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Abstract. In the framework of the connection theory, a contravariant analog of the Stern-
berg coupling procedure is developed for studying a natural class of Poisson structures on fiber
bundles, called coupling tensors. We show that every Poisson structure near a closed symplec-
tic leaf can be realized as a coupling tensor. Our main result is a geometric criterion for the
neighborhood equivalence between Poisson structures over the same leaf. This criterion gives
a Poisson analog of the relative Darboux theorem due to Weinstein. Within the category of
the algebroids, coupling tensors are introduced on the dual of the isotropy of a transitive Lie
algebroid over a symplectic base. As a basic application of these results, we show that there is
a well defined notion of a “linearized” Poisson structure over a symplectic leaf which gives rise
to a natural model for the linearization problem.

1. Introduction. The notion of a coupling form due to Sternberg [St] naturally
arises from the study of fiber compatible (pre)symplectic structures on the total space
of a symplectic bundle (for various aspects of this problem, see, for example, [Tu, Weg,
Wes, GoLSW, GSt, GLS, KV,]). This notion is based on the concept of connection and
curvature and can be introduced for a wide class of bundles [GLS]. A derivation of the
coupling procedure for the associated bundle P x¢ g* (called the universal phase space)
via reduction was suggested in [Wes].

We are interested in a contravariant version of the Sternberg coupling procedure
in the Poisson category. Suppose we start with a (locally trivial) Poisson fiber bundle
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(E % B, Vi) equipped with a smooth field Vi = {B 3 b — Vi* € x%(E,)} of Pois-
son structures on the fibers. Unlike the symplectic case [GoLSW], the fiberwise Poisson
structure VP admits always a unique extension to a vertical Poisson tensor V on the
total space E. Every Ehresmann connection Hor — T'E L Vert gives rise to the space of
horizontal multivector fields on E. A connection is called Poisson if the parallel transport
preserves VP, Given a Poisson connection I, the problem is to describe Poisson bivector
fields on E of the form: IT = (I-horizontal bivector field) +V. Putting this decomposition
into the Jacobi identity, we get two quadratic equations for the horizontal part of II: (I)
the horizontal Jacobi identity and (II) the curvature identity. Under the assumption: IT is
nondegenerate on the annihilator of the vertical subbundle Vert, equations (I) and (II) are
reduced to linear equations for a horizontal 2-form [F. If IF is a solution of these equations,
then the corresponding Poisson tensor II is just what we call a coupling tensor associated
with data (', V,F). Note that in the case of coadjoint bundles, Poisson structures of such
a type arise naturally from the study of Wong’s equations [MoMR, Mo].

In this paper we give a systematic treatment of coupling tensors. Our first observation
is: in a tubular neighborhood E of a closed symplectic leaf B every Poisson structure ¥
is realized as a coupling tensor (locally, this follows from the splitting theorem [Wey4]).
As a consequence, ¥ induces an intrinsic Poisson connection I" on E which gives rise to a
geometric characteristic of the leaf. Moreover, the vertical part V of the coupling tensor
at the leaf B is of rank 0 and gives a “global” realization of local transverse Poisson
structures [Wey]. If the symplectic leaf B is regular, then ¥V = 0 and the coupling tensor
is the horizontal lift of the nondegenerate Poisson structure on B via the flat connection
associated with the symplectic foliation. We are interested in the non-flat case when the
rank of a Poisson structure W is not locally constant at B.

So, for the study of Poisson structures near a single symplectic leaf we may restrict
our attention to the class of coupling tensors. Our main result is a geometric criterion for
a neighborhood equivalence of two coupling near a common closed symplectic leaf. The
criterion is formulated in terms of the intrinsic Poisson connection and its curvature and
implies a Poisson version of the relative Darboux theorem [We;]. This result continues
our previous investigations of the formal Poisson equivalence [IKV] . To state the result,
we use a contravariant analog of the homotopy method due to Moser [Mos] and Weinstein
[We1]. The technical part is based on the Schouten calculus [Li, KM, KV3, Va, K-SM]
and the (covariant) connection theory for general fiber bundles [GHV, GLS]. Note also
that a geometric approach, based on the notion of a contravariant Poisson connection
due to Vaisman [Va], was developed in [Fe].

As a basic application of the Poisson neighborhood theorem, we show that there
exists a well defined notion of a linearized Poisson structure over a closed symplectic leaf
which is well known in the zero-dimensional case [Wey|. The linearized Poisson structure is
completely determined by the transitive Lie algebroid of a symplectic leaf [KV3]. To derive
this fact, we introduce and study a class of coupling tensors associated with transitive
Lie algebroids over a symplectic base. This class consists of isomorphic Poisson structures
parametrized by connections on the Lie algebroid in the sense of Mackenzie [Mz]. Here
we use the technique of adjoint connections on the dual of a Lie algebriod. Adjoint
connections naturally arise in the general theory of Lie algebriods [Mz] (also see [Ku]) as
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well as in the context of infinitesimal Poisson geometry [KVy, IKV]. We show that the
holonomy of adjoint connections is related with the notion of a linear Poisson holonomy
introduced in [GiGo] (the definition of this notion in terms of contravariant connections
can be found in [Fe]).

In this paper we do not discuss the linearization problem. But we hope that the
linearized Poisson model, introduced here, can be used for extension of results on the
linearizability at a point [Wey, Cny, Cng, Du] to the higher-dimentional case.

The body of the paper is organized as follows. In Section 2, a general description of
coupling tensors in terms of geometric data is given in Theorem 2.1. In Section 3, we
formulate main results on a neighborhood equivalence of two coupling tensors with the
same symplectic leaf, Theorem 3.1. and Theorem 3.2. The important technical part of
the proof of Lemma 3.1., is given in Appendix A. Section 4 is devoted to coupling tensors
associated with transitive Lie algebroids. Here we show that the criterion in Theorem 3.1
leads to the equivalence relation for Lie algebroids. In Section 5, using results of Section 4,
we give a definition of the linearized Poisson structure of a symplectic leaf and discuss
some applications.
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2. Coupling tensors. Let 7 : E — B be a fiber bundle (that is, a surjective sub-
mersion). Let Vert = ker (dm) C T'E be the vertical subbundle. Smooth sections of Vert
form the Lie algebra of vertical vector fields on the total space E which will be denoted by
Xy (E). Consider the annihilator Vert” C T E of the vertical subbundle. Sections of Vert’
are called horizontal 1-forms. Denote by x*(E) = I'(A*TE) the space of k-vector fields
on E. A k-vector field T € x*(E) is said to be vertical if a|T = 0 for every horizontal
1-form a. The space of vertical k-vector fields will be denoted by X% (E).

We say that a bivector field IT € x?(E) is horizontally nondegenerate if for every e € E
the antisymmetric bilinear form Il : T)F x T)E — R is nondegenerate on the subspace
Vert? ¢ T*E. In other words,

IT# (Vert®) N Vert = {0}, (2.1)
rank IT# (Vert”) = dim B. (2.2)
Here IT# : T*E — TFE is the vector bundle morphism associated with II, II* («) := a|TI

(a € QYE)).
Recall that a bivector field II on E is said to be a Poisson tensor if 11 satisfies the
Jacobi identity [Li]
[IL, ] g = 0. (2.3)

Here [, -] £ denotes the Schouten bracket for multivector fields on the total space E. The
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corresponding Poisson bracket is given by
{F,G}n =1I(dF,dG) = (dG,1I* (dF)).

The correspondence C*®°(E) > F + II#(dF) € X(FE) is a homomorphism from the
Poisson algebra (C*°(E),{ , }u) onto the Lie algebra X¢™(E) of Hamiltonian vector
fields.

Our goal is to describe horizontally nondegenerate Poisson tensors on E. First, we
formulate some preliminary facts.

