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Topological matchings and amenability
by

Friedrich Martin Schneider and Andreas Thom (Dresden)

Abstract. We establish a characterization of amenability for general Hausdorff topo-
logical groups in terms of matchings with respect to finite uniform coverings. Furthermore,
we prove that it suffices to just consider two-element uniform coverings. We also show that
extremely amenable as well as compactly approximable topological groups satisfy a per-
fect matching property condition—the latter even with regard to arbitrary (i.e., possibly
infinite) uniform coverings. Finally, we prove that the automorphism group of a Fraissé
limit of a metric Fraissé class is amenable if and only if the class has a certain Ramsey-type
matching property.

1. Introduction. In this paper we study the various characterizations
of amenability for general topological groups. A Hausdorff topological group
G is said to be amenable if there exists a left-invariant mean on the algebra
of bounded, uniformly continuous, real-valued functions on G. In case G is
discrete, this corresponds to the existence of a left-invariant finitely addi-
tive probability measure on G, and a classical result [Fg55] characterizes
amenability for discrete groups by the existence of so-called Fglner sets—
finite subsets of the group that are almost invariant with respect to a fi-
nite set of translations. Our motivation to write this note was to provide a
Fglner-type characterization of amenability for general Hausdorff topologi-
cal groups. Indeed, we show that a topological group G is amenable if and
only if, for every finite uniform covering of G and every finite subset E of G,
there exists a finite non-empty subset F' of G such that every FE-translate
of F' can be almost matched with respect to the uniform covering with F
(see Theorem [6.1)). By a matching of subsets with respect to a covering
we mean a bijection which respects the covering. Along the way towards
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Theorem [6.1} we also prove an analogous, but slightly more general charac-
terization of amenability for perfect Hausdorff uniform dynamical systems

(see Corollary [5.3).

Furthermore, we show that a topological group G is amenable if and only
if it satisfies the matching condition above with respect to all two-element
uniform coverings (see Theorem [6.4)—generalizing a result of Moore [Mo13].
As a consequence, G is amenable if and only if every single bounded uni-
formly continuous real-valued function on G can be averaged invariantly
(see Corollary , generalizing a result of [Kal5]. We also reformulate our
matching conditions for non-archimedean groups in terms of coset colorings
(see Corollary . As an application, we show that a non-archimedean
Hausdorff topological group G is amenable if and only if every minimal sub-
flow of the canonical G-flow on 27\ for an open subgroup H < G is amen-
able (see Corollary . In the classical case of discrete groups discussed
above, our results provide a characterization of amenability by means of a
weak form of Fglner sets (see Corollary , which was proven recently by
Moore [Mol3].

Moreover, we establish certain perfect matching results with respect
to uniform coverings of compactly approximable and extremely amenable
groups (see Proposition and Corollary , which yields a characteri-
zation of injectivity of von Neumann algebra in terms of a combinatorial
property of its unitary group. Finally, we draw a connection to continu-
ous logic by showing that the automorphism group of a Fraissé limit of a
metric Fraissé class is amenable if and only if the class satisfies a certain
Ramsey-type matching condition (see Theorem .

The paper is organized as follows. Section [2]is supposed to provide some
background regarding uniform spaces. In Section |3| we recall basic notions
and facts concerning means on function spaces and then discuss the con-
cept of amenability for dynamical systems in general and for topological
groups in particular. Section [ gives a brief reminder on matchings in bi-
partite graphs, including Hall’s marriage theorem. In Section [5| we prove a
characterization of amenability for perfect Hausdorff uniform dynamical sys-
tems in terms of matchings with respect to finite uniform coverings. In Sec-
tion[6] we prove the aforementioned amenability criteria for general Hausdorff
topological groups. In Section [7] we revisit the established matching criteria
for non-archimedean groups. In Section [§] we discuss several strengthened
matching conditions satisfied by compact, compactly approximable, or ex-
tremely amenable groups, respectively. Finally, in Section [9] we prove the
above-mentioned correspondence between a certain Ramsey-type matching
property for a metric Fraissé class and the amenability of the automorphism
group of its Fraissé limit.
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2. Uniform spaces and their automorphism groups. In this sec-
tion we shall recall the very basics concerning uniform spaces—also in order
to keep this paper reasonably self-contained. We will follow the approach
of [Is64].

In order to introduce the concept of a uniform space, we shall need some
set-theoretic basics. Let X be a set. We denote by P(X) the set of all subsets
of X. Let U,V C P(X). We say that V refines U and write Y <V if

YWwevdUel: VCU.

Furthermore, let U AV :=U UV and UV YV :={UNV |U eU, V € V}.
More generally, if (U;);er is a family of subsets of P(X), then we define

\/UZ' = { ﬂ U; (Ui)ie[ € HU,}

i€l i€l i€l
For a subset S C X, we call St(S,U) := | J{U e U | UNS # (I} the star of S
with respect to U. Likewise, given any x € X, we call St(z,U) := St({z},U)
the star of x with respect to U. Moreover, the star of U is defined to be
U* = {St(U,U) | U € U}. Further, let U*° = U and U*"+ := (U*")* for
every n € N. We say that V is a star-refinement of U and write U <* V if
U < V*. We shall call U a covering of X if X = |JU. We denote by C(X)
the set of all coverings of X. A uniformity on X is a non-empty subset
D C C(X) such that

e VUEDYWECX): VU=V ED,
e VUV EDIWED:U="W, YV FW.

Now we come to uniform spaces. A uniform space is a non-empty set X
equipped with a uniformity on X, whose elements are called the uniform
coverings of the uniform space X. Let X be a uniform space. The set of
all finite uniform coverings of X shall be denoted by N (X). The topology
of X is defined as follows: a subset S C X is open in X if, for every x € S,
there exists a uniform covering U of X such that St(z,U) C S. Let Y be
another uniform space. A map f: X — Y is said to be uniformly continu-
ous if f~Y(U) := {f~1(U) | U € U} is a uniform covering of X whenever
U is a uniform covering of Y. We denote by UC(X,Y’) the set of all uni-
formly continuous functions from X to Y. A bijection f: X — Y is called
an isomorphism if both f and f~! are uniformly continuous maps. By an
automorphism of X, we mean an isomorphism from X to itself. The auto-
morphism group of X shall be denoted by Aut(X). Note that any uniformly
continuous map between uniform spaces is continuous with regard to the
respective topologies.
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It is well known that any metric space X constitutes a uniform space if
we equip it with the induced uniformity, that is,

{u cprx) | Ir>0:U 2 {B(z,7) |z € X}}.

This particularly applies to the space of real numbers. Concerning a uniform
space X, we denote by UC(X) the set of all uniformly continuous functions
from X to R, and we set UCy(X) := UC(X) N{>(X).

Another example of uniform spaces is provided by the class of compact
Hausdorff spaces: if X is one, then {{/ C P(X) | IV € C(X) open: U <V} is
the unique uniformity on X inducing the topology of X. In particular, if X
is metrizable, then the uniformity above coincides with any uniformity on X
induced by a metric generating the topology of X. Furthermore, a mapping
from a compact Hausdorff space into any uniform space is continuous if and
only if it is uniformly continuous. For further reading about the uniform
structure of compact Hausdorff spaces, we refer to [Is64].

LEMMA 2.1. Let X be a uniform space, let H C UCy(X) be finite and
e > 0. Then there exists U € N(X) such that diam f(U) < e for allU € U
and f € H.

Proof. Consider the compact metric space K = [] feH f(X) equipped
with the usual Euclidean metric. There exists a finite open covering V of
K such that diamV < ¢ for all V € V. Since H is a set of uniformly
continuous functions, ¢: X — K, x — (f(x)) e, is uniformly continuous
as well. Hence, U := &~ 1(V) is a finite uniform covering of X. Moreover,
diam f(®~1(V)) < diamV < ¢ for all V € V. Hence, diam f(U) < ¢ for
every U elU. m

We shall need some observations concerning finite uniform coverings.

LEMMA 2.2 ([Is64]). Let X be a uniform space. If U is a finite uniform
covering of X, then there exists a finite open uniform covering V of X such

that U <* V.

Among all finite coverings of a uniform space, the uniform ones are ex-
actly those which admit a subordinate uniform partition of the unity. To
make this precise, let us agree on some additional notation: if X is a topolog-
ical space, then we define spt(f) := {z € X | f(x) # 0} for every continuous
function f: X — R.

LEMMA 2.3 ([Is64]). Let X be a uniform space. A finite covering U of X
1s uniform if and only if there exists a family of uniformly continuous func-
tions fu: X —[0,1] (U € U) such that

(1) spt(fu) CU for every U € U,

(2) Y peu fulz) =1 for allz € X.




Topological matchings and amenability 171

It is well known that any topological group may be considered as a uni-
form space. In order to explain this and introduce some additional notation,
let G be an arbitrary topological group. We denote by U(G) the filter of all
neighborhoods of the neutral element in G. We define GG, to be the uniform
space obtained by endowing G with the right uniformity, i.e.,

{UCPG)|3U eU(G): U = {Uz |z € G}},

and we denote by G; the uniform space consisting of G along with the left
uniformity, i.e.,

{UCPG)|IU eU@): U= {2U |z € G}}.

It is easy to see that the topology generated by each of these uniformities is
precisely the original topology of G.

