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SPECIAL ODD HAMILTONIAN MODULAR LIE ALGEBRAS

WEI BAI and WENDE LIU (Harbin)

Abstract. Derivations from a finite-dimensional special odd Hamiltonian Lie algebra
® into the odd part W of a generalized Witt superalgebra are described completely by
means of a weight space decomposition with respect to a suitable torus. As an applica-
tion, the low-dimensional cohomology spaces H®(®; W), H'(®;W) and the dimensional
formulas for them are determined.

1. Introduction and basic notation. Eight families of finite-dimen-
sional Z-graded Lie superalgebras of Cartan type over fields of positive
characteristic have been constructed, and the superderivations for those Lie
superalgebras were determined (for example, see [BL]). Derivations from
the even part into the odd part have been studied for Lie superalgebras of
generalized Witt superalgebras and special superalgebras [LG|. For contact
Lie superalgebras, nonnegative even Z-homogeneous derivations from the
even part into the odd part have been determined in [GL]. For odd Hamil-
tonian superalgebras, negative Z-homogeneous derivations from the even
part into the odd part of generalized Witt superalgebras have been studied
in [HL].

The present paper aims to determine the derivation space from a spe-
cial odd Hamiltonian Lie algebra & into the odd part W of a generalized
Witt superalgebra viewed as a &-module by means of the adjoint repre-
sentation (Theorems and . Motivated by the work on Lie algebras
[El, Theorem 1.1], we do not compute directly the derivations from & to W
as in [LGI, [GL] and [HL], but adopt a general reduction method: by means
of the weight space decomposition with respect to a suitable torus, we can
focus on Z-homogeneous derivations with zero weight. Because a derivation
is determined by its action on a generating set, some special weight vec-
tors in W with the same weights for suitable generators of & are given in
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Throughout, F is an algebraically closed field of characteristic p > 3,
Zy = {0,1} is the field of two elements, Z and N are the sets of integers
and nonnegative integers, respectively. Fix an integer m > 3 and let N™ be
the additive monoid of m-tuples of nonnegative integers. For a Zo-graded
vector space V = Vi @ Vi, denote by |z| = 6 the parity of a homogeneous
element © € Vy, 8 € Zy. For a detailed description of superalgebras, the
reader is referred to [Kl [ZCZ]. All vector spaces considered are assumed to
be finite-dimensional.

Let us recall the notion of special odd Hamiltonian superalgebras. Fix
two m-tuples of positive integers t = (t1,...,tn) and © = (71,...,7Tm),
where m; = p' — 1. Let O(m;t) be the finite-dimensional divided power
algebra over F with basis {z(®) | a € N™, a < 7}. For &; = (i1, . .., 0im), We
abbreviate 9 to z;, i = 1,...,m. Let A(m) be the exterior superalgebra
over F with m variables @y, 11, ..., Z2m. The tensor product O(m,m;t) =
O(m;t) ®r A(m) is an associative super-commutative superalgebra in the
usual way. For g € O(m,t) and f € A(m), write gf for g ® f. Let u =
(i1,...,1k) be a strictly increasing sequence of k integers between m + 1
and 2m. Write 2" = x;, - - - x;,. Set iy, = 1 if i € w, and 0 if ¢ ¢ u. Write
w={m+1,...,2m).

Let 9, be the special superderivation of O(m,m;t) such that 9,(z(®)) =
z(@=er) for r € T,m and 9, () = 0, for r, s € 1,2m. The generalized Witt
superalgebra W (m,m;t) is spanned by all f,.0,, where f, € O(m, m;t). When
confusion is not likely to occur, we shall drop (m, m;t) from the notation. De-
fine a linear operator Ty : O — W such that Ti(a)=>7" (~1)%!1%19;(a)d;
for a € O, where ’ is the involution of the index set {1,...,2m} sending i to
i+ m if i < m and to i — m otherwise. Then Ty is odd and Z-homogeneous
of degree —2. Note that

[Tr(a), Tu(b)] = Tu(Tu(a)(b)) for all a,b e O.

Recall the odd Laplacian operator A =Y A;, A; = 0;0y, i =1,...,m.
Note that the kernel of Ty is F - 1. Writing O for the quotient superspace
O/F -1 and viewing Ty and A as linear operators on O in the natural way,
one sees that the kernel of A,

SHO ={a € O | Aa) = 0},
is a finite-dimensional Lie superalgebra with bracket
la,b] = Ty (a)(b) for a,b e SHO.