2.1. Geometric data. Suppose we are given a horizontally nondegenerate bivector field
II € x?(E). By conditions (2.1), (2.2), we deduce that II induces an intrinsic Ehresmann
connection T' € Q' (E) ® Xy (E) whose horizontal subbundle Hor = ker I' C T'E is defined
as the image of Vert’ under the bundle map IT#,

Hor := IT# (Vert"). (2.4)

So, we have the splitting
TFE = Hor & Vert . (2.5)

Then H = id — I is the horizontal projection. Let Hor® ¢ T*E be the annihilator of the
horizontal subbundle. Sections of Hor" are called vertical 1-forms. The set of k-vector
fields T € x*(E) such that 8]T = 0 for every vertical 1-form 3 forms the space of
horizontal k-vector fields denoted by x4 (E). In particular, X (E) = x}(E) will denote
the space of horizontal vector fields on F.
The splitting (2.5) induces a C*°(B) homomorphism
hor: X(B) — Xy (F)

sending a smooth vector field v on B to a smooth section hor(u) of Hor and satisfying
Lyor(u) (7 f) = 7 (Lo f) for every f € C°°(B). The vector field hor(u) is called the
horizontal lift of a base vector field u, associated with the connection I'. Notice that the
flow Fl; of hor(u) is m-related with the flow ¢; of u, mwoFl; = ¢, o,

It follows from (2.4) that the subbundles Hor? and Vert® are TI-orthogonal. Thus there
is a unique decomposition of IT into horizontal and vertical parts:

O=Tg+1Iy, where g€ xH(E), Iy € xi(E). (2.6)
Consider the horizontal part IIy. The horizontal nondegeneracy of II implies that the
restriction
o # " 0
= HH|Vert0 : Vert™ — Hor (2.7)

is a vector bundle isomorphism. Note that IIx, as a horizontal bivector field, is uniquely
#
[e]
determined by II.

Consider the tensor product Q%(B) ® C*(E) of C*°(B)-modules. One can think of
the elements of this space as k-forms on the base B with values in the space C*°(FE), that
is, antisymmetric k-linear over C*°(B) mappings X' (B) X ... x X(B) — C*°(FE). Hence
if F €Q¥(B) ® C(E) and uy,...,u; € X(B), then the restriction of F(uy,...,ux) to
the fiber Ej depends only on uy(b), ..., ur(b) and we have a k-linear (over R) mapping

.Fb : TbB X ... X TbB — COO(Eb)
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Moreover, there is a natural identification of QF(B) ® C°°(E) with the space Q% (E) of
horizontal k-forms on E: Q¥(B)®@ C>®(E) 3 F + F" € Q% (E), where F" is a horizontal
k-form defined by

Fr(Yi, .., Yi) o= Frge)(demYr, ..., demYs)(e)
for Y1,..., Yy € T.E, e € E. In particular, " (hor(uy), . .., hor(ux)) = F(uy,- .. ,ux) and
(w® 1) = 7w for w € QF(B). We will say that F €Q?(B) ® C*(FE) is nondegenerate
at a point e € E if the restriction of F” to the horisontal space Hor. ~ T.E/ Vert, is a

nondegenerate bilinear form.
Let us associate to II the 2-form F € Q?(B) ® C*°(FE) defined by

o # 71
F(uy,ug) == —(( g ) hor(uy),hor(usz)) (2.8)
for uy, uz € X(B). Note that the 2-form F is nondegenerate,
ulF=0 for u € X(B) implies u = 0. (2.9)

Here the interior product u|F is an element of the space Q!(B) @ C*°(E).
Now we claim that horizontally nondegenerate bivector fields on E can be paramet-

rized by some geometric data. By geometric data we mean a triple (I', V,F) consisting
of

e an Ehresmann connection I' on 7;
e a vertical bivector field V € x%.(E);
e a nondegenerate C°°(E)-valued 2-form F € Q%(B) ® C*°(E) on the base B.

Direct mapping II — (T, V,F). We associate to a given horizontally nondegenerate
bivector field IT on F the geometric data (T, V,F), where

e I': TE — Vert is the projection along the subbundle (2.4);
e V =1IIy is the vertical part of IT in (2.6);
o [ is the 2-form in (2.8).

Inverse mapping (I', V,F) — II. Taking geometric data (I', V,F), we introduce the
horizontally nondegenerate bivector field

Il = m(F) + V, (2.10)

where the T-dependent correspondence F +— 1 (F) € x%(E) is defined in the following
way. The nondegenerate 2-form F € Q2(B) @ C*°(E) induces the vector bundle isomor-
phism
F” : Hor — Vert® ~ Hor* (2.11)
such that
(F°(hor(u1)), hor(ug)) = F(uy, us) (2.12)

for every wui,us € X(B). Then the horizontal bivector field 7 (F) is determined by the
condition

7(F)(B1, B2) = —(B2, (F*) "' B1) (2.13)
for all A1, B € T'(Vert?).
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2.2. Coupling tensors. Now we can try to rewrite the Jacobi identity (2.3) for a
horizontally nondegenerate bivector field in terms of its geometric data. To formulate the
result, we recall some definitions.

If I is an Ehresmann connection on a fiber bundle 7 : E — B, then the curvature
form is a vector valued 2-form Curv' € Q?(B, Vert) ~ Q2(B)® Xy (E) on the base defined
as

Curv' (uy, ug) == —I'([hor(u1), hor(uz)])

for uy,ugz € X(B).
The connection I' induces the covariant exterior derivative [GHV]

or : Q¥(B) @ C(E) — Q"(B) @ C*(E)
taking a k-form F to a (k + 1)-form OrF, which at vector fields ug, uy,...,ur € X(B) is:

k
(8FF)(U0,U1,. . auk) = Z(_l)iLhor(ui)‘F(UO;ula' "7’0'1'7" .,U/k)
=0
+ Z H'J}' ([ws, wj), v, uty ooy By ooy Ay u). (2.14)

0<i<j<k

Notice that dr is a coboundary operator, 92 = 0 if and only if Curv' =0, that is, I" is flat.
Moreover, we have (OrF)" = H, o d(F"). Here H, : QF(E) — QF (E) is the horizontal
projection and d is the usual differential of forms. In particular,

rwel)=do®1 (2.15)
for every k-form w on the base B.

THEOREM 2.1. Let w: E — B be a fiber bundle. A horizontally nondegenerate bivec-
tor field I1 € x2(E) is a Poisson tensor if and only if its geometric data (U',V,F) satisfy
the following conditions:

(i) the vertical part V of I1 is a Poisson tensor,
[V, V]e = 0; (2.16)

(ii) the connection T preserves V, that is, for every u € X (B) the horizontal lift hor(u)
is an infinitesimal automorphism of V,

Lor(u)V = [hor(u), V]g = 0; (2.17)
(iii) the nondegenerate 2-form F € Q?(B) @ C*(E) satisfies
orF =0, (2.18)
and the “curvature identity”
Curv' (ug, ug) = V#dF (u1, us) (2.19)

for uy,us € X(B).

The proof is a direct verification with the use of the Poisson—Ehresmann calculus. For
a symplectic version of Theorem 2.1 see [GLS].
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So, if geometric data (I',V,F) satisfy conditions (2.16)—(2.19), then formula (2.10)
determines a Poisson tensor II on E which will be called a coupling tensor associated
with (I, V,F).

The hypotheses in Theorem 2.1 have the following interpretations. Suppose we are
given some geometric data (I, V,F) satisfying conditions (2.16)—(2.19).

It follows from (2.16) that (E,V) is a Poisson manifold with vertical Poisson tensor
V. Let Casimy (E) be the space of Casimir functions on (E,V), that is, the center of
the Poisson algebra (C*°(E),{, }v). Clearly, #*C*°(B) C Casimy(E). Every fiber E}, =
71(b) (b € B) is a Poisson submanifold of (E, V) which carries a unique Poisson structure
VAP with the property: the inclusion E, < E is a Poisson mapping (see [Wey4]). Thus,
V induces a smooth field of Poisson structures on the fibers: B 3 b — ViP € y2(E})
called a fiberwise Poisson structure. Notice that if we start with a locally trivial Poisson
fiber bundle (the typical fiber is a Poissin manifold), then the fiberwise Poisson structure
induces a unique compatible vertical Poisson tensor.

Condition (2.17) means that the horizontal lift hor(u) of every base vector field u
is a Poisson vector field (an infinitesimal Poisson automorphism) of the vertical Pois-
son structure V. The Ehresmann connection I' is compatible with the fiberwise Poisson
structure in the sense that the (local) flow Fl; of hor(u) is a fiber preserving Poisson mor-
phism. In other words, the parallel transport associated with the connection I" preserves
the fiberwise Poisson structure. Such a connection is called a Poisson connection on a
bundle of Poisson manifolds.