Let us fix the following terminology with regard to an identity neigh-
borhood U in G: a set U C P(G) is called a U-uniform covering of G,
it X {Uzx | x € G}, and U is called a U-uniform covering of Gy if
U =2 {zU | z € G}. Clearly, a set U C P(G) is a uniform covering of G, (G,
respectively) if and only if ¢/ is a U-uniform covering of G, (G, respectively)
for some identity neighborhood U in G. Moreover, recall that any continu-
ous homomorphism from G into another topological group H constitutes a
uniformly continuous map both from G, to H, and from G; to H;. In the
following, we shall mainly be concerned with the right uniformity—except
for Section @ However, note that ¢: G, — G,  — 2~ !, is an isomorphism
of uniform spaces. Hence, any statement about the right uniformity can
be translated into an equivalent statement about the left uniformity in a
straightforward manner. For more details concerning uniform structures on
topological groups, we refer to [RDS&I].

Furthermore, we need to recall the concept of uniform convergence. To
this end, let X,Y be uniform spaces. Concerning a function f € UC(X,Y)
and a uniform covering U of Y, we define

[f,U]:={g € UC(X,Y) [ Vo € X: g(x) € St(f(x),U)}.
It is straightforward to check that
{Vy CP(UC(X,Y)) | 3U unif. cov. of Y: V 2 {[f,U] | f € UC(X,Y)}}

constitutes a uniformity on UC(X,Y’), which we refer to as the uniformity
of uniform convergence. The induced topology on UC(X,Y) is called the
topology of uniform convergence. It is now straightforward to check that
Aut(X) endowed with the topology of uniform convergence constitutes a
topological group, and that the corresponding right uniformity of this topo-
logical group is just the uniformity of uniform convergence on Aut(X). Note
that if G is a topological group, then the injective group homomorphism
Ag: G — Aut(G,) given by A\g(g)(z) := gz for g,x € G is continuous.
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Let X be a compact Hausdorff space and G a topological group. Consider
a G-flow on X, i.e., a continuous homomorphism a: G — Aut(X). A subset
Y C X is called a-invariant if a(g)(Y) =Y for every g € G. We say that
a is manimal if () and X are the only closed, a-invariant subsets of X. By
a subflow of a we mean any flow of the form 5: G — Aut(Y), g — a(9)|y,
where Y is a closed, a-invariant subset of X.

3. Means and amenability. In this section we want to recall some
general basics concerning means on function spaces. We follow the presenta-
tion in [BJMS89|. Furthermore, we briefly discuss the concept of amenability
for dynamical systems in general and for topological groups in particular.
For a more elaborate study of amenable topological groups including inter-
esting examples, we refer to [Pa88|, Pa92, [Ru02, BOOS, [GrH15].

For a start, we clarify some notation and recall some basic terminology
regarding function spaces. Let X be a set. For convenience, we shall de-
note by F(X) the set of all finite subsets of X. Additionally, we abbreviate
Fi(X) :=F(X) \ {0}. Furthermore, we consider the set

A(X) = {5 e [0,1]% ] 571((0,1]) finite, Y §(x) = 1}
rzeX

of formal convex combinations over X. For every § € A(X), we define
spt(8) := 671((0,1]). As usual, for z € X, define §, € A(X) by

Oz (y) == {

If I is a finite non-empty subset of X, then we set dp := ) _pd, € A(X).
Let H be a linear subspace of £*°(X) containing the constant functions.
A mean on H is a linear map p: H — R such that

inf{f() | 2 € X} < p(f) < sup{f() | 2 € X}

for every f € H. The set of all means on H will be denoted by M(H).
For each € X, we obtain a mean on H by v,: H — R, f — f(x). More
generally, vs := )y 0(x)vy: H — R is a mean on H for every 0 € A(X).
In particular,

1 ifz=y
’ e X).
0 otherwise (y )

1
VE 1= Usp :m;%: H—R

is a mean on H for any non-empty finite subset F' C X. Evidently, v, = vs,
for every z € X, and {vs | § € A(X)} is nothing but the convex envelope of
{vg |z € X} in M(H).

THEOREM 3.1 ([BJM89]). Let X be a set and let H be a linear sub-
space of £>°(X) containing the constant functions. Then M(H) is convex
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and weak-* compact. Furthermore, the convex subset {vs | § € A(X)} is

weak-* dense in M(H).
Let us point out the following modification of Theorem

LEMMA 3.2. Suppose X to be a topological space such that every open
non-empty subset of X is infinite. Let H be a linear subspace of Cy(X)
containing the constant functions. Then {vp | F € F(X)} is weak-* dense

Proof. Let p€ M(H), Ho € F(H)and € > 0. Let s := supsep, | flloo+1
and 6 := £/(3s). Due to Theorem [3.1] there exist F' € F(X) and a: F —
(0,1] such that > _pa(z) =1 and |u(f) = > cpalz)f(z)] < e/3 for all
f € Hy. It is well known that {8 € ((0,1] N Q)" | >, cp B(z) = 1} is dense
in {8 € (0,1]F | ¥ ,crB(z) = 1}. Hence, there exists B: F — (0,1] N Q
such that > . B(z) =1and ) p|a(z) — B(z)| < 0. The latter assertion
readily implies that

|3 a@)f@) = Y B@)f@)| < Y la@) = B@)l £l < 5

zeF zeF zeF

for each f € Hy. There exist n € N\ {0} and v: F — {1,...,n} such that
B(z) = v(x)/n for all x € F. Now, if z € F, then

= ({7 (f(2) — /3, f(z) +¢/3)) | f € Ho}

is an open non-empty subset of X. Since every open non-empty subset of X
is infinite, there is ¢: F' — F;(X) such that

(1) &(x) C V(x) for every z € F,

(2) |@(x)| = v(z) for every x € F,

(3) @(x) NP(y) = O for any distinct x,y € F.

Let E := |J{®@(z) | x € F}. We observe that |E| = n. For every f € H,
it follows that

S 31 - g X 0] = 1| as@) - X Y 1)
yekE

zeF zeF xEF yed(x)
< %Z ‘v(x) - > Il ‘
el yed(zx)
< fZ > If@) = )
zeF yed(x)

1 ey(z) €
<= ==
_nZ 3 3’

zeF
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and therefore

() =ve(£)] < |u(f) = 3 a@)f@)| +| 3 a@)f@) = 3 B@)f@)

zeF zeF el
1
#0133 1)
el yelE
£ I3 3 B
> g + g + g E. m

Recall that a topological space is perfect if it does not contain any isolated
points. Furthermore, a topological space X is called homogeneous if, for any
z,y € X, there exists a homeomorphism ¢g: X — X such that g(z) = y. It
is easy to see the following:

REMARK 3.3. Let X be a topological space.

(1) If X is homogeneous and not discrete, then X is perfect.
(2) If X is T1 and perfect, then every open non-empty subset of X is
infinite.

Now we come to amenability. Let X be a uniform space. A mean on X is
a mean on UC,(X ). We denote by M (X) the set of all means on X. Consider
a subgroup G of Aut(X). We refer to the pair (X, G) as a dynamical system.
An invariant mean on (X, G) is a mean p on X such that u(f) = p(f o g)
for all f € UC,(X) and g € G. The set of invariant means on (X, G) shall be
denoted by M(X,G). We call (X,G) amenable if M(X,G) # 0. Given any
topological group G and some compact Hausdorff space X, we say that a
G-flow a: G — Aut(X) on X is amenable if the dynamical system (X, a(G))
is amenable.

As pointed out at the end of Section [2, any topological group may be
considered as a uniform space, wherefore the previous definition applies in
particular to topological groups. To elaborate on this case, let G be a topo-
logical group. An invariant mean on G is an invariant mean on the dynam-
ical system (G,, A\q(G)). Accordingly, we call G amenable if the dynamical
system (G, A\g(G)) is amenable, i.e., there is a mean p on UC(G,) such
that u(f) = p(f o Ag(g)) for all f € UC,(G,) and g € G. It is well-known
that G is amenable if and only if every G-flow is amenable. Moreover, we
recall the following well-known characterization of amenability for discrete
groups.

THEOREM 3.4 ([F¢55]). A discrete group G is amenable if and only if,
for all 0 € [0,1) and E € F(G), there exists some F' € F(G) such that
|[FNgF|>0|F| for all g € E.

For later use, we equip the set of means on a given topological group with
a suitable semigroup structure by extending the group multiplication in the
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usual way. So, let G be a topological group. It is easy to see that the function
fo: G = R, g — v(foAg(g)), is a member of UCy(G,) whenever f €
UCy(Gy) and v € M(G,). Hence, we may define (uv)(f) := p(f,) for any
w,v € M(G,). Note that this multiplication is associative, and hence turns
M(G,) into a semigroup. Moreover, A(G) also carries a natural semigroup
structure given by the multiplication

(aB)(g9) =Y algh™")B(h) (a,B € AG)),
heG
and both G — A(G), g — d4, and A(G) — M(G,), 6 — vs, are homomor-
phisms. Furthermore, spt(af) C (spt «)(spt 5) for any «, 5 € A(G).

4. Matchings in bipartite graphs. In this section we briefly recall
basic notions and facts about matchings in bipartite graphs. This includes
Hall’s marriage theorem (see Theorem (4.2)).

For a start, we clarify some terminology and notation. Let B = (X,Y, R)
be a bipartite graph, i.e., a triple consisting of finite sets X and Y and a
relation R C X x Y. If S C X, then we define

Ng(S):={yeY |JxeS: (z,y) € R}

A matching in B is an injective mapping ¢: D — Y with D C X such that
(z,¢(x)) € R for every x € D. A matching ¢ in B is said to be perfect if
dom(yp) = X. Furthermore, we call

w(B) := sup{|dom ¢| | ¢ matching in B}
the matching number of B. For later use we note the following simple fact.
REMARK 4.1. Let Bo = (X[),}/O,RO) and 81 = (Xl,Yl,Rl) be bipartite

graphs. If there exist bijective maps ¢: Xg — X1 and ¢: Yy — Y7 such that
(p(x),%(y)) € Ry for all (x,y) € Rp, then u(By) < u(By).

