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SPECIAL ODD HAMILTONIAN MODULAR LIE ALGEBRAS

BY

WEI BAI and WENDE LIU (Harbin)

Abstract. Derivations from a finite-dimensional special odd Hamiltonian Lie algebra
G into the odd part W of a generalized Witt superalgebra are described completely by
means of a weight space decomposition with respect to a suitable torus. As an applica-
tion, the low-dimensional cohomology spaces H0(G;W), H1(G;W) and the dimensional
formulas for them are determined.

1. Introduction and basic notation. Eight families of finite-dimen-
sional Z-graded Lie superalgebras of Cartan type over fields of positive
characteristic have been constructed, and the superderivations for those Lie
superalgebras were determined (for example, see [BL]). Derivations from
the even part into the odd part have been studied for Lie superalgebras of
generalized Witt superalgebras and special superalgebras [LG]. For contact
Lie superalgebras, nonnegative even Z-homogeneous derivations from the
even part into the odd part have been determined in [GL]. For odd Hamil-
tonian superalgebras, negative Z-homogeneous derivations from the even
part into the odd part of generalized Witt superalgebras have been studied
in [HL].

The present paper aims to determine the derivation space from a spe-
cial odd Hamiltonian Lie algebra G into the odd part W of a generalized
Witt superalgebra viewed as a G-module by means of the adjoint repre-
sentation (Theorems 3.5 and 3.6). Motivated by the work on Lie algebras
[F, Theorem 1.1], we do not compute directly the derivations from G to W
as in [LG], [GL] and [HL], but adopt a general reduction method: by means
of the weight space decomposition with respect to a suitable torus, we can
focus on Z-homogeneous derivations with zero weight. Because a derivation
is determined by its action on a generating set, some special weight vec-
tors in W with the same weights for suitable generators of G are given in
Proposition 2.3.
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Throughout, F is an algebraically closed field of characteristic p > 3,
Z2 = {0̄, 1̄} is the field of two elements, Z and N are the sets of integers
and nonnegative integers, respectively. Fix an integer m > 3 and let Nm be
the additive monoid of m-tuples of nonnegative integers. For a Z2-graded
vector space V = V0̄ ⊕ V1̄, denote by |x| = θ the parity of a homogeneous
element x ∈ Vθ, θ ∈ Z2. For a detailed description of superalgebras, the
reader is referred to [K, ZCZ]. All vector spaces considered are assumed to
be finite-dimensional.

Let us recall the notion of special odd Hamiltonian superalgebras. Fix
two m-tuples of positive integers t = (t1, . . . , tm) and π = (π1, . . . , πm),
where πi = pti − 1. Let O(m; t) be the finite-dimensional divided power
algebra over F with basis {x(α) | α ∈ Nm, α ≤ π}. For εi = (δi1, . . . , δim), we
abbreviate x(εi) to xi, i = 1, . . . ,m. Let Λ(m) be the exterior superalgebra
over F with m variables xm+1, . . . , x2m. The tensor product O(m,m; t) =
O(m; t) ⊗F Λ(m) is an associative super-commutative superalgebra in the
usual way. For g ∈ O(m, t) and f ∈ Λ(m), write gf for g ⊗ f . Let u =
〈i1, . . . , ik〉 be a strictly increasing sequence of k integers between m + 1
and 2m. Write xu = xi1 · · ·xik . Set δi∈u = 1 if i ∈ u, and 0 if i /∈ u. Write
ω = 〈m+ 1, . . . , 2m〉.

Let ∂r be the special superderivation of O(m,m; t) such that ∂r(x
(α)) =

x(α−εr) for r ∈ 1,m and ∂r(xs) = δrs for r, s ∈ 1, 2m. The generalized Witt
superalgebra W (m,m; t) is spanned by all fr∂r, where fr ∈ O(m,m; t).When
confusion is not likely to occur, we shall drop (m,m; t) from the notation. De-
fine a linear operator TH : O →W such that TH(a)=

∑2m
i=1(−1)|∂i| |a|∂i(a)∂i′

for a ∈ O, where ′ is the involution of the index set {1, . . . , 2m} sending i to
i+m if i ≤ m and to i−m otherwise. Then TH is odd and Z-homogeneous
of degree −2. Note that

[TH(a),TH(b)] = TH(TH(a)(b)) for all a, b ∈ O.