Denote by XZ°5(E) the Lie algebra of vertical Poisson vector fields and by A (E)
the Lie subalgebra of vertical Hamiltonian vector fields on (E,V). Then X{*™(E) is an
ideal in XF°'"(E). Consider the quotient space

HY (B V) = A5 (1) o (B), (2:20)
Notice that the symplectic leaf of V through a point e € E coincides with the symplectic
leaf of the Poisson structure V?b on the fiber E(). Hence every Hamiltonian vector
field on (E,V) is an element of X!*™(E). Moreover, every Poisson vector field of V is
represented as a sum of a horozontal lift of some base field and an element of XF!s5(E).
From here we deduce: the first Poisson cohomology space [Li, KM, Va] of V is isomorphic
to the direct sum X (B) & Hi (E;V).

One can show that condition (2.17) implies the property: for every uj,us € X(B) the
curvature vector field Curv' (uy,us) is a vertical Poisson vector field,

Curv' (ug, ug) € XF™(E). (2.21)

The curvature identity (2.19) leads to the stronger requirement: Curv’ (u1,usz) is a vertical
Hamiltonian vector field with the Hamiltonian function F(uq,us),

Curv' (u1, ug) € XH™(E) (2.22)

and hence the equivalence class of Curv' (u1,us) in Hi,(F, V) is trivial.

Remark also that conditions (2.18) and (2.19) are independent in general. Indeed, the
curvature identity (2.19) and the Bianchi identity for the curvature form of I" imply only
that

orF € Q?(B) ® Casimy (E). (2.23)
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Consider the following two ”extreme” cases.

ExAMPLE 2.1 (Flat Poisson bundles). Suppose we start with a Poisson bundle over
symplectic base: (E % B,V,w), where V is a vertical Poisson tensor and w is a base
symplectic structure. Then we can assign to every flat Poisson connection I' on 7 the
coupling tensor IT'" defined by (2.10), where F = w ® 1. In this case, (2.19) holds because
of the flatness, Curv’ = 0. And (2.18) follows from the closedness of w. The horizontal
part TI%; is just lifting of the nondegenerate Poisson structure on (B,w) via I'. In the
nonflat case, to satisfy the curvature identity (2.19) we have to deform the symplectic
structure on the base.

ExAMPLE 2.2 (Coupling forms [St, GLS]). Under the same starting point as in Ex-
ample 2.1, assume also that the Poisson structure V, is nondegenerate on each fiber Ej.
Then V induces a fiberwise symplectic structure B 3 b+ o3, € Q%(E}) and the bundle E
becomes a symplectic fiber bundle (E, o) over a symplectic base (B, w). In this case, every
Poisson connection I" on F is also symplectic, that is, the parallel transport preserves the
fiberwise symplectic structure o. Furthermore, Casimy(E) ~ C*°(B). Let us make the
extra assumption: the fiber bundle 7 : E — B is locally trivial and the typical fiber is
compact, connected and simply connected. Then we have (see [GLS])

Hi (E; V) = 0. (2.24)

Let T be a Poisson connection. It follows from (2.21) and (2.24) that (2.22) holds. The
problem now is to find F in (2.19) satisfying also condition (2.18). Taking into account
our assumption, introduce a C*°(B) linear mapping

Afa(E) 5 Z s m(Z) € C®(E)
which is determined by the conditions
Z oy = —dmy(Z) on Fj, (2.25)
: my(Z)oy =0, 2n = dim(fiber) (2.26)
b
for every b € B. Here my,(Z) = m(Z)|Eb and 0] = Loy A... Aoy, (n-times) is the volume
form. Then we claim that the formula
]Fr(ul,uQ) = 7mw(uy, uz) + m(Cuer(ul,uQ))

defines just the desired form F'' € Q?(B) ® C*°(E) satisfying (2.18) and (2.19). Indeed,
(2.18) holds automatically. The symplecticity of I and the normalization condition (2.26)
imply that the “collective Hamiltonian” m is I-invariant, m((F1;1)*Z) = FIf(m(Z)),
where Fl; is the flow of hor(u). This leads to (2.19). Denote by ¢ the vertical 2-form on
FE which coincides with o on each fiber E,. Then the closed 2-form

Q' = (FHh 4oV (2.27)
is called a coupling form associated with the symplectic connection I' [GLS]. The closed-
ness of QO is just equivalent to conditions (2.18) and (2.19) for F = F'. In a domain

where FI' is nondegenerate, Q' is symplectic and its nondegenerate Poisson structure is
the coupling tensor II'" generated by the triple (I, V,FL).
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3. Neighborhood equivalence. Here we show that coupling tensors naturally ap-
pear in the classification problem of Poisson structures near a single symplectic leaf.

3.1. Geometric splitting. Let v : N'— B be a fiber bundle over a connected base B.
Suppose we have a cross-section s : B — N of v.

We say that a Poisson tensor IT on N is compatible with section s, or briefly, s-
compatible if s(B) is a symplectic leaf of II.

PROPOSITION 3.1. Let IT € x?(N) be an s-compatible Poisson tensor. Then there
exists a tubular neighborhood E of s(B) in N such that 11 is a coupling tensor on E. In
particular, there is an intrinsic Ehresmann connection I' on m = 1/|E : E — B which
induces a unique decomposition

=1z +1IIy on F, (31)
where

o Iy € x%(E) is a I-horizontal bivector field,
o IIy € X%, (E) is a vertical Poisson tensor such that

rankITy =0 at every point in  s(B). (3.2)
The connection T is determined by (2.4).

Proof. Since s(B) is a symplectic leaf of TI, the bivector field IT is nondegenerate
on subspaces Vert! C TN at points e € N sufficiently close to s(B). Hence II is a
horizontally nondegenerate on a tubular neighborhood E of s(B) in A/. By Theorem 2.1, I
is a coupling tensor on E associated with geometric data (T',V = Iy, F). Here the intrinsic
connection I' and the bivector fields Iy, V are defined by (2.4) and (2.6) respectively.
Property (3.2) follows from s-compatibility assumption. m

REMARK 3.1. Each fiber E}, over b € B inherits from II a Poisson structure in a
neighborhood of s(b) called the transverse Poisson structure at the point b [Wey]. By the
splitting theorem, transverse Poisson structure is independent of the choice of a point s(b)
up to local isomorphism. The vertical part ITy in (3.1) gives rise to a fiberwise Poisson
structure which fit together local transverse Poisson structures.

Note that the maximal domain, where splitting (3.1) holds, consists of the points
e € N such that rank, IT#(Vert’) = dim B. A given s-compatible Poisson structure II
with geometric data (I, IIy,F) possesses the following properties on E.

(i) The symplectic structure w on s(B) is

_mh
w=F |S(B). (3.3)
The horizontal distribution Hor associated with I' is tangent to s(B),
T.s(B) = Hor, for e e s(B). (3.4)
and hence
Curv' (ug,u2) =0 on s(B). (3.5)

The projection m : £ — B is a Poisson morphism if and only if the curvature of I is
zero, Curv' = 0 on E. In the flat case, the symplectic leaf s(B) is an integral leaf of the
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integrable horizontal distribution Hor C TE. Hence, there is the holonomy of s(B) (as a
leaf of the corresponding foliation), called the strict Poisson holonomy of the leaf [Fe].

(ii) For every f € C°°(B) the Hamiltonian vector field of the pull back 7* f is hori-
zontal,

(r*df) = ZH T df, 7 d¢V) hor(9/0¢Y), (3.6)

where (£%) are (local) coordinates on the base B. Let D = Ann(ker [1#) be the charac-
teristic distribution of Il on E. Let VP € x2(E,) be the Poisson tensor on the fiber E,
generated by IIy, and let DI be the characteristic distribution of VfP. Then for every
e € E we have D, = Hor, &(DEP),. Hence the rank of the Poisson structure II at e is
rank, Il = dim B + rank, VI*, b = 7(e). If (S,Q) is a symplectic leaf of (E,II) with
symplectic structure 2, then at every e € E' we have the decomposition

Qe = (Fh)e @ Oe,

where o is the symplectic form on the leaf of (Er V ( e)) passing through the point e.
The Poisson tensor II is of constant rank on E if and only if ITyy = 0. In this case, I is
flat.