We will need Hall’s matching theorem, which we restate for convenience.

THEOREM 4.2 ([Ha35], [Orb3]). If B = (X,Y,R) is a bipartite graph,
then
n(B) = | X| —sup{[S]| — [N5(S)[ | S € X}
COROLLARY 4.3. A bipartite graph B=(X,Y, R) admits a perfect match-
ing if and only if |S| < |Np(S)| for every subset S C X.

In what follows, we shall have a closer look at bipartite graphs arising
from uniform coverings of uniform spaces. For this purpose, we need to intro-
duce some additional notation. Consider an arbitrary set X, finite subsets
E,F C X, and a covering U of X. We define the bipartite graph

B(E,F,U) := (E,F,R(E,F,U))
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with the relation given as follows:
R(E,F.U) :={(z,y) € Ex F |y e St(z,U)}
={(r,y) e EXF|3U €elU: {z,y} CU}.
Furthermore, let u(E, F,U) := u(B(E, F,U)). Clearly, the following holds.

REMARK 4.4. Let U be a covering of a set X. Then |[ENF| < u(E, F,U)
for any E, F € F(X).

The subsequent observations will prove useful in Section

LEMMA 4.5. Let U be a covering of a set X and let Fy, Fy, F» € F(X).

Then
M(F07F2>u*) > M(F(%Flau) +/,L(F1,F2,Z/{) - |F1|

Proof. Suppose ¢ and ¢ are matchings in B(Fy, Fy,U) and B(Fy, Fo,U)
such that |dom(yo)| = p(Fo, F1,U) and |dom(¢p1)| = p(Fr, Fo,U). Set D; =
dom(y;) for each i € {0,1}. Let D := ¢y (D1) and define v: D — Fy,
z — @1(po(z)). Evidently, ¢ is injective. Moreover, ¢(z) = ¢1(po(x)) €
St(po(x),U) C St(x,U*) for every x € D. Hence, ¢ is a matching in
B(Fy, Fo,U*). Furthermore,

[F1| = [D] = [F1| = [po(D)| = [F1 \ ¢o(D)| = |F1\ (po(Do) N Dy
= [(F1 \ ¢o(Do)) U (F1 \ D1)]
< [F1\ ¢o(Do)| + [F1\ D1
- 2|F11| - ,Uf(FOvFlvu) - M(FlaFQ)u)a
and thus :U’(F07F27U*) > ‘D| > M(F07F17u) +/"L(F17F27u) - |F1| u

COROLLARY 4.6. Let U be a covering of a set X and let Fy,...,F, €

F(X). Then

n—1

p(Fo, Fo, U1 > Z (Fiy Firr,U) = > |F.
=0 i=1

5. Matchings in dynamical systems. In this section we prove several
characterizations of amenability of dynamical systems in terms of topological
matchings.

THEOREM 5.1. Let (X, G) be a dynamical system. If

inf inf sup inf w
EEF(G)UEN (X) FeF, (x)9EE |F|

then (X, G) is amenable.
Proof. Let e >0, H € F(UCy(X)) and E € F(G). We observe that
A(H,E,e) :={v e M(UC\(X)) |Vfe HVge E: |[v(f)—v(fog) <c}

=1

)
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is closed in the compact Hausdorff space M (UC;(X)). We shall prove that
A(H,E,e) # (. To this end, we define 6 := /(1 + 2supscy || flloo). Due
to Lemma [2.1] there exists # € N(X) such that diam f(U) < 6 for all
U € U and f € H. By assumption, there exists F € F;(X) such that
|F| — p(F,g(F),U) < 0|F| for all g € E. We show that vp is a member
of A(H, E,¢). Of course, vp € M(UCy(X)). Now, consider any g € E. Let
¢: D — g(F) be an injective map such that D C F, |D| = u(F,g(F),U),
and p(z) € St(z,U) for all z € D. If f € H, then

wr(f) = vr(f o g)l m\zf > f(g(@))]
—m\z(f<x>—f<so<x>>)+ > fw- Y @)
z€F\D z€g(F)\¢(D)
<H(Sr@-reei+ ¥ rwi+ X 1)
z€D 2€F\D 2eg(F)\@(D)
WEG(F).U) | IF| = p(F,g(F),U)
< W +2 7 1/ lloo

<O+ 2[[fllood = (14 2[| flloo)d < e
This proves our claim. Therefore, A(H, E, ) # (). Since
A(HoUH1,EyU Eq,e0 Ne1) € A(Ho, Eo,e0) N A(Hy, Ev,e1)
for all Hy, H; € F(UCy(X)), Eo, E1 € F(G), €0,e1 > 0, we conclude that
A:={A(H,E,e) | H e F(UCy(X)), E € F(G), e > 0}

has the finite intersection property. By Theorem M(UCy(X)) is com-
pact. Consequently, (A # 0. Finally, we observe that M (X,G) = (A,
proving that (X, G) is amenable. m

THEOREM 5.2. Let (X, G) be a dynamical system. If (X, G) is amenable
and every open non-empty subset of X is infinite, then

inf inf sup inf w
EEF(G)UEN (X) peF, (x)9EE |F|
Proof. Let 6 € [0,1), U € N(X) and E € F;(G). By Lemma[2.3] there
exists a family of uniformly continuous functions fy: X — [0,1] (U € U)
such that

(1) spt(fr) C U for every U € U,
(2) Ypey fulz) =1forallz € X.

Since (X, G) is amenable and every open non-empty subset of X is infinite,
Lemma [3.2] asserts that there exists F' € 7 (X) such that

=1.
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)L‘Zf Zf ’ eforallUGLland € FE.
RPN e ul g

We show that u(F, g(F),U) > 0|F| for all g € E. To this end, let g € E.
We consider the bipartite graph B := B(F, g(F),U). If S C F, then we let
V:={UeU|UNS +# 0} and T := Np(S), and observe that

=12 Y @S Y @ =33 ful@)

x€S zeSUel xeSUeY Uey xzeS
- ® aA-oF|
<IN ful@ <Y 1 + > ful
UeVzeF Uey yeg(F)
A=0F+ > > fuly) = A =0)FI+ > fuly)
Uey yeg(F) UevyeT
A=OFI+> > fuly) <A =0)FI+> > fuly)
yeT UeV yeT UelU
D a—o)F+3 1= (1-0)F| +|1],
yeT

that is, |S| — |Ng(S)| < (1 — 6)|F|. By Theorem

pF g(F),U) _ |F| = supscp(|S] — INs(S)) _ |F| - (1 - 0)|F|
|| |F| = |F|

=0.u

COROLLARY 5.3. Let X be a perfect Hausdorff uniform space and let
G be a subgroup of Aut(X). Then (X,G) is amenable if and only if the
following holds: for every 6 € [0,1), every finite subset E C G, and every
finite uniform coveringU of X, there exists a finite non-empty subset I C X
such that

Vg€ E: p(F,g(F),U) = 0|F|.
Proof. This follows from Theorems [5.I] and 5.2} and Remark [3.3] =

Of course, the previous result applies in particular to dynamical systems
on perfect compact Hausdorff spaces. Moreover, since any open covering of a
totally disconnected, compact Hausdorff space is refined by a finite partition
of the space into clopen subsets, we also immediately obtain the following
consequence.

COROLLARY 5.4. Let X be a perfect, totally disconnected, compact Haus-
dorff space, and let G be a subgroup of Aut(X). Then (X,G) is amenable if
and only if the following holds: for every € > 0, every finite subset E C G,
and every finite partition U of X into clopen subsets, there exists a finite
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non-empty subset F' C X such that
VU EeUVgeE: ||[FNU|-|g(F)NU|| <elF|.

Below we shall point out how the criterion established above behaves
when passing to dense or generating subsets of the acting group. These
results are straightforward and we record them for the convenience of the
reader.

PROPOSITION 5.5. Let (X,G) be a dynamical system and let S be a
symmetric generating subset of G containing the identity map. Then

inf inf sup inf W =1
EEF(G)UEN (X) peF, (x)9EE |F|
if and only if
inf inf sup inf w =1.

BEF(S)UEN(X) peF, (x)9EE |F|

Proof. (=) This is obvious.

