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Abstract

Given a Banach-space-valued vector measure m, its associated space L'(m) is weakly complete
iff it is finite-dimensional, weakly quasi-complete iff L'(m) is reflexive, and weakly sequentially
complete iff L'(m) contains no copy of co. If m takes its values in a locally convex Hausdorff
space Y, then the situation is more complicated. The first question is the completeness of L*(m)
for its given L'-topology.

It is shown that L'(m) is complete iff it is quasi-complete and, if Y is sequentially complete,
that L*(m) is complete iff 3(m) := {f € L*(m) : f is {0, 1}-valued} is relatively weakly compact
in L' (m). Weak completeness properties of L' (m) have no reasonable characterization, and little
is known about the dual space L'(m)*. However, if m := P is a spectral measure acting in a
Banach space (with m strong operator o-additive), then more can be said. Two remarkable
features arise: f € L*(P) iff f € L°°(P) and a concrete description of L'(P)* is available. Some
sample consequences are: L' (P) is complete iff it is quasi-complete, iff it is weakly quasi-complete,
iff £(P) is relatively weakly compact in L'(P). If £(P) is not relatively weakly compact, then
LI(P) may fail to be weakly sequentially complete, but never if P is atomic.
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1. Introduction and main results

For a positive measure p defined on a measurable space (€2, %), two of its fundamental
properties are that L'(u) is complete for its usual norm | f[|1 == [, |f]dp (i.c., L'(u) is
a Banach space) and that the Banach space L' (1) is always weakly sequentially complete
(i.e., every sequence in L!(u) which is Cauchy for the weak topology o (L' (), L' (u)*)
converges weakly to some element of L!(x)) [9, Ch. IV, Theorem 8.6]. One may ask
whether L!(u) has stronger completeness properties for o(L!(11), L' (1)*), namely, is it
weakly quasi-complete (i.e., bounded, weakly closed subsets are weakly complete), or
perhaps even weakly complete? Except in trivial cases (i.e., when there is no infinite
sequence of pairwise disjoint non-g-null sets in X)) the answer is negative in both cases.
Indeed, we know that

L*(p) is weakly complete < L'(p) is weakly quasi-complete
& dim(L' () < oo. (1.1)
This is a routine consequence of the following general facts:

(i) L*(p) is reflexive < dim(L! (1)) < oo [30, Example 1.11.24].
(ii) A Banach space X is weakly complete < dim(X) < oo [30, Proposition 2.5.15].
(iii) The closed unit ball B[X] of a Banach space X, being convex, is necessarily weakly
closed [30, Theorem 2.5.16].
(iv) A bounded subset of a Banach space is weakly compact < it is weakly complete
13, 0.6, p. 3].
(v) A Banach space X is reflexive < B[X] is weakly compact [30, Theorem 2.8.2].

Finally, whenever p is a localizable measure (which includes all o-finite measures), then
the dual Banach space L!'(u)* of L(u) is precisely L°(u), and so the weak topology
of L'(p) is well understood; it is generated by the family of seminorms f | [ fgdpl, for
f € L' (u), as g varies through L ().

Suppose now that m : ¥ — X is a Banach-space-valued vector measure (i.e., o-
additive). As for scalar measures, there is an associated Banach space L' (m) consisting of
all the C-valued, m-integrable functions defined on €2, with norm again denoted by || - ||1;
see Remarkfor the definitions. Moreover, L' (m) is always a (complex) Banach lattice
with a weak order unit and its norm || - ||; is order continuous; actually all Banach lattices
of this kind are isomorphic to L!(m) for a suitable Banach-space-valued vector measure m
[2, Theorem 8|, [37, Proposition 3.9]. Since the class of Banach lattices with order con-
tinuous norm and a weak order unit contains many reflexive spaces, their corresponding
isomorphic spaces L!(m) will necessarily be weakly quasi-complete. Actually, L!(m) is
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6 S. Okada and W. J. Ricker

reflexive if and only if it is weakly quasi-complete. This is true of any Banach space X.
Indeed, if X is reflexive, then we can apply [30, Theorem 2.6.2 and Corollary 2.6.19] to the
dual Banach space X* and use X** = X to conclude that X is weakly quasi-complete.
Conversely, if X is weakly quasi-complete, then by (iii) above, B[X] is weakly complete.
So, (iv) shows that B[X] is weakly compact, and hence X is reflexive (via (v)). Of course,
because of (ii) above, L!(m) will be weakly complete only in trivial cases.

Since L'(m) is a Banach lattice, its weak sequential completeness is also characterized
by the fact that it does not contain an isomorphic copy of the Banach sequence space c;
see [31], Theorem 2.5.6] for real spaces and [37, Proposition 3.38 together with the discus-
sion after Remark 3.39] for complex spaces. Moreover, ¢ is a Banach lattice with order
continuous norm and a weak order unit, and so it can be realized as L'(m) for some
vector measure m. Accordingly, L'(m) spaces are not always weakly sequentially com-
plete, in contrast to the spaces L' (1) when p is a scalar-valued measure. Moreover, unlike
for L(p), there is no adequate description available for the dual space L*(m)
is a general Banach-space-valued vector measure (although certain characterizations of
individual members of L*(m)* are known [33]). Accordingly, the weak topology of L!(m)
is not so well understood in general. To compare the situation with we have, for the
spaces L(m):

*

when m

LY(m) is weakly complete < dim(L*(m)) < oo, (1.2
L*(m) is weakly quasi-complete < L*(m) is reflexive, (1.3

and

L*(m) is weakly sequentially complete

& LY(m) contains no isomorphic copy of co.  (1.4)

The situation for a vector measure m : ¥ — Y, with Y a locally convex Hausdorff
space (briefly, 1cHs), is significantly different. Again there is an associated lcHs L!(m),
equipped with the topology 7(m) of uniform convergence of indefinite integrals, which
coincides with the norm topology || - ||1 if ¥ is a Banach space; see Section 2 for the
definitions. However, for spaces Y more general than Banach spaces, the IcHs L!(m) is no
longer necessarily 7(m)-complete (or even sequentially 7(m)-complete). This new feature
has an impact on the weak completeness properties of L!(m), especially when we recall
that completeness and weak completeness in a general lcHs are closely connected [13] p. 4],
[23], 8§18, 4.(4)]. So, in this more general setting of IcHs’ we first need to address the question
of the completeness of L*(m) for its given topology T(m); this is the purpose of Section 2.
A crucial role is played by the 7(m)-closed subset ¥(m) := {xg : E € X} of L'(m).
A vector measure m is called closed if ¥(m) is a 7(m)-complete subset of L!(m).

If Y is metrizable, then every Y-valued vector measure is closed, but not in a general
lcHs Y'; see Example2.13|below, for instance. The closedness of a vector measurem : ¥ — Y
is intimately related to the completeness of the lcHs (L*(m),7(m)). As already noted,
L'(m) need not be 7(m)-complete or even sequentially 7(m)-complete in general, even if
the codomain space Y of m is itself complete; see, for example, [34] Examples 3.3 and 3.6].
This is a subtle point of the theory. On the other hand, even if Y is not sequentially
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complete, it can still happen that L!(m) is 7(m)-complete; see Remark iii) below. The
following facts are known (references are given in Section 2). First,

L*(m) is complete < L*(m) is quasi-complete. (1.5)
If, in addition, the IcHs Y is sequentially complete, then
L*(m) is complete < m is a closed measure. (1.6)

In Section 2 it is shown (still with Y sequentially complete) that (1.6|) has a third equivalence,
namely that
Y(m) is a relatively weakly compact subset of L*(m); (1.7)

see Remark Vi). This is a consequence of Proposition one of the main results
of Section 2, which states for every lcHs-valued vector measure m (with Y sequentially
complete or not) that m is a closed measure whenever 3(m) is a relatively weakly compact
subset of L!(m). The converse statement is false in general (cf. Example . However,
another main result of Section 2 (i.e., Proposition provides a class of vector measures
m for which the converse does hold, namely whenever m is atomic.

The proofs of several of the results in Section 2 are somewhat technical. In order to
maintain an ease of reading and to keep a clear overview of the section, these proofs have
been placed in the Appendix at the end of the paper.

The weak completeness properties of L'(m) for a general lcHs-valued vector measure
m cannot be characterized in any reasonable manner, not to mention the lack of concrete
information concerning its dual space L!(m)*. Nevertheless, there is an important class
of vector measures (within the family of operator-valued measures) for which interesting
and non-trivial results can be achieved. This is the class of spectral measures acting in
Banach spaces, which are analogues of the resolution of the identity for selfadjoint or more
generally normal operators in a Hilbert space. The monographs [7], [10], [48] provide a
detailed study of spectral measures and their corresponding spectral operators.

So, let X be a Banach space and L£(X) be the lcHs of all continuous linear operators
on X equipped with the strong operator topology. The first point is that £,(X) is always
quasi-complete and that its weak topology o(Ls(X), Ls(X)*) is precisely the weak opera-
tor topology in £(X). Second, given any spectral measure P : ¥ — L;(X) (see Section 3
for the definition) the space L!(P) of all P-integrable functions is precisely L>(P),
as a vector space, that is, a X-measurable function is P-integrable if and only if it is
P-essentially bounded! Of course, the lcH-topology 7(P) on L>®(P) = L'(P) is surely
not the sup-norm topology (except in trivial cases). Third, the integration operator
Ip : (L'(P),7(P)) = L4(X), given by f — [, fdP, is a bicontinuous isomorphism
onto its range Ip(L(P)) C L4(X); this is surely not the case for the integration operator
Iy, : (L*(m),7(m)) — Y of a general lcHs-valued vector measure m. Fourth, the dual

*

space L'(P)* has a relatively simple description. Namely, ¢ € L*(P)* if and only if there

exist vectors £ € X and z* € X* such that
(6= [ raprat), erl(p), (1.8)

where (Pz, z*) is the C-valued measure E — (P(E)x,z*) for E € X. These four features
(see Section 3 for precise details) play a special role in determining the completeness
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properties of L!(P), both for its given lcH-topology 7(P) and for its weak topology
o(LY(P), L*(P)*).

Let us now summarize the main results of Section 3 which address these completeness
properties. Since the codomain space Ls(X) of a spectral measure P is quasi-complete,

we are in the setting of (1.5)—(1.7) for m := P, that is:
LY(P) is T(P)-complete < L*(P) is 7(P)-quasi-complete
& P is a closed measure < Y.(P) is relatively weakly compact in L*(P). (1.9)

In Theorem [3.7|it is shown that a further condition equivalent to those in ((1.9) is that
(L*(P),7(P)) is weakly quasi-complete. (1.10)

The importance of the closedness of a spectral measure is clear from and .
Many additional criteria, equivalent to the closedness of P, are known (see those listed in
Lemma v) and the discussion after Lemma for example). Some of these criteria
are also formulated via certain properties of the Boolean algebra of projections P(X) :=
{P(E): E €%} C L(X); see Lemma[3.2]

For non-closed spectral measures P, because of and , the relevant question
concerns the 7(P)-sequential completeness of L*(P) and is more involved. Of course, the
results of Section 2 enter here when applied tom := Pand Y := L4(X). There exist spectral
measures P, even in Hilbert space, for which L (P) fails to be 7(P)-sequentially complete;
see Example In particular, for this P thelcHs L' ( P) is not weakly sequentially complete
either. On the other hand, for every spectral measure P (closed or not) it is shown in
Proposition[3.17]that thelcHs (L' (P), 7(P)) can never contain an isomorphic copy of ¢y (this
should be compared with (L.4)). One of our main results (cf. Theorem [3.18) states that for
any atomic spectral measure P (closed or not) the IcHs L (P) is always weakly sequentially
complete, and hence also 7(P)-sequentially complete. Atomic spectral measures occur in
abundance, for example, whenever the Banach space X has an unconditional basis or even
an unconditional Schauder decomposition [32]. Spectral measures P for which L!(P) is
weakly sequentially complete but not weakly quasi-complete are exhibited in Examples[3.22]
and [3.23

The dual space L'(P)* is well understood in a certain sense (cf. (L.8)). For a large
class of spectral measures P (namely, those admitting a separating vector) this can be
significantly improved. It is shown for such P that there exists a finite, positive mea-
sure p on ¥ such that L'(P) equipped with its weak topology can be identified as the
Banach space L>(u) equipped with its weak-* topology o (L (i), L*(u)); see Proposi-
tion

Finally, in Theorem [3.5|it is shown for the IcHs L*(P) that

(L*(P),7(P)) is weakly complete < dim(L'(P)) < oo,

both conditions being also equivalent to the range P(X) of P being a finite subset of L(X).
Despite the fact that this is an essentially trivial situation, there exist infinite-dimensional
Banach spaces X in which the only spectral measures are those having a finite range!



Weak completeness properties 9
2. Preliminaries and general vector measures

Vector spaces to be considered are over C unless stated otherwise. Let Y be a IcHs with
topological dual space Y*. The duality between Y and Y* is denoted by (y,y*) := y*(y)
for y € Y and y* € Y*. Let P(Y) denote the set of all continuous seminorms on Y. For
each ¢ € P(Y), let U, := {y € Y : q(y) < 1}. Its corresponding polar set is denoted
by Ug = {y* € Y* : [{(y,4")| < q(y), Yy € Ug}. Unless stated otherwise, every linear
subspace of Y is equipped with the topology induced by Y. Given a subset W of Y, we
denote by W its closure in Y. Its linear span (resp. closed linear span) is denoted by span W
(resp. span W). Furthermore, the closed convex hull (resp. closed, balanced, convex hull)
of W is denoted by €6 W (resp. bco W).

A subset W of Y is called weakly complete (resp. weakly sequentially complete) if it is
complete (resp. sequentially complete) with respect to the weak topology o(Y,Y™) of Y,
that is, every o(Y,Y*)-Cauchy net (resp. o(Y,Y*)-Cauchy sequence) converges weakly
in W. We say that Y is weakly quasi-complete if every bounded, weakly closed subset of Y’
is weakly complete. Of course, weak completeness implies weak quasi-completeness, which
in turn implies weak sequential completeness. The o(Y, Y *)-closure of a subset W C Y is
called its weak closure and is denoted by W’. A subset of Y is said to be relatively weakly
compact if its weak closure is weakly compact (i.e., compact for o(Y,Y™*)). When Y is
equipped with its weak topology, we also write Y, (y,y«) or simply Y, if no confusion can
occur.

Let A be a non-empty set. A (formal) series ) 7y, yx of elements {yy : A € A} in Y is
said to be unconditionally convergent if the net of partial sums taken over all finite subsets
of A converges to an element y in Y. In this case we write y = > 7, y» and call y the sum
of the series ), -5 ya; see, for example, [3, Ch. II, Definition 2.1].

Let L(Y, Z) denote the vector space of all continuous linear operators from Y into a
IcHs Z. When Y = Z, we simply write L(Y) := L(Y,Y).

