) and xy = ex coincides with x. Let
(A, B) be an overlay pair for f which refines both (A", B’), and (A", B"), and
let - be the group operation on X from Theorem|L.1]defined by (A, B) and zo.
According to Lemma - coincides with ', and - coincides with -”. Thus
the group operations -’ and -” coincide, and consequently o and * coincide. m

LEMMA 4.4. Let f : X — Y be a covering homomorphism. If C is a
compact subgroup of X, then the restriction f|C : C — f(C) is also a
covering homomorphism.

Proof. It is sufficient to find an open neighborhood V of e in f(C') such
that f|C evenly covers V. Let U be a neighborhood of the identity of Y such
that f evenly covers U. Let U, be a neighborhood of x € Ker(f) such that
f|U, is a homeomorphism onto U. Then f~1(U) = Useker(s)(Us)- Since C'is
compact, the set {z € Ker(f) : U,NC # 0} is finite. By shrinking U we may
assume that this set equals Ker(f)NC. Let V = f(C)NU and W, = U,NC.
Then, for each = € Ker(f) N C, f|W, is a homeomorphism onto V, the sets
W, are pairwise disjoint and (f|C)~Y(V) = Lseker(pnc(Wa). Hence, f|C
evenly covers V. u

The converse of the previous lemma holds if C' is compact and connected.

LEMMA 4.5. Let f : X — Y be a covering homomorphism and let C' be
a connected compact subset of X such that C' contains the identity of X and
f(C) is a subgroup of Y. Assume that f|C : C — f(C) is a covering map.
Then C is a subgroup of X.

Proof. Denote the group operation on X by o. Then there exist open
symmetric neighborhoods W and U of the identities ex and ey respec-
tively such that f|WW is a homeomorphism onto U and the open coverings
B={yU :y € Y} and A={xoW :2 € X} form an overlay pair (A, B)
for f. Since C' is compact, f|C is finite-sheeted and there exist open sym-
metric neighborhoods U’ and W'of ex in f(C) and ey in C, respectively,
such that U C U N f(C), W CWNC and B = {yU' : y € f(C)} and
A= {zoW’':x € C} form an overlay pair (A, B’) for f|C. Let - be the
group operation on C' from Theorem [1.1| defined by (A’, B) and ey.
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To prove that (C,o) is a group, it is sufficient to prove a-b = a o b for
any a,b € C. Let V C U’ be an open symmetric neighborhood of ey in
f(C) related to -. Take a,b € C and let by, ..., b, be an A’-sequence (in C)
with respect to V with by = ex and b, = b. First note that b;, 1 € b; o W’
for 0 < i < n — 1. Namely, f(bir1) € f(b)V NV f(b;) C f(b;)U’ and there
exists x; € C such that b;,b;11 € x; o W’. Since b; o W' is the only sheet
over f(b;)U’" which contains b;, and (A’,B’) is an overlay pair for f|C, it
follows that b; 11 € b; o W’. Now, by induction on i it is easy to see that
aob; € C for 0 <i < n,since aobjy; € aob; oW We conclude that
a=aoby,...,a0b, =aobis an A'-sequence. By the definition of -, a - b
is the end point of the unique A'-lift starting from a of the B’-sequence
f(a)f(bo),..., f(a)f(by). Consequently, a-b=aob. u

Since in each topological group the group operation and taking inverse
are continuous maps, we get the following lemma.

LEMMA 4.6. Let P be a path-connected component of the identity of a
topological group X. Then P is a subgroup of X.

LEMMA 4.7. Let f: X =Y be a covering map onto a topological group
Y and let P be the path-connected component of xo € X. Suppose that there
are group operations o and - on X both making X a topological group with
identity xo and f a homomorphism. Then uov=u-v andvou =v-u for
allu e Pandv € X.

Proof. Let w € P and v € X. Let p : [0,1] — P be a path such that
p(0) = o and p(1) = w. Define ¢ : [0,1] — Y by ¢(t) = f(p(¢))f(v). Then ¢
is a path in Y from ¢(0) = f(v) to q(1) = f(u)f(v). Let g : [0,1] — X be
the unique lift of ¢ with g(0) = v. Let p' : [0,1] — X and p” : [0,1] — X be
defined by p/(t) = p(t) o v and p"(t) = p(t) - v. Since f(p'(t)) = f(p"(t)) =
f(p))f(v) = q(t) and p'(0) = p”(0) = v = g(0), by the uniqueness of lift,
both p’ and p” are equal to g. Hence ¢(1) = p'(1) = p”(1), and so uov = u-v.
By similar arguments we get vou =v-u. =

LEMMA 4.8. Let f: X — Y be a covering map onto a topological group
Y and P be the path-connected component of xo € X. If there exists a
group structure on X making X a topological group with identity xo and f
a homomorphism, then the group structure on P is unique.

Proof. By Lemmal[4.6] P is a subgroup, and the uniqueness follows from
Lemma .