(<) Let 6y €10,1), Ey € F(G) and U € N(X). Since Ej is finite, there
exist a finite subset £ C S as well as n € N\ {0} such that Ey C E".
By Lemma there exists V € N(X) such that & < V*"~1. Consider
W=V cpn g (V) and 0 := (n+ 6y — 1)/n € [0,1). By assumption, there
exists F' € F,(X) such that infscp p(F, s(F),W) > 6|F|. We argue that
infgep, u(F,g(F),W) > 6g|F|. To this end, let g € Ey. Then there exist
J1s---,9n € E such that g = g,---¢g1. For each i € {1,...,n}, let s; :=
Ggn -+ - g;- Note that

Wsis1(F), 5i(F), V) = u(sis1(F), siv1(9i(F)), V) = w(F,gi(F), s, (V)
for each i € {1,...,n — 1}. Hence,

n—1
W(E,g(F)U) S 4(F gu(F). V) + Z si1 (F),si(F),V) = 3 [si(F
=1
= u(F, gn(F +Zu F,g:(F),s35(V) = (n = 1)|F|
p(F, gn(F +ZNF92 W) — (n = 1)|F]

> nb|F| - (n— DIF| = 8o/
Consequently, infgep, u(F, g(F),U) > 6p|F|. This proves our claim. =

PROPOSITION 5.6. Let X be a uniform space and let H C G C Aut(X).
If H is dense in G with respect to the topology of uniform convergence, then
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F,g(F
inf inf sup inf M 9(F),U)
BEF(GVUEN(X) per (x)9€E  |F] R
= inf inf sup inf W 9(F),U)
EE€F(H)UEN (X) peF, (x)9EE |F]

Proof. Evidently, the left-hand side of the desired equation is bounded
from above by the right-hand side, which we denote by p. In order to prove
the converse inequality, let ¢ > 0, E € F(G) and Y € N'(X). By Lemma[2.2]
there exists V € N(X) such that & <* V. Since H is dense in G, for each

g € E there exists some g € H N [g,V]. Let F € F(X) satisfy
inf w(F,§(F), V) = (p— £)|F].

Since g(x) € St(g(x), ) for all z € F and g € E, it is furthermore true that
p(F, g(F),U) > u(F, §(F),V) for every g € G. Hence,
(

L HE )W) L p(F (), V)

> p—e.
geE  |F] e T R

COROLLARY 5.7. Let X be a perfect Hausdorff space and let G be a
subgroup of Aut(X). Suppose that S is a finite symmetric subset of G con-
taining the identity map, and assume that the group generated by S is dense
in G with respect to the topology of uniform convergence. Then (X,G) is
amenable if and only if the following holds: for every 6 € [0,1) and every fi-
nite uniform covering U of X, there exists a finite non-empty subset F C X
such that

Vg €St p(F,g(F),U) > 0|F|.

6. Matchings in topological groups. In this section we have a closer
look at topological matchings in topological groups. This will lead to several
new characterizations of amenability for Hausdorff topological groups.

THEOREM 6.1. A Hausdorff topological group G is amenable if and only
if the following holds: for every 6 € [0,1), every finite subset E C G, and
every finite uniform covering U of G,, there exists a finite non-empty subset
F C G such that

Vg€ E: pu(F,gF\U) > 0|F|.

Proof. (<) This is due to Theorem

(=) Suppose that G is amenable. If G is discrete, then Theorem
asserts the following: for every 6 € [0,1) and every finite subset £ C G,
there exists a finite non-empty subset F' C G such that |F N gF| > 0|F| for
all g € F, and thus

2
u(F,gFU) > |FNgF| > 0|F|



Topological matchings and amenability 181

for all ¢ € E and every covering U of G. Otherwise, if G is not discrete,
then G is perfect by Remark [3.3] and hence the conclusion follows from

Corollary .

COROLLARY 6.2. Let G be a Hausdorff topological group and let S C G
be a symmetric subset containing the neutral element and generating a dense
subgroup of G. Then G is amenable if and only if the following holds: for
every 0 € [0,1), every finite subset E C S, and every finite uniform covering
U of G,, there is a finite non-empty subset I C G with

Vge E: u(F,gF,U) > 0|F|.

Proof. Denote by H the subgroup of G generated by S. Since the homo-
morphism Ag: G — Aut(G,) is continuous, the subgroup Ag(H) is dense in
A¢(G) with respect to the topology of uniform convergence. Accordingly,

g w(F, gF.U)

G amenable &L inf inf sup =1
EEF(G)UEN (Gr) FeF, (G) IEE |F|
g inf inf sup inf M =1
EeF(H)UEN (Gr) peF, (@) 9€E | F]|
g inf inf sup inf M =1 =
E€F(S)UEN (Gr) FeF, () 9€E |F|

So far so good. We are now coming to material that prepares the study
of the relationship with continuous Ramsey theory in the last section. Our
next objective is to significantly strengthen Theorem As it turns out,
amenability of topological groups can be characterized in terms of matching
properties involving only two-element uniform coverings (see Theorem
and Corollary . This observation generalizes a recent result by Moore
[Mo13] for discrete groups.

In order to state and prove the desired Theorem [6.4, we need some
additional terminology. Let G be a topological group and let f: G — R.
Given an identity neighborhood U in G and any € > 0, we say that f is
(U, e)-uniformly continuous if diam f(Uz) < e for each = € G. Note that
f is a uniformly continuous map from G, to R if and only if, for every
e > 0, there exists an identity neighborhood U in G such that f is (U, e)-
uniformly continuous. Of course, this concept refers to the right uniformity
of G and may be defined analogously with respect to the corresponding left
uniformity. However, we shall only need it as given here.

Now, let us record the following observation.

LEMMA 6.3. Let G be a topological group and U an identity neighborhood
in G. Suppose that f € UCy(G,) and e > 0. If f is (U, ¢e)-uniformly contin-
uous, then f, is (U, e)-uniformly continuous for every mean v € M(G,).
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Proof. First let us observe that
N :={v e M(G,) | f, is (U,¢e)-uniformly continuous}

— m {I/GM(GT) | |f1/(x)_f1/(y)’ SE}

zeG,yclUx

is closed in M(G,) with respect to the weak-* topology. We argue that N
is convex. To this end, let v,/ € N and « € [0,1], and consider the mean
p:=av+ (1 —a)r on G. Note that

Ju(@) = p(fodg(x)) =av(forg(x)) + (1 - a)V (f o dg(x))
= O‘le(l') + (1 - Oé)f,,/(l‘)

for all z € G. Therefore,

|fu(@) = fu)] < alfu(@) = )]+ (1 =) fv (@) = fuy) <e
for all 2,y € G with 2y~! € U, which means that au + (1 — a)v € N. This
shows that N is convex. Note that f, (z) = vy(f o Aa(z)) = f(zg) for all
g,x € G. Hence, if g € G, then the implication

wy €U = zg(yg) " €U = |f,(x) = fo, W) = |f(xg) — flyg)| < e

holds for all 2,y € G, and thus f,, is (U, €)-uniformly continuous. Of course,
this means that {v, | g € G} € N. Thus, M(G,) = N by Theorem n

Now everything is prepared to state and prove the aforementioned result.
The interesting part of the theorem is that conditions (2)—(4) need to hold
just for a single k and it is not necessary to assume that they hold for all k.
Moreover, in conditions (4)—(6) it is interesting to note that S can be chosen
uniform, just depending on the set £ C G and the neighborhood U. We will
heavily use these improvements in the later parts of the paper. The structure
of the proof and also the main ideas go back to the original proof of Moore
[Mo13] in the discrete case—however, some arguments might be streamlined
and some others needed a careful adaption to the topological case.

A generalization of Moore’s work on discrete groups to the case of Polish
groups appeared in work of Kaichouh [Kal5|; however, our approach cap-
tures more aspects and also seems to be better suited for the Ramsey-
theoretic applications that one might have in mind. We obtain Kaichouh’s
results as a straightforward corollary—once we prove our main theorem.

THEOREM 6.4. Let G be a Hausdorff topological group. For every natural
number k > 2 and every 6 € (0,1), the following are equivalent:

(1) G is amenable.
(2) For every finite subset E C G and every finite uniform covering U
of Gy, there exists a finite non-empty subset F C G such that

Vg€ E: p(F,gF,U) > 0|F|.
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(3) For every finite subset E C G and every uniform covering U of G,
with [U| < k, there is a finite non-empty subset F' C G such that

Vg,h € E: pu(gF,hF,U) > 0|F|.

(4) For every finite subset E C G and every identity neighborhood U
in G, there is a finite subset S C G such that, for every U-uniform

covering U of G, with |[U| < k, there exists a non-empty subset
F C S such that

Vg,h € E: pu(gF,hF,U) > 0|F)|.

(5) There exists € € (0,1) such that, for every finite subset E C G and
every identity neighborhood U in G, there exists a finite subset S C G
such that, for every (U, 1/8)-uniformly continuous f € UCy(G,) with
f(S) € [0,1], there exists a non-empty F C S with EF C S and

Vg,h € E: |vgr(f) —vnr(f)] <e.

(6) For every e > 0, every finite subset E C G, and every identity
neighborhood U in G, there exists a finite subset S C G such that, for
every (U, 1/8)-uniformly continuous f € UCy(G,) with f(S) C [0,1],
there exists 6 € A(G) with spt(d) U E(spt(d)) C S such that

Vg, h € E: [(vgvs)(f) — (vnrs)(f)] < e.

Proof. From Theorem [6.1, we already know that (1) implies (2). The re-
maining part of the proof proceeds as follows: (2)=(3)=(4)=(5)=(6)=(1).
(2)=(3). Consider a finite subset £ C G as well as some finite uniform
covering U of G;. Then V :=V p g~ 1(U) is a finite uniform covering of G..
By (2), there is a finite non-empty subset F' C G such that u(F,gF,V) >
f|F| for every g € E~'E. Now, if g,h € E, then V refines g~!(i/), and thus

w(gF, hEU) = p(F, g 'hF, g7 (U)) > p(F, g 'hF, g7 (V) > 0| F|.