Recall the odd Laplacian operator ∆ =
∑m

i=1∆i, ∆i = ∂i∂i′ , i = 1, . . . ,m.
Note that the kernel of TH is F · 1. Writing Ō for the quotient superspace
O/F · 1 and viewing TH and ∆ as linear operators on Ō in the natural way,
one sees that the kernel of ∆,

SHO = {a ∈ Ō | ∆(a) = 0},

is a finite-dimensional Lie superalgebra with bracket

[a, b] = TH(a)(b) for a, b ∈ SHO .

Its second derived superalgebra, denoted by SHO [if necessary, SHO(m,m; t)],
is simple [LH], called a special odd Hamiltonian superalgebra, as in [K].

Hereafter, we call the even part of a special odd Hamiltonian super-
algebra a special odd Hamiltonian Lie algebra, denoted by G, and write W
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for the odd part of W . The adjoint action of G on W is

f ·D = [TH(f), D] for f ∈ G, D ∈ W.

Some detailed information on G, such as its Z-grading structure and linear
generators, can be found in [LH].

2. Reduction. Let L be a Lie algebra and V an L-module. Denote
by Der(L, V ) the derivation space, and by Inder(L, V ) the inner derivation
space consisting of the derivations determined by any fixed v ∈ V , x 7→ x · v
for all x ∈ L. In the usual way, Der(L, V ) and Inder(L, V ) are L-submodules
of HomF(L, V ), and

H1(L;V ) = Der(L, V )/Inder(L, V )

is the first cohomology space of L with coefficients in V .

Assume in addition that L =
⊕

r∈Z Lr is Z-graded and V =
⊕

r∈Z Vr is a
Z-graded L-module. Then the derivation space inherits a Z-graded module
structure

Der(L, V ) =
⊕
r∈Z

Derr(L, V ).

Let T ⊂ L0 be a torus of L with weight space decompositions

L =
⊕
α∈Θ

L(α), V =
⊕
β∈Ω

V(β).

Then Der(L, V ) inherits a Z× T ∗-grading structure from those of L and V .

It is difficult to compute directly the derivations from G to W, since the
structure of G is complicated. In this section, we shall give a method to
simplify our task considerably by using the weight space decomposition of
G andW with respect to a suitable torus. For convenience, write Y0 = 1,m,
Y1 = m+ 1, 2m and Y = 1, 2m.

Let G = spanF{xu∂r | r ∈ Y, xu ∈ Λ(m), |xu∂r| = 1̄}. One can easily
verify that annW(G−1), the annihilator of G−1 in W, is G. Note that G is a
Z-graded subalgebra of W.

Let t = spanF{Ti = xixi′ − x1x1′ | i ∈ Y0 \ {1}}. Obviously, t is a torus
in G with dimension m− 1. Set Tij = xixi′ −xjxj′ , i, j ∈ Y0, i 6= j. For any
π ≥ α ∈ Zm and any strictly increasing sequence u = 〈i1, . . . , ik〉 of integers
between m+ 1 and 2m, we define a linear form on t by

(α+ u)(Tij) = δi′∈u − δj′∈u − αi + αj .(2.1)

Obviously, X has a weight space decomposition with respect to t,

X =
⊕

(α+u)

X(α+u),

where X = G or G.
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We will substantially use the following lemma to determine the deriva-
tions.

Lemma 2.1. Assume that φ ∈ Der(G,W).

(i) If φ vanishes on G−1 then φ vanishes on [D,G−1] if and only if
φ(D) ∈ G for each D ∈ G.

(ii) φ vanishes on G−1 modulo a suitable inner derivation.
(iii) φ is inner modulo a suitable derivation with zero weight.

Proof. See [LG, Lemma 2.1], [LG, Lemma 2.3] and [F, Theorem 1.1],
respectively.

Hereafter, we write θ for the zero weight.

Remark 2.2. (i) By Lemma 2.1, it is sufficient to consider the homoge-
neous derivations in Der(t,θ)(G,W), where (t, θ) ∈ Z× t∗.

(ii) A derivation from G to W is determined by its action on the gen-
erators of G. In this paper, we choose the generating set L ∪M ∪ N of G
mentioned in [BLY, Proposition 2.5], where

L = {x(bεi)xk′ | i, k ∈ Y0, i 6= k, b ≡ 0 (mod p)};
M = {xi′xj′xk′ | i, j, k ∈ Y0 are distinct};
N = {x(aεi)xk′ | i, k ∈ Y0, i 6= k, 0 ≤ a ≤ 2}.