Throughout this section, we denote by (£2,%) a measurable space, that is, ¥ is a
o-algebra of subsets of a non-empty set 2. We set

YNnF:={ENnF:EeXx}, FekX.

Clearly XN F = {G € ¥ : G C F}. The vector space of all C-valued, ¥-measurable
functions is denoted by L£9(X).

Let m be a vector measure on X, taking its values in Y, that is, m is o-additive. For
each y* € Y*, the complex measure (m,y*) : E — (m(FE),y*) on ¥ has a finite variation
measure |(m,y*)| [49, §6.1]. Consequently, the range R(m) := m(X) of m is bounded for
the weak topology, and hence also bounded for the initial topology on Y.

LEMMA 2.1. The range of a vector measure taking values in a quasi-complete IcHs is
relatively weakly compact.

The previous lemma occurs in [50, Theorem 3]. We refer to [35], §2] for further sufficient
conditions for a vector measure to have relatively weakly compact range.

Let us return to a general lcHs-valued vector measure m : ¥ — Y. A function f € £°(3)
is said to be m-integrable if it satisfies the following two conditions:
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(I-1) fis (m,y*)-integrable for every y* € Y*, and
(I-2) given E € %, there exists a unique vector fE fdm €Y satisfying

</Efdm’y*> - /Efd<m’y*>7 yreY™.

In this case, the Y-valued set function
mf:EH/fdm, Eel
E

is again o-additive by the Orlicz—Pettis Theorem [29, Theorem 1], and will be called the
indefinite integral of f with respect to m. Functions f € £°(X) which satisfy (I-1) are
called scalarly m-integrable.

Let £!(m) denote the linear subspace of £°(X) consisting of all m-integrable functions
on . Clearly the linear subspace simY C £%(X) of all C-valued, Y-simple functions is
contained in £1 (m) because the characteristic function x g of each set E € ¥ is m-integrable
with [ xg dm = m(ENF) for F € ¥ and because sim ¥ = span{xg : E € }. Moreover,
given f € L}(m) and E € ¥, we have

fxe € L'(m) and / fxpdm= / fdm for F € X. (2.1)
F ENF
Given q € P(Y), define a function ¢(m) on L!(m) by
a(m)(f) = sup [ [fldl(m,y")], feL(m), (2.2)
y*elg JQ

in which case

;gq</Efdm> < q(m)(f) <4;tér;q</ fdm> feLt(m). (2.3)

Equivalently, given f € £!(m), its indefinite integral m satisfies
sup q(my(E)) < sup |(my,y")|() <4 sup q(ms(E))
Eex y*eug Eex

[25, p. 158]. Indeed this inequality and the identity sup,.cpe [(myg,y*)| = qg(m)(f) (see
[25, Theorem 2.2(1)]) yield (2.3).

Next, since the vector measure my : X — Y has bounded range, it follows from
that g(m) is [0, 00)-valued. In particular, g(m) is a seminorm on L(m).

The mean convergence topology on L'(m) is defined as the locally convex topology
generated by the class of seminorms ¢(m) for all ¢ € P(Y'). Via , it is the topology of
uniform convergence of indefinite integrals. The linear subspace sim X is sequentially dense
in £!(m) with respect to this topology; see [34, Proposition 1.2] (which is obtained as an
application of |25, Theorem 2.4]). The mean convergence topology may not be Hausdorff.
The associated IcHs is the quotient space

LY(m) := L£*(m)/N(m)

with respect to the closed subspace

N(m):= (1 a(m)”"({0}).

qg€P(Y)
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The corresponding quotient topology is denoted by 7(m). The IcHs L!(m) is equipped
with this (initial) topology 7(m) unless stated otherwise. To emphasize this, we may speak
of the lcHs (L*(m),7(m)). Another topology on L!(m) which we shall also discuss is the
weak topology o(L(m), L*(m)*).

Functions belonging to N/ (m) are said to be m-null. These are exactly those m-integrable
functions whose indefinite integral is the zero vector measure. A set E € ¥ is called m-null
if xg € N(m). The family of all m-null sets is denoted by Ny(m). Clearly a set £ € X
is m-null if and only if m(F) = 0 for all F' € ¥ with F' C E. A property holding outside
an m-null set is said to hold m-almost everywhere, briefly m-a.e. Observe that a function
f € LX) is equal to 0 pointwise m-a.e. if and only if f is both m-integrable and m-null.

The integration operator I, (m) =Y is defined by

/ fdm=m(Q), feL(m), (2.4)

which is clearly linear. Moreover, I, is continuous via ([2.3)). The range of I,,, is known to
lie within the closed linear span of the range of m, that is,
I.(£Y(m)) C span R(m) (2.5)
[34, p. 347]. Moreover, the equality I,,,(N(m)) = {0} implies that I, induces a unique
Y -valued, continuous linear operator on L*(m), namely (in standard coset notation)
fHN@m) = Lu(f),  feL(m). (2.6)
Let E € X. Because of (2.1)) we can define a linear multiplication operator Mg :
LY(m) = L1 (m) via
Mg : f— fxm, [€L(m). (2.7)
Since g(m)(Mg(f)) < g(m)(f) for ¢ € P(Y) and f € L£'(m), the operator Mg is con-
tinuous. As Mg(N(m)) C NM(m), the operator Mg induces a unique continuous linear
operator from L!(m) into L*(m) given by
fHN(m) = Mg(f) +N(m),  feL(m). (2.8)
The subset
Y(m) = {xg +N(m): E €%} C L' (m)
is always 7(m)-closed in L!(m). This was first stated in [22, Ch. IV, proof of Theorem 4.1]
without proof; its proof can be found in [35] p. 8], |38, Lemma 2.10(i)]. A vector measure
m is called closed if ¥3(m) is a 7(m)-complete subset of L!(m) [22, p. 71].
Define an order on X(m) by
xe +N(m) < xr +N(m) (2.9)
whenever E, F € ¥ satisfy xg < xr pointwise m-a.e. Then X(m) is a lattice for the
operations A and V given by
(xg +N(m)) A (xr +N(m)) == xpar + N (m),
(xe + N(m)) V (xr + N(m)) == xpur + N (m)
for B, F € ¥. ¥(m) is a lattice with unit element yqo + A (m) and zero element N (m).
Furthermore, 3(m) is distributive and complemented. Therefore, ¥2(m) is a Boolean algebra,
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briefly B.a. [11}, p. 5]. Actually X(m) is isomorphic to the quotient B.a. X /ANy (m) [14] §41],
[18, p. 53].

Henceforth, we will identify £!(m) with L*(m) = £*(m)/N (m), i.e., its associated quo-
tient space, except when we need to distinguish these two spaces (this may be indicated
by speaking of individual functions in £!(m)). Accordingly, the integration operator I,
defined by is identified with the Y-valued linear operator defined on L (m). Sim-
ilarly, the multiplication operator Mg defined by is identified with the corresponding
operator (2.8), for each E € ¥. In the same spirit, the subsets {xg : E € £} C £!(m) and
¥(m) C L'(m) are identified. With this identification, when xg < yr pointwise m-a.e.
on Q (i.e., holds in ¥(m)), we say that xg < xr in the order of X(m).

The following result was originally presented in [6, Proposition 1.1] with some extra
assumptions; for the current general form see [35, Lemma 1.4].

LEMMA 2.2. A lcHs-valued vector measure m : ¥ — Y is closed if and only if 3(m) is
complete as an abstract B.a. and has the property that whenever {x g ()} er s a net in
X (m) which is downwards filtering to 0, then the net {m(E (7)) }yer is convergentto 0 inY .

Let us now provide some criteria for closedness of vector measures, which will be needed
in what follows. Parts (i) and (ii) of the following result are from [22] Theorems 7.1 and 7.3,
Ch. 1V], respectively.

LEMMA 2.3. Let m : X — Y be a lcHs-valued vector measure.

(i) If Y is metrizable, then m is closed.
(ii) If there exists a localizable measure p : X — [0,00] such that (m,y*) < u for every
y* € Y", then m is closed.

Every Banach-space-valued vector measure is closed by (i) above. For the definition
of a localizable measure, see [14, 64A]. Every o-finite measure is localizable [14, 64H]. We
refer to [36], §1] for further criteria ensuring the closedness of general vector measures.

The next result is new and plays an important role in what follows.

PROPOSITION 2.4. Let m be a lcHs-valued vector measure defined on X. If the subset
Y (m) C LY(m) is relatively weakly compact, then it is 7(m)-complete in L*(m) (i.e., m is
a closed measure).

Proof. By assumption, the weak closure ¥(m) 7 of Y(m) in L' (m) is weakly compact, and

hence is a weakly complete subset of L'(m) [I3} 0.6, p. 3]. Thus, E(m)a is also 7(m)-
complete [13, p. 4], [23] §18, 4.(4)]. The 7(m)-closed subset ¥(m) of L!(m) is also a closed
subset of the 7(m)-complete set ¥(m) 7 c L'(m). Accordingly, ¥(m) is 7(m)-complete. m

We point out that the set £(m)° C L!(m) that occurs in the proof of Proposition

can be genuinely larger than the 7(m)-closed set ¥(m) C L!(m); see Example below.
The converse statement to Proposition fails to hold, in general.

EXAMPLE 2.5. Let Q := [0, 1] and X be the Borel o-algebra of §2. Equip the linear subspace
Y :=sim X C L®(u) with the topology induced by the weak-* topology o (L> (), L (u)).
Remark 1.8(iii) in [35] shows that the Y-valued set function m : E +— xg on X is a closed
vector measure (by using Lemma [2.3(ii) for the Lebesgue measure 1), and that its range
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R(m) CY is not relatively weakly compact. The latter fact is a consequence of Y failing
to be sequentially complete. Now, since R(m) equals the image of ¥(m) under I,,, and
I, € L(L*(m),Y), and because I,, maps relatively weakly compact sets to relatively
weakly compact sets, the subset ¥(m) C L*(m) cannot be relatively weakly compact. O

In Example 2.5] above, it is crucial that Y is not sequentially complete. Indeed, the
converse statement of Proposition [2.4] does hold for a vector measure with values in a
sequentially complete lcHs (see Remark [2.6{vi) below).

REMARK 2.6. Let m : ¥ = Y be a lcHs-valued vector measure.

(i) The 1cHs L*(m) is 7(m)-complete if and only if it is 7(m)-quasi-complete. This
fact occurs in this form in [38, Lemma 2.10(iii)] but it was essentially known earlier (see
[22, Ch. IV, Theorem 4.1], [44, Theorem 1]). For the case when Y is a real IcHs, L*(m) is a
real lcH-Riesz space [38, Proposition 3.7(i)], and so one can also apply [52, Proposition 1.4]
to deduce the equivalence of the completeness and quasi-completeness of L!(m). This
approach also applies when Y is a IcHs over C provided that L'(m) is a complex Riesz
space, which is not always the case; see [38, Example 3.9(iv), (v)].

(i) If L'(m) is 7(m)-complete, then its 7(m)-closed subset Y (m) is necessarily 7(m)-
complete, i.e., m is closed.

(iii) If m is closed and its codomain space Y is sequentially complete, then L!(m)
is 7(m)-complete [44, Theorem 2]. There exists a vector measure m, with values in an
incomplete normed space, such that L*(m) is 7(m)-complete [44, Example 1].

(iv) A useful way to analyze ¥(m) is to realize it as the range of the L!(m)-valued
vector measure

[m]: Ew— xg, FeX.

That [m] is indeed a vector measure with range R([m]) = ¥(m) and satisfying the equality
(LY([m]),7(m])) = (L*(m),7(m)) as lcHs’ is a special case of [34, Proposition 3.1]. In
particular, 3([m]) and ¥(m) are the same subset of L!([m]) = L'(m). Accordingly, [m] is
closed if and only if m is. From this fact and Lemma (i), with Y := L'(m) and [m] in
place of m, it follows that m is closed whenever L'(m) is 7(m)-metrizable.

(v) If L*(m) is 7(m)-complete, then its subset ¥(m) is relatively weakly compact. This
is a consequence of Lemma applied to the L'(m)-valued vector measure [m] (see part
(iv) above).

(vi) Assume, in addition now, that Y is sequentially complete. Then the following
assertions are equivalent:

(a) m is closed.
(b) L'(m) is 7(m)-complete.
(c) ¥(m) is relatively weakly compact in L (m).

Indeed, part (iii) above yields (a)=(b). For (b)=-(c), see (v) above. The implication (¢)=(a)
is clear from Proposition

In particular, the converse of Proposition 2.4 holds whenever ¥ happens to be sequen-
tially complete. We point out that there exists a non-closed vector measure taking its
values in a sequentially complete lcHs (see Examples 2.13 and 2.14 below). O
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The converse statement of Proposition[2.4]also holds whenever m is atomic. This result,
which is included in Proposition 2.16 below, is part of the special features of atomic vector
measures to which we devote the remainder of this section.

The concept of an atom for a vector measure is analogous to that for a scalar mea-
sure [20], [22]. To be precise, let m : & — Y be a lcHs-valued vector measure. A set F € X
is an m-atom if m(E) # 0 and if, for every F € X, either m(ENF)=0or m(E\ F) =0
[22, p. 32]. In this case

m(XNE)={0,m(E)}. (2.10)

A vector measure m is called atomic if every non-m-null set contains an m-atom. If m has
no m-atoms, then it will be called atomless; in the literature the terminology non-atomic
is also common.

Let us recall the well known concept of atoms in a B.a. B [I8, p. 69]. A non-zero element
a € B is called an atom if the only elements b € B satisfying b < a (i.e., a dominates b)
are b = 0 and b = a. The B.a. B is called atomic if every non-zero element dominates an
atom. We say that B is atomless if it has no atoms.

The following result (whose proof is presented in the Appendix) shows that the concept
of an m-atom and that of an atom in the B.a. ¥(m) are essentially the same.

LEMMA 2.7. Let m : X — Y be a lcHs-valued vector measure.

(i) Let E € ¥ be an m-atom. Then a set G € ¥ N E is m-null if and only if m(G) = 0.
(ii) The following conditions on a set E € 3 are equivalent:

(a) E is an m-atom.

(b) E ¢ No(m) and, for each F' € 3, either ENF € Ny(m) or (E'\ F) € Ny(m).
(c) E is an [m]-atom for the vector measure [m] : & — L'(m).

(d) xg is an atom of the B.a. ¥(m).

(iii) The vector measure m is atomic (resp. atomless) if and only if the vector measure [m)
is atomic (resp. atomless) if and only if the B.a. 3(m) is atomic (resp. atomless).

Note that a set E € ¥ satisfying condition (b) in Lemma ii) is a proper m-atom
in the terminology of [20, (7), p. 7]. The equivalence (a)<>(d) in Lemma i) is stated
without proof in [22] p. 32].