(iii) Let f : E — E be a fiber preserving diffeomorphism from an open neighborhood
E of s(B) onto E that descends to the identity map on s(B). Then f*II is an s-compatible
Poisson tensor on E with the intrinsic connection f*T and the splitting f*II = (f*I) g +
(v = f*(Ug) + f*Iv).

As a direct consequence of Proposition 3.1, we get the fact: in a tubular neighborhood
of a closed symplectic leaf every Poisson structure is realized as a coupling tensor (see
Section 5). Thus, the problem on the neighborhood equivalence between Poisson struc-
tures near a common symplectic leaf is reduced to the investigation of coupling tensors
over a compatible cross-section.

3.2. Neighborhood equivalence. Let m : E — B be a fiber bundle over a connected
base. Suppose we have two coupling tensors II and II on E associated with geometric
data (I, V,F) and (I, V,F), respectively. Assume that II and II are compatible with a

cross-section s : B — F and
F(u1,us)|

= F(u, (3.7)

s(B) uz)|y (B)

for uy,up € X(B). Condition (3.7) means that the symplectic structures on s(B) with
respect to Poisson structures II and II coincide. o

We say that the geometric data (I',V,A) and (I',V,A) are equivalent over s(B) if
there exist open neighborhoods £ and &€ of s(B) in F and a pair (g, ¢) consisting of

e a fiber preserving diffeomorphism g : € — g (mog=m) such that gos =s;

e a base 1-form ¢ € QY(B) ® C>(€)
which satisfy the relations:

gV =V, (3.8)
g =T - (VFdo)",

g'F = —0rd — %{¢ A ¢ty (3.10)
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Here V# d¢ is an element of the space Q!(B) ® X{e™(€) determined by (V¥ d¢)(u) =
V# d¢(u) and {¢1 A ¢p2}y denotes an element of Q%(B) @ C> (&) given by

{01 A boduur,us) 1= V(s (), doa(2)) — V(s (), d()
for ¢1, 09 € Ql(B) ® COO((C:) and uy,us € X(B)

THEOREM 3.1. Let IT and II be two s- compatible couplmg tensors satisfying condition
(3.7). If the corresponding geometric data (T, V,F) and (T, V,F) are equivalent over s(B),
then there exist neighborhoods O and o of s(B) in E and a diffeomorphism £ : O — o
such that

fos=s, (3.11)
£10 = 11 (3.12)

Proof. We will use a contravariant analog of the homotopy method due to Moser [Mos]
and Weinstein [We1] (see also [GSt, LMr].

STEP 1. Homotopy between coupling tensors. By the property (iii) in section 3.1,
without loss of generality we can assume that the vertical parts of II and II coincide,
V=V on & and g = id. By the s-compatibility assumption we deduce that rank) = 0
at s(B). It follows from this property and (3.7) that we can choose ¢ in (3.9), (3.10) so
that

¢(u)|s(3) =0, forallue X(B). (3.13)

Consider the following t-parameter families of forms:
I, =T —t(V#do)" € QYUE) ® Ay (£), (3.14)
F; =F —tor¢ — §{¢A¢}v € O%(B) ® C*(&). (3.15)

Then I'; is a time-dependent connection 1-form on €. By (3.13) and the nondegeneracy
of F, there is a neighborhood &y of s(B) in E such that F, is nondegenerate on & for
all t € [0,1]. This means that for every ¢ € [0,1] and e € & the horizontal lift ( F;)"
induces a nondegenerate bilinear form on the qoutient space T.E/Vert.. Moreover, we
observe that the triple (I't, V,F;) defines a geometric data on & satisfying conditions
(2.16)(2.19) for every ¢ € [0, 1]. Thus the time-dependent coupling tensor II; (¢ € [0,1])

associated to (I'y, V,F;) gives a homotopy from II to H 11, =11, II; I1.

‘tO |t1

STEP 2. Homological equation. By the nondegeneracy of F; on &, there exists a unique
solution Xy € X(B) ® C* (&) of the following equation
Xi]Fy = ¢. (3.16)

Clearly
(df, Xt>|s(B) =0 forevery feC>®(B). (3.17)

One can associate to X; the time-dependent horizontal vector field X' € Xy () defined
by
X f) = (df, Xy) (3.18)
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for all f € C°°(B). Property (3.17) implies

h
X] |S(B) =0. (3.19)
LEMMA 3.1. X[ satisfies the equation
0
LIl + Ent =0 (t €[0,1)). (3.20)

Here LxII is the Lie derivative of a bivector field II along a vector field X, that is,
the Schouten bracket [X,II]g. The proof of Lemma 3.1 is given in Appendix A.

STEP 3. Let ®; be the flow of the time-dependent horizontal vector field Xth: %@t =
XJ o ®;, &y = id. By (3.20) and the usual properties of the Lie derivative (see, for
example, [KM, LMr, Va]) we get ®;II; = II. Because of (3.19) for every e € s(B), we
have ®;(e) = e for all ¢ € [0, 1]. Hence there exists a neighborhood O of s(B) in & that
lies in the domain of the flow ®; for ¢ € [0, 1]. Finally, the time 1 flow ®; of X generates
a diffeomorphism f : O — O satisfying (3.11), (3.12). =

REMARK 3.2. If s(B) is a regular symplectic leaf, then F = F =0and V = 0.
Condition (3.9) means that the flat connections I' and I" associated with corresponding
symplectic foliations over s(B), are gauge equivalent.

Now suppose we are given a triple (£ = B, V,s) consisting of a fiber bundle over a
connected base, a vertical Poisson tensor V and a cross-section s : B — E. Assume that
rankV = 0 at s(B) and

HL(E;V) =0 (3.21)

for a certain open neighborhood £ of s(B) in E. Assume also that there exists a C°°(B)-
linear map m : A (€) — C°°(&) such that

Z =V#(dm(Z2)). (3.22)

for every Z € Aftam(€).

We say that a connection I" on E is s-compatible if condition (3.4) holds. Denote
by C%(E) the subspace of smooth funcions on € vanishing at s(B). Let Casim$(€) ~
Casimy (€)/m*C*(B) be the subspace of Casimir funcions of (£,V) vanishing at s(B).

From (3.21), (3.22) we deduce: if I and I are two s-compatible Poisson connections
on & (condition (2.17) holds), then there exists ¢g € Q' (B) ® CF(€) such that

L —T = (V*dgo)". (3.23)

Note that ¢g in (3.23) is uniquely determined up to elements from the space Q'(B) ®
Casim(E).

Consider the C*(B)-module M*(£) = QF(B)® Casim{,(€). Notice that the covariant
derivative Jr associated to an s-compatible Poisson connection I' on £ sends the subspace
MF(E) c QF(B)® C>®(€) to subspace M*T1(E) c Q*(B)® C=(&). It follows from
(3.21) that there exists a unique operator 9y : M* (&) — MFTL(E) with the property: for
every s-compatible Poisson connection I' on £ the restriction of dr to Mk(é’ ) coincides
with 0y, Or |Mk(5): 0y. Moreover, dy is coboundary operator, dy o 9y = 0.

We say that the germ of V at s(B) is trivial if there exists an open neighborhood &
of s(B) in E such that apart from conditions (3.21), (3.22) the second cohomology space
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of 0y is trivial,
ker(dg : M2(E) — M3(E))
im(9y : ML(E) = M?2(E))
From Theorem 3.1 we derive the following Poisson analog of the relative Darboux
theorem due to [Wey] .

—0. (3.24)

THEOREM 3.2. Assume that the germ of V at s(B) is trivial. Then every two s-
compatible Poisson tensors Il and I1 on E with the same symplectic structure on s(B)
(condition (3.7)) and the same vertical part

Oy =1y =V on & (3.25)
are isomorphic in the sense of (3.11), (3.12).