From (2.1), we know that the generators are all weight vectors and are
Z-homogeneous:

x(aεi)xk′ ∈ G(a−1,aεi+〈k′〉), 0 ≤ a < pti ,(2.2)

xi′xj′xk′ ∈ G(1,〈i′,j′,k′〉).(2.3)

In view of Lemma 2.1, we are more interested in the weight vectors of
the same weights with the generators of G, in G than in W.

Proposition 2.3. For distinct i, j, k ∈ Y0, b ≡ 0 (mod p), we have

(i) G(2εi+〈k′〉) = 0;

(ii) G(bεi+〈k′〉) = G(〈k′〉) =
∑

t∈Y0
Fxk′xt′∂t′ ⊕ F1−(−1)m

2 xω∂k;

(iii) G(εi+〈k′〉) = F1+(−1)m

2 xω−〈i
′〉∂k;

(iv) G(〈i′,j′,k′〉) = δm4F∂t′ ⊕
∑

t∈Y0\{i,j,k} Fxi′xj′xk′xt′∂t′, when m = 4,
t ∈ Y0 and t 6= i, j, k;

(v) G(θ) =
∑

i∈Y0
F1+(−1)m

2 xω−〈i
′〉∂i;

(vi) G(εi+〈t′,j′,k′〉) = 0, t ∈ Y0 and t 6= i, j, k.
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Proof. The “ ⊃ ” inclusions are clear. To show the converses, note that
for s 6= l, t ∈ Y0,

[Tsl, x
u∂t] = (δs′∈u − δl′∈u + δts − δtl)xu∂t,(2.4)

[Tsl, x
u∂t′ ] = (δs′∈u − δl′∈u − δts + δtl)x

u∂t′ .(2.5)

(i) If there exists xu∂t ∈ G(2εi+〈k′〉), from (2.1) and (2.4), choosing l = k,
s = i, we have

−3 = δs′∈u − δl′∈u + δts − δtl,
which is impossible. Similarly, no xu∂t′ is in G(2εi+〈k′〉). Thus, G(2εi+〈k′〉) = 0.

(ii) If there exists xu∂t ∈ G(bεi+〈k′〉), from (2.1) and (2.4), when t = k,
choosing s = k, l 6= k, we have

0 = δk′∈u − δl′∈u,
which implies that xu∂t = xω∂k if m is odd. When t = i, choosing s = k,
l = i, we have

2 = δk′∈u − δl′∈u,
which is impossible. When t 6= i, k, choosing s = k, l = t, we have

2 = δk′∈u − δt′∈u,
which is impossible.

If there exists xu∂t′ ∈ G(2εi+〈k′〉), from (2.1) and (2.5) we have t 6= i, k.
Choosing s = i, l = k and s = t, l = k, we have

i′ 6∈ u, k′ ∈ u, t′ ∈ u.
Choosing s 6= i, k, t, l = k, we have

−1 = δs′∈u − δk′∈u,
which implies that s′ 6∈ u. Thus xu∂t′ = xk′xt′∂t′ . Then

G(〈k′〉) =
∑
t∈Y0

Fxk′xt′∂t′ ⊕ F
1− (−1)m

2
xω∂k.

(iii) If there exists xu∂t ∈ G(εi+〈k′〉), from (2.1) and (2.4), choosing l = k,
s = i, we have

−2 = δi′∈u − δk′∈u + δti − δtk,
which implies that t = k, k′ ∈ u, i′ /∈ u. Choosing s = i, l 6= k we have

1 = δl′∈u.

Thus xu∂t = xω−〈i
′〉∂k if m is even.

If there exists xu∂t′ ∈ G(εi+〈k′〉), from (2.1) and (2.5), choosing l = k,
s = i, we have

−2 = δi′∈u − δk′∈u − δti + δtk,
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which implies that t = i, k′ ∈ u, i′ /∈ u. Choosing s = i, l 6= k we have

0 = δl′∈u.

Thus xu∂t′ = xk′∂i′ , which is even, contradicting |xu∂t′ | = 1̄. Hence G(εi+〈k′〉)

= F1+(−1)m

2 xω−〈i
′〉∂k.