LEMMA 4.9. Let f: X =Y be a covering map onto a topological group
Y and P be the path-connected component of xg € X. Suppose that group
operations o and - on X with identity xo making f a covering homomorphism
coincide on a subgroup K of X and X = Po K. Then o and - coincide.
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Proof. Let u,v € X. By assumption, there are x1,x2 € P and 21,29 € K
such that u = x1 0 21 and v = x5 0 29. By Lemma |4.7| we have u = x1 - 21
and v = xo - 29. Then there are x € P and z € K such that z; oxo =z 0 2.
Again by Lemma [£.7] we get 21 - 22 = - 2. Now

uow = (r1021)0 (r2022) =z 0(210x2) 02
=z10(xoz)ozeg=(r10x)0(2029) = (21 -2)0 (2" 22),

because o and - coincide on P by Lemma and on K by the assumption.
Since z1 - x € P, by Lemmawe get (x1-x)o(z-22) = (x1-x)- (2 22),
which implies

uov=(xr1-x) (2-20) =x1-(T-2) " 29
=x1-(21-22) - 20=(x1-21) (x2-22) =u-v. m

LEMMA 4.10. Let f : X — Y be a covering map from a connected, locally
compactly connected space X onto a group Y and let xy € X be such f(xg)
is the identity of Y. Then for any a,b € X there exist open sets Up, ..., Uy,
and compact connected sets Cy, . ..,C, in X such that zg € Cy, b € C,,, and,
for each i, C; CU;, C;NCipq # 0, the restriction f|U; is a homeomorphism
and f evenly covers f(U;) and f(a)f(U;).

Proof. Let a € X. Let S be the set of all b € X such that there exist open
sets Uy, ...,U, and compact connected sets Cy,...,C, with the required
properties. Then S is non-empty since xg € S, and it is easy to see that S
is open by the local compact connectedness of X.

To see that S is closed, let u € S. Take an open neighborhood U of u
such that f evenly covers f(U) and f(a)f(U) and f|U is a homeomorphism.
By the local compact connectedness, there is a neighborhood V' of u such
that for each x € V there exists a connected compact subset of U which
contains = and . Since v € S, there is z € VN S. Then there is a connected
compact subset C' of U which contains x and u. Since € S, there are open
sets Uy, ...,U, and compact connected sets Cy,...,C, with the required
properties. Setting U,+1 = U and C,41 = C, we see that u € S. Hence, S is
clopen in X, and by the connectedness of X we get S = X. This proves that
the conclusion holds for every b € X. u

Proof of Theorem[1.3. Since the existence of the required group opera-
tion on X has been proved in Corollary and Theorem [I.2] it remains
to show the uniqueness in both cases.

(1) Let o and - be group operations on X both making X a topological
group with identity x¢ and f a homomorphism. Denote by P the path-
connected component of zp. Since (X, o) is a locally compact group, we can
again apply Lemma to (X,0), i.e. X = S o K, where K is a connected
compact subgroup and S is a subspace of Y containing x¢ which is homeo-
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morphic to some R™. Then S C P and X = P o K. Since K is a compact
subgroup, f|K : K — f(K) is a covering map by Lemma Applying
Lemma to (X,-) and f|K : K — f(K), we find that K is a subgroup
of (X,-). Hence, f|K is a covering homomorphism for both operations on K.

Now, by Lemma the operations o and - coincide on K. Finally,
Lemma |4.9| implies that o coincides with -.

(2) Suppose that o and - are group operations on X both making X a
topological group with identity x¢p and f a homomorphism. Let a,b € X.

We claim that aob = a-b. By Lemmal[4.10]there exist open sets Uy, ..., U,
and compact connected sets Cy,...,C, in X such that zg € Cy, b € C,,, for
each i we have C; C U; and C; N Cipq # 0, f|U; is a homeomorphism and
f evenly covers f(U;) and f(a)f(U;). Set by = xo, bp+1 = b and for each
0 <i < n—1choose b1 € C;NC;it1. We show aob = aoby41 = a-byr1 = a-b
by induction on ¢. Obviously, a 0 by = a = a - by. Suppose that aob; = a - b;.
Since a o C; and a - C; are connected, each of the sets a o C; and a - C; is
contained in a unique sheet over f(a)f(U;). Now, the assumption aob; = aob;
implies that a o b;41 and a - bj+1 belong to the same sheet over f(a)f(U;).
Since f(a o bj+1) = f(a - bi+1), we conclude that a o b1 = a - bj11, which
proves the claim. m

REMARK 4.11. Since path-connectedness implies compact connected-
ness, and local path-connectedness implies local compact connectedness,
Theorem implies a well-known result about inducing a group structure
on a path-connected covering space over a path-connected locally path-con-
nected group [12, Theorem 79).

REMARK 4.12. 1. In Lemma [£.4] compactness is essential. We give an
example to show this. Let f : R? — T? be the universal covering map over
the torus. Let S be a subgroup of R? consisting of all elements on a line
through the origin with an irrational slope. Then f|S is injective, but f(5)
is not locally connected and hence f|S is not a covering map.

2. To show the uniqueness of the group structures on a total space X of
an overlay map f: X — Y the connectedness of X is essential. This seems
to be obvious, but still we give an example. Let f : Xg x Y — Y be the
projection onto a topological group Y. For instance, let Xy be a discrete
space of cardinality p? for some prime p. Then we have two distinct group
structures on Xg, and f is a homomorphism for both group structures.

Our investigation brings about two questions. The first one is a redefini-
tion of the starting question.

QUESTION 1. Let f: X = Y be an overlay map from a connected space
X to a topological group Y. Is there a group operation on X such that X 1is
a topological group and f is a homomorphism?
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QUESTION 2. Does there exist an overlay map f: X — Y from a con-
nected space X to a topological group Y which admits two different group
operations on X such that X is a topological group and f is a homomor-
phism?
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