(3)=(4). To reach a contradiction assume that (4) does not hold for
some finite subset £ C GG and an identity neighborhood U in G. That is, for

every finite subset S C G, there exists a U-uniform covering U of G such
that || < k and

VFCS, F#03g,he E: u(gF,hF,U) < 0|F)|.
Equivalently, for each finite subset S C G, the set
A(S) = {(W,..., Vi) € P(G)* | {W,...,V}} a U-uniform covering of G,
VF C S, F#03g,he€E: ugF,hF,{Vi,...,Vi}) <0|F|}

is non-empty. Clearly, 2(S) :=={(ViNS,...,VipNS) | (V1,..., Vi) € A(S)}
is finite for every finite subset S C G. Hence, the product space
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X = 2(S)
SeF(Q)

with respect to the discrete spaces £2(5) (S € F(G)) is compact.
We show that the subset

Y :={(Vs1,..-,Var)sere) EX | VT € S e F(G) Vie{l,... k}:
Vri=Vs;N T}
is not empty. For each S € F(G), consider the closed subset
Vs:={(Va1,...,Vor)ser) €X | VT CSVie{l,... . k}: Vp;=Vs;NT}.

We claim that J := {Ys | S € F(G)} has the finite intersection property.
Note that for any finite sequence of finite subsets Si,...,S, C G, we have

n
=1

Hence, it suffices to show that Yg # 0 for every finite subset S C G.
So, consider a finite subset S C G and let (Vi,...,Vy) € A(S). Then
(Vi,..., Vi) € A(T) for every subset T C S. Let us choose any element

Vi, Vrr)reran\pes) € H 02(5).

SeF(G)\P(S)
We obtain an element (Vr.1,...,Vr1)rerq) of Ys by setting
(VinT,...,Vip,NnT) ifT CS,
Vri, ..., Vrg) = . T € F(G)).
(Vra Tk {(VTJ,...,VT,;C) otherwise ( (@)

Thus, Yg # 0. By compactness of X, it follows that Y = (1) is non-empty.

Consider any (Vs 1,...,Vsr)ser() € Y. Let V; := (Vs | S € F(G)}
for each ¢ € {1,...,k}. We claim that & := {Vi,...,V}} is a U-uniform
covering of G. To prove this, let z € G. Suppose that Uz ¢ V; for all
i € {1,...,k}. For each i € {1,...,k}, choose an element y; € Ux \ V;.
Let S := {x,y1,...,yx}. Then there exists (W1, ..., W) € P(G)* such that
{Wi,..., Wi} is a U-uniform covering of G and Vg; = W; N S for each
i€{1,...,k}. Accordingly, there is i € {1,...,k} such that Uz C W;, and
thus {z,y1,...,yx} = S C Vs,; C V;. However, this is clearly a contradiction.
Consequently, Uz C V; for some ¢ € {1,...,k}. This means that U is a
U-uniform covering of G.

We argue that

VF € Fi(G) 3g,h € E: u(gF,hF,U) < 0|F)|,

which would clearly contradict (3) and hence prove that (3) implies (4). For
this purpose, consider a finite, non-empty subset F' C G. Let S := FUFEF.
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By construction, there is (Wi,...,Wy) € A(S) such that Vg; = W; NS for
every i € {1,...,k}. That is, V; NS =W; NS for all i € {1,...,k}. Hence,

p(gF, hE,U) = p(gF, hE AW, ..., Wi})
for all g,h € E. Since FF C S and (W1,...,Wy) € A(S), there exist g,h € E
such that
u(gF,hE, (W1, ... Wi}) < 0[],

Accordingly, u(gF,hF,U) < 0|F|. This contradicts (3) and hence finishes
the argument.

(4)=(5). We show the desired statement (5) for e :=1—60/3. Let E C G
be finite and let U be an identity neighborhood in G. Let S be as in (4). We
prove (5) for S’ := SUES. Suppose that f € UCy(G,) is (U, 1/8)-uniformly
continuous and f(S") C [0,1]. Consider the two-element U-uniform covering
U :={V,W}where V := f~1((—00,2/3)) and W := f~1((1/3,00)). Accord-
ing to (4), there exists a non-empty subset F' C S such that u(gF, hF,U) >
0|F| for all g,h € E. Fix g,h € E. Then there exists an injective map
¢: D — hF such that D C gF and |D| = u(gF, hF,U), as well as

Ve e D: {z,o(x)} CVV{z,p(x)} CW.
Consider any bijection ¢: gF' — hF with ¢|p = ¢|p. We conclude that

ver(f) = vir (f |F}Zf -3 f@)

xzegF rERF
—myz(ﬂw—f«o(m)w S (@) - fe@)]
ze(gF)\D
< (U@ - s+ X 1@ - )
z€D mG(gF)\D
1 0

1
< — fD F|—1|D F| - D <l—-=¢.

(5)=-(6). Suppose ¢ € (0,1) is as in (6). Let € > 0. Consider a finite
subset ¥ C (G and an identity neighborhood U in G. Let n € N be such that
e" < &. First, for each ¢ € {1,...,n}, we let U; be an identity neighborhood
in G such that f is ( i 85” Z'_1)—unif0rmly continuous. Second, we recur-
sively choose a sequence of finite subsets Ey, ..., E, C G. Let Ey := E. For
i € {1,...,n}, choose a finite subset F; C G satisfying (5) with respect to
Ei,1 and Ul'fl. Set S = F,

By downward recursion, we construct non-empty subsets F; C E; 1 (i €
{0, ey, — 1}) such that EZ’FZ' g Ez‘+1 and

Vg, h € Bt |(vgvr, e, )(f) — (hvr, v, ) ()] < €
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For a start, let f,—1 := f and choose a non-empty subset F,_1 C E, such
that E,,_1F,—1 C E, and
vth cbn_1: |Van_1(fn—1) - Vth71(fn—1)‘ <e.
As for the recursive step, suppose that we have chosen non-empty subsets
F,-1 C E,,...,Fii11 C Eiy9 and functions f,_1,..., fit1 € UCy(G,) such
that E;F; C Eji1, f; is (Uj, d;)-uniformly continuous, and
Vi € {i—i— 1,...,n— 1} Vg,h € Ej: ’VgFj(fj) _VhFj(fj)‘ <e.

Define a bounded uniformly continuous function f;: G, — R by

1ilg) = =1 (o, (9) = min fo, ()

w1 h€E;y " Tl

= EHlin((VgVFHl v, )(f) — min (vprp, e VF"—I)(f)>'
heE; 11

“VFn—l

Since fVFi+1mVFn—1 is (Ui, %8”71‘71)

conclude that f is (U;, 1/8)-uniformly continuous. By induction hypothe-
sis, we also have f;(E;+1) C [0,1]. Hence, there exists a non-empty subset
Fi - Ei+1 with EZ'Fi - Elqu and |V9F1(fz) - VhFi(fi” <e¢ for all g,h € Ez'-
Note that

-uniformly continuous by Lemma we

VgFi(fl/FHl---VFn,l) = (Vgr, - vR, )(f) = (vgvr, -+ vE, )(f)

for every g € G. We conclude that

O vy v 1) (1) = (- V)] = Wars (£ = v ()] < &

and thus |(vvp -+ ve, )(f) — (Wave - ve, ) (f)] <" forall g,h € E;.
This completes the recursion.

Finally, let 6:=0p, ---0F, , € A(G). Note that spt(d) CFp--- Fp—1 =: F.

Evidently, FF C S and

EF = Eololy - Fpy CEAPVEy - F C- CEy 1 F 1 CE,=S.
Moreover, vs = vp, - - - Vg, _,, and hence |(v4vs)(f) — (vavs)(f)| < €™ < € for
all g,h € By = E.

(6)=(1). By a compactness argument similar to the one in the proof
of Theorem it suffices to show that for every € > 0, every finite sub-
set £ C G, and every finite sequence of uniformly continuous functions
fi,.-, fn: Gr — [0,1], there exists v € M(G,) such that

Vie{l,...,n}Vge E: |v(fi) —v(fioAlg(g))| <e.

Therefore, let € > 0 and consider E and fi,..., f, as stated. Let U be
an identity neighborhood in G such that f; is (U, 1/8)-uniformly continu-
ous for each i € {1,...,n}. We first construct a sequence of finite subsets
Ey,...,E, C G by recursion. Let Ey := E U {e}. For each i € {1,...,n},
choose a finite subset E; C G satisfying (6) with regard to U and with E; 1
in place of E and ¢/2 in place of ¢.
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Next, we construct a sequence 4y, . .., d, € A(G) by downward recursion.
For a start, choose 0,, € A(G) such that spt(d,) U E,—1(spt(d,)) C E, and

Vg € En1: |vs,(fn) = (Vgvs,) ()| < €/2.

For the recursive step, suppose 0y, ...,d+1 € A(G) have been chosen such
that, for each j € {i +1,...,n}, we have spt(d;) U E;_1(spt(d;)) € E; and
Vg e Ej1: (v - vs,)(f) — (vgvs; -+ vs, ) (f5)| < €/2.

Note that (fi),jéiJrl...l,én: G, — [0,1] is uniformly continuous and (U, 1/8)-
uniformly continuous by Lemma According to (6), there hence exists

d; € A(G) such that spt(d;) U E;—1(spt(d;)) € E; and

|(ws, -+ v, ) (fi) — (vgvs, - - vs, ) (fi)]
= ‘V(Si((fi)l’éi+1""/5n) - (V9V5i)((fi)V5i+1"'V5n)| <e/2
for every g € F;_1. This completes the recursion.