Let m be a lcHs-valued vector measure. The family of all the atoms in the B.a. X(m)
is denoted by {XFr(a)}taca(m). We assume, for distinct labels o, 3 € A(m), that their
corresponding atoms X p(q) and Xp(gy are disjoint, that is, xp) A Xp(s) = 0 in X(m)
(equivalently F'(a) N F(B) € No(m)). So, {XF(a)}tacA(m) is an “enumeration” of all the
atoms in X(m).

Note that A(m) = () if an only if m is atomless. We say that m is o-atomic if m is atomic
and if the index set A(m) is countable. Every o-atomic vector measure is necessarily closed
[35, Proposition 1.9]. The atomic measures treated in [20, (9), p. 7] are restricted to the
class of o-atomic measures.

The proofs of the following two lemmas are postponed to the Appendix.

LEMMA 2.8. Suppose that a lcHs-valued vector measure m : . — Y satisfies A(m) # 0.
Let f € L'(m). For each a € A(m), with corresponding atom X p(,) € X(m), there exists
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a unique complex number a(c, f) satisfying both
[ sam=a(a, ym(F() (2.11)
F(a)

and
IXF) = ala, f)XF@) —pointwise m-a.e. on Q. (2.12)

LEMMA 2.9. Let m : ¥ — Y be a lcHs-valued, atomic vector measure. A set E € ¥ is
m-null if and only if EN F(a) is m-null for every m-atom F(a), o € A(m).

Lemmas and are crucial for establishing Proposition below (for its proof
we refer to the Appendix) as well as for further results in Section 3.

PRrOPOSITION 2.10. Let m be an atomic, lcHs-valued vector measure. Then the subset
¥ (m) C LY(m) is necessarily weakly closed.

The weak closedness of ¥(m) may not be enjoyed by a general vector measure m, as
demonstrated by the following example. See also Remark ii) below and the discussion
after Proposition [3.21

EXAMPLE2.11. Letm : ¥ — Y bealcHs-valued, atomless vector measure. Recall from Re-
mark iv) that the associated vector measure [m] : ¥ — L!(m) satisfies R([m]) = % (m)
and, via Lemma [2.7(iii), that [m] is also atomless. Assume further that

—————

R([m])” =coR(jm]) equivalently %(m)’ =coR(|m]) (2.13)

in L'(m). Then X(m) is not weakly closed in L'(m) because 3xq+ 2xp = 2 xq and (2.13)
imply that

o

3Xa € (C0X(m)) \ X(m) = X(m) \ X(m).
We note that either of the conditions that

(a) the domain ¥ of [m] is a countably generated o-algebra, or
(b) the codomain space L!(m) of [m] is 7(m)-metrizable

is sufficient for to be satisfied; see Theorem 1 in [22] Ch. V, Section 6], applied to
the vector measure [m], for example, whereas [22] p. 111] provides earlier references.

Condition (a) is satisfied if ¥ is the Borel o-algebra of a topological space with a
countable open base. For example, every separable metric space, such as the closed unit
interval [0, 1], admits a countable open base.

If the codomain space Y of m is metrizable, then we find both that m is closed (see
Lemma 1)) and that L!(m) is 7(m)-metrizable (in view of the definition of 7(m)). In
short, every atomless vector measure m with values in a metrizable IcHs has the property
that ¥(m) is 7(m)-complete but not weakly closed in L!(m). O

PROPOSITION 2.12. Let m : X = Y be a lcHs-valued, vector measure which is both closed
and atomic. Then:

(i) The range R(m) CY is compact.

(ii) Given any E € X, the series 3 ¢ 4y M(E N F(a)) is unconditionally convergent
in'Y and its sum is precisely m(E).
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According to |20, Theorem 10], every c-atomic vector measure has compact range.
This is a special case of Proposition [2.12|(i) above because every c-atomic vector measure
is necessarily closed; see the discussion prior to Lemma Our proof of Proposition [2.12]
(provided in the Appendix) is an extension of that of [20, Theorem 10].

Let us now present some examples of atomic vector measures. Further examples, of a
different nature, will be presented in Section 3.

EXAMPLE 2.13. Let Q := [0,1] and ¥ C 22 be any o-algebra such that {w} € X for all
we Q. Let Y := LX) C C be equipped with the topology of pointwise convergence
on €. Then Y is a sequentially complete lcHs whose initial topology and weak topology
coincide.

Note that m : ¥ — Y defined by m(E) := xg for F € ¥ is an atomic vector measure
whose m-atoms are all the singleton sets {w} for w € Q. It is clear that

N(m)=1{0} and X(m)=R(m)={xg:E X}

as sets, that L'(m) = Y as IcHs’, and that the integration operator I,,, : L*(m) — Y is the
identity map. Consequently, the initial topology 7(m) on L'(m) is exactly the pointwise
convergence topology.

The claim is that m is closed if and only if ¥ = 2. To see this, assume first that ¥ C 2.
Fix any E € 2%\ X and let F(E) denote the family of all finite subsets of E, directed
by inclusion. Then the net {xr}pcrg) is 7(m)-Cauchy in X(m) but has no 7(m)-limit.
Hence, X(m) is not 7-complete, that is, m is not closed. So, the ‘only if’ portion holds
as we have established its contrapositive statement. On the other hand, if ¥ = 2, then
Y(m) = {xg : E € 2%} = {0,1}* is 7(m)-compact (as 7(m) is the product topology on
{0,1}%), and hence is T-complete. This verifies the ‘if” portion.

Returning to the case when ¥ C 2%, it is routine to verify that the non-closed, atomic
vector measure m satisfies

m(E) = Z m(EN{w}), FEeX,
weN

with the right-hand side being unconditionally convergent in Y. In other words, part (ii)
of Proposition [2.12] still holds for this m even though it is non-closed. This is due to the
fact that A(m) (in our standing notation) can be taken as Q. O

EXAMPLE 2.14. Let Q and Y be as in Example[2.13| with ¥ now being the Borel o-algebra.
Denoting the Lebesgue measure on ¥ by pu, define a Y-valued vector measure by

m(E) = xg + u(E)xqy, FEel

Then m is atomic and its m-atoms are all the singletons {w} with w € Q. It is clear that
N(m) = {0} and that L'(m) equals the vector space L£!(u) of all individual p-integrable
functions. Moreover, we have

Ln(f) = f+ (/Qfdu>><{1}v fe L' (m).

Since m restricted to ¥ N[0, 1) is not closed (by applying the argument in Example
to [0,1) in place of [0, 1]), the vector measure m itself is not closed.
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The claim is that now part (ii) of Proposition fails to hold (with the index set
A(m) := Q). Indeed, for any set E € ¥ with u(F) > 0,

m(E) = xg + n(E)xqpy # xe = »_ m(EN{w})
we

with the right-hand side being unconditionally convergent in Y. O

REMARK 2.15. (i) Example above provides a closed, atomless vector measure, with
values in a lcHs equipped with its weak topology, whose range is not relatively com-
pact (= not relatively weakly compact). Therefore, we cannot omit the assumption in
Proposition [2.12(i) that the vector measure is atomic.

(ii) There also exist closed, atomless vector measures which do have compact range.
Indeed, take any atomless vector measure with values in a finite-dimensional Banach space.
Then it is closed by Lemma(i)7 and it has compact range by Lyapunov’s Theorem [4, Ch.
IX, Corollary 1.5]. For the infinite-dimensional case, see [4, Ch. IX, Example 1.9 and the
subsequent comment| which provides a cg-valued, atomless vector measure with compact
range; such a vector measure is closed (again by Lemma 1)) O

We conclude this section with a result which determines exactly when an atomic vector
measure m is closed in terms of compactness properties of ¥(m). Its proof will be provided
in the Appendix.

PROPOSITION 2.16. The following assertions for a lcHs-valued, atomic vector measure m
defined on X are equivalent:

(a) m is closed.

(b) X(m) is a T(m)-compact subset of L'(m).

(c) X(m) is a weakly compact subset of L'(m).

(d) X(m) is a relatively weakly compact subset of L*(m).

REMARK 2.17. Let m : ¥ — X be a Banach-space-valued vector measure. Then the
corresponding seminorm ({2.2)), with ¢ replaced by the norm of X, is the norm

Feslflh=  sup /Q|f|d|<m,x*>|, f e L (m).

llz*ll x= <1

Here || - || x~ is the norm of the dual Banach space X* of X. Then (L'(m),|| - ||1) turns out
to be a Banach space; it is a natural analogue of (L'(u), | - ||1) whenever p is a positive
scalar measure. Actually, L!(m) is a (complex) Banach lattice and || - ||; is a lattice norm.
Some of the important features of L!(m) have been alluded to in Section 1; for further
properties see [37, Ch. 3] and the references therein, for instance. O

3. Weak completeness of L' for spectral measures

Let X be a (complex) Banach space with norm || - || x and with closed unit ball B[X] :=
{z € X :||z|]|x < 1}.Recall that the norm of its dual Banach space X* is denoted by ||- || x .
The vector space £(X) is also an algebra for the multiplication defined by composition;
its unit is the identity operator I.
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The uniform operator topology on L(X) is defined by the operator norm
[Tllop := sup [Txllx, T eL(X).
z€B[X]
In this case we write £,,(X) and note that £,(X) is a unital Banach algebra with respect
0 I+ lop-

By Ls(X) we denote £(X) equipped with the strong operator topology 75 (i.e., the
topology of pointwise convergence on X). It is a lcHs whose topology is generated by the
family of seminorms

pe T ||Tx||x, Te€LX), (3.1)

with ¢ € X varying. It turns out that £,(X) is always quasi-complete because of the
completeness of X and the Banach—Steinhaus Theorem. The multiplication (S,T") — ST
is clearly separately continuous from L£(X) x Ls(X) into £5(X). So, L5(X) is a locally
convex algebra. To describe the dual space L5(X)* of L5(X), fix any v € X and z* € X*.
The linear functional

zz* T (Tx,z"), T e Ly(X), (3.2)

is clearly continuous, i.e., z ® z* € L,(X)*. Conversely, every continuous linear functional
on L4(X) is necessarily the sum of finitely many linear functionals of the form (3.2)). In
other words,

LX) = {ij @ajrz;eX,x; € X, j=1,...,n,n¢€ N}; (3.3)
j=1
see [9, Ch. VI, proof of Theorem 1.4]. Thus, the weak topology o(Ls(X), Ls(X)*) in the
lcHs L (X)) coincides with the weak operator topology 7, on L(X) [0, Ch. VI, Definition 1.3],
in which case we write £,,(X).

We point out that X is weakly sequentially complete if and only if £,(X) is weakly
sequentially complete. The ‘only if’ portion appears in [I9, Theorem 2.15.2], and the ‘if’
portion follows from the fact that X is topologically isomorphic to a closed linear subspace
of L4(X) |24, §39, 1.(2))].

Throughout this section, (§2,%) denotes an arbitrary measurable space except when
we consider specific measure spaces. A vector measure with values in the 1cHs £4(X) is
called an operator-valued measure. Since L4(X) is quasi-complete, every operator-valued
measure has relatively weakly compact range (see Lemma7 and so its range is uniformly
bounded (i.e., bounded in £,(X)). An operator-valued measure P : ¥ — L4(X) is called
a spectral measure if P(Q2) =1 and

P(ENF)=P(E)P(F), E,FeX. (3.4)
The o-additivity of P means exactly that lim,_, ||P(Ey)z||x = 0foreachx € X whenever
E, | 0 in X, that is,
Px:E— P(E)x, FEeX, (3.5)
is an X-valued vector measure for each x € X.

Given a spectral measure P : ¥ — L4(X) and vectors z € X, z* € X*, it follows
that (P(E),z @ 2*) = (P(E)x,z*) for E € ¥, a formula in which the left-hand side is the
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duality between L£4(X) and Ls(X)*, whereas the right-hand side is the duality between
X and X*. In short, we have equality between two scalar measures on X:

(Px@a*) = (Pr,z"), zeX, z"eX" (3.6)
Therefore, (3.3]) shows that a function f € £°(X) is scalarly P-integrable if and only if it
is (Pz, z*)-integrable for all z € X, «* € X*.
Since the seminorms p, for z € X (see (3.1)) generate the strong operator topology 75,
it follows that the topology 7(P) is generated by the seminorms

pe(P): f s sup{ [inawgrsee U;z}, [ e L'(P) (3.7)

see (2.2) with Y := L£,(X) and p, in place of ¢ and m := P. Using the X-valued vector
measure Pz (see (3.5))) enables us to express p,(P) simply as

PP = s / fld(Pea™),  feL{P), (3.8)

z* EB[X*
Indeed, for each x € X, consider the evaluation map U, : T — Tz, for T € L(X),

which is a continuous linear operator from the lcHs £,(X) into the Banach space X. With
Ul : X* — Li(X)* denoting the dual operator of U,, it is routine to verify that

U;(BIX™])) =Up,; (3.9)
adapt [9, Ch. VI, proof of Theorem 1.4], for example. Given z* € B[X*], since
(P(E),Uz(z%)) = (P(E)x,z") = (Px(E),z"), FEeX,

it follows that (P, U (z*)) = (Pz,z*). This identity, (3.7) and (3.9) yield (3.8).
Given f,g € L(P), their pointwise product fg is also P-integrable and we have

/E(fg)dP: (/QfdP) (/diP)P(E), Eey,

in £,(X). Since N/(P) is stable under pointwise multiplication, the pointwise multiplication
of individual functions in £(P) induces their P-a.e. multiplication in the quotient space
LY(P) = £L'(P)/N(P). These facts appear in [48], Proposition V.3 and p. 80|, for example.

The P-null sets are more easily described than those of a general vector measure.
Indeed, a set E € ¥ is P-null if and only if P(E) = 0, which is a consequence of (3.4).
Hence, E € ¥ satisfies P(E) = I if and only if P(Q\ E) = 0 if and only if Q \ E is P-null.
This enables us to define a function f € £°(X) to be P-essentially bounded if

flp = inf{sup If(w)|: E€x, P(E) = 1} < .
wek

In this case there is Ey € X satisfying both P(Ep) = I and |f|p = sup,cg, |f(w)]; see
[0, pp. 2186-2187] or [48], pp. 72-73]. Clearly, a function f € £°(3) is P-null if and only if
it is P-essentially bounded and |f|p = 0. Accordingly, let L>°(P) denote the vector space
of all equivalence classes of P-essentially bounded functions modulo A(P). The norm
on L (P) induced by | - |p is called the P-essentially bounded norm, and is denoted by
the same symbol | - |p. We write (L*°(P),| - |p) when we wish to emphasize that L>°(P)
is equipped with the norm | - | p. We can define the multiplication of equivalence classes in
L*>°(P) via the pointwise multiplication of their representatives, because N (P) is stable
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under pointwise multiplication. Then (L°°(P),| - |p) is a commutative Banach algebra
whose unit is the equivalence class containing xqo. As in the case of the L°°-space for a
scalar measure, we shall identify each P-essentially bounded function with its equivalence
class in L°°(P) as long as there is no danger of confusion.

We now collect some known results which will be used in what follows.