Its second derived superalgebra, denoted by SHO [if necessary, SHO(m, m;t)],

is simple [LH], called a special odd Hamiltonian superalgebra, as in [K].
Hereafter, we call the even part of a special odd Hamiltonian super-

algebra a special odd Hamiltonian Lie algebra, denoted by &, and write W
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for the odd part of W. The adjoint action of & on W is
f-D=[Tu(f),D] for fe®&, DeW.

Some detailed information on &, such as its Z-grading structure and linear
generators, can be found in [LH].

2. Reduction. Let L be a Lie algebra and V an L-module. Denote
by Der(L, V') the derivation space, and by Inder(L, V') the inner derivation
space consisting of the derivations determined by any fixed v € V, x — x - v
for all x € L. In the usual way, Der(L, V') and Inder(L, V') are L-submodules
of Homp(L, V), and

HY(L;V) = Der(L, V) /Inder(L, V)

is the first cohomology space of L with coefficients in V.

Assume in addition that L = €, . L, is Z-graded and V = @, ., V;- is a
Z-graded L-module. Then the derivation space inherits a Z-graded module
structure

Der(L,V) = @) Der, (L, V).
reZ
Let T' C Lg be a torus of L with weight space decompositions

L=Dlw V=DV
ac® BEN
Then Der(L, V') inherits a Z x T*-grading structure from those of L and V.

It is difficult to compute directly the derivations from & to W, since the
structure of & is complicated. In this section, we shall give a method to
simplify our task considerably by using the weight space decomposition of
® and W with respect to a suitable torus. For convenience, write Yo = 1, m,
Yi=m+1,2mand Y =1,2m.

Let G = spang{z“0, | r € Y, 2" € A(m), [2"0,| = 1}. One can easily
verify that annyy(®_1), the annihilator of &_; in W, is G. Note that G is a
Z-graded subalgebra of W.

Let t = spanp{T; = zjzy —x121 | i € Yo \ {1}}. Obviously, t is a torus
in & with dimension m — 1. Set Tj; = x;x; — xx, 1,5 € Yo, 1 # j. For any
m > «a € Z™ and any strictly increasing sequence u = (i1, ..., i) of integers
between m + 1 and 2m, we define a linear form on t by

(2.1) (a+u)(TZ) = Oj/cu _5j’6u —Oéi-i-aj.
Obviously, X has a weight space decomposition with respect to t,

X = @ X(a-‘,—u)a
(otu)

where X = & or G.
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We will substantially use the following lemma to determine the deriva-
tions.

LEMMA 2.1. Assume that ¢ € Der(&,W).

(i) If ¢ vanishes on B_y then ¢ vanishes on [D,&_1] if and only if
®(D) € G for each D € &.
(ii) ¢ wvanishes on &_1 modulo a suitable inner derivation.
(iii) ¢ is inner modulo a suitable derivation with zero weight.

Proof. See [LGl Lemma 2.1], [LG, Lemma 2.3] and [F, Theorem 1.1],
respectively. m

Hereafter, we write 6 for the zero weight.

REMARK 2.2. (i) By Lemma it is sufficient to consider the homoge-
neous derivations in Der gy (&, W), where (t,0) € Z x t*.

(ii) A derivation from & to W is determined by its action on the gen-
erators of &. In this paper, we choose the generating set £ U M U N of &
mentioned in [BLY], Proposition 2.5], where

&= {2z | i,k e Yo, i#k b=0 (mod p)};
M = {xi/a:j/a:k/ ‘ i,j, ke Yo are diStil’lCt};
N = {2 | i,k e Yo, i £k 0<a<2}.

From (2.1), we know that the generators are all weight vectors and are
Z-homogeneous:

(22) l‘(aEi)xk/ € Qj(a—l,asi—l-(k’))’ 0<ax< pti,
(2.3) TyTjr g € 6(17(1‘/7]'/7]6/)).

In view of Lemma we are more interested in the weight vectors of
the same weights with the generators of &, in G than in W.

PROPOSITION 2.3. For distinct i,j,k € Yo, b =0 (mod p), we have

(1) (2ei+ = 0;
(ii) G (bei+ = g ZteY Fapr 2y Oy EBF ( Ok waak;
(iii) g(g ey = ( 1) w={) . -
(iv) Guarjrwy) = 5m4F8,y @ ZtGYo\{Z,j K} FryxjxpwyOp, when m = 4,

tGYg(mdt#ZJ, ; 4
(v) G = ZiEYo F1+(2 J7 gt )0;;
(Vl) g(€i+<t/’j/’k/>) = O, t e YO and t # i,j, k
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Proof. The “ D ” inclusions are clear. To show the converses, note that
for s Z1,t € Yy,

(2.4) [Ts1, 2" 0] = (6cu — Oveu + Ots — 0u)z" O,
(2.5) [Ts1,2"0p] = (6sreu — Oreu — Ots + 61) " Oy
(i) If there exists 2“0; € G(oz,4(k')), from and , choosing | = k,
s =1, we have
—3 = 0seu — Oreu + 0ts — Ou,

which is impossible. Similarly, no "0y is in G(ac, 4 (1y)- Thus, G(ae, 1 4ry) = 0.