(iv) If there exists xu∂t ∈ G(〈i′,j′,k′〉), from (2.1) and (2.4), choosing l = j,
s = i and l = k, s = i, we have

0 = δs′∈u − δl′∈u + δts − δtl,

which implies that j′, k′ ∈ u, i′ /∈ u when t = i. In this case, choosing s = i,
l 6= i, j, k we have

0 = δl′∈u.

Thus, we have j′, k′ ∈ u, l′ /∈ u for all l ∈ Y0 \ {j, k}. Similarly, we have
i′, k′ ∈ u, l′ /∈ u for all l ∈ Y0 \ {i, k} when t = j; and i′, j′ ∈ u, l′ /∈ u for all
l ∈ Y0 \ {j, i} when t = k. When t 6= i, j, k, choosing s = i, l = t we have

2 = δi′∈u − δt′∈u,

which is impossible. Thus xu∂t = xi′xj′∂k, xj′xk′∂i or xk′xi′∂j , which is even,
contrary to |xu∂t′ | = 1̄.

If there exists xu∂t′ ∈ G(〈i′,j′,k′〉), from (2.1) and (2.5), when t = i, choos-
ing l 6= j, k and s = i we have

2 = δi′∈u − δl′∈u,

which is impossible. Similarly, we have t 6= j, k. Now suppose that t 6= i, j, k.
Choosing s, l properly, we have the following conclusions:

(1) i, j, k 6∈ u. Choosing s = i, l = t, we have t 6∈ u. Thus xu∂t′ = ∂t′
when m = 4. When m > 4, choosing l 6= i, j, k, t, s = i, we have
1 = δi′∈u − δl′∈u, contradicting i′ 6∈ u.

(2) i, j, k ∈ u. Choosing s = t, l = t, we have t ∈ u. Choosing s 6= i, j, k, t,
l = i, we have s′ 6∈ u, Therefore xu∂t′ = xi′xj′xk′xl′∂l′ , i, j, k 6= l
∈ Y0.

Thus, G(〈i′,j′,k′〉) = δm4F∂t′ ⊕
∑

t∈Y0\{i,j,k} Fxi′xj′xk′xt′∂t′ when m = 4,
t ∈ Y0 and t 6= i, j, k.

(v) If there exists xu∂t ∈ G(θ), from (2.1) and (2.4) we have

δs′∈u − δl′∈u = −δts + δtl =


1, t = l,

−1, t = s,

0, otherwise,

which means that if t = l then s′ ∈ u for all l 6= s ∈ Y0. Thus xu∂t =
xω−〈i

′〉∂i, i ∈ Y0, when m is even.
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If there exists xu∂t′ ∈ G(θ), from (2.1) and (2.4) we have

δs′∈u − δl′∈u = δts − δtl =


1, t = s,

−1, t = l,

0, otherwise,

which means that if t = l then l′ ∈ u, but s 6∈ u for all l 6= s ∈ Y0.
Thus xu∂t = xl′∂l′ , l ∈ Y0, which is even, contrary to |xu∂t′ | = 1̄. Thus,

G(θ) =
∑

i∈Y0
F1+(−1)m

2 xω−〈i
′〉∂i.

(vi) If there exists xu∂h ∈ G(εi+〈t′,j′,k′〉), from (2.1) and (2.4), when h = i,
choosing s = i, l = j, we have

−2 = δi′∈u − δi′∈u + 1,

which is impossible. Similarly, for all h ∈ Y0, there is no xu∂h∈G(εi+〈t′,j′,k′〉).

If there exists xu∂h′ ∈ G(εi+〈t′,j′,k′〉), from (2.1) and (2.5), when h = i,
choosing s = t, l = i, we have

1 = δt′∈u − δi′∈u,

which implies that i′ 6∈ u, t′ ∈ u. Similarly, we have j′, k′ ∈ u. Choosing
s 6= i, j, k, t, l = j, we have s′ 6∈ u. Then xu∂h′ = xt′xk′xj′∂i′ , which is
even, contradicting |xu∂h′ | = 1̄. Choosing s, l properly, we find that, for all
h ∈ Y0, no xu∂h′ is in G(εi+〈t′,j′,k′〉). Thus, G(εi+〈t′,j′,k′〉) = 0.

3. Derivation and low-dimensional cohomology spaces. In this
section we will determine the derivation space Der(G,W), and describe
the low-dimensional cohomology spaces of special odd Hamiltonian algebras
with coefficients in odd parts of generalized Witt superalgebras:

H0(G;W) = annW(G) = {D ∈ W | g ·D = 0 for all g ∈ G},
H1(G;W) = Der(G,W)/Inder(G,W).