Proof. Let 11 and II be two s-compatible Poisson tensors on E satisfying the above
hypotheses. Let (I', V,F) and (f, V,F) be the geometric data associated with IT and ﬁ,
respectavely. Thus, Poisson connections I' and T are s-compatible and hence (3.23) holds.
Pick a ¢p in (3.23) and define

C:=F— Ftdrgo + 5160 A dolv. (3.26)

It follows from (3.23) and the curvature identity (2.19) for F and F that C € M?(€).
Using (2.18), we deduce: C is a 2-cocycle, doC = 0 whose cohomology class does not
depend on the choice of ¢¢ in (3.26). If this class vanishes, then C = 9y for a 8 €
Q!(B) ® Casim$,(€) and F and F satisfy (3.10) for ¢ = ¢g — 8 and g = id. m

It remains to note: for the equivalence of two individual s-compatible Poisson tensors
IT and IT instead of (3.24) we can assume that the cohomology class of the relative
2-cocycle (3.26) is trivial.

4. Poisson structures from Lie algebroids. Our goal is to describe a class of
connection-dependent coupling tensors on the dual of the isotropy of a transitive Lie
algebroid over a symplectic base.

To begin, we recall some definitions and facts in the theory of Lie algebroids (for more
detail see [Mz, Ku, Va, IKV, CWe| and references given there).

A Lie algebroid over a manifold B is a vector bundle A — B together with a bundle
map p: A — TB, called the anchor, and a Lie algebra structure { , } 4 on the space
T'(A) of smooth sections of A such that

1. For any a1, a2 € I'(A),

p({a1,az}a) = [p(a1), p(az)]. (4.1)
2. For any ay,a2 € T'(A) and f € C>*(B),
{ar, faska = flar,a2}a + (Lp(ay) f)az- (4.2)

The kernel of the anchor p is called isotropy.

If A and A are two Lie algebroids over the same base manifold B, then a morphism of
Lie algebroids over B is a vector bundle morphism ¢ : A — A over B such that por=p
and such that +({a1, a2} a) = {1(a1),2(a2)} 7 for all a1, az € I'(A). If 2 is a vector bundle

isomorphism we say that A and A are isomorphic.
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A Lie algebroid is called transitive if the anchor is a fiberwise surjection.

Let (A, p,[, ]a) be a transitive Lie algebroid over a connected base B. Then there is
an exact sequence of vector bundles
kerp - A5 TB. (4.3)

It follows from the Lie algebroid axioms that the restriction of the bracket { , }4 to
['(ker p) defines a fiberwise Lie algebra structure on ker p which will be denoted by [, .
Further, (ker p,[, ]) is a locally trivial Lie algebra bundle with a typical fiber g, that is,
the structure group of ker p reduces from GL(g) to the automorphism group Aut(g) of
the Lie algebra g (see [Mz]).

A connection on the transitive Lie algebroid A due to Mackenzie [Mz], is defined as
a right splitting of the exact sequence of vector bundles (4.3), that is, a vector bundle
morphism v : TB — A such that p o~ = id. Thus « induces A = v(T'B) @ ker p. The
curvature of «y is the vector valued 2-form R € Q?(B) @ I'(ker p) defined by

R (ur, ug) == {y(u1),v(uz)}a — (1, u2]) (4.4)

for uy,ugz € X(B).

Given a connection v on A, there is a linear Koszul connection V7 : T'(kerp) —

I'(T*B ®Xker p) on the vector bundle ker p, called an adjoint connection [Mz], and defined
by

Vin=A{v),nta  (ue X(B),n € (kerp)). (4.5)
This connection preserves the fiberwise Lie structure on ker p,
V7 ([, n2l) = [V, ma] + [, Vng] (4.6)

for 11,75 € T'(ker p). The curvature form Curv' ' : TB @& TB — End(ker p) is given by
CurvY’ (u1,u2) = [V, Vo] = Vi us)
and related to the curvature of v by the adjoint representation
CurvV’ = adoR". (4.7

Here we use the notation ad on = [, -] for n € I'(ker p). Furthermore, one can show that
R satisfies the Bianchi identity:
( S ) (szR’Y(U,l, UQ) + R’Y(U,O, [ul, UQ])) =0 (48)
Up,U1,U2
for any wuq,uz € X(B). Identity (4.8) means that the V7-covariant derivative of R
vanishes, 9V R = 0.

EXAMPLE 4.1. An important class of transitive Lie algebriods comes from principle
bundles. If we have a G-principle bundle P —— B, then there is an exact sequence of of
vector bundles

ad(P)=P xcg—TP/G—TB
called the Atiyah sequence. Here g is the Lie algebra of G, TP/G is the quotient manifold
with respect to the (right) lifted action to the cotangent bundle and ad(P) is the bundle
over B associated with P via the adjoint action of G on g. The natural isomorphism
between smooth sections of TP/G and the space of right invariant vector fields on P
induces the Lie bracket on I'(T'P/G). Thus, A = T'P/G becomes a transitive Lie algebriod
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over B whose isotropy is the adjoint bundle ad(P) (see [Mz, Ku]). A given principle
connection ¥ : TB — TP with G-invariant horizontal subbundle ¥(T'B) induces the
connection v : TB — TP/G on the Lie algebroid A. The g-valued curvature form KV €
O2%(B;g) of ¥ is related with the curvature R : TB@® TB — P xg g by the formula
RY = pror*K?. Here 7*KY : TP ® TP — P x g is the pull back via the projection
7 and pr : P x g — P X¢g g is the natural projection. As is known [AM] there are
"nonintegrable” Lie algebriods, which are transitive and can not be realized as the Lie
algebroids of principle bundles (also see [Mz, Kul).

4.1. Connection-dependent coupling tensors. Let v : N' — B be a vector bundle over
a connected symplectic base (B, w). Suppose we are given

e a transitive Lie algebroid (A, p,{ , }4) over B such that the isotropy of A coincides
with the dual of A/
N*— A— TB, N* = ker p; (4.9)

e a connection v : TB — A.

Recall that N* is a Lie algebra bundle with fiberwise Lie algebra structure [, | and
typical fiber g. Hence N can be viewed as a bundle of Lie-Poisson manifolds with typical
fiber g*.

Denote by C:2(N) the space of fiberwise linear functions on N'. Then we have the
natural identification

£: TN = CR(N) (4.10)
given by £(n)(z) = (n(v(x)),z) for z € N and n € T(N*).

We say that an Ehresmann connection on the vector bundle A is homogeneous if the
horizontal lift of every base vector field (as a differential operator) preserves the space
Cr2 (N). Equivalently, the horizontal subbundle is invariant with respect to dilations A; :
N =N (M(x)=t -z, =€ N, teR). Notice that there is a bijective correspondence
between homogeneous Ehresmann connections on A and linear connections (covariant
derivatives) in the sense of Koszul [GHV].

Now let us assign to the pair (A,v) a triple (I'*7, A, F47) consisting of

e the homogeneous Ehresmann connection 'Y on A/ whose horizontal lift is defined
by
Lior(uy = €({7(u), £} (9)}a) (4.11)
for u € X(B), p € C2(N);
e the fiberwise linear vertical Poisson tensor A € x% (N) given by
A(dgr, dp) = €[ (1), £ (02)]) (4.12)
for ¢1, 2 € CR2(N);
e the base 2-form F47 € Q%(B) ® C2(N):
FAY =w®1—LloR". (4.13)
For the second term in (4.13) we have £ o R (uy,uz2)(e) = (R (u1(b),uz(b)),e) for

ui,us € X(B) and e € N, here b = v(e). Thus, the homogeneous Ehresmann connection
I'47 is generated by the linear connection on N which is conjugate to the adjoint con-
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nection V7 in (4.5). The bivector field A defines the fiberwise Lie—Poisson structure on
the bundle g* — N = B. The 2-form F47 takes values in the space of fiberwise affine
functions C5(N) = C*(B) & C2(N) and includes the base symplectic 2-form w and
the curvature form RY : TB® TB — N* in (4.4).

Now we observe that properties (4.6), (4.8) and (4.7) imply relations (2.17)—(2.19)
for (T4, A,F47). Moreover, since £ o RY € Q%(B) ® C2(N), there is a neighborhood

E of the zero section B < N, where the 2-form F47 is nondegenerate. So applying
Theorem 2.1, we arrive at the following assertion.

THEOREM 4.1. In a neighborhood E of the zero section B — N the transitive Lie
algebroid A with a connection v induces a coupling tensor I associated with the geo-
metric data (T47, A, FA7) in (4.11)-(4.13). If the kernel ker RY C T'B of the curvature
2-form RY is a coisotropic distribution with respect to the base symplectic form w, then
the coupling tensor IIY is well-defined on the entire total space N .