(ii) If there exists 2“0 € Gpe,4(ky), from (2.1) and (2.4), when ¢ = k,
choosing s = k, | # k, we have

0 =dreu — reu
which implies that z“0; = 2“0 if m is odd. When ¢ = ¢, choosing s = k,
[ =1, we have

2= (5k’6u - 6l’€u7
which is impossible. When t # 4, k, choosing s = k, | = t, we have

2 = Gyen — Opeu,

which is impossible.

If there exists 2“0y € Goe, 1 (ky), from (2.1)) and (2.5) we have t # 4, k.
Choosing s =i, =k and s =t, [ = k, we have
i'"¢u, kKeu tecu
Choosing s # i, k,t, | = k, we have
1= 55’611 - 6k’€uu
which implies that s’ € u. Thus %0y = xpzp0y. Then
Gy = 3 Frpapdy o P 1"
(&) — L Ty Oy 9
teYy

(iii) If there exists "0y € G,y (k1y), from (2.1)) and (2.4)), choosing | = k,

s =1, we have

x”@k.

2= 5i’€u - 5k’€u + (5ti - 5tk7
which implies that ¢t = k, k' € u, i’ ¢ u. Choosing s =i, | # k we have
1 =dpey

Thus 248, = 2~ 9, if m is even.
If there exists 2“0y € Gc, 4@y, from (2.1) and (2.5)), choosing I = k,

s =1, we have
2= 6i’€u - 6k’€u - 57&1’ + 5tka
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which implies that ¢t = i, ¥’ € u, i’ ¢ u. Choosing s =i, | # k we have

0= 6l’€u-
Thus %0y = 1}, 0y, which is even, contradicting |20y | = 1. Hence Gles+ (k')
= Fwww—@’)ak_

(iv) If there exists %0y € G 7 i), from (2.1) and (2.4)), choosing I = j,
s=1tand [l =k, s =1, we have
0= 5s’€u - 5l’€u + 6755 - 5tlv

which implies that j/, k" € u, i’ ¢ v when ¢t = i. In this case, choosing s = 1,
l #i,7,k we have

0 — 5l/€u.
Thus, we have j' k' € u, I' ¢ u for all | € Yy \ {J,k}. Similarly, we have

i' k' €u, ' ¢ uforalll € Yo\ {i,k} whent = j;and 7,5 € u, ' ¢ u for all
1 €Yo\ {j,i} when t = k. When t # i, j, k, choosing s = i, [ =t we have

2 =dicu — dveus
which is impossible. Thus 2"0; = @y x 10, Tk 0; or T}y xy0;, which is even,
contrary to |z“0y| = 1.

If there exists "0y € G jo x7y), from (2.1)) and (2.5)), when ¢ = 4, choos-
ing [ # j, k and s = i we have

2 =direu — Oreu;

which is impossible. Similarly, we have t # j, k. Now suppose that t # i, j, k.
Choosing s, properly, we have the following conclusions:

(1) 4,5,k & u. Choosing s = i, | = t, we have t & u. Thus "0y = Oy
when m = 4. When m > 4, choosing | # i,j,k,t, s = i, we have
1 = 0yrcy — Oyeu, contradicting i’ & u.

(2) 4,4,k € u. Choosing s = t, | = t, we have t € u. Choosing s # 1, j, k, t,
| = i, we have s’ € u, Therefore 2“0y = xyxjrpzydy, i,j,k # 1
€Y.

Thus, Q(@,J,’k/)) = 0,uFOy & ZteYo\{i,j,k} ]F$i/1,‘j/l’k/l‘t/6t/ when m = 4,
teYy andt;éi,j}k.