Finally, consider the element § = d1---0, € A(G). Let i € {1,...,n}.
As

’Véi((fi)yéi+1"'l/6n) - Vg((fi)l/(si'"l/sn”
= ‘Véi((fi)V§i+1"'V6n) - (VQV&)((fi)VaHl"'V&n)| < 5/2
for every g € E;_1, we conclude that
V5,60 (fi) = V56, ()| = s ((Fi)vs,, s, ) = v ((Fi)vs, s, )| < €/2
for every v € A(G) with spt(y) C E;—_1. Now, let g € E. We observe that
spt(61 -+ - 0i—1) = spt(d1) - - - spt(di—1)
= By (spt(d2)) - - -spt(di—1) € --- C B,
Spt(5g51 s 51',1) = g(spt(&l)) s spt(&i,l)
= Eo(spt(d1)) -~ - spt(di—1) € -+ C B
Therefore, both
’V5(fi) - (V5z5n)(fl)’ = ’(V51-"5i71V5¢-"5n>(fi) - (V5z5n)(f1)| < 5/2
and
[(vgvs) (fi) = (V5,5,) (fi)| = |(V5g816,1 V6,6, (fi) — (Vo6 ) (fi)| < €/2.

|
Consequently, |vs(fi) — (vgv5)(fi)| < e. This finishes the proof of Theo-
rem 6.4. m

We will now discuss some aspects and some more or less direct con-
sequences of the previous theorem. First of all, it does not cover infinite
uniform coverings, even though this might seem to be just as natural. The
corresponding results are nevertheless true, but require a different setup. We
will address this issue in a forthcoming paper.
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A slightly cumbersome fact is still that in condition (2) in the theorem,
we had to use a symmetric form of the matching condition (which might be
a priori stronger than its asymmetric counterpart). Indeed, we are currently
not able to remove this stronger requirement without going to covers of at
least three elements. This is formulated in the next corollary.

COROLLARY 6.5. Let G be a Hausdorff topological group. The following
are equivalent:

(1) G is amenable.

(2) There exists 6 € (1/2,1] such that, for every finite subset E C G
and every uniform covering U of G, with [U| < 3, there is a finite
non-empty subset F' C G such that

Vg€ E: pu(F,gF,\U) > 0|F|.
(3) There exists 6 € (0,1] such that, for every finite subset E C G and

every two-element uniform covering U of G, there exists a finite
non-empty subset F' C G such that

Vg,h € E: p(gF,hF\U) > 0|F|.

Proof. Note that Theorem [6.4] readily asserts that (3)<(1)=(2). Hence,
we are left to prove that (2)=-(3). To this end, suppose that (2) holds for
some 0y € (1/2,1]. We show (3) for 6; := 20y — 1. Let E C G be fi-
nite and let U = {Up, U1} be a two-element uniform covering of G,. By
Lemma there exists a uniformly continuous function f: G, — [0,1]
with spt(f) C Up and spt(1 — f) C U;. Since f is uniformly continuous, it
follows that

V= {f71(00,1/2)), F7H((1/4,3/4)), fH(1/2, 1)}
is a uniform covering of G,. Of course, |V| < 3. According to (2), there exists
a finite non-empty subset F' C G such that u(F,gF,V) > 6y|F| for every
g € E. Using Lemma [4.5, we conclude that
for any g,h € F. u

As mentioned before, we obtain proofs of results from [Kal5|. The fol-
lowing was proven for Polish groups in [Kal5].

COROLLARY 6.6. Let G be a Hausdorff topological group. Then G is
amenable if and only if the following holds: for every finite subset E C G

and every uniformly continuous map f: G, — [0,1], there exists a mean
v € M(G,) such that v(f o Ag(g)) = v(f) for all g € E.

Proof. The forward implication is trivial. In order to prove the backward
implication, we shall utilize the equivalence of (1) and (3) in Theorem
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we will establish (3) for 6 = 1/2 and & = 2. So, consider a finite sub-
set E C G and a two-element uniform covering U = {Up, U1} of G,. By
Lemma there exists a uniformly continuous function f: G, — [0,1]
such that spt(f) € Up and spt(1 — f) € Ui. Due to our assumption and
Lemma [3.2] there is a finite non-empty subset F' C G such that

I3 flow) — 3 pha)| < 1

zeF zeF
for all g,h € E. Analogously to the proof of Theorem it follows that

1(gF, hF,U) > |F| for all g, h € E. That is, (3) in Theorem [6.4]is satisfied
for § =1/2 and k = 2. Hence, G is amenable by Theorem "

7. Coset colorings of non-archimedean groups. In this brief sec-
tion we reformulate the results of the previous one for non-archimedean
groups in terms of coset colorings. Recall that a topological group G is
non-archimedean if every neighborhood of the neutral element in G con-
tains an open subgroup of G. Clearly, the class of non-archimedean groups
encompasses all discrete groups as well as all topological subgroups of S. It
is also well known that any totally disconnected, locally compact Hausdorff
topological group is non-archimedean [vD36]. Now, let G be an arbitrary
non-archimedean topological group. Then the right uniformity of G is given
by

{U CP(G) | 3H open subgroup of G: U < H\G},
where H\G := {Hz | x € G} for H < G. In particular, for every finite

uniform covering U of GG, there exists an open subgroup H of GG along with
a map ¢: H\G — {0,...,n} with n > 1 such that U is refined by

{(po ) L(4) ’ i€{0,...,n}}
where 7: G — H\G, x — Hax. Therefore, as a consequence of Theo-
rems [6.1] and we immediately obtain the subsequent characterization of
amenability for non-archimedean Hausdorff topological groups in terms of
right coset colorings.

COROLLARY 7.1. If G is a non-archimedean Hausdorff topological group,
then the following statements are equivalent:

(1) G is amenable.

(2) For every e > 0, every finite subset E C G, every open subgroup
H < G, and every map ¢: H\G — {0,...,n} with n > 1, there is a
finite non-empty subset F' C G such that

Vi€ {0,...,n} Vg € E:
IF N (pomn) ()] — [gF N (pomn) (0)]| <elF.
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(3) For every e > 0, every open subgroup H < G, every subset A C G,
and every finite subset E C G, there exists a finite non-empty subset
F C G such that

Vge E: ||[FNHA|—|gF N HA|| <e|F|.

Even in the case of discrete groups, this provides us with the following
interesting characterization of amenability, which is due to Moore [Mol3].

COROLLARY 7.2 ([Mol3]). Let G be a group. The following are equiva-
lent:

(1) G is amenable.

(2) For everye > 0, every map p: G — {0,...,n} withn > 1, and every
finite subset E C G, there exists a finite non-empty subset F C G
such that

Vie{0,....n} Vg e E: |[Fne (i) —|gF Ny ' (i)]| <elF|.

(3) For everye > 0, every subset A C G, and every finite subset E C G,
there exists a finite non-empty subset F' C G such that

Vge E: |[|[FNA|l—|gFNA| <elF|

We conclude this section with an application. It was shown by Giordano
and de la Harpe [GHO7] that a countable discrete group is amenable if and
only if every of its continuous actions on a Cantor space is amenable. This
was generalized in [AMP11] to second-countable non-archimedean Hausdorff
topological groups. Utilizing Theorem [6.4], we shall establish an amenability
criterion for general non-archimedean groups in terms of minimal subflows
of certain canonical shift operations, which provides a refinement of the
above-mentioned results in [GHI97] and [AMP11]. For a non-archimedean
Hausdorff topological group G and an open subgroup H < G, we consider
the G-flow apy: G — Aut(2\%) given by

an(9)(¢)(Hz) = p(Hzg) (g€ G, pe2M\).

COROLLARY 7.3. A non-archimedean Hausdorff topological group G is
amenable if and only if, for every open subgroup H < G, every minimal
subflow of ayr: G — Aut(2\G) is amenable.

Proof. The forward implication is trivial, since amenability of G implies
amenability of any G-flow. Conversely, suppose that, for every open sub-
group H < G, every minimal subflow of ay: G — Aut(27 \G) is amenable.
In order to prove that G is amenable, we show that G satisfies condition (3)
in Corollary To this end, let H be an open subgroup of G. Consider
the compact Hausdorff space X = 21\C¢. We abbreviate g.¢ = ap(g)(p)
if g € Gand ¢ € X. Of course, U := {9 € X | p(H) = 0} is a clopen
subset of X. Consider a finite subset £ C G, a mapping ¢: H\G — 2
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and some ¢ > 0. Denote by Z the closure of Y := {g.0 | ¢ € G} in X.
Clearly, Z is an ag-invariant non-empty subset of X. Since Z is compact,
a standard application of Zorn’s lemma asserts the existence of a minimal
closed, ag-invariant, non-empty subset C' C Z. By assumption, the subflow
G — Aut(C), g — au(g)|c, is amenable.

CrLAIM. There exists a finite non-empty subset Fy C C such that
Vge E: |[FonU|—|g-FyNU|| <elFy.

Proof. Denote by B the set of all isolated points of the space C. Note
that B is an open apg-invariant subset of B. Hence, either B =) or B = C
due to minimality of C. If B = (), then C' is perfect and hence the Claim
follows by Corollary [5.4l Otherwise, if B = C, then C is discrete and thus
finite, which readily implies our Claim for Fy = C. =

Let Fy be a finite non-empty subset of C with || FonU|—|g.FonU|| < | Fy
for all g € E. Since Y is dense in the Hausdorff space Z, there is an injection
v: Fo — G with ¥(Hg) = (v(v).p)(Hg) for all g € EU{e} and ¢ € Fj. Let
Fy :=~(Fp) and V := (pomy)~1(0). For x € Fy and g € E U {e},

(pomu)(gr) = p(Hgx) = (z.p)(Hg) =7 (z)(Hg) = (9.7 (x))(H)
and hence
greV & (pomm)(gr) =0 & (977 ' (2)(H) =0 & gy '(z) €U.
Accordingly, |gFi N V| = |g.FoNU]| for every g € GU{e}, and by the Claim,
[|[FinU| = |gFinU|| < e|Fy

for every g € E. Consequently, condition (3) in Corollary is satisfied.
Therefore, G is amenable. »

COROLLARY 7.4 ([AMP11]). A second-countable non-archimedean Haus-
dorff topological group G is amenable if and only if every minimal G-flow on
a Cantor space is amenable.

