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UNIQUENESS OF RENORMALIZED SOLUTION TO
NONLINEAR NEUMANN PROBLEMS WITH VARIABLE
EXPONENT

Abstract. We study the uniqueness of renormalized solutions to nonlin-
ear Neumann problems with variable exponents

]u\p(‘”)*zu —Apy(u) = f in £,
]Vu|p(”")_2(;:; +7y(u) =g on 012,

where 2 is a connected open bounded set in RY, p(-) is a continuous function
defined on (2 with p(z) > 1 for all z € {2, v is a nondecreasing continuous
function on R such that (0) = 0 and f,g € L'.

1. Introduction. In the present paper, we prove a uniqueness result
for renormalized solutions to the nonlinear Neumann problem with variable
exponent

‘u|p(x)—2u - Ap(x) (u)=f in £,
(1.1)

0
|Vu|p(’”)_28—z +7y(u) =g on 9L,

where p(-) is a continuous function defined on 2 with p(z) > 1 for all z € 2,
(2 is a connected open bounded set in RY, N > 3, with a connected Lipschitz
boundary 9f2, n is the unit outward normal on 0f2, and + is a nondecreasing
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continuous function on R such that v(0) = 0. We will have in mind especially
the case when the right-hand sides lie in L.
The operator
Apzyu = div(|Vu/P®~2vu)

is called the p(z)-Laplacian, which becomes the p-Laplacian when p(z) = p
(a constant).

In recent years, there is a lot of interest in various mathematical problems
with variable exponent (see for example [7, [8 18], 2], 31, B0] and references
therein). Such problems are also interesting in applications. They appear
in models of electrorheological fluids, of stationary thermo-rheological vis-
cous flows of non-Newtonian fluids and in the mathematical description
of filtration of an ideal barotropic gas through a porous medium. We re-
fer the reader for example to [I3] 21], 28] and references therein for more
details.

We recall that the notion of renormalized solution was introduced by
DiPerna and Lions [16] in their study of the Boltzmann equation; this notion
was then adapted by many authors to study some nonlinear elliptic problems
in the case where p(-) = p (a constant) with Dirichlet or Neumann boundary
conditions and for the corresponding parabolic equations with L' data, (see
for example [I], B 10} 11, 17, 25, 26, 27, 29]). We also recall that this type
of solutions is equivalent to another concept of solutions, called entropy
solutions, introduced independently by Bénilan et al. [9].

This paper is organized as follows. In Section 2, we fix the notation and
give some preliminaries. In Section 3, following [7, 26, [30], we introduce the
concept of renormalized solution for and state the uniqueness result for
this type of solution. We recall that in the case where the exponent variable
p(-) is a bounded continuous function on 2, the existence of a renormalized
solution to this type of problem was studied by E. Azroul et al. [7].

The case where p(-) is unbounded has recently been considered by sev-
eral authors (see for example [14], 20 22 24] and references therein). The
Neumann nonhomogeneous boundary problem

Ap(a) (u) =0 in £2,
1.2
(1.2) |Vu]p(x)*2@ =h on df2,
on

where p(z) = oo in a subdomain of £2, h € C(£2) and {,, h = 0, was analyzed
by Y. Karagiorgos and N. Yannakakis [22]. Problem with Dirichlet
boundary condition and p(x) = oo in a subdomain of 2 was analyzed by