(v) If there exists 2“0, € Gg), from (2.1)) and (2.4) we have

1, t=1,
5s’€u_5l’€u = _5ts+5tl = -1, t=s,
0, otherwise,

which means that if ¢t = [ then s’ € u for all | # s € Y. Thus 2%9; =
2=, i € Yo, when m is even.
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If there exists 20y € Gg), from (2.1)) and (2.4) we have

1, t=s,
55’6u_6l’6u:6ts_6tl: _17 t:l,
0, otherwise,

which means that if ¢ = [ then I’ € u, but s € u for all | # s € Y.
Thus 2%0; = xpdy, I € Yo, which is even, contrary to |x“dy| = 1. Thus,
(o) = 2iev, F +(2 e
(vi) If there exists "0y € Gz, 4 (v j k7)), from (2.1) and (2.4), when h = i,
choosing s =i, [ = j, we have
—2=Vyecuy — direu+1,

which is impossible. Similarly, for all h € Y, there is no x“0 € G, (v j 1))
If there exists x“Op € Gioiq jv 47)), from (2.1) and (2.5), when h = i,

choosing s = t, [ = i, we have

1 =dpeu — dircu,
which implies that i & u, ' € u. Similarly, we have j', k' € u. Choosing
s # 4,7,k t, | = j, we have s’ ¢ u. Then 2“0y = zpxpx;jdy, which is
even, contradicting |x"d)| = 1. Choosing s, [ properly, we find that, for all
h e YQ, no x“@h/ is in Q(€i+<t/7j/7k/>). ThUS, g(€i+<t/7j/’k/>) =0. =

3. Derivation and low-dimensional cohomology spaces. In this
section we will determine the derivation space Der(®, W), and describe
the low-dimensional cohomology spaces of special odd Hamiltonian algebras
with coefficients in odd parts of generalized Witt superalgebras:

H(&;W) = annyy(8) = {D €W |g-D =0 for all g € &},
HY(; W) = Der(®, W) /Inder(&, W).

First, we introduce a family of “strange” derivations from & to W, the
so-called ezceptional derivations. For ¢ € N and ¢ € Y define a linear
Ve W satisfying

o0 (f) = a*(oF

mapping @Eq

q

(),

where ¥ € O, f € &. Obviously, |Q52(-q) depends on the parity of m. From

|
[BLYL Proposition 3.1], we know that @Eq) is a derivation from & to W with
Z-degree m — p? and zero weight. Moreover, when m is odd, we obtain

& € Dery_pa 0 (B, W),

and by a direct computation we have @Eq)((ﬁ,l) =0.
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From Lemma [2.1fii), for any ¢ € Der(®, W), there exists D € W such
that
(¢ —ad D)(&_1) = 0.

From Lemma [2.1f(iii), there exists E € W such that
¢—adFE € Der(g)(ﬁ, W)

Moreover, (¢ —ad E)(&_1) = 0 if ¢(&_1) = 0. Thus, hereafter, we only
consider the Z-homogeneous derivations ¢ € Der(g)(ﬁ,W) which vanish
on &_q.

Now we discuss the action of ¢ on &y.

PROPOSITION 3.1. ¢ vanishes on &g modulo a suitable inner derivation.
Proof. Note that &g is spanned by tU {x;xp | i,k € Yo,i # k}
and t C G(yg), ziTw € B, 4))- By Lemma (1) and Proposition
[2.3)(iii)&(v), one may assume that m is even,
$(T) = 3 ca® Mo, and  (w,ar) = dVag,
reYg

where cf;,d(Sl) e, s,l € Yy, s#1. For distinct 1,4,j € Yo, applying ¢ to

12y, xixy] =T;, [T, zjey] = xjey,  [T;,viey] = =220
yields ¢(T;) = 0. For k € Yo \ {s,!}, applying ¢ to
[wsxy, Trry] = TRy,  [Toap, miTy] = Ti6
yields
(3.1) dkD — qks) — (_qystRg(sh - (_p)lrsgls) 4 glsh) — g,

Clearly, the system of m — 1 equations
A= (D) =d1)) =2 m,

has a solution, still denoted by A;, i = 2,...,m. By , we conclude that
s — (_1)s+l)\l — ().

Set D = — ZTGYO A28, and ¢ = ¢ —ad D. A direct computation
shows ¢ (zszy) = 0. Clearly, we also have ¢(T;) = 0 for all i € Yo \ {1}.
Hence ¢(®p) =0. »

PROPOSITION 3.2. Suppose ¢p(&g) = 0. Then ¢(I) = ¢(M) = 0.