8. Perfect matching conditions. Since compact and extremely amen-
able topological groups are amenable, they satisfy any of the matching con-
ditions investigated in Theorems and As one might expect, those
particular topological groups have certain strong matching properties, which
we discuss in this section.

We begin with compact groups. In fact, they satisfy the following perfect
matching condition with regard to arbitrary uniform coverings.

PROPOSITION 8.1. Let G be a compact topological group. If U is a uni-
form covering of G, then there exists F € F(G) such that p(F, gF,U)=|F|
forall g € G.
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Proof. Let U be a uniform covering of G,. Then there exists an open
neighborhood U of the neutral element in G such that U < {U Uz |
x € G}. Since G is compact, V := ﬂgeG g 'Ug is an open neighborhood of
the neutral element in G. Moreover, gV = Vg for all g € G. Let F € F,(G)
be such that G = VF and inf{|E| | E € F4+(G),G = VE} = |F|. Let
g € G. Note that VgF = gVF = G. We consider the bipartite graph
B := (F,gF,R) where R := {(z,y) € F x gF | VenNVy # (0}. Let S C F
and T := Ng(S). We show that |S| < |T'|. To this end, let E := (F'\ S)UT.
We argue that G = VE. Clearly, if z € V(F \ S), then z € VE. Other-
wise, there exist x € S and y € gF such that z € Vo N Vy, which readily
implies that y € Np(S) and thus z € VI C VE. Therefore, G = VE.
Accordingly, |F| < |E|, and hence |S| < |T|. Consequently, Corollary
asserts that B admits a perfect matching. That is, p(B) = |F| and thus
p(F,gF . U) = |F|.

The previous observation immediately implies the subsequent result on
approximately compact groups. We call a topological group G compactly
approximable if there exists a directed set of compact subgroups of G whose
union is dense in G. Note that our concept of compact approximability is
slightly more general than the one considered in [KROT7], since we do not
require the directed set of compact subgroups to be countable.

PROPOSITION 8.2. Let G be a compactly approximable topological group.
If E C G is finite and U is a uniform covering of G,, then there exists
F € 7. (G) such that u(F,gF,U) = |F| for all g € E.

Proof. Let U be a uniform covering of G,. Then there exists an open
neighborhood V' of the neutral element in G such that & < {VVV ™1z |
x € G}. Since G is compactly approximable, there is a compact subgroup
H of Gwith EC VH. Now, V:={(VNH)x |z € H} is a uniform covering
of H,. Due to Proposition [8.1] there exists a finite non-empty subset ¥ C H
such that u(F,hF,V) = |F| for all h € H. We argue that u(F, gF,U) = |F|
for every g € E. To this end, let g € E. By hypothesis on H, there exists
h € H with gh=! € V. Suppose ¢ to be a perfect matching in B(F, gF,V).
Define ¢: F — gF, x — gh~l¢(z). Evidently, v is bijective. We show that
1 constitutes a matching in B(F, gF,U). For this, let x € F. Then there
exists y € H with {z, p(z)} € (VN H)y C Vy. Hence, o(z) € VV !z and
thus ¥ (z) € V(z) C VVV~tx C St(z,U). Therefore, u(F,gF,U) = |F|. u

Finally, we are going to investigate topological matching properties of
extremely amenable groups, i.e., we draw a connection between Theorem [6.1]
and a characterization of extremely amenable topological groups due to
Pestov [Pe05] (see also [Pe02] [Pe06]). Recall that a topological group G is
said to be extremely amenable if every continuous action of G on a non-
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empty compact Hausdorff space admits a fixed point. In order to discuss
Pestov’s result, let us recall some additional terminology from [Pe(6].

DEFINITION 8.3. A topological group G has the Ramsey—Dvoretzky—
Milman property if, for all e > 0 and f € UCy(G,) and every finite subset
E C G, there exists some g € G such that diam f(Fg) < e.

For convenience, let us furthermore mention the subsequent slight but
useful reformulation of the Ramsey—Dvoretzky—Milman property.

PROPOSITION 8.4 ([Pe06]). Let G be a topological group. Then G has the
Ramsey—Dvoretzky—Milman property if and only if, for every € > 0, every
finite subset H C UCy(Gy) and every finite subset E C G, there exists g € G
such that diam f(Eg) < € for each f € H.

The following result reveals the link between the Ramsey—Dvoretzky—
Milman property and extreme amenability.

THEOREM 8.5 ([Pe06]). A topological group is extremely amenable if and
only if it has the Ramsey—Dvoretzky—Milman property.

Now let us restate this result in terms of finite uniform coverings.

COROLLARY 8.6. A topological group G is extremely amenable if and
only if, for every finite subset E C G and each U € N(G,), there exist
g€ G and U € U such that Eg CU.

Proof. (=) Let E C G be finite and let U € N(G,). Without loss of
generality, assume E to be non-empty. By Lemma [2:3] there exists a family
of uniformly continuous functions fir: G, — [0,1] (U € U) such that

(1) spt(fr) C U for every U € U,
(2) ZUGZ/{ Ju=1

Due to Theorem[8.5] G has the Ramsey—Dvoretzky—Milman property. Hence,
by Proposition there exists ¢ € G such that diam f(Eg) < 1/(JU| + 1)
for each f € H. Let hg € E. By (2), there exists U € U such that fy(hog) >
1/(|U| + 1). We conclude that fir(hg) > 0 for each h € E. Consequently,
Eg C U due to (1).

(<) Let ¢ > 0, f € UCy(G,) and E € F(G). Due to Lemma
there exists U € N(G,) such that diam f(U) < e for all U € U. By
assumption, there exist ¢ € G and U € U such that Fg C U. Hence,
diam f(Fg) <e. n

Let us briefly discuss the connection between Theorem and Corol-
lary Suppose G is an extremely amenable topological group. Let U €
N(G,) and let E be a finite subset of G. Due to Corollary there ex-
ist g € G and U € U such that (E U {e})g C U. Let F := {g}. Then
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FURF C{g,hg} CU and thus u(F,hF,U) =1 = |F| for each h € E. This
shows that u(G) = 1. In particular, G is amenable by Theorem (6.1

We finish this section with some application to the theory of von Neu-
mann algebras, i.e., unital, weakly closed, self-adjoint subalgebras of the al-
gebra of bounded operators on a Hilbert space H. By definition, N C B(H)
is called injective if any completely positive linear map from any self-adjoint
closed subspace containing 1 of any unital C*-algebra A to N can be ex-
tended to a completely positive map from A to N. Through the seminal
work of Connes [Co76], it is known that N is injective if and only if it
is approximately finite-dimensional. Our characterization of injectivity of
the algebra N is in terms of a perfect matching condition for its unitary
group.

COROLLARY 8.7. A von Neumann algebra N is injective if and only if
its unitary group G := U(N) satisfies the following condition: if E C G is
finite and U is a finite uniform covering of G, then there exists F € F1(G)
such that u(F,gF,U) = |F| for all g € E.

Proof. By |[GP07, Theorem 3.3], the unitary group of any approximately
finite-dimensional von Neumann algebra is a product of a compact group
and an extremely amenable group. One direction then follows from Propo-

sition [8.1]and Corollary On the other hand, the perfect matching condi-
tion clearly implies amenability of G, and hence N is injective by [dIHT79]. =

9. A Ramsey condition for metric Fraissé classes. This section
shall be devoted to reformulating Theorem for metric Fraissé structures
in the context of continuous logic (cf. [BYUI0, BY15]). In recent years, the
connection between the combinatorics of Fraissé classes and the topological
dynamics of the automorphism groups of their Fraissé limits has attracted
a lot of interest. In [KPT05] Kechris, Pestov, and Todor¢evi¢ showed that
the Ramsey property for a Fraissé order class is equivalent to the automor-
phism group of its Fralssé limit being extremely amenable. This result was
extended to continuous logic by Melleray and Tsankov [MT14]. In [Mo13]
Moore established a corresponding equivalence between the convex Ramsey
property and amenability, which was generalized to the setting of continu-
ous logic by Kaichouh [Kal5]. We also note that a similar correspondence
between the Hrushovski property and compact approximability was proven
by Kechris and Rosendal [KROT].

We need to recall some notation and terminology from [MT14]. Let
L be a language, that is, a set of relational symbols, to each of which is
associated an arity (a positive natural number) and a Lipschitz constant
(a non-negative real number). An L-structure A consists of a complete met-
ric space (A,d) along with an [-Lipschitz function R4: A™ — R for each
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n-ary relational symbol R € £ with Lipschitz constant [. For this to make
sense, we need to say that we always endow finite products of metric spaces
with the supremum metric. An L-structure is called Polish if the underly-
ing metric space is separable. Let A and B be L-structures. A morphism
(or embedding) from A to B is an isometric mapping a: A — B such that
RA(ay,...,an) = RB(alay),...,alay,)) for every n-ary symbol R € £ and
every a = (ai,...,an) € A™. We call B a substructure of A and write B < A
if B C A and the injection B — A, b — b, is a morphism from B to A. The
set AB of all morphisms from A to B comes along with a metric given by

pal(a, B) = sup d(a(b), B(b)) (o, B € *B).