LEMMA 3.1. Let X be a Banach space and P : ¥ — L5(X) be a spectral measure. Define
IP(E)llop == sup [|P(E)]lop < .
Eex

(i) The integration operator Ip : (L*(P),7(P)) — Ls(X) is a bicontinuous algebra
isomorphism onto its range and satisfies

pa(Ip(f)) < po(P)(f) S AIPE)llop po(Ip(f)), € X, feL(P).
(i) A function f € L°(X) is P-integrable if and only if it is P-essentially bounded.
Consequently, we have the equality
LY(P) = L*>(P) (3.10)
of vector spaces.
(iii) The identity map from (L°(P),|-|p) onto (L*(P),7(P)) is continuous.
(iv) The inequalities
flp < 1p(llop < APOlplfle.  FELXP)=L(P). (311
hold and Ip : (L*°(P),|-|p) = Lu(X) is a bicontinuous, Banach algebra isomorphism
onto an inverse closed Banach subalgebra of L, (X).
(v) The following conditions are equivalent:
= P(X) is a complete subset of L4(X).
= P(X) is a closed subset of L4(X).
(P) is 7(P)-quasi-complete.
e) L(P) is 7(P)-complete.
f) Ip(LY(P)) is a Ts-complete subspace of Ls(X).
g) X(P) is a relatively weakly compact subset of L*(P).
Proof. (i) See [48, Theorem V.4], for example.

(ii) The first part of (ii) can be derived from [I0, Ch. XVIII, Theorem 2.11(c)]. A direct
proof is given in [48] Proposition V.4]|. The identity is a consequence of the first
part once we recall that L!'(P) and L>(P) are both the corresponding quotient spaces
modulo N (P).

(iii) Fix x G X. Given f € L*®(P), since |f(w)| < |flp - xa(w) for P-a.e. w € €, it
follows from (3.7) or (3.8) that

px(P)(f) < p2(P)(|flPx) = [f]P - p=(P)(xa)-
So, (iii) holds because p,(P)(xq) < 00

(iv) See |10, Ch. XVII, Theorem 2.10]; the current form is in [48, Theorem V.1|.

(v) The equivalences (a)<(b) and (e)<(f) follow because Ip is a bicontinuous isomor-
phism onto its range (via part (i)) and satisfies Ip(3(P)) = R(P). As noted earlier in

=
g
3
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this section, R(P) is bounded in £4(X), which ensures the equivalence (b)<(c) because
L,(X) is quasi-complete. For the equivalences (a)<(d)< (e), see Remark [2.6{1)—(iii) with
Y := Li(X) and m := P. Since Y := L,(X) is quasi-complete, (a)<(g) follows from
Remark [2.6[vi) with m := P. =

Part (v) of Lemma above provides a simple characterization for a spectral measure
to be closed in terms of its range. We refer to [35], [36] and [48] together with the references
therein for further features of closed spectral measures.

Since the range of a spectral measure is a B.a., we shall see that certain completeness
properties of such a B.a. are related to the closedness of its corresponding spectral measure.
Recall, for a Banach space X, that a subset M C £(X) of commuting projections is called
a Boolean algebra of projections when it is a B.a. relative to the partial order given by
range inclusion. The lattice operations are given by

QAR:=QR and QVR:=Q+R—-QR, Q,ReM.

It is always assumed that the zero element of M is the zero operator, and the unit of M
is I. A B.a. of projections M is said to be Bade complete (resp. Bade o-complete) if it is
complete (resp. o-complete) as an abstract B.a. and if we have

(/\ QA>(X) = N @x(X) and (\/ QA)(X) :7span( U QA(X)>
A€A A€A A€A A€A
for each family (resp. each countable family) {Qx}rea in M. The following result is part

of [48, Theorem IV.1].

LEMMA 3.2. Let X be a Banach space. A B.a. of projections M in L(X) is Bade complete
(resp. Bade o-complete) if and only if it is the range of a closed spectral measure (resp.
a spectral measure).

The B.a. 3(P) C L*(P) associated with a spectral measure P was defined in Section 2
(set m := P there). Its connection to the B.a. R(P) = P(X) (see Lemma3.2) is as follows.

LEMMA 3.3. Let X be a Banach space and P : ¥ — Ls(X) be a spectral measure. The
restriction of Ip to ¥(P) C L'(P) is a B.a. isomorphism onto the B.a. of projections
P(X) =Ip(Z(P)) in L(X). Consequently, P is an atomic (resp. atomless) measure if and
only if the B.a. P(X) is atomic (resp. atomless).

Proof. The first part is a consequence of (3.4). This then ensures the second part once we
recall that the B.a. X(P) is atomic (resp. atomless) if and only if P is an atomic (resp.
atomless) measure; see Lemma [2.7iii) with ¥ := £,(X) and m := P. u

We now turn our attention to the main topic of this section, namely various com-
pleteness properties of L!(P), for a spectral measure P, with respect to its weak topology
o(LY(P), L*(P)*). We begin with a useful description of the dual space L*(P)* of L!(P).
Such a description is given in [43 Theorem 1] under the assumption that P is closed; this
assumption is actually superfluous.

LEMMA 3.4. Let X be a Banach space and P : ¥ — Ls(X) be a spectral measure. Then
NP ={(z@z")olp:z e X, z*c X*}. (3.12)
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Proof. In view of (3.2)), if z € X and z* € X*, then the composition (z ® x*) o Ip of
r®z* € L(X)* and Ip € L(L(P), Ls(X)) clearly belongs to L'(P)*. So, the right-hand
side of (3.12)) is included in the left-hand side.

Concerning the reverse inclusion, let (W) denote the 7,-closed subalgebra generated
by a subset W of £4(X). Fix ¢ € L*(P)*. Since I' : Ip(L'(P)) — L'(P) is continuous
and linear (see Lemma i)), the composition ¢ o I5' : Ip(L*(P)) — C is a continuous
linear functional which admits a unique continuous linear extension Z to the 74-closure
Ip(LY(P)) C Ls(X). Since Ip(L(P)) is a subalgebra of L4(X) (see Lemma ii)) and
since sim ¥ is 7(P)-dense in L' (P) (see Section 2), we have (for W = P(X)) the identity
(P(%)) = Ip(LY(P)). Next, we recall from Lemma that P(X) is a Bade o-complete

B.a. of projections. Its 7,-closure M := P(¥) in L£4(X) is then a Bade complete B.a.
of projections [48, Theorem V.8|. The identity (P(X)) = (M) clearly holds, and hence
(M) = Ip(L'(P)); i.e., Ip(L'(P)) is the 75-closed subalgebra of L£4(X) generated by the
Bade complete B.a. of projections M. According to [, Proposition 3.2| there exist z € X
and 2* € X* satisfying 2 ® 2* = € on Ip(LY(P)), which implies that 2 ® 2* = o I" on
Ip(LY(P)), and hence that £ = (x ® 2*) o Ip. As £ € LY(P)* is arbitrary, the left-hand
side of is included in the right-hand side. =

For a spectral measure P, when is L! ( P) weakly complete? The following result provides
an answer: it is so only under very special circumstances. If we write P : ¥ — £, (X), then
P is to be interpreted as a Banach-space-valued measure, typically only finitely additive.
We say that P : X — L£,(X) has finite variation if its total variation, which is defined
as in the scalar-valued case [4, Ch. I, Definition 1.4], is a [0, c0)-valued, finitely additive
measure on X. The set function P : ¥ — £,(X) is called strongly additive if the series
>0, P(E,) converges in £, (X) whenever {E, }?2 is a sequence of pairwise disjoint sets
from ¥ [4, Ch. I, Definition 1.14]. Whenever the integration operator Ip is to be regarded
as L, (X)-valued, we write Ip : (L' (P),7(P)) — L, (X).

We point out that a lcHs Y is weakly complete if and only if every linear functional
on its dual space Y* is o(Y*, Y )-continuous. This is a consequence of the fact that the
completion of Yy (y,y+) equals the algebraic dual of YJ*(Y*,Y) [23, §20, 9.(2)]. Thus, if there

exists a linear functional on Y* which is not o(Y™*,Y)-continuous, then Y is not weakly
complete.

THEOREM 3.5. Let X be a Banach space and P : ¥ — L (X) be a spectral measure.

(I) If the vector space L'(P) is infinite-dimensional, then the lcHs (L*(P),7(P)) is not
weakly complete.
e following conditions for P are equivalent:
(IT) The following conditions for P quival

(a) (LY(P),7(P)) is weakly complete.

(b) LY(P) is finite-dimensional.

(c) (LY(P),7(P)) is normable.

(d) (LY(P),7(P)) is metrizable.

(e) The linear operator Ip : (L*(P),7(P)) — L,(X) is continuous.
(f) P:¥ — L,(X) is o-additive.



Weak completeness properties 23

(g8) There exists a finitely additive measure pi : ¥ — [0, 00) such that || P(E)||op < t(E)
for every E € 3.

h) P(X) is a finite subset of L(X).

) P:3¥ — L,(X) has finite variation.

) P:X— L,(X) is strongly additive.

(k) There exists a finite S-partition {E;}f_, of Q (with k € N) such that each
projection P(Ej;) forj =1,...,k is an atom of the B.a. of projections P(X), and

k
ZPFOE Fex.

(1) P(X) is a compact subset of L,, ( ).
(m) The Banach space (L*°(P),| - |p) is separable.

Proof. (I) Our proof is an adaptation of that of [30, Proposition 2.5.14]. First observe that
L'(P)* isalsoinfinite-dimensional (because dim L' (P)* < oo would imply dim L*(P) < 00).
So, there exists an infinite, linearly independent subset V ={¢, : n€ N} C L'(P)*. By
Lemma above, for each n € N there exist (non-zero) vectors x, € X and z} € X*
satisfying &, = (z, ® ) o Ip. We may assume that ||z, ||x =1 = ||z} || x~ foreachn € N

because the infinite set
{fn* n € N}
lznllx - |25 x-

is linearly independent in L!(P)*. The set V is then o(L!(P)*, L' (P))-bounded because,
given f € L*(P), we have

sup [(f, &n)| = sup [{f, (zn @ 27,) 0 Ip)| = sup [(Ip(f)zn, z})]
neN neN neN

< sup 1P (Nllop - lznllx - lz7llx+ = [P (Fllop < 00

Now, select any Hamel basis H for the vector space L'(P)* such that V C H
[23, §7, 3.(2)]. Then there exists a unique linear functional u : L'(P)* — C determined
by the requirements u(&,) := n for n € N and u(§) := 0 for £ € H\ V 23], §8.5, p. 63].
Clearly, the image u(V') of the o(L'(P)*, L'(P))-bounded subset V is unbounded in C.
Thus, u is not continuous (as every continuous linear functional on a lcHs maps bounded
sets to bounded sets in C). Therefore, L!(P) is not weakly complete (see the discussion
immediately prior to this theorem).

(IT) (a)=-(b). This is the contrapositive of (I).

(b)=>(a). Clear, as every finite-dimensional IcHs Y" is topologically isomorphic to

(b)=(c)=(d). Clear.

(d)=(e). By (d) the codomain space L!(P) of the vector measure [P] : E — xg on &
is metrizable. So, Lemma[2.3{(i) with Y := L'(P) and m := [P] yields the closedness of [P].
Thus, P is also closed (via Remark [2.6{iv) with Y := £,(X), and m := P), and hence
(LY (P), 7(P)) is complete by Remark(iii) with Y := £4(X) and m := P. This together
with (d) implies that (L!(P),7(P)) is a Fréchet space. The Open Mapping Theorem then
shows that the identity operator from the Banach space (L>°(P), |- |p) onto (L'(P),7(P))
is a bicontinuous isomorphism (after recalling that this operator is always continuous

Cdim Y.
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by Lemma iii)). Thus, (e) holds because we already know from Lemma [3.1](iv) that
Ip:(L>®(P),|-|p) — Lu(X) is continuous.

(e)=(f). Let E(n) | @ in X. The o-additivity of P : ¥ — L,(X) implies that
Ip(XE@m)) = P(E(n)) — 0 in L£,(X). Since Ip' : (Ip(LY(P)), 1) — (LY(P),7(P)) is
continuous by Lemmai), it follows that x () =I5 (Ip(XEm)) — 0in (L1(P),7(P))
as n — oo. Now apply (e) to deduce that P(E(n)) = Ip(xgm)) — 0 in £,(X), which
establishes (f).

(f)=(j). This follows immediately from the definitions of o-additivity and strong ad-
ditivity.

The equivalence of (g), (h), (i), (j) and (k) is a special case of [47, Proposition 1].

(h)=(b). Condition (h) implies W := span P(X) = Ip(simX) is finite-dimensional
and, in particular, is then a 7s-closed linear subspace of £4(X). This together with the
7(P)-denseness of sim ¥ in L (P) (see Section 2) implies that W = Ip(L'(P)). So, (b) holds
because Ip is injective (see Lemma i)).

(h)=(1). Clear.

(I)=(f). Let E(n) | 0 in ¥. Then P(E(n)) — 0 in L4(X) as n — co. On the other
hand, (1) implies that the uniform and strong operator topologies coincide on P(X). So,
lim,, oo P(E(n)) =0 in £, (X), which establishes (f).

(b)=(m). This is clear because L>°(P) = L'(P) as vector spaces (see Lemma ii))
and because every finite-dimensional Banach space is separable.

(m)=-(h). To prove the corresponding contrapositive statement, assume that P(X)
is an infinite set. According to [47, Lemma 1], there exists a sequence {E(n)}>; of
pairwise disjoint, non-P-null sets in . This enables us to define a linear operator ® :
£ — (L*>°(P),| - |p) by assigning to each (v, )2, € £>° the pointwise sum Y7 | n X g(n)
€ L°°(P). Then ® is a bicontinuous isomorphism from £>° (equipped with the usual uniform
norm) onto span{xg(m) : n € N} € L>(P). Consequently, (L>°(P), |- |) is non-separable,
which establishes the desired contrapositive statement. m

REMARK 3.6. There exist Banach spaces X such that every £(X )-valued spectral measure
P has finite range, that is, P satisfies condition (h) in Theorem II) above. The class
of such Banach spaces contains (at least) two subclasses. One consists of all Grothendieck
spaces with the Dunford—Pettis property [42, Proposition 1]. This subclass includes the
L°°-spaces of scalar measures and many others [26]. The second subclass consists of the
hereditarily indecomposable Banach spaces; see [45, Proposition 1] and the equivalence
(h)< (k) in Theorem[3.5(II) together with the fact that the range of every spectral measure is
a Bade o-complete B.a. of projections (via Lemma. These two subclasses are disjoint
because each hereditarily indecomposable space is not a Grothendieck space with the
Dunford—Pettis property [45, Proposition 4]. O

The following result characterizes when L!(P) is weakly quasi-complete (i.e., quasi-
complete for o(L'(P), L*(P)*)).