First, we introduce a family of “strange” derivations from G to W, the
so-called exceptional derivations. For q ∈ N and i ∈ Y0 define a linear

mapping Φ
(q)
i : G→W satisfying

Φ
(q)
i (f) = xω(∂p

q

i (f)),

where xω ∈ O, f ∈ G. Obviously, |Φ(q)
i | depends on the parity of m. From

[BLY, Proposition 3.1], we know that Φ
(q)
i is a derivation from G to W with

Z-degree m− pq and zero weight. Moreover, when m is odd, we obtain

Φ
(q)
i ∈ Der(m−pq ,θ)(G,W),

and by a direct computation we have Φ
(q)
i (G−1) = 0.
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From Lemma 2.1(ii), for any φ ∈ Der(G,W), there exists D ∈ W such
that

(φ− adD)(G−1) = 0.

From Lemma 2.1(iii), there exists E ∈ W such that

φ− adE ∈ Der(θ)(G,W).

Moreover, (φ − adE)(G−1) = 0 if φ(G−1) = 0. Thus, hereafter, we only
consider the Z-homogeneous derivations φ ∈ Der(θ)(G,W) which vanish
on G−1.

Now we discuss the action of φ on G0.

Proposition 3.1. φ vanishes on G0 modulo a suitable inner derivation.

Proof. Note that G0 is spanned by t ∪ {xixk′ | i, k ∈ Y0, i 6= k}
and t ⊂ G(0,θ), xixk′ ∈ G(0,εi+〈k′〉). By Lemma 2.1(i) and Proposition
2.3(iii)&(v), one may assume that m is even,

φ(Ti) =
∑
r∈Y0

cirx
ω−〈r′〉∂r and φ(xsxl′) = d(sl)xω−〈s

′〉∂l,

where cir, d
(sl) ∈ F, s, l ∈ Y0, s 6= l. For distinct 1, i, j ∈ Y0, applying φ to

[x1xi′ , xix1′ ] = Ti, [Ti, xjxi′ ] = xjxi′ , [Ti, xix1′ ] = −2xix1′

yields φ(Ti) = 0. For k ∈ Y0 \ {s, l}, applying φ to

[xsxl′ , xkxs′ ] = xkxl′ , [xsxl′ , xlxs′ ] = Tls

yields

d(kl) − d(ks) = (−1)s+kd(sl), (−1)l+sd(ls) + d(sl) = 0.(3.1)

Clearly, the system of m− 1 equations

λ1 − (−1)1+iλi = d(1i), i = 2, . . . ,m,

has a solution, still denoted by λi, i = 2, . . . ,m. By (3.1), we conclude that
λs − (−1)s+lλl = d(sl).

Set D = −
∑

r∈Y0
λrx

ω−〈r′〉∂r and ψ = φ− adD. A direct computation
shows ψ(xsxl′) = 0. Clearly, we also have ψ(Ti) = 0 for all i ∈ Y0 \ {1}.
Hence ψ(G0) = 0.

Proposition 3.2. Suppose φ(G0) = 0. Then φ(N) = φ(M) = 0.

Proof. For (2.2) and φ(G−1) = φ(G0) = 0, by Lemma 2.1(i) and Propo-
sition 2.3(i), we have φ(N) = 0. Notice that, for distinct i, j, k, t ∈ Y0,

[x(2εi)xt′ , xi′xj′xk′ ] = x(εi)xt′xj′xk′ .(3.2)

From Proposition 2.3(iv), we consider the following cases:

Case 1: m = 4 and the Z-degree of φ is −2. Suppose that φ(xi′xj′xk′) =
at∂t′ , at ∈ F. From (3.2) and Proposition 2.3(vi), we have at = 0.
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Case 2: The Z-degree of φ is 2. Suppose that

φ(xi′xj′xk′) = xi′xj′xk′
∑

s∈Y0\{i,j,k}

ai,j,ks xs′∂s′ ,

where ai,j,ks ∈ F. From (3.2) and Proposition 2.3(vi), we have

x(εi)xt′xj′xk′
∑

s∈Y0\{i,j,k,t}

ai,j,ks xs′∂s′ − x(εi)xi′xj′xk′a
i,j,k
t xt′∂i′ = 0.