To justify the second part of Theorem 4.1, let us consider the coordinate representation
for TI4:7.

Let (&) = (€4,...,€%%, 21 ... 2") be a (local) coordinate system on N, where (£%)
are coordinates on the base B and (2) are coordinates on the fibers of A/ associated
with a basis of local sections (X, ). Then we have

the symplectic form on the base w=3 Z wij (&) dE" NdET, whwgy = 8%
the curvature form: RY = 3 DY o ch,(f)dfz Ad&T @ da’;

the connection form: T4 = Eiﬂ rgdét @ B%, I =T7.,(&)z% ;
the base 2-form (4.13): FAY = %E” d¢' A d&7 @ Fyj, where

’Lj = Wij — ZR”c,x (414)

Let (n?) be the dual basis of local sectons ofj\/ , (0%, X,7) =67, Then with respect
to the induced basis of local sections (Z; = '7(8%1')’ n7) of A the Lie algebroid structure
takes the form:

{Zi,5,}a —ZRmn , {Ennta = ZFwn C T A =D A

Consider the open domain containing the zero section B = {2} =0, ..., 2" = 0}:
E={(¢x) e N|det(wy — Z’Rwam #0}. (4.15)
Then the coupling tensor IT47 is well-defined on E and has the representation
1 L 8 0
A7 —_— 0'17
Y =2 EJ:HJ (€, ) hor(d;) A hor(d ZA N5 (4.16)

Here hor(9;) = 9/9¢" — Y, T'79/02° and the matrix functions (H*)) and (A°7") are
defined by
Y H“Fy=-38, A7 =3 N (9", (4.17)

where )\Z"' (€) are the structure constants of the Lie algebra N ~ g.
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The Poisson brackets of the coupling tensor IT*+7 on the domain (4.15) take the form:
(6,6} = HY = (= + & Ry a") + O,
(€0, 27} = —H"T7 = w"*T9,2° + Oy, (4.18)
(27,27} = A7 + HITIT? = (A7 2” — w09, 2"a"") + Os.

Here the summation is taken with respect to repeated indices and Oj denotes a term
having zero of order k at every point in B.

Finally, using standard facts from linear symplectic geometry, it is easy to show that
under the coisotropic hypothesis for ker R?, the matrix (F*)) in (4.14) is totally nonde-
generate and hence domain (4.15) coincides with the total space N.

REMARK 4.1. In the case when A is the coadjoint bundle of a principle bundle, con-
nection dependent Poisson structures of type 147 were studied in [MoMR, Mo].

EXAMPLE 4.2. Suppose we are given a vector bundle v : £ — @ equipped with

l/

e a fiberwise Lie algebra structure [n?,77 |z = Z A7 (q)n
e a linear connection V54,77 = — >, 07, (q)n7

Here (17) is a basis of local sections of £ and ¢ = (¢*) are local coordinates on the
base Q. Assume that

(i) V preserves |, |z (condition (4.6));

(ii) there exists a vector bundle morphism R : TQ x TQ — L

R(aq“ 8q’> ZR”V

which is related to the curvature 2-form Curv on Q by formula (4.7);

(iii) R satisfies the modified Bianchi identity (4.8).

Then the triple (V,R, [,]z) defines the transitive Lie algebroid on A = TQ @ L
([Mz]) such that pry : TQ ® £ —-TQ is the anchor, L is the isotropy, V and R is the
adjoint connection and the curvature of the connection 7 : TQ — TQ ® L (canonical
injection). Consider the pull back A T*Q of A via the natural projection T*Q — Q.
Denote also by (6, ﬁ[, ]Z) the cotangent pull back of the original triple (V, R, [,]z) and by

L TQ the pull back of the bundle £ —@Q. Consider the canonical symplectic structure
w=>Y,dp' Adg' = dp Ndg on T*Q . Then the triple (V R [, ] ~) induces a transitive Lie
algebroid on A over the symplectic base (B =T*Q,w = dpAdgq) (this is an inverse-image
algebroid [Mz, Ku]). Moreover, £ is the isotropy of A and the pull back 7 Yo : T(T"Q) — A
is the connection on A whose curvature is just R. Thus, the kernel of R is a Lagrangian
distribution on 7@ with respect to the form dpAdg. Hence the coupling tensor associated
with the pair (A, 75) is well defined on the entire total space of the dual £* and the Poisson
bracket in (4.18) takes the following coordinate form

', r"} =Riju(@)2”, {P.d}t=67, {d'.¢}=0,
(P27} = —0%.(q)2”, {p',27} = {¢",2"} =0,
{m”,x”l} = /\‘;”/ (q)z".
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On the other hand, it is of interest to note: this Poisson structure coincides with the
Courant structure [Co] on the dual A* = TQ* & L* of the Lie algebroid A. Notice also
that such a type of Poisson structures arises from the study of Hamiltonian structures
for Wong’s equations [MoMR, Mo, La).

4.2. Varying the connection and the Lie algebroid structure. Let us address the fol-
lowing question: how does the coupling tensor IT*7 defined in Theorem 4.1 depend on
the choice of the connection v and the Lie algebroid structure on A7 We will investigate
this issue in two steps. Let A be a transitive Lie algebroid over a connected symplectic
base (B,w). Let L be the isotropy of A and let N'= L* be the dual. The fiberwise Lie
structure on £ will be denoted by [, ]..

I. Suppose that we have two connections on A:
v: TB—A and 7:TB— A

Consider adjoint connections and curvature forms V¥, R and V7, R7 associated to v
and 7 respectively. There is a vector bundle map p: T B — L such that

S(w) = (W) + ple)  for e X(B).
We can think of 1 as an L-valued 1-form on B, pu € Q'(B) ® I'(£). Then we have [Mz]:
Vi =V)+adou(u), ueX(B), (4.19)
R:Y:R’Y'Favwﬂ'f'%[ﬂ/\/l][j. (4.20)

Here v~ : QF(B)@T(L) — Q*+1(B)®I'(L) is the covariant exterior derivative associated
with the linear connection V7, and in the last term in (4.20) we use the standard bracket
on the graded algebra of L-valued forms on B generated by the fiberwise Lie algebra
structure [, ]z. Now let us consider the geometric data (I'47, A, F47) and (T47, A, FA7)
defined in (4.11)—(4.13).

It follows from (4.19), (4.20) that T'47, T4 and FA7, F4 satisfy relations (3.9),
(3.10) for g =1id, V = A, and

p=1"lopucQY(B)®CE(N). (4.21)

Thus the geometric data (I'47, A,F47) and (I'47, A, F47) are equivalent. Consider the
corresponding coupling tensors 147, II*7 on A. Then the zero section B < A with a
given symplectic form w is a common symplectic leaf of IT4Y and II47. So, we can apply
to I and II*+7 the neighborhood equivalence Theorem 3.1.

PROPOSITION 4.1. Coupling tensors I and 1YY associated with arbitrary connec-
tions v and 7 on A are isomorphic over B, that is, there are open neighborhoods O, o
of the zero section B — N and a diffeomorphism £ : O — O identical on B such that
£I1497 = 147,

The equivalence class of isomorphic Poisson structures II47 will be called an w-
coupling structure of a transitive Lie algebroid A.

II. Let A and A be two transitive Lie algebroids over the same connected base (B, w).
Assume that A and A are isomorphic and ¢ : A — A is a Lie algebroid isomorphism.
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Without loss of generality, we can also assume that
A=TB& L, (4.22)
A=TBa&L, (4.23)
and the corresponding anchors p: A — TB, p : A — TB coincide with the canonical
projections p = pry, p = pr;. It is clear that the restriction
g=1z: L—=L (4.24)
is a vector bundle isomorphism preserving the fiberwise Lie algebra structure on £ and

L. We observe that + takes an element u @7 in A into the element 2(u & n) in A of the
form

wudn) =us (9(n) + p(u)), (4.25)

where p : TB — L is a vector bundle morphism. Thus, ¢ is characterized by the pair
(g, ). Define connections 79 on A and 49 on A as the canonical injections:

u— vy =ud0eTBaL, (4.26)
urFo(u)=ud0eTB® L. (4.27)
Then we get
g(lar, a2]c) = [g(a1),9(a2)lz  (a1,a2 € T(L)), (4.28)
goVIog !t =V, +adou(u)  (u€ X(B)), (4.29)

1
e A ule. (4.30)
Relations (4.28)—(4.30) lead to the equivalence relations (3.8)—(3.10) for geometric data
(Do, A, F470) and (I, A, [F4:30) associated to pairs (4,7) and (g, ), respectively. As
a consequence of Theorem 3.1, we get the proposition.

go R :'R,'m—l-@vvou—l-

PROPOSITION 4.2. There is the neighborhood equivalence between coupling tensors
147 gnd I147 .