THEOREM 3.7. Let X be a Banach space and P : ¥ — L(X) be a spectral measure. Then
P is a closed measure if and only if the lcHs (L' (P), 7(P)) is weakly quasi-complete.
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Proof. Suppose that P is closed. Since its codomain space L£s(X) is quasi-complete, the
subset $(P) C L'(P) is relatively weakly compact, that is, its weak closure S(P)  is
weakly compact. For this apply Remark (vi) with Y := £4(X) and m := P. From
Krein’s Theorem [23, §24, 5.(4')], it follows that %(WU) is also weakly compact
in L'(P). Recalling that the weak closure and the 7(P)-closure of any balanced, convex
set in L' (P) coincide, we can conclude that bco ¥(P) D E(P)J, which implies the identity
beo B(P) = beo(S(P)). Thus, beo B(P) is weakly compact, and hence weakly complete.

Select any weakly bounded subset V' C L!(P), which is then also 7(P)-bounded. The
claim is that there exists a constant C' > 0 such that

V C C -becoX(P); (3.13)

To verify this, we first recall that L'(P) = L°°(P) as vector spaces (cf. Lemma ii)).
Moreover,

B[L>(P)] C 4 - bco X(P); (3.14)

this can be proved by expressing each function in B[L>° (P)] as a uniform limit of appropriate
Y-simple functions. On the other hand, the image Ip (V') C L£,(X) is bounded for the strong
operator topology 7, and hence uniformly bounded by the Banach—Steinhaus Theorem.
From this and , it follows that

M := sup |f|p < sup HIP(f)HOp < 00,
fev fev

which yields
V C M -B[L*(P)]. (3.15)

Therefore, holds with C' := 4M by and .

Now, since bco X(P) is weakly complete, so is C - bcoX(P). In short, each weakly
bounded subset V of L!(P) is contained in some weakly complete subset. In other words,
the 1cHs L!(P) is weakly quasi-complete.

Conversely, if L'(P) is weakly quasi-complete, then it is also 7(P)-quasi-complete
[23, §18, 4.(4)]. So, the bounded, closed subset ¥(P) C L!(P) is also 7(P)-complete. In
other words, P is closed. m

The list of equivalences in Lemma v) with the statement of Theorem can be
extended further. Recalling that £,,(X) is precisely the IcHs £ (X) equipped with its weak
topology, let P, : ¥ — L,,(X) denote the spectral measure P : ¥ — L4(X) interpreted as
being L,,(X) = (Ls(X),0(Ls(X), Ls(X)*))-valued. The o-additivity of P, is guaranteed
by the Orlicz—Pettis Theorem. Of course, if i : Ls(X) — L, (X) is the identity map,
necessarily continuous, then P, = 70 P. Clearly Ny(P) = Ny(P,,) and, from the definition
of an integrable function for a vector measure (see (I-1) and (I-2) in Section 2), it is clear
that L'(P) = L'(P,) as vector spaces.

PROPOSITION 3.8. Let X be a Banach space and P : Y2 — L(X) be a spectral measure.
Then P is a closed measure if and only if P, is a closed measure.

Proof. For ease of notation set Y := L,(X) and Y, := (Y,0(Y,Y™)) = L,(X), in which
case we have P: Y - Y and P, : X — Y,.
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Suppose that P is a closed measure. The seminorms determining the topology of Y,
are the family {g,- : y* € Y*} given by

@y () =y, y"),  yEeYs, (3.16)

and so P(Y,) C P(Y), from which it is clear via the definition of the topology 7(P,) in
L'(P,) (= L*(P) as vector spaces) that 7(P,,) is weaker than the topology 7(P) in L' (P).
Thus, the identity map from (L!(P),7(P)) onto (L'(P,),7(P,)) is continuous, which
implies that L'(P,)* C L'(P)*. The claim is that this is an equality. To show this, fix
y =z ®ax* € Y =Y of the form , with € X and z* € X*, and consider the
seminorm gy+ € P(Y,) given by (3.16). Since the polar set {y*}° equals Ug,» = qyil([O7 1]),
the Bipolar Theorem ([I3] p. 1], [23] §20, 8.(5)]) yields

Ug . =beofy™} = {\" : A€ C, |\ <1}

Hence, the corresponding 7(P,)-continuous seminorm g« (P,) for L'(P,) satisfies (see
(2.2) with g,- in place of ¢ and P, in place of m) the equation

4y (Pu)(f) = sup /Q 1l (P A7) = /Q 1Py

IAI<1
- /Q APy, feL'(P). (3.17)

Define now ¢ := y*olIp = (x®z*) o Ip. Since the integration operator Ip : L*(P) =Y
is continuous, it follows that & € L!(P)*. Moreover, from (3.17)) we have

|<f,§>|=‘<[2fdP,y*>‘=‘Afd<P,y*>

< / APy = 0 (P)(f), €L (Py) = LM(P).
Q

Consequently, £ is 7(P,)-continuous because g« (P,) € P(L'(P,)). This establishes the

*

reverse inclusion L'(P)* C L'(P,)* because every element of L!(P)* is of the form
¢ = (z®a*)oIp for some z € X and z* € X*; see Lemma [3.4]

Hence, we see that L!(P)* = L*(P,)*, and so the weak topologies o(L'(P), L'(P)*)
and o(L'(P,), L*(Py)*) coincide on L'(P) = L'(P,). Using Theorem [3.7| we can now
conclude that LY(P,) is o(L'(P,), L*(P,)*)-quasi-complete, and so L'(P,) is 7(Py)-
quasi-complete by [23], §18, 4.(4)]. In particular, the vector measure P, : ¥ — L,,(X) is
closed as ¥(P,) is a 7(P,)-closed, bounded subset of L!(P,).

The converse implication, namely that the closedness of P follows from that of P, is

proved (correctly) in [41l proof of Proposition 2] (set m := P there). m

REMARK 3.9. (i) A comment on [41], Proposition 2] is in order. One direction of the proof
given there is based on [2I] Corollary 13], which however is yet to be verified because its
proof in [21] is incomplete. Because of this problem we have chosen to provide an alternative
proof of this direction for Proposition above (only for spectral measures).

(ii) Comparing Lemma v), Theorem [3.7| and Proposition [3.8| we notice that there
is no claim that these equivalences are the same as R(P,,) (= R(P)) being a closed subset
of L,(X). Indeed, this is in general false: see the discussion after Proposition [3.21] below.
Actually, since Ip : (L'(P)), — L,(X) is a bicontinuous isomorphism of (L!(P)), onto
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Ip(LY(P)), equipped with the relative topology 7, from L, (X), and satisfies Ip(3%(P))
= R(P), we see that R(P) is a closed set for the weak operator topology if and only ¥(P)
is a weakly closed subset of (L!(P), 7(P)).

(iii) It was shown in the proof of Proposition that whenever P is a closed spectral
measure, then the IcHs (L'(P,),7(Py)) is always quasi-complete. This is independent of
whether or not the codomain space £,,(X) of P, is quasi-complete. In fact, £,,(X) is
quasi-complete if and only if the Banach space X is reflexive. To see this, recall from
Section 1 that X is reflexive if and only if X is weakly quasi-complete (i.e., X, is quasi-
complete), and hence it suffices to show that £,,(X) = (Ls(X)), is quasi-complete if and
only if X, is quasi-complete. Suppose first that X, is quasi-complete, and let {T’,} be any
bounded Cauchy net in £,,(X), that is, sup,, [(T,z,2*)| < oo for all z € X, 2* € X*. Fix
x € X. Then {T,z} is a bounded Cauchy net in X,, and so there exists Tz € X such
T,x — Tz in X,. Themap T": x — Tz for € X is linear and, by the Banach—Steinhaus
Theorem, also continuous, i.e., T € £(X). It is routine to check that T, — T in L,,(X),
and so L,,(X) is quasi-complete. Conversely, suppose that £,,(X) is quasi-complete. Let
{z,} be any bounded Cauchy net in X,. Fix z* € X*\ {0} and define T, : X — X by
T, :x+— (z,2")x, for € X and each v. For all x € X and 2* € X* we observe (by
and (3.3)) that

sup [(Ty, z @ *)| = [(z, 2)| sup |(z, 27)| < o0
¥ ¥

because {z,} is bounded in X, i.e., {T,} is a bounded net in £,,(X). Moreover,

((Ty = Ty),z @ 2")| = [z, 2%)] - [(2y — 2y),27)] V7,7,
and so {T,} is also Cauchy in £,,(X). By assumption there exists ' € £(X) such that
T, — T in L,(X). Choose any u € X with A := (u,z*) # 0. Then 1T, — 7 in £, (X),
and in particular,

1 1
11’511(5%,3:*} = li$1<AT7,u®x*> = X(Tu,x*), zre X

Hence, z, — %Tu in X,. The quasi-completeness of X, is thereby established. O

The following result is an immediate consequence of Lemma (ii) with m = P
together with (3.3]) and (3.6)).

LEMMA 3.10. Let X be a Banach space. A spectral measure P : ¥ — L(X) is closed
whenever there exists a localizable measure p : ¥ — [0, 00] such that

(Pr,z*) < p, zelX,z"eX" (3.18)

EXAMPLE 3.11. Let © := [0, 1] and X be the Borel o-algebra of Q. Given 1 < p < o0, let
X := L*?([0,1]) be the Banach space with its usual LP-norm for the Lebesgue measure 4
on X. For each E € ¥, multiplication in L?([0, 1]) by x g defines an operator P(E) € L(X).
It is clear that the so-defined set function P : E +— P(E) € L4(X) is a spectral measure.
Since P has infinite range, the lcHs L!(P) is not weakly complete by Theorem On
the other hand, holds for all z € X and z* € X* = L4([0,1]), with 1/p+1/q = 1,
because (Pz,z*)(E) = [, z(w)z*(w) du(w) for E € X. Thus, P is closed by Lemma (3.10}
and hence Theorem (3.7 shows that L!(P) is weakly quasi-complete. O
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The proof of Theorem is somewhat abstract and relies on several general results
from functional analysis. Also, the weak quasi-complete lcHs (L'(P),o(L*(P), L*(P)*))
is not identified explicitly. For a large class of spectral measures P an alternative, more
direct proof of Theorem [3.7] is available, which is of interest in its own right and has the
advantage that it identifies (L*(P),o(L(P), L*(P)*) more concretely (as an L*°-space
equipped with its weak-* topology). First we require a definition.

Let X be a Banach space and P : ¥ — L(X) be a spectral measure. An element
xo € X is called a separating vector for P if P(E) = 0 whenever P(E)zo = 0. In other
words, E' € ¥ is P-null if and only if P(E)xo = 0. For the spectral measure in Example
the constant function xgq is a separating vector.

PROPOSITION 3.12. Let X be a Banach space and P : ¥ — L (X) be a spectral measure
admitting a separating vector xg € X. Then there exists a finite, positive measure p on 3
such that

(LH(P), o (LY (P), LN(P)")) = (L=(n), o (L (u), L* () (3.19)
as lcHs’. In particular, P is closed and L(P) is weakly quasi-complete.
Proof. Select any Bade functional x§ € X* of P relative to xo; that is, z{ satisfies both

(a) p: Ew (P(E)xg,x), for E € 3, is a finite positive measure on X, and
(b) P(E)xo =0 whenever u(E) =0
(

see Lemman and [48, Theorem VI.1]). It follows that P and p have the same null sets
because xg is a separating vector for P. Consequently,

LY(P) = L>(P) = L= () (3.20)

as vector spaces (see Lemma ii) for the first equality), and moreover, holds. In
particular, P is closed by Lemma [3.10]

Fix z € X and z* € X*. By the Radon-Nikodym derivative ¢, .+ € L'(u) of
the complex measure (Px, x*) with respect to p exists. Recalling and Lemmawe
deduce, for each f € L*(P) = L*>(P) = L>=(u), that

(fi(z®@x")olp)= /Qfd<Pw,x*> = /Qf%c,w* du. (3.21)

Let now g € L'(u). Its corresponding indefinite integral fg i B ngdu for E € X
satisfies j14(FE) = 0 whenever P(E)zg = 0 (see the definition of 4 in (a), and use the fact
that F is p-null). According to [16, Theorem 4.2], there exist vectors = € span{P(FE)xzq
E € ¥} C X and z* € X* such that py = (Pz,z*) on X. Thus, holds with g in
place of g z«.

Recalling Lemma we conclude from the above arguments and @D that L'(P
can be identified with L'(1), and hence yields the identity (3.19) between IcHs’.
Finally, (3.19) shows that L' (P) is weakly quasi-complete because L> (u) is quasi-complete
for the weak-* topology o(L>(u), L*(p)) [30, Corollary 2.6.19]. =

REMARK 3.13. (i) If X is a separable Banach space, then every L,(X)-valued spectral
measure admits a separating vector (see Lemma [3.2{and [48] Proposition VI.3|).
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(ii) There exist a non-separable Banach space X and an £;(X)-valued spectral measure
admitting a separating vector [39, Example 1].

(iii) For an alternative proof of the existence of Bade functionals we refer to [10, Ch.
XVII, Lemma 3.12]. O

The following example generalizes Example and simultaneously illustrates that,
in certain settings, the use of Bade functionals can be replaced by an elegant factorizition
result of Lozanovskii. Of course, since separating vectors are present, it is covered by
Proposition above.

EXAMPLE 3.14. Consider a Banach function space, briefly B.f.s., X = X (u) based on a
finite, positive measure space (2, 2, 11), with respect to the u-a.e. pointwise order. That is,
X () is a complex vector lattice of (equivalence classes of ) 3-measurable functions modulo
p-null functions such that

(a) if € LO(X) and ¢ € X (u) with [1| < ¢ pointwise p-a.e., then 1 € X (u),
(b) simX C X (u), and
(c) X(u) is equipped with a lattice norm || - || x(, for which X (i) is complete.

As general references we suggest [28], [37], [53], for example.

We assume further that X (u) has o-order continuous norm, i.e., lim, o [[@nllx ()
= 0 whenever ¢, | 0 in the u-a.e. pointwise order of X (u). For such B.f.s.” X (i) we can
identify the dual Banach space X (u)* of X (u) with its associate space

X(p) = {1y € LX) : p¢p € L' (u) for all p € X ()}

in the following sense. Every function ¢ € X (u) defines a continuous linear functional
&y 1 = Jo e dp on X (p), and conversely, every continuous linear functional on X (u)
must be equal to &, for some ¢ € X (p1)" [37, Proposition 2.16].

Let E € X. Via (a), we can define a linear operator P(E) in X (u) by P(E)y := ¢x&
for ¢ € X(u). Clearly P(E) is a projection, and moreover is continuous because || - || x (.
is a lattice norm. The £(X (u))-valued set function P : E — P(E), for E € X, is clearly
finitely additive on ¥ and satisfies (3.4). By the o-order continuity of || - || x(,), the set
function P is actually o-additive for 75. So, P : ¥ — L (X (u)) is a spectral measure,
usually referred to as the canonical spectral measure in X (p).