Proof. For (2.2) and ¢(&_;) = ¢(6¢) = 0, by Lemma [2.1](i) and Propo-
sition [2.3|(i), we have ¢(91) = 0. Notice that, for distinct 4,7, k,t € Yo,

(32) [:L'(25i)a;t/, .CCi/{L’j/JZ‘k/] = :I:(Ei)xt/xj/xk/.
From Proposition (iv), we consider the following cases:

CASE 1: m = 4 and the Z-degree of ¢ is —2. Suppose that ¢(zyzjxy) =
a0y, ay € F. From (3.2]) and Proposition (vi), we have a; = 0.
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CASE 2: The Z-degree of ¢ is 2. Suppose that
i
¢($i/xj/xk/) = $Z-/;Uj/[,[jk./ Z a;’J’ xslasl,
SEYo\{i,j,k}
where ai’* € F. From (3.2) and Proposition (Vi), we have
x(gi)xt/xj/:nk/ Z ai’j’ka:s/@s/ - :U(ei):vi/xj/xk/ai’j’kwt/@-/ =0.
s€Yo\{i.j,kt}

It follows that a%* = 0 for all s € Yo \ {i, ], k}.
Thus we obtain ¢(9)=0. m

LEMMA 3.3. Suppose ¢(&g) =0. Letb=>7_, ¢;p" with cs # 0 (mod p),
0 S cf,~ < p. For distinct i,k € Yo and a < b, if ¢(z\*)x) = 0, then
¢(z")zp) = 0.

Proof. Note that ( .) # 0 (mod p) and ( 1) = 0 (mod p). A direct
computation shows that for j € Yo\ {7, k},

[x(ik)m, x(PSEi)xk,] = g Pei) g, — (PP —Deiter)p

Obviously, ¢(z P*ei) g — 1 ((PS*1)€i+€k)3:kr) = 0 since p* < b and 2Rz, € &,.
Notice that

[$((b_ps+l)5i)xk/,$(p85i)$i/ — $((p5_1)€i+€k)$k/] = (;S) x(bai):ck/.

Thus ¢(z*)x) =0for b—p°+1<b. u
PROPOSITION 3.4. Suppose ¢(&g) = 0. There exists a};i € F such that

ti—1
(o- =5 2 S del )@ -0
€Yo k=1
Proof. From [BLY, Remark 2.6], we know that
{2)aj | i,5 € Yo,i#j,0<c<pli~'}

is contained in the algebra generated by £ U 91, and from Lemma we
only consider the elements in € of the form ('€, for distinct 7, k € Yo,
1 < g <t;— 1. Suppose ¢ € Der( (&, W). By Lemma . , Proposition
2.3|(ii) and (2.2, we only have to consider the following two cases:

CASE 1: b =2—t = p?. We can assume gb( (bes) xk/) = ZteYo ctkmk/xt@t/,
ik ¢ F. For j € Yo\ {i,k}, applying ¢ to

bei)

[xi/xj/:nk/ 2 zp] =0,

by Proposition E we have cif = ¢F = 0, that is, ¢(x(**)xp) = 0.
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~ CASE 2: b=m—t = p?. We can assume that m is odd and d(xb¥ixy) =
a*2% 0y, a’* € F. For j € Yo \ {4, k}, applying ¢ to
[x(Ek)xj,jx(bEi)xk,] — p(bed)
we have a’* = a¥ for all j € Yo \ {4, k}.
Set a’fl =a* k€ Yo\ {i}, and ¢ = ¢ + > ieYo aé@z(q). Obviously,
@(x(%)x;,) = 0. Thus, our assertion holds. u

1‘j/,

THEOREM 3.5. We have
Der(®. W ad W, m is even,
er(®, W) = adW@spanF{éz(.ki) |i€ Yo, 1<ki<t}, misodd.
Proof. This is a direct consequence of Lemma [2.1] and Propositions [3.1]
B2andB.4 =
THEOREM 3.6.
(i) HY(®; W) is 0-dimensional if m is odd, and 1-dimensional spanned
by Zieyo(—l)”lx“*(i/)& if m is even.
(i) HY(®;W) is 0-dimensional if m is even, and (t1 + -+ + t, — m)-
dimensional if m is odd.
Proof. Obviously, H°(&; W) C Wiy Nannpy(G_1) = Gg). For D €
H°(&; W), by Proposition (v), we can assume that

1 —1)™ y
D = Z +(2)bil’w_<l >(9@, b; € F.
€Yo
For distinct k,I € Yo, we have (—1)*by = (—1)'b; for i,j € Y, since
[z, D] = 0. Clearly, g - D = 0, where g € £U 9 UN. Thus

> (=1t @o; e HO(B; W),
i€Yg
when m is even. The second conclusion follows directly from Theorem .
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