Finally, combining Proposition 4.1 with Proposition 4.2, we obtain the main result.

THEOREM 4.2. Let A and A be two transitive Lie algebroids over the same connected
symplectic base (B,w), and let v: TB — A, 4 : TB — A be two connections. Consider

coupling tensors I and I associated to (A,v) and (Z, ), respectively.
(i) Assume that A is isomorphic to A. Then under the arbitrary choice of connections
v, 7, there exists a diffeomorphism f; O — O from a neighborhood O of the zero section

B <—>.~/\f = L*(L is the isotropy of A) onto a neighborhood 4] of the zero section B —»
N = L*(L is the isotropy of A) such that f|B =1idp and

FIAT = T4 and £|, = id. (4.31)

(ii) Conversely, the equivalence between coupling tensors ITA7 and TIAY (in the sense
of (4.31)) implies the isomorphism between the corresponding Lie algebroids A and A.

Now suppose we start with some data (L[, ]z, 9), where (L,[, ]z) is locally trivial
bundle of Lie algebras over a connected symplectic base (B,w), g is the typical fiber.
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Let V be a linear connection in £ preserving the fiberwise Lie algebra structure [ , |z
(condition (4.6)) and R €Q?(B) ® I'(£) be a vector valued 2-form which is compatible
with (V,[, ]z) by means of (4.7) and (4.8). In this case, we say that the pair (V,R) is
admissible for [, ]z. Accoding to [Mz] the pair (V,R) induces a unique transitive Lie
algebroid structure { , }v g on A = TB&L such that the anchor is the natural projection,
(L,], ]z) is the isotropy,V is the adjoint connection associated with connection 7° in
(4.26) and R is the curvature of 4°. The coupling tensor on £ associated to { , }v z and
7 will be denoted by ITIV:®. Consider the subbundle Cent(£) C £ whose typical fiber is
the center of the Lie algebra g. Then Cent(L£) is invariant with respect to the connection
V and the restriction Vo = V |cent(z)is a flat connection which does not depend on the
choice of V in the class of adjoint connections of the Lie algebroid ( see [IKV]). Thus
the covariant derivative 9y : QF(B; Cent(L)) — QFT1(B; Cent(L)) associated with V is
a coboundary operator, Jy o dyp = 0. Notice that the comology of 0y coincides with the
cohomology of the abelian Lie subalgebroid Ag = TB & Cent(L) in (A4, {, }v.®r).

Let (V,R) be a second admissible pair for [, ] and (4, { }€,ﬁ> be the corresponding

Lie algebroid. Assume that connection V and V on £ are related by (4.19) for a certain
w € QY (B)®T(L). This condition means that the structures of abelian Lie algebroids on
Ao coming from the brackets { , }v,z and {, }$ﬁ coincide. It follows from (4.8) and
(4.19) that

- 1
C::R—R—avu—ﬁ[u/\u]g. (4.32)

is a 2-cocyle C €Q%(B) ® Cent(L), 9oC = 0 whose cohomology class does not depend on
the choice of y in (4.19). Moreover we observe: the Lie algebroid structures { , }v » and
{, TR are isomorphic if and only if [C] = 0. Then as a consequence of Theorem 4.2,
we get the following ”linear” analog of Theorem 3.2.

PROPOSITION 4.3. Under assuption (4.19) the coupling tensors IIV'® and TIV'® are
isomorphic over B if and only if the cohomology class of the relative 2-cocycle C in (4.32)
is zero. In particular, this is true in the case when the second cohomology space of the
abelian Lie algebroid Aq is trivial.

REMARK 4.2. Assume that the typical fiber g is reductive, that is, g = Cent(g)®|g, g],
where [g, g] is a semisimple Lie algebra. Then vanishing of the second cohomology of A
leads to the same property for the second cohomology of the transitive Lie algebroid
A, H?(A) = 0[IKV]. This condition appears also under the study of the formal Poisson
equivalence [IKV].

5. Linearized Poisson models over a single symplectic leaf. In this section we
will show that for every Poisson manifolds with a given closed symplectic leaf B there is
a well defined notion of a linearized Poisson structure at B. This linearized structure is
defined as an equivalence class of isomorphic Poisson structures which live naturally on
the normal bundle to the symplectic leaf B. In the zero-dimensional case (dim B = 0),
our definition coincides with the notion of a linear approximation of a Poisson structure
at a point of rank 0 arising in the context of the linearization problem [Wey].
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5.1. First approzimations. Let (M, ¥) be a Poisson manifolds equipped with a Pois-
son bracket

(F,G} = U(dF, dG). (5.1)

Suppose that we are given a closed (embedded) symplectic leaf (B,w) of M with sym-
plectic structure w. Consider the normal bundle to the symplectic leaf B:

N =TpM/TB. (5.2)

The well known fact is that the original Poisson structure on M induces a fiberwise
Lie—Poisson structure on the normal bundle A" which is given by the vertical Poisson
bivector field A € x?(N) called a linearized transverse Poisson structure of the leaf B
[Wey]. At each fiber N}, over b € B the Lie-Poisson structure A, € x2(\})) can be defined
as the linearization of the transverse Poisson structure at b due to the splitting theorem.
To compare the original Poisson tensor ¥ with A, it is natural to consider a pull back of
¥ onto N via an exponential map.

By an exponential map, we mean a diffeomorphism f : AY — M from the normal
bundle N onto a tubular neighborhood of the leaf B in M such that

(i) f is compatible with the zero section sg : B < N, that is, f o sg = so; and
(i) the composite map

Nb — Tb(N) M)T)g,]\f ﬁ? Nb
is the identity. Here the last mapping is the canonical projection v : TgM — TgM/TB.

It follows from the tubular neighborhood theorem that an exponential map always
exists [LMr]. By Proposition 3.1 we deduce the following statement.

PROPOSITION 5.1. Let £*U € x2(N) be the pull back of the Poisson tensor ¥ via an
exponential map £. Then the zero section B — N is a closed symplectic leaf of £*¥ with
symplectic structure w. Moreover, there exists an open neighborhood E of B in N such
that £*W is a coupling tensor on E. For the vertical tensor (£* )y defined in (3.1), we
have

(f*U)y = A+ 0y on E, (5.3)

that is, the linearized transverse Poisson structure A gives a linear approzimation to the
vertical part of £*W.

DEFINITION 5.1. A 0-section compatible Poisson tensor II defined (as a coupling ten-
sor) on an open (tubular) neighborhood F of B in N is said to be a first approzimation
to U at the leaf B if

(i) the intrinsic Ehresmann connection I' (2.4) of II is homogeneous on E;
(ii) the vertical part IIy in (3.1) coincides with the linearized transverse Poisson
structure A of B,

Iy =A on E; (5.4)
(iii) there exists an exponential map f : A'— M such that

f*U=1+0, on E. (5.5)
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THEOREM 5.1. Let (M, ¥, B,w) be a Poisson manifold with a closed symplectic leaf
(B,w). Then for a given exponential map f there exists a unique first approzimation I
to W at B satisfying (5.5). The Poisson bivector field IIf does not depend on the choice
of £ up to 0-section neighborhood isomorphism.

DEFINITION 5.2. The equivalence class of isomorphic Poisson tensors IIf is said to be
the linearized Poisson structure of the leaf B.

REMARK 5.1. If the symplectic leaf B is not closed, then in the definition of the
exponential map we can require f to be a smooth immersion. In this case, the notion
of the linearized Poisson structure is still well defined. But the pull back f*¥ does not
isomorphic to the original Poisson structure ¥ in general.

To prove Theorem 5.1, we will use results obtained in Section 4.