The constant function zg := xgq, which belongs to X (1) by (b), is a separating vector
for P. Moreover, xo € X(1)* = X(u)" is a Bade functional relative to zo and satisfies
(P(E)xo,xq) = u(E) for E € X, ie., (Prg,xq) = # on ¥. In particular, L'(P) =
L>(P) = L*™(u) as vector spaces.

Let ¢ € X(p) and ¢ € X (p)’, in which case p¢p € L'(u) and

(Po.)(B) = [ wvdn, Eer. (3.22)
Then (¢ ® 1) o Ip € L*(P)* (see Lemma|3.4) has the form
) = d = d
() ole) = [ faPe.) = [ rov)dn

for f € LY(P) = L®(P) = L= (p).
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Conversely, let g € L*(u). Define a bounded, Y-measurable function gg by go(w) =
g(w)/|g(w)] if g(w) # 0, and by go(w) := 0 otherwise. Then g = |g|go pointwise on (.
By Lozanovskil’s Theorem (see [I7, Theorem 1|, [27, Theorem 6], [40, Proposition 6])
applied to the R-valued function |g| € L(u), there exist R-valued functions ¢y € X (p)
and ¢ € X(u)* such that |g| = @b on Q. So, with ¢ := gopo € X(u) (recall condi-

tion (a)) we see that g = |g|go = (gowo)® = 1. This together with (3.22)) implies, for
every f € L*(P) = L>®(P) = L>(u), that

/fgduz/f(w/))duz/fd(P%w=<f7(<p®1/ﬂ)ofp>~
Q Q Q

We can conclude from the above arguments that the dual space L!(P)* of L'(P) can
be identified with L'(p) and that (3.19) holds as lcHs’. O

We now address the weak sequential completeness of L!(P), beginning with the role
played by a certain completeness property of the co-domain space L4(X). Even though
the next result follows from Theorem [3.7] we provide a simpler and more direct proof.

PrOPOSITION 3.15. Let X be a weakly sequentially complete Banach space. If P :
¥ — L4(X) is any closed spectral measure, then L*(P) is also weakly sequentially complete.

Proof. Since P is closed, the linear subspace Ip(L*(P)) C Ls(X) is complete (see Lem-
mal3.1(v)), and in particular weakly closed. So, Ip(L'(P)) is weakly sequentially complete
because the weak sequential completeness of X implies that of £,(X); this was noted
earlier in this section. Thus L'(P), which is topologically isomorphic to Ip(L'(P)) by
Lemma i), is weakly sequentially complete. m

In view of Theorem the question of the weak sequential completeness of L!(P) is
only relevant for non-closed spectral measures. In this regard, the first point is whether
the closedness assumption on P can be omitted in Proposition [3.15] The answer is no, as
can be seen from the following

EXAMPLE 3.16. We refer to [I5] 4.2 and 4.3] which exhibit a non-separable Hilbert space X
and an L;(X)-valued spectral measure defined on some (specific) measurable space (2, X)
such that P(X) is not sequentially 7s-closed; equivalently, P(X) is not sequentially complete
in the quasi-complete IcHs £,(X). In particular, P(X) is not complete in £(X), and hence
P is not a closed measure. Moreover, L!(P) is not 7(P)-sequentially complete (due to the
7(P)-closedness of ¥(P) in L'(P)); see [38, Example 6.5(i)] for the detailed arguments.
Thus, the 1cHs L!(P) is not weakly sequentially complete [23, §18, 4.(4)], whereas the
Hilbert space X is surely weakly sequentially complete. O

Concerning Example the point is that the range P(X) of P is a Bade o-complete
B.a. of projections (see Lemma, but it is not weakly sequentially complete because it
is not sequentially 75-complete.

For a Banach-space-valued vector measure m, it was pointed out in Section 1 that L (m)
is a Banach lattice with order continuous norm, and that L!(m) is weakly sequentially
complete if and only if it does not contain an isomorphic copy of ¢y. For analogues of this
to the locally convex Riesz space setting we refer to [8], [5I]. However, the full analogue
is not available. In Example the lcHs L!'(P) does not contain a copy of ¢y (see
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Proposition below), but it fails to be weakly sequentially complete. Recall that a
IcHs Y is said to contain an isomorphic copy of the Banach space ¢ if there exists a Y-
valued, bicontinuous isomorphism from ¢y onto its range. A weakly sequentially complete
lcHs cannot contain an isomorphic copy of ¢y because ¢y itself is not weakly sequentially
complete.

PROPOSITION 3.17. Let X be a Banach space and P : ¥ — L(X) be any spectral measure.

(i) Ewvery scalarly P-integrable function is also P-integrable.
(ii) The lcHs (L*(P),7(P)) cannot contain an isomorphic copy of co.

Proof. (i) Let f : Q — C be a scalarly P-integrable function. Our proof is motivated by
that of [48], Proposition V.4], which provides a direct proof of Lemma ii). To show that
the subset

{Ip(s) : s esim¥, [s| <|f|} C L(X) (3.23)
is uniformly bounded (i.e., bounded in £, (X)), fix x € X. Given * € X*, the function f
is (P, z ® z*)-integrable by assumption (see (3.3)), and hence (Px, z*)-integrable by (3.6).
Thus, for each s € sim ¥ satisfying |s| < | f| pointwise, it follows that

[(Ip(s)x,z")| = </QsdPx,x*> /Qsd<Px,x*>
< [islapean) < [ ifdpea) < o.

Therefore, the subset {Ip(s)(z) : s € sim %, |s] < |f|} C X is weakly bounded, and hence
norm bounded. Since z € X is arbitrary, the Banach—Steinhaus Theorem ensures that the
subset is uniformly bounded.

Given k € Ny := N U {0}, define the set

Ek)={weQ: K <|fw)| < (k+1)*}ex.
Then 0 < k*x p(r) < |f| pointwise on €, so that k2 P(E(k)) = Ip(k*Xgx)) belongs to the
uniformly bounded subset (3.23). Let

M = sup [|k*P(E(k))|op < 00 (3.24)
keNg
Given n € N, the set F'(n) := {w € Q : |f(w)| > n?} equals the disjoint union |J,,, E(k).
So, for every x € X, it follows from ([3.24]) that

|P(F an:HZP Nal| <Z||P B)alx
<Z||P D llon- el < (3 K2 ol

k=n
Then | P(F(n))|lop < M Zk:n k=2 for all n € N. Consequently, lim, . || P(F(n))]lop =0.
But every non-zero projection ¢ € L£(X) satisfies ||@|lop > 1. Therefore, we can select
N € N such that P(F(N)) = 0, which means that F(N) is P-null, that is, |f| < N2
pointwise P-a.e. on ). Thus, f is P-essentially bounded, and hence P-integrable via
Lemma it).
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(ii) Since the codomain space L4(X) of P is quasi-complete, part (ii) follows from the
equivalence (a)<(c) in [38], Proposition 6.4(i)]. =

Part (i) of Propositionabove is of interest in its own right because, given a general
vector measure m, one of the natural questions is whether or not scalarly m-integrable
functions are always m-integrable. For arbitrary m the answer is: not always. This topic
is extensively explored in [37, Ch. 3], [38], for general vector measures.

According to Example there exist non-closed spectral measures whose L!-space
fails to be weakly sequentially complete. There also exist non-closed spectral measures
whose L!'-space is weakly sequentially complete. Actually, as we now show, there is a
large class of spectral measures whose L'-space is always weakly sequentially complete,
independent of whether the spectral measure is closed or not!

THEOREM 3.18. Let X be a Banach space and P : ¥ — L (X) be any atomic spectral
measure. Then the lcHs L (P) is weakly sequentially complete. If, in addition, P is a closed
measure, then P(X) is necessarily a compact subset of Lg(X).

oo
n=1

Proof. Fix a weak Cauchy sequence { f, in L'(P), in which case it is weakly bounded,

and hence 7(P)-bounded. The continuous linear operator Ip : L'(P) — L4 (X) maps
the 7(P)-bounded sequence {f,}5°; to the bounded sequence {Ip(f,)}5>; in L4 (X),
which is then uniformly bounded via the Banach—Steinhaus Theorem. So, we have K :=

sup,en |[1p(fn)|lop < 0o. This and (3.11]) give

sup | fnlp < K. (3.25)
neN

For each individual function f, with n € N, there is F(n) € X satisfying both Q\ E(n)
€ No(P) and |f|p = SUP,c B (n) | fr.(w)]. Consequently, implies that
[(faxEm) W) <K, neNwe. (3.26)
The claim is both that the set
L:= {w eN: (faXE(m))(w) exists in (C}

belongs to ¥, and that Q \ L € Ny(P). Indeed, with g, := fuXgn) for n € N, let

lim
n—oo

L, := {w €Q: nan;O(Regn)(w) exists in R},

Ly := {w eN: (Im g,,)(w) exists in ]R}.

lim
n—roo
Define extended real-valued functions ¢ and i on 2 by

p(w) :=limsup (Re gn)(w) and ¢P(w):= liniinf (Im gn)(w), we.

Since both ¢ and v are 3-measurable, we have
Ly =~ (R) N~ (B) N {w € Q: plw) = ¥(w)} € 5.

Similarly, L, € ¥. So, L=L; NLy € X.
In order to verify that 2\ L € Ny(P), we shall apply Lemma[2.9|with Y := £,(X) and
m := P. With the notation from there, {Xr(a)}aca(p) is the family of all atoms in ¥(P).
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First, fix @ € A(P) and select vectors z, € X and z¥, € X* satisfying (P(F(«a))zq, z%) = 1.

«
Consider the linear functional

ga = ('roz ®l‘:;) OIP OMF(a) € Ll(P)*

(see Lemma7 where Mp(o) € L(L'(P)) is the operator of multiplication by x p(a) (see
or with F := F(«)). By recalling that g,, = f,, pointwise P-a.e. on Q for n € N,
the sequence {g,, }°°_, is the same as { f,, }° in the quotient space L'(P) = L(P)/N(P),
and hence {g,, }°° ; is weakly Cauchy in L!(P). So, £, € L*(P)* maps {g,}>; to a Cauchy
sequence in C. From , with m := P and f := g, for n € N, we can see that this
Cauchy sequence in C is precisely {a(a, g,)}52; because

) ={ ([ N P Ja., ) = (ol 0, PUF(@)a0.2) = ala )

for n € N. Moreover, it follows from (2.12)) with m := P and f := g,, that the set
G(a,n) = g, ({ala, gn)}) N F(a) € F(a), neN,

satisfies
F(a)\ G(a,n) € No(P). (3.27)
With G(a) := .2, G(a,n) C F(«), it follows that
gn(w) =ala, gn), weG(a),neN. (3.28)

Since the Cauchy sequence {a(w,gn)}22, converges in C, we deduce from that
G(a) CL,ie, Q\L C Q\ G(a), and hence gives
(Q\L) N F(a) C F(a)\ G(a) = | J(F(a)\ G(a,n)) € No(P).
n=1

Therefore, (2\ L) N F(a) € Ny(P). As this holds for arbitrary a € A(P), Lemma[2.9|with
Y = LX), m:= P and E := Q\ L shows that \ L is P-null. So, the claim has been
verified.

Now, let f denote the pointwise limit of the individual functions f,, X p(n)nr. = gn XL for
n € N. Then |f| < Kxq pointwise by . Since Kxq is P-integrable and the codomain
space Ls(X) of P is quasi-complete (hence, sequentially complete), the Dominated Con-
vergence Theorem applied to P [25, Theorem 2.2(2)| shows that f is the 7(P)-limit of
{faxemnLlz:- So, f is the 7(P)-limit of {f,}32, as f, = fuXE@m)nL pointwise P-a.e.
on Q. In particular, f is also the weak limit of {f,}5°; in L!(P), which establishes the
weak sequential completeness of L!(P) because {f,}3%, was an arbitrary weak Cauchy
sequence in L!(P).

If, in addition, P is closed, then the compactness of P(X) in L£4(X) follows from
Proposition i). m

We recall that every o-atomic spectral measure is necessarily closed; see the discussion
immediately prior to Lemma A general atomic spectral measure may or may not be
closed; see Example [3.22] below, for instance.

COROLLARY 3.19. Let X be a Banach space and P : ¥ — L4(X) be any atomic spectral
measure.
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(i) A sequence in L*(P) is 7(P)-convergent if and only if it is weakly convergent.
(ii) The closed subset S(P) C LY(P) is weakly sequentially complete.

Proof. (i) The ‘only if’ portion is obvious. On the other hand, the ‘if’ portion has been
established in the proof of Theorem [3.18]

(ii) Since X(P) is weakly closed in L!(P) by Proposition (with m := P), this
follows immediately from Theorem [3.18] =

REMARK 3.20. Part (ii) of Corollary need not be valid for spectral measures which
are not atomic. Fix any 1 < p < oo and let X := LP([0, 1]). Consider the atomless, closed
spectral measure P : ¥ — L (X) given in Example the notation is from there,
and so u is the Lebesgue measure on the Borel o-algebra ¥ of 2 := [0, 1]. According to
Proposition and Example we can identify L*(P) with L>(u), as vector spaces,
and identify the weak topology on L'(P) with the weak-* topology o (L (i), L*(u))
on L*(u). It is shown in [20, Example 4] that there exists a sequence {A(n)}52; C X
such that X an) — sxo in (L°(n),o(L>®(u), L (1)) as n — oo. Hence, {xa(m)}oe, is
a weak Cauchy sequence in L'(P) whose weak limit $xq does not belong to X(P). So,
% (P) C LY(P) is not weakly sequentially complete.

This specific spectral measure P also shows that part (i) of Corollary may fail for
a general spectral measure. Indeed, as already noted, the sequence {x a(n)}ne; is weakly
convergent to 3 xq in L'(P). However, it cannot be 7(P)-convergent because the closedness
of ¥(P) in L' (P) would then imply that the 7(P)-limit (necessarily 3xq) belongs to £(P),
which is clearly not the case. O

Given a Banach space X, the question arises of whether or not every Bade o-complete
B.a. of projections in L£;(X) is weakly sequentially complete, i.e., sequentially complete
in the space L,,(X) = (Ls5(X),0(Ls(X), Ls(X)*)). The answer is no, in general; see the
discussion after Example[3.16] However, if the B.a. happens to be atomic, then the answer
is in the affirmative as we now show.

PROPOSITION 3.21. Let X be a Banach space and M C L (X) be any atomic, Bade
o-complete B.a. of projections. Then M is sequentially complete in L,,(X).

Proof. According to Lemma there exists a measurable space (£2,X) and a spectral
measure P : ¥ — L (X), necessarily atomic by Lemma whose range equals M.
By Corollary ii), the subset X(P) C L'(P) is weakly sequentially complete, and
hence so is its image Ip(X(P)) under the bicontinuous isomorphism Ip from L!'(P) into
Ls(X); use Lemma i) and the fact that any continuous linear map between IcHs’
Y and Z is also continuous between (Y, o(Y,Y™*)) and (Z,0(Z, Z*)) |23, §20, 4.(5)]. But
M = P(¥) = Ip(3(P)), which establishes the proposition. m

An immediate consequence of Proposition is that such a B.a. of projections M is
necessarily sequentially complete in £4(X), which is exactly Theorem 2.2 in [I5].