Moreover, we shall be concerned with the topological group Aut(A) of all
automorphisms of A endowed with the topology of pointwise convergence. It
is not difficult to see that Aut(A) is a closed subgroup of the isometry group
of the underlying metric space of A. Hence, if A is Polish, then Aut(A) is
a Polish group.

Now we come to Fraissé classes. For a precise definition of this term, we
refer to [MT14]. For our purposes, the description of Fraissé classes as ages
of homogeneous Polish structures is sufficient. To give a bit more detail,
let again £ be a language and A be an L-structure. We say that A is
homogeneous if, for every € > 0, every finite substructure B < A and
every morphism g: B — A, there exists an automorphism « of A such
that pp(a|B, ) < ¢, i.e., d(a(b),5(b)) < € for all b € B. The age of A is
the class of all finite L-structures which embed into A, i.e., which admit a
morphism to A. Now, the following correspondence between homogeneous
Polish structures and Fraissé classes of finite structures holds.

THEOREM 9.1 ([BY15]). Let £ be a language. A Polish L-structure A
is homogeneous if and only if the age of A is a Fraissé class.

THEOREM 9.2 ([BY15]). Let £ be a language and K a Fraissé class of
finite L-structures. There is (up to isomorphism) a unique homogeneous
L-structure whose age is equal to IC. This L-structure, called the Fraissé
limit of IC, is Polish.

In the light of the above correspondence, it seems natural to ask about
a characterization of amenability for automorphism groups of Fraissé limits
in terms of combinatorial properties of the respective Fraissé classes. We
will provide such a characterization. For this purpose, we need to investi-
gate a certain class of bipartite graphs in the context of L-structures for a
fixed language L. To explain this, let € > 0 and consider finite L-structures
A, B, C, embeddings a, 3 € 2B, amap ¢): F — BC with a finite domain F,
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and a map ¢: #C — {0,...,k} with k£ > 1. Consider the bipartite graph

B, a, B, p,¢) == (F,F,{(7,7) € F? ‘ i€ {0,...,k}:
{(Na, ¥(7)B} € Bpa (' (i),)})

and its matching number u(¢, o, B, v, €) = u(B(Y, a, B, ¢, €)) in particular.
Utilizing this notation, we can reformulate Theorem [6.4] as follows.

THEOREM 9.3. Let L be a language, let K be a Fraissé class of finite
L-structures and K its Fraissé limit. For every integer k > 1, the following
are equivalent:

(1) Aut(K) is amenable.

(2) For every e > 0 and any structures A,B € I, there is a structure
C € K such that, for every coloring ¢: AC — {0,...,k}, there exist
a finite non-empty set F and a map v: F — BC such that

Vo, B € AB: p(h, a, B, p,¢) > (1 —e)|F|.

Proof. (1)=(2). Let ¢ > 0 and A,B € K. Without loss of generality,
we assume that A and B are finite substructures of K. Since K is ho-
mogeneous, we may choose an injective map v: #B — Aut(K) such that
pa(a,v(a)la) < g/2 for all @ € AB. Let E := (AB) and consider the
identity neighborhood U := {g € G | Va € A: d(a,g(a)) < £/4} in G. As
G := Aut(K) is amenable, Theorem [6.4(4) states the following: there exists

a finite subset S C G such that, for every two-element U-uniform covering
U of Gy, there exists some non-empty subset F' C S such that FE C S and

v.gvh €L: }L(Fg,Fh,Z/{) > (1 _5)‘F|
Denote by C the substructure of K with domain C := {¢(b) | b€ B, g € S}.
We claim that C has the desired property. Indeed, let p: #C — {0,..., k}.
Let T:={g € G| g(A) € C} and

Vi={g€G|3acp (i) palgla,a) <e/2UT

for i € {0,...,k}. Note that V := {Vp,...,V;} is a U-uniform covering
of Gy: for each g € G, either pa(g|a, ) < £/4 for some o € AC and hence
gU C V; for some i € {0,...,k}, or pa(gla,a) > €/4 for all @ € AC and
thus gU C T CV; for any i € {0,...,k}. By hypothesis on S, there exists a
non-empty subset F' C S such that FE C S and

vyyh €EE: M(Fg7Fh7V) > (1 _6)’F|
Consider the map ¢: F — BC, g — g|g. For all a, o/ € #C and z € Fy(a),
we observe that

pa(zla,a’) <e/2 & paly(@)la,v(@)z™ ') <e/2
= pala,y(@)z7ld) <e & palzy(a) o, o) <e.
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Let o, 3 € AB. For all z € Fy(a), y € Fy(B), and i € {0,...,k}, we have

{z,y} C Vi
LYESEAT, 3,68 € o l(0): palz|a, ') <e/2, palyla,B) <e/2
= 3,8 € o 1 (i): palev(a)la, ') <e, palyy(B) 716, 8) <e
& {zv(@) e, 29(8) 718} C Bpa (971 (i),¢)

& {P(@y(@) Da, Y@v(8)" 1B} C Bpa (o' (), ).

Applying Remark to the bijective maps \o: Fy(a) — F, 2+ zy(a)™!,

and A\g: Fy(B) — F, z — xvy(B8)~!, we conclude that

p(, o, B,¢,€) = p(Fy(e), Fy(B),V) = (1 —)|F| = (1 —¢)|F'].

(2)=-(1). Suppose that (2) holds for some k£ > 1. It follows that (2)
is valid for k = 1. We utilize that theorem and show that G satisfies (3)
in that theorem for k = 1 and # = 1/2. Consider a finite subset £ C G
and a two-element uniform covering U of G;. Fix some € > 0 and a finite
subset A C K such that 4 < {gU | =z € G} with regard to the identity
neighborhood U := {g € G | Va € A: d(a,g(a)) < e} in G. As [U| < 2, there
is a subset H C G such that U is refined by V := {HU, (G \ H)U}.

We denote by A the substructure of K with domain A, and by B the
substructure of K with domain B := {g(a) | a € A, g € E}. By assumption,
there exists a structure C € K such that, for every coloring ¢: A#C — {0, 1},
there is a map ©: F — BC with a finite non-empty domain F' such that

Vo, € AB: (v, a,B,p,¢/3) > 5|F|.
Without loss of generality, we may assume that C is a finite substructure
of K. Since K is homogeneous, we find an injective map 7o: A#C — Aut(K)
such that pa (o, vo(a)) < &/3 for all a € AC. Consider the coloring

@:=1lgor:2C —{0,1}.

By hypothesis, there exists a mapping 1: F' — BC with a finite non-empty
domain F' such that

Vo, 8 € AB: p(,a,8,¢,6/3) > §|F].

Again due to homogeneity of K, there exists an injection 7, : F — Aut(K)
such that pg(¢(a),v1(a)) <e/3 for all a € F.

Let F' := 1 (F). We show that p(F'g, F’h,U) > §|F'| for any g,h € E.
To this end, let us first observe that

pa(P()gla,a’) <e/3 = pa(r(a)gla,a) <2¢/3
= pa(m(@)gla,n0()|a) <e
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whenever g € E, o € F, and o/ € 2C. Now, let g,h € E. For all a,3 € F
and L € {H,G \ H}, it follows that

{¢()gla, ¥(B)hla} € B(yy ' (L),£/3)
& 3,8 €' (L): pa((@)gla, ') <e/3, pa(b(B)hla,B) <e/3
= 3d/,5 € ’yO_I(L):
pa(11(a)gla,v0(e)|a) <&, pa(11(8)h|a,70(8)|a) < e
= 3k, 1€ L: pa(ri(@)g|a.kla) <&, pa(v1(B)h|a,la) <e
& {m(a)g, n(B)h} C LU.

Applying Remark to the bijective maps ¢4: F — F'g, a — 71(v)g, and
Yp: F— F'h, x — ~v1(a)h, we conclude that

w(F'g, F'hyU) > u(F'g, F'h, V) > u(F, gla, bla,p.e) > 5|F| = 5|F'|. =

We hope that this characterization will be useful both in the study of
Fraissé classes whose associated automorphism group is amenable, and the
study of amenability of particular Polish groups that appear as the auto-
morphism groups of some tractable Fraissé classes.

ExXAMPLE 9.4. Let us finish with the discussion of a particular example.
Let Aff(H) = H x O(H) be the group of affine isometries of a (real) infinite-
dimensional Hilbert space. The associated Fraissé classe is the class of finite
metric spaces that are isometrically embeddable into a Hilbert space. It is
easy to see that Aff(#) is amenable but not extremely amenable, so that
Theorem can give some understanding of the metric combinatorics of
the class of these metric spaces. Indeed, in the simplest case, A = % and
B is some finite subset of H. Let k£ and € > 0 be fixed. Now, according to
Theorem there exists some larger finite subset C (depending on B, &
and k), such that for any coloring ¢: C — {0,...,k}, there exists a finite
multi-set F' of isometric embeddings of B into C, such that the following
holds: for any pair of points a, 8 € B, at least (1 — ¢)|F| of the images of
« in C can be matched with images of § in C, so that matched pairs lie
e-close to a color class.

The notion of extreme amenability (which is more classical in this con-
text) would assert all of B could be mapped e-close to a single color class.
This applies for example in the case of the Fraissé class of finite metric
spaces that embed isometrically into the unit sphere of .
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