5.2. The transitive Lie algebroid of a symplectic leaf. As is well known, the Poisson
bracket (5.1) on M admits the natural extension to the bracket for 1-forms on M:

{o, By = O (@) ]dB — W7 (B)]da — d{e, U7 (B)). (5.6)
This structure makes the cotangent bundle T*M a Lie algebroid:
(T*M.{, }rens,p = TF) (5.7)

which is called the Lie algebroid of the Poisson manifold (M, ) [Wes]. Notice that if M
is not regular, then the Lie algebroid (5.7) is not transitive.

Given a symplectic leaf (B,w) of M, one can restrict the bracket { , }7«as to a bracket
{» }7zm on smooth sections of the restricted cotangent bundle 75 M. The result is the
transitive Lie algebroid [IKV] (also see [Ku] for general criteria of Lie subalgebroids):

(TeM.{, Yrzn,p=pB) (5.8)
with anchor i
-1
pp: THM — T*B—“) 7B, (5.9)

where the first morphism is induced by the inclusion TB < TgM and w’ : TB — T*B is
the bundle map associated with the symplectic structure w (w’(u) = u 1w) The isotropy
of this Lie algebroid coincides with the annihilator TB® = kerg U# of TB in TgM. We
will call (5.8) the transitive Lie algebroid of the symplectic leaf B.

Let N be the normal bundle to the leaf B and f : N'— M be an exponential map.
Then the differential

dpf : TBN: TBON — TeM

is identical on T'B and takes the subbundle A/ to the complementary subbundle S =
dpf(N) to TB. Let S° be the annihilator of S in T M. The natural splitting

TiM = S° o TB° (5.10)

defines the connection ¢ : TB — T}/ M in the Lie algebroid (5.8). On the other hand,
the exact sequence of vector bundles TB — TpM % N induces the dual exact sequence

N* 5 TiM — T*B. (5.11)
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Using (5.10) and (5.11), we define the vector bundle isomorphism
=@V :TBON" = TgM (5.12)
which induces the Lie algebroid structure on A = TB @& N *:
{ar, asya = 15 ({te(ar), ue(az) s mr).
Thus, we get the transitive Lie algebroid over B with distinguished connection:
(A=TBa& N, {, }a,p=pry, %) (5.13)

Here the anchor is the projection onto the first factor, the conormal bundle AN™* is the
isotropy and the connection 7y, is the canonical injection (4.26) whose pull back via ¢
coincides with the f-dependent connection, ¢ = tf 0 7p.

Now we can proceed to the proof of Theorem 5.1. Given an exponential map f, we
define the coupling tensor 1147 on the normal bundle N associated with the transitive
Lie algebroid A in (5.13) and connection ~yg. Clearly 1470 is equivalent to the coupling
tensor associated with the transitive Lie algebroid of B (5.8) and the connection ~s.
Finally, we observe that II47 is just the first approximation to ¥ at B generated by the
exponential map f,

mf = 14, (5.14)

Here we use the following equivalent reformulation of Definition 5.1: a coupling tensor
II with an exponential map f defines a first approximation to ¥ at B if the geometric
data of II are obtained from the geometric data of £*¥ by means of the linearization at
B. The independence of IIf of the choice of f (up to a neighborhood equivalence) follows
from Theorem 4.2.

We can conclude: the linearized Poisson structure of U at a closed symplectic leaf
(B,w) coincides with the w-coupling structure of the transitive Lie algebroid of the leaf.

Now it is natural to say that a Poisson stucture ¥ is linearizable at a closed symplectic
leaf (B, w) if there exists an exponential map f such that the pull back £*¥ and the first
approximation ITf are isomorphic over the zero section B < A . This definition does not
depend on the choice of f .

REMARK 5.2. If A = 0, then one can try to introduce second approximations to ¥ at
B, using, for example, results [Du].

To end this section, as a consequence of the above results, we give an affirmative
answer to the question on the Poisson realization of transitive Lie algebroids.

THEOREM 5.2. Every transitive Lie algebroid A over a connected symplectic base
(B,w) can be realized as the transitive Lie algebroid of the symplectic leaf (B,w) of a
certain Poisson manifold.

5.3. Homotopy invariants. The notion of the reduced linear Poisson holonomy of a
symplectic leaf B, introduced in [GiGo| (also see [Fe]), can be defined as a homotopy
invariant of the transitive Lie algebroid of B (5.8). To see that, pick two coonections
~ and 7 in the Lie algebroid T/ M and consider the corresponding adjoint connections

V7Y and V” on the isotropy £ = TB°. Fix a point by € B and consider a smooth path
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[0,1] > t = o(t) € B starting at by, 0(0) = bo. Denote by P; : Ly, — L, and

Py 2 Ly, — Ly(1) parallel transport operators associated with linear connections V7 and

V7, respectively. Define a time dependent field of linear operators on the fiber L, as

== ’P;l o (ad ou(d(;(:))) o Py, (5.15)

where 1 is an L-valued 1-form on B, defined in (4.19). It follows from (4.6) that =; €

ad(Lsy,) ~ ad(g)( the adjoint algebra of the typical fiber g) for all ¢ € [0, 1]. Consider the
evolution operator T; € Ad(Ly,) = Ad(g):

dTy

dt

Then we get the following relationship between parallel transports of two adjoint con-

nections [KV;]: P, = P; o T;. This implies that for every loop o € Q(B;bg) based at by,

follows:

= —Et o Tt, TO =id. (516)

the corresponding elements of holonomy groups 75; € HOIZ)W C Aut(g) and P, € HOIZW C
Aut(g) are related by P, = P, oT,, where T, € Inn(Ly,) ~ Inn(g) (the normal subgroup
of inner automorphisms of g, see [GiGo]). Thus, there is a well defined homomorphism
Q(B;bg) — Aut(g)/Inn(g), which does not depend on the choice of an adjoint connec-
tion. If we consider the conjugate homomorphism Q(B;by) — Aut(g*)/Inn(g*), then its
cotangent lift coincides with the definition of the reduced linear Poisson holonomy of B
given in [GiGo, Fe].

A. Appendix: the proof of Lemma 3.1. First, remark that if I' is an Ehresmann
connection on a fiber bundle « : E — B, then the horizontal lift and the covariant
exterior derivative (2.14) satisfy the modified Cartan formula

Lhor(u) =1y © 8F + al" O Ty u e X(B) (Al)

Here 4, is the interior product. Moreover, the commutator of the horizontal lift hor(u)
with an arbitrary vertical vector field is again a vertical vector field,

[hor(u), Xy (E)] € Xv(E). (A.2)
Let II; be the time-dependent coupling tensor associated with geometric data
(T, V,Fy) in (3.14), (3.15), and let X}* € X (&) be an arbitrary time-dependent horizon-
tal vector field. Using properties (A.1), (A.2) and the standard properties of the Schouten
bracket, from relations (2.16)—(2.19) for (I'y, V,F;) we deduce the key formula
|
LX;LHt = —§H“ H (apt (XtJFt))i/j’ hOI’t(ai) AN hOI’t(aj)
+ H*(V#dF,(Xt,05))° 0y Ahory(0;). (A.3)
Here hor; is the horizontal lift associated with I'; and we use the local representations
1. 1 /
Ht = §Hlj hOI‘t(ai) A hort(aj) + §VGU 8,7 N 8017

where 9; = 0/0¢%, 0, = 0/0x°, (£%) and (z7) are local coordinates on the base and the
fiber of 7, respectively. Let F; = %Fijdfi A d&7. Taking into account H* Fy; = —5}1 and
relations (3.14), (3.15), we get also
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8 ]. i’ v 8
ant = —§H H» aFi/j/ hOI’t(ai) A hOI’t(aj)
— H*(V#dp(0s))7 Dy A hory(0;). (A4)

Now a direct consequence of (A.3) and (A.4) is that a time-dependent horizontal
vector field X/ is a solution of the homological equation (3.20) if and only if the associated
element X; € X(B) ® C*(&p) satisfies the following two equations

Ir, (X¢JFe) + %Ft =0, (A.5)
Xi]F: = ¢ +c, (A.6)

where ¢ € Q' (B)® Casimy (&) is arbitrary. Taking ¢ = 0 and X; as the solution of (3.16),
we reduce (A.5) to the identity

art¢:8F¢+t{¢/\¢}V7 te [07 1]7
which holds because of the assumption (3.9). This completes the proof.
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