For the interested reader we provide an alternative and more direct proof of Proposi-
tion [3:21] in the Appendix. It does not make use of spectral measures, but is based purely
on the structure of Bade o-complete B.a.’s of projections.
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The subtlety of Proposition [3.2I] can be gleaned from Remark [3.20] From the notation
and the example there, since the isomorphism Ip : L'(P) — L4(X) is bicontinuous, it is
also weak-to-weak bicontinuous. But X(P) is not weakly sequentially complete, and hence
M = P(X) = Ip(X(P)) is not sequentially complete in £, (X). Of course, M is not
atomic, and so there is no contradiction to Proposition

The feature exhibited by this example is actually more widespread. Indeed, let X
be any infinite-dimensional Hilbert space and M C L(X) be any atomless, Bade com-
plete B.a. of selfadjoint projections. A classical result of H. Dye [12] Lemma 2.3] asserts
that the closure M of M in L, (X) never consists entirely of projections. Neverthe-
less, M Y s always a uniformly bounded, quasi-complete subset of £,,(X). This follows
from the facts that M = P(X) for some closed spectral measure P : ¥ — L (X) (see
Lemma7 that L (P) is weakly quasi-complete (by Theorem and, as noted before,
that Ip : L'(P) — L£4(X) being a bicontinuous isomorphism implies it is also a bicontinu-
ous isomorphism of (L (P), o(L*(P), L*(P)*)) onto Ip(L'(P)) equipped with the relative
topology 7, from £,,(X). Similar examples can be constructed in certain reflexive Banach
spaces [1I, p. 354]. Curiously, for any Bade complete B.a. of projections M in any Banach
space X, it is known that if a net {Q,},er € M converges in L, (X) to a projection Q,
then necessarily @ € M [10, Ch. XVII, Lemma 3.6], and {Q., }er actually converges to @
in £5(X) [I0, Ch. XVII, Theorem 3.27]. The point is that for certain atomless B.a.’s of pro-
jections M in various Banach spaces X, there always exist nets/sequences {@Q~ }yer € M
which converge in £,,(X) to operators which are not projections!

We end this section with two relevant examples of atomic spectral measures taken
from [I5]. To this end, let X be a Banach space and M C L£(X) be a B.a. of projections.
According to [I5], p. 46] (see also [46, p. 366]), we say that M is Bade atomic if it has
a family {Qa}aca of atoms such that, for every @ € M \ {0}, there is a subset B C A
for which the series ) g Qq is unconditionally convergent in the lcHs £, (X) with @ as
its sum, i.e., @ = > .3 Qa. If M is Bade atomic, then clearly it is atomic. The converse
holds under the additional assumption that M is Bade complete [I5, Lemma 2.1(ii)].

EXAMPLE 3.22. With Q := [0,1], let ¥ C 2% be any o-algebra such that {w} € ¥ for
all w € Q. We denote by X the non-separable Banach space () (1 < p < o0) or
co(§2). For each E € X, define a projection P(E) € L(X) by P(E) := xgz for z € X.
The set function P : ¥ — L,(X) is an atomic spectral measure whose atoms are all the
singleton sets {w} with w € Q. The case when X := ¢%(Q) and ¥ is the Borel o-algebra
was considered in [I5, pp. 45-46]; the arguments given there still apply here. Regarding
the range M := P(X) of P, it is an atomic, Bade o-complete B.a. of projections in £ (X)
(see Lemmas [3.2[ and and its atoms are the projections P({w}) for w € 2. Moreover,
M is also Bade atomic because for every E' € X the series ) P({w}) is unconditionally
convergent in L4(X) with P(E) =5 P({w}).

It turns out that P is closed if and only if ¥ = 2. This can be proved by adapting
the arguments in Example Note also that [36, Example 2.22] gives the ‘if’ portion,
when X = ¢2(2), by Lemma [2.3(ii) with Y := L(X), m := P and p being the counting
measure. This is possible because 1, defined on 2, is localizable. In particular, if ¥ is the
Borel g-algebra in 2 or the g-algebra of all countable/co-countable subsets of Q, then P
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is not closed. In this case, L*(P) is not weakly quasi-complete (by Theorem [3.7)), but in
view of Theorem [3.18] it is weakly sequentially complete. O

ExAMPLE 3.23. The following construction occurs in [15, Example 2.5|. Let © := [0, 1]
and ¥ be the Borel o-algebra of Q. For any subset G C Q, let F(G) denote the family of
all the finite subsets of G. We denote by X the Banach space of all o-additive complex
measures on %, equipped with the total variation norm ||| x := |u|(2) for p € X, where
|| : 2 — [0,00) is the total variation measure of p [49, §6.1]. Given u € X and F € X,
define ug € X by ug(F) := p(ENF) for F € 3. The set function P : ¥ — L4(X) given
by P(E)u := ug for p € X and E € ¥ is an atomic spectral measure whose atoms are all
the singleton sets {w} € ¥ with w € . The range M := P(X) of P is an atomic, Bade
o-complete B.a. of projections in £;(X); its atoms are precisely the projections P({w})
with w € Q (see Lemmas and. However, M is not Bade atomic. Indeed, take any
non-zero, continuous measure v € X (i.e., v({w}) = 0 for all w € ). Then

P(Qu=v#0 but Fg%) O;P({w})l/ =0, (3.29)
which implies that M is not Bade atomic. Consequently, M is not Bade complete (see the
discussion immediately prior to Example ; equivalently, P is not a closed measure
(see Lemma . So LY(P) is weakly sequentially complete (see Theorem [3.18)) but not
weakly quasi-complete (see Theorem . One example of a specific projection belonging
to the 74-closure of M but not to M itself is given in [I5, Example 2.5], where it is denoted
by Py. We now exhibit a further projection of this kind.

Given p € X, define Q(u) == {w € Q@ : p({w}) # 0}. Then Q(p) is a countable set.
Indeed, given n € N, the subset Q(|u|,n) := {w € Q : |u|({w}) > 1/n} is finite because
|1](Q) < 00. S0, Q(|u|) = U, Q(|p], n) is countable. Thus, () is also countable because
Q(p) = Q(|p])- In particular, Q(u) € X. Observe that p(F \ Q(p)) = 0 for every countable
set F' C Q.

Define a map @ : X — X by Qu := pq(,) for p € X. To show that @ is additive, first
observe the general fact that

namur = Nam)s 1€ X, (3.30)
for each countable subset F' C ). This is a consequence of the o-additivity of n € X:
Namur(E) =n(EN(Qn) UF))
=n(ENQn)) +n(EN(F\Q(n))) =n(ENQN)) = nawm (E)
for each E € X. Second, fix u,v € X. Since
[k +v){wh] < [p{wbl +Iv{wh)l,  wel
we have Q(u + v) C Q(u) UQ(v). This yields

(1 +v)auaw) = (1 +V)o(ut) (3.31)

by (3.30) with 7 := (u+v) and F := (Q(u) UQ(v)) \ Q(p + v). Next, (3.30) with :=
and F := Q(v) gives

K () uQ(v) = HQ(p)- (3.32)
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Similarly we have
Vo)uQ(u) = Va(v)- (3.33)
Since (p + V)auuaw) = Hauew) + Yauew), it follows from (3.31] - that
Qlu+v) = (L + V)og+r) = (L + V)awuaw) = bap) + Vo) = Q(M) +Q(v),
which verifies the additivity of Q) as u, v € X are arbitrary.
Next, let a € C. To establish the identity Q(ap) = aQ(u), we may assume that a # 0

because this identity clearly holds when a = 0. But for a # 0 we have Q(ap) = Q(u),
which implies that

Qap) = (ap)a(ap) = (a)ap) = a- o) = aQ(p).
So, it has been verified that @ is linear.
The linear operator @ is also continuous because, for u € X, we have

1Qullx = llnamwllx = el (@) < [ul(€Q) = llullx.
Moreover, @ is a projection. Indeed, for u € X it follows that

Q%1 = Quagn) = (Haum)a) = Hag) = Qi
The claim is that the series ) o P({w}) is unconditionally convergent in L£,(X)
and that its sum equals Q. In fact, fix g € X and € > 0. Since Q(u) is countable and

>wea( H({w}) = |u[(Q(u)), we can select Fy € F(2(x)) such that [u|(Q2(p) \ Fo) <e.
Whenever F € F(Q) satisfies F' D Fy, we have

@ =3 Pl =l — mognrlix = luagellx = 1#1@() \ F)
weF

< [ul(Q(p) \ Fo) <e.

This establishes the claim as p € X and € > 0 are arbitrary.
Finally, to see that @ ¢ M assume that, on the contrary, Q = P(Ey) for some E; € ¥.
Then
0w = Q(0y) = P(Ep)dw = (0w)E,, wEQ,
with 6, denoting the Dirac measure at w € ). This implies that w € Fy for all w € .
In other words EO = 2, and hence P(Q2) = @, so that I = P(Q) = > o P({w}). This

contradicts and so Q ¢ M. O

weN

4. Appendix

In this final section we provide the proofs of those results in Section 2 which are yet to be
verified, together with the alternative proof of Proposition [3.21

Proof of Lemma- ) Since the ‘only if” portion is obvious, let us verify the ‘if” portion.
Suppose then that m(G’) = 0. To prove that G is m-null assume, on the contrary, that G is
not m-null. Then there exists H € ¥ NG satisfying m(H) # 0. Since m(H) € m(XNG) C
m(ENE) ={0,m(E)} (see (2.10)), we must have m(H) = m(E), and hence

m(G\ H) = m(G) — m(H) = —m(H) = —m(E) 0. (4.1)
It then follows that m(G \ H) = m(F) because m(G \ H) # 0 by (4.1) and because
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m(G\ H) € m(EXNE) = {0,m(E)}. On the other hand, m(G \ H) = —m(E) again
by (&.1). So, m(E) = m(G\ H) = —m(E), that is, m(E) = 0, which is impossible as E is
an m-atom. Thus, G must be m-null.

(ii) (a)=(b). By assumption m(E) # 0. Let F' € X. Since F is an m-atom, ei-
ther m(ENF) =0 or m(E\ F) = 0. From part (i) we have either £ N F € Ny(m) or
E\ F € Ny(m), which establishes (b).

(b)=(a). First we show that m(E) # 0. So, select G € ¥ N E with m(G) # 0, which is
possible because E ¢ Ny(m). Then ENG = G ¢ Ny(m). This and (b) yield E\G € Ny(m),
and hence we have

m(E) =m(G) + m(E\ G) = m(G) # 0.

Now, let F' € XN E. Then either ENF € Ny(m) or E\ F € Ny(m) by assumption, which
implies that either m(E N F) =0 or m(E \ F) = 0. Thus, (a) holds.

(b)<(c). This equivalence is a consequence of the fact that a set G € X satisfies
G € Ny(m) if and only if [m](G) := xg = 0 in L*(m) = LY (m) /N (m).

(c)=(d). Observe first that the [m]-atom E must satisfy xg = [m]|(E) # 0 in
Y(m) C L'(m). Next, fix a set G € ¥ such that xg < xg in the order of ¥(m). We
may assume that xg < xg pointwise everywhere on 2. Again, E being an [m]-atom
implies that either xpng = [m](ENG) = 0or xp\g = [m|(E \ G) = 0, that is,

X¢ =xenc =0 0r XG¢ = XE\(E\G) = XE

in the B.a. ¥(m). This establishes (d).

(d)=(b). The atom xg in the B.a. ¥(m) is by definition a non-zero element, and hence
E ¢ No(m). Next let F' € X. The element xgnp € X(m), which is dominated by the atom
Xe in the B.a. X(m), must satisfy either xgnr = 0 or xgnr = X & as elements of X(m).
Now, the identity xgnr = 0 in X(m) means exactly that E N F € Ny(m). On the other
hand, if xpnr = xE in X(m), then xp\r = Xg\(2nF) = XE — XBnF = 0 in X(m), that is,
E\ F € Ny(m). So, we have established (b).

(iii) This follows immediately from the equivalence of (a), (c) and (d) in part (ii). =

Proof of Lemma . Fix a € A(m), with corresponding atom xp(q) in ¥(m), and f €
L'(m). Observe first that

/ sdm € spanm(XN F(a)), s€sim3. (4.2)
F(a)

Next, it follows from [25], Theorem 2.4] that there is a sequence {s,}22 ; in sim ¥ which is
7(m)-convergent to f. The multiplication operator Mp(,) € £(L'(m)) and the integration
operator I,,, € L(L'(m),Y’) were defined in Section 2. It follows from (4.2 with s := s,
for each n € N that
o Fm = o Me@)() = Jim (o Mr(o)o0)
F(a

n—oo
= lim sndm € spanm(X N F(a)) (4.3)
n—=0 Jp(q)
in Y. On the other hand, F'(«) is an m-atom by Lemma ii) with E := F(«), so that
m(ENF(a)) = {0,m(F(a))} (see (2.10) with E := F(«)). Consequently, span m(XNF(«a))
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equals the one-dimensional subspace span{m(F(«)}. Hence, (4.3) guarantees that there
is a unique complex number a(a, f) satisfying (2.11)).
Clearly, to verify (2.12)) is equivalent to showing that

/F(fXF(a) - a(a, f)XF(a)) dm = 0, Fe¥n F(Oé) (44)

To prove ([4.4), fix FF € XNF (). Then either F = F(a)NF € Ny(m) or F(a)\ F € No(m)
as F(a) is an m-atom (see Lemma [2.7(ii) with F(«) in place of E). If ' € Ny(m), then
(4.4) clearly holds. So, assume that F'(«) \ F € My(m). Then

/ (fXF(a) — ala, f)XF(a)) dm = 0,
F(a)\F
which means that

/ (fXF(a) — ala, f)XF(a)) dm = / (fXF(a) — ala, f)XF(a)) dm. (4.5)
F( F

@)
Since the left-hand side of (4.5 equals 0 by (2.11)), so does the right-hand side. Hence,
(4.4) holds for arbitrary F € ¥ N F(«), and thus (2.12)) is established. m

Proof of Lemma[2.9. For each E € ¥, define
Ag(m) = {a € A(m) : xpa) < xg in the B.a. X(m)}.