It follows that ai,j,ks = 0 for all s ∈ Y0 \ {i, j, k}.
Thus we obtain φ(M)=0.

Lemma 3.3. Suppose φ(G0) = 0. Let b=
∑s

r=1 crp
r with cs 6≡ 0 (mod p),

0 ≤ cr < p. For distinct i, k ∈ Y0 and a < b, if φ(x(aεi)xk′) = 0, then
φ(x(bεi)xk′) = 0.

Proof. Note that
(
b
ps

)
6≡ 0 (mod p) and

(
b

ps−1

)
≡ 0 (mod p). A direct

computation shows that, for j ∈ Y0 \ {i, k},

[x(εk)xi′ , x
(psεi)xk′ ] = x(psεi)xi′ − x((ps−1)εi+εk)xk′ .

Obviously, φ(x(psεi)xi′−x((ps−1)εi+εk)xk′) = 0 since ps < b and x(εk)xi′ ∈ G0.
Notice that

[x((b−ps+1)εi)xk′ , x
(psεi)xi′ − x((ps−1)εi+εk)xk′ ] =

(
b

ps

)
x(bεi)xk′ .

Thus φ(x(bεi)xk′) = 0 for b− ps + 1 < b.

Proposition 3.4. Suppose φ(G0) = 0. There exists aiki ∈ F such that(
φ− 1− (−1)m

2

∑
i∈Y0

ti−1∑
ki=1

aikiΦ
(ki)
i

)
(L) = 0.

Proof. From [BLY, Remark 2.6], we know that

{x(cεi)xj′ | i, j ∈ Y0, i 6= j, 0 ≤ c ≤ pti−1}

is contained in the algebra generated by L ∪ N, and from Lemma 3.3, we
only consider the elements in L of the form x(pqεi)xk′ for distinct i, k ∈ Y0,
1 ≤ q ≤ ti − 1. Suppose φ ∈ Der(t,θ)(G,W). By Lemma 2.1(i), Proposition
2.3(ii) and (2.2), we only have to consider the following two cases:

Case 1: b = 2−t = pq. We can assume φ(x(bεi)xk′) =
∑

t∈Y0
cikt xk′xt′∂t′ ,

cikt ∈ F. For j ∈ Y0 \ {i, k}, applying φ to

[xi′xj′xk′ , x
(bεi)xk′ ] = 0,

by Proposition 3.2 we have ciki = cikj = 0, that is, φ(x(bεi)xk′) = 0.
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Case 2: b = m− t = pq. We can assume that m is odd and φ(xbεixk′) =
aikxω∂k, a

ik ∈ F. For j ∈ Y0 \ {i, k}, applying φ to

[x(εk)xj′ , x
(bεi)xk′ ] = x(bεi)xj′ ,

we have aik = aij for all j ∈ Y0 \ {i, k}.
Set aiq = aik, k ∈ Y0 \ {i}, and ϕ = φ +

∑
i∈Y0

aiqΦ
(q)
i . Obviously,

ϕ(x(bεi)xk′) = 0. Thus, our assertion holds.

Theorem 3.5. We have

Der(G,W) =

{
adW, m is even,

adW ⊕ spanF{Φ
(ki)
i | i ∈ Y0, 1 ≤ ki < ti}, m is odd.

Proof. This is a direct consequence of Lemma 2.1 and Propositions 3.1,
3.2 and 3.4.

Theorem 3.6.

(i) H0(G;W) is 0-dimensional if m is odd, and 1-dimensional spanned
by
∑

i∈Y0
(−1)i+1xω−〈i

′〉∂i if m is even.

(ii) H1(G;W) is 0-dimensional if m is even, and (t1 + · · · + tm −m)-
dimensional if m is odd.

Proof. Obviously, H0(G;W) ⊂ W(θ) ∩ annW(G−1) = G(θ). For D ∈
H0(G;W), by Proposition 2.3(v), we can assume that

D =
∑
i∈Y0

1 + (−1)m

2
bix

ω−〈i′〉∂i, bi ∈ F.

For distinct k, l ∈ Y0, we have (−1)kbk = (−1)lbl for i, j ∈ Y0, since
[xkxl′ , D] = 0. Clearly, g ·D = 0, where g ∈ L ∪M ∪N. Thus∑

i∈Y0

(−1)i+1xω−〈i
′〉∂i ∈ H0(G;W),

when m is even. The second conclusion follows directly from Theorem 3.5.
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