Then yg = VaeAE(m) XF(a) in the B.a. ¥(m) (see, for example, [I8, §16, Lemma 1]). Fix
now E € ¥. Then E is m-null if and only if x g = 0 in X(m) if and only if Ag(m) = 0. This
establishes the lemma because Ag(m) = 0 is equivalent to the condition that F N F(«) is
in Ng(m) for all « € A(m). m

Proof of Proposition|2.1(. Let f € L'(m) be the weak limit in L' () of anet {x () }yer €
3(m). Define members of ¥ by

G(0) = f7'({0}) and G(1):=f7({1})

for the individual function f. It suffices to show that

f = Xca) pointwise m-a.e. on €, (4.6)
as then f = x¢(1) in X(m). To this end, fixing a € A(m), we claim that
(2\ (G(0) UG(1))) N F(a) € No(m). (47)
Indeed, via the Hahn—Banach Theorem, choose 3% € Y* (not unique) satisfying
(m(F(a)),y5) = 1. (4.8)

The 7(m)-continuous linear functional y o I, o Mp(a) : L*(m) — C is also continuous
for the weak topology o(L!(m), L'(m)*), which implies that

(fsya 0 lmo Mp(a)) = Eg%KXE('y)y Yo © I © Mp(a))- (4.9)
On the other hand, Lemma [2.§] yields that

<f,yz;ozmoMF<a>>=< fdm,y2>=<a(a,f)m(F(a)),yZZ>=a(a,f)7 (4.10)

via (4.8)), and that

F(a)

F7HC\ {a(e, )}) N F(a) € No(m). (4.11)



40 S. Okada and W. J. Ricker

Giveny € T', by Lemmawith XE(v) in place of f, we find (by arguing similarly to (4.10}))
that
<XE(ﬂ/)u y; olpyo MF(&)> = a(a, XE('V)) (412)

and that X g(y)nF(a) = XE(v)XF(a) 18 M-a.e. pointwise equal to a(a, X g(,)) X F(a)- The latter

means that
a(a ) = {0 if E(y) N F(a) € No(m),
» XE(v) 1 if (F(a)\ E(v)) € No(m)

because F(a) is an m-atom. It now follows from (L.9)), and that a(a, f) =
limyer a(, Xg(y)). This and yield a(a, f) € {0,1}, which ensures that
(2\ (GO)UG(1)) NF(a) = (fTHC\{0,1})) N Fa)  (f71(C\ {a(e, /)})) N F(a).

Now an appeal to (4.11)) verifies (4.7).
Since ([4.7) holds for every a € A(m), Lemma [2.9) with the set Q\ (G(0) U G(1)) in
place of F yields Q \ (G(0) UG(1)) € Ny(m). Thus, (4.6) holds because

(4.13)

= (xco) + xen) + xXo\(coue))f = Xaa) + fxa\@coue))
with O\ (G(0) UG(1)) € No(m). =

Proof of Proposition . (i) Let {F(a)}aecam) be the family of all m-atoms. Apply
Lemma [2.7|(iii) to see that the corresponding B.a. ¥ (m) is also atomic. The set {0, 1}4(™)
of all functions from A(m) into {0,1} is compact with respect to the product topology.
We proceed to construct a Y-valued, continuous function ® defined on the compact space
{0,1}40™) whose range coincides with R(m) in Y.

Fix ¢ € {0,134 Let A. := ¢ '({1}), in which case ¢ equals the characteristic
function of the subset A. C A(m). The family of all finite subsets of A. is denoted
by F. and is directed by inclusion. We claim that the series 3¢ 4(,,) €()m(F () is
unconditionally summable in Y, and that its sum lies within R(m); in other words,

> ela)ym(F(a)) = m(E) € R(m) (4.14)
acA(m)

for some £ € ¥. To verify this, observe that } - ¢ 4(,,) €(a)m(F () and 3, 4 m(F ()
are the same series. Since X(m) is complete as an abstract B.a. (see Lemma , there
exists E' € X such that xp = \/,c 4. XF(a) in E(m). For each A € F. define (the finite
disjoint union) F'(A) := (J,ca F(a) € ¥ so that m(F(A)) = > .4 m(F(a)). Then the
net {X g\ r(a)}acF. is downwards filtering to 0 in X(m). So, by Lemma it follows that
limgcr. m(E \ F(A)) =0 in Y, which gives
im m(F(A) = lim Y m(F(a)).

=1
A€eF. AcF.
acA

m(E)

In other words, >_ . 4. m(F()) is an unconditionally convergent series in Y with sum
m(E). So, (4.14) holds and the claim is established.
The above claim enables us to define a function ® : {0, 1}4(™) — Y by

O(e) := Z e(@)m(F(a)), e {0,134,

acA(m)
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It also gives the inclusion ®({0,1}4(™)) C R(m) (see ([#14)). To obtain the reverse
inclusion, fix any non-m-null set E € ¥.. Define e, : A(m) — {0, 1} to be the characteristic
function of the subset

{a € A(m) : Xpa) < xp} inthe B.a. X(m), (4.15)
in which case A. = e '({1}). In the complete, atomic B.a. ¥(m), the equality xp =
Vaea.  XF(a)holds[I8, §16, Lemma 1]. By recalling the above process of defining ®(¢), now

°E

for this particular €, we see that m(E) = ®(e,,), which establishes the reverse inclusion
R(m) C ®({0,1}A(M™) as F € ¥ is an arbitrary non-m-null set. Thus, ®({0,1}4(M)) =
R(m).

To prove the continuity of @, let ¢ € P(Y') and § > 0. As the series 3 ¢ 1(,,,y m(F ()
is unconditionally convergent in Y~ (choose € := x 4(m) above), there exists a finite subset
A(q,0) C A(m) satisfying

oD m(F(a) = Y m(F(a) < /2 (4.16)

a€cA acA’

whenever A and A’ are finite subsets of A(m) such that AN A’ D A(q,d). Now take any
two functions ¢, ¢’ € {0,1}40™ satisfying

e(a) = El(a)a a € A(g,9), (4.17)

and define By := A. \ Ao and By := Ao \ A.. Given j = 1,2, for the special choice
€ := X, in the second paragraph of this proof, the corresponding set .A. is B;, and so the
series ) o B, m(F(«)) is unconditionally convergent in Y. Moreover, for any finite subset
B C Bj, it follows from that

A(q,0)NB C A(qg,0)NB; =0, j=1,2.
This and (4.16)), with A(g,d) U B in place of A and A(g, §) in place of A’, yield

oY mF@))=q( Y mE@)- Y mF@)) <2

aeB a€A(q,6)UB a€A(q,d)

and hence q(Zaij m(F(a))) < 9/2 for j = 1,2. It follows that

a(@(e) () = g 3 m(Fe) = Y m(F(a)

acA. acA,
—q( Y mEF@)+ Y mFE) - Y mF@) - > mF(a)
acANA,, a€B acANA, a€Bs
=q( Y- mP(@) = Y m(F(a))
aEeB; a€eB:2
<q( Y mF@)) +q( Y mF@)) <4
a€B; aEBsy

So, ® is continuous as ¢ € P(Y) and > 0 are arbitrary. We conclude that R(m) is a
compact subset of Y because it equals the range of the continuous function ¢ defined on
the compact space {0, 1}4(™),
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(ii) Fix £ € ¥. Let ¢ € {0,1}0™) denote the characteristic function of the subset
of A(m). Then, as demonstrated in the proof of (i), the vector m(E) € Y is the sum of
the unconditionally convergent series } ¢ 4(,n) €(c)m(F(c)). This proves (ii) because
a € A(m) satisfies e(a) = 1 if and only if m(F(«)) = m(EN F(a)). =
Proof of Propositz’on (a)=-(b). Because of (a) the associated L!(m)-valued vector
measure [m] : E +— yp on X is also closed (see Remark [2.6](iv)). Moreover, [m] is atomic
(see Lemmal2.7(iii)). So, by Proposition i) applied to [m], the range R ([m]) is compact
in L'(m), and hence (b) holds because X(m) = R([m]).

(b)=(c)=(d). These implications are clear.

(d)=(a). This is exactly Proposition "

Note that we can also prove (d)=-(a) via (c) in Proposition In fact, (d) implies
(c) because X (m) is weakly closed in L!(m) by Proposition Now, (c) is equivalent
to the weak completeness of X(m) [I3], 0.6, p. 3|. Finally, the weak completeness of (m)
implies its 7(m)-completeness [23], §18, 4.(4)], that is, (a) holds.

We end this section with the promised alternative
Proof of Proposition The bidual of the Banach space X is denoted by X**. Let
J : X — X" denote the natural embedding, which is a linear isometry.

Take an arbitrary sequence {H,}>2; C M which is Cauchy in £,,(X). We need to
show that it has a limit in £,,(X) and that this limit belongs to M. This will require
several steps.

STEP 1. There exists H € L(X, X**) such that
lim (H,x,z*) = lim (z*, (JH,)x) = (", Hz), xze€ X, z*e X" (4.18)
n— oo

n—oo
To verify this, all we need is to obtain the second equality in because the
first equality is obvious from the definition of J. By the Banach—Steinhaus Theorem,
C = sup,cy || Hnllop < 00.Fixa € X. Thenthesequence { H,x};2 ; is weakly Cauchy in X.
Since J € L(Xo(x,x+), X;{x x-)) [30, Proposition 2.6.24], it follows that {(JHn)z}7Z,
is a o(X**, X*)-Cauchy sequence, and hence has a o(X**, X*)-limit £, € X**, i.e.,
lim (z*, (JH,)x) = (z*,&,;), a"e€X” (4.19)
n—oo

(apply [30, Corollary 2.6.21] to the Banach space X*). Next, observe that ||&; || x+- < C||x|| x
by (4.19) because

[€allx++ = sup  [(2%,&)[ = sup  lim |(z%, (JHy)z)|

[le= | x =<1 flz= | = <170

< sup  limsup[|a”||x-[[Hpzllx < Oz x.
[|z*]| x+ <1 m—o0

Since x € X is arbitrary, this enables us to define H € £(X, X**) by Hx := £,. Thus, the
second equality in (4.18]) holds in view of (4.19)), thereby establishing Step 1.

Since M is o-complete as an abstract B.a., the projections

Q::\/ /\Hk and R::/\ \/Hk

n=1k=n n=1k=n

both belong to M.
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STEP 2. The equality JQ = HQ holds in L(X, X**).
Indeed, set ﬁn = N, Hi, € M for n € N. Since E[n 1 @ in the order of M, it follows

from [10, Ch. XVII, Lemma 3.4] that lim, ., H, = Q in L;(X). In other words, relative
to the norm in X, we have

lim Hyx = Qz, z€X. (4.20)

n—0o0

FixneNandx € X fgr theinoment. Given any k € N with k 2~n, observe that fIn < Hy,
by definition, i.e., HyH, = H,. This identity and (4.18)), with H,z in place of x, give for
every z* € X* the equality

(z*,(HH,)z) = Jim. (HuHy,)z, z*) = (Hyz, %) = (z*, (JH,)z). (4.21)
So, (HH,)z = (JH,)z in X** = £(X*,C): to see this, apply [30, Corollary 2.2.22] to the
lcHs (X**, 0(X**, X*)). Using this identity and yields
(HQ)x = lim H(H,z) = lim (JH,)z = (JQ)z
in (X** ]| - || x=«) for each € X. Thus we have HQ = JQ € L(X, X**).
STEP 3. The identity HR = H holds in L(X, X™**).

We shall prove this similarly to Step 2. Define Hf := Ve, Hi € M for n € N. Then
H! | R in the order of M, and so lim,, .., H! = R in £,(X), again by [10, Ch. XVII,
Lemma 3.4]. Fix z € X and n € N. If k € N satisfies k > n, then H;, < Hf or equivalently
HpH! = Hy. From this identity and , with H%z in place of x, it follows, for every
z* € X*, that

(¢*H(H!z)) = lim (Hy(H!z), z*) = klim (Hpz,z*).
— 00

k—o0
Again by (4.18) we also have
lim <Hka:,x*> = (z*,Hzx), a"€ X",

k— o0
and so (z*, HH!z) = (z*, Hx). Hence, H(H!z) = Hz in X**. Since lim,,_,o, Hiz = Rz
in X, we have
(HR)z = H(nli_{r;o H}ix) = lim H(Hjz) = Ha
in (X**, ]| - ||x=). As this holds of all z € X, we conclude that HR = H in L(X, X**).
STEP 4. We have the identity Q = R.

First fix an arbitrary atom K € M. The distributive laws in M [I8], §7, Lemma 4] give

QK = ((7 R Hk) ANK = (7 R HL.K, (4.22)

n=1k=n n=1k=n
RK:(/\ \/Hk)/\K: AV HiK. (4.23)
n=1k=n n=1k=n

Observe that H, K € {0, K} for all n € N because K is an atom.



44 S. Okada and W. J. Ricker

We claim that there exists N € N satisfying either

H,K =0, n>N, (4.24)
or

H,K =K, n>N. (4.25)
Assume, on the contrary, that there exist increasing sequences {n(k)}2; and {r(j)}32,

such that H, K = 0 for all k € N and H,(jyK = K for all j € N. Fix z € X and
r* € X*. Then {((Hy,x)K)z,z*)}32, and {{(H, ;) K)z,z*)}32, are both subsequences
of the convergent sequence {{(H,K)z,2*)}2; in C (see (4.18) with Kz in place of x).
Therefore

lim ((HypyK)z,2") = lim ((H,;K)z,z").
k—o0 j—o0

But limg o0 ((Hp k) K )z, 2*) = 0 and lim;_, oo ((H,j) K)z,2*) = (K2, "), which implies
that K = 0 because x € X and z* € X* are arbitrary. However, this contradicts K being
an atom. Thus, there must exist N € N satisfying either or .

We consider each of the possibilities and separately.

CASE 1: Assume that ([4.24) holds. Then A, HixK = 0 for all n € N, and so (4.22))
implies that QK = 0. On the other hand, as (4.24)) yields \/,—, HyK =0 for all n > N,
we have RK = 0 from (4.23]). Thus, we conclude that QK = RK = 0.

CASE 2: Assume that holds. Then A,- HyK = K foralln > N. Since A\, Hi K
< K for 1 < k < N, it follows by that QK = K. To obtain the identity RK = K,
observe first from that \/;—, HxK = K for all n > N, and hence \/,-  HyK | K
in the order of M. This together with gives RK = K. Thus we have shown that
QK =RK =K.

Cases 1 and 2 show that QK = RK whenever K is an atom of M.

Let A denote the set of all atoms in M. Since I =/, K in the order of the

B.a. M (see, for example, [I8, §16, Lemma 1]), Step 4 now follows by [18, §7, Lemma 4]
which yields

Q=0(\V k)= V ex=V\ rE=R( \/ K)=R

KeAm KeAm KeAm KeAnm
STEP 5. The identity JQ = H holds in L(X, X*).

Indeed, JQ = HQ by Step 2, and HQ = HR by Step 4. On the other hand, HR = H
by Step 3. Thus, we have JQ = H.
STEP 6. The sequence {Hp}S2 , converges to @ € M in L, (X).
In fact, Step 6 follows readily from Steps 1 and 5 together with
nl;r& (Hpz,2*) = (2%, Hz) = (¢*, (JQ)z) = (Qz,z")

for all z € X and z* € X*.

Finally, we conclude from Step 6 that M is sequentially complete in £,,(X) because
{H,}22, is an arbitrary 7,,-Cauchy sequence in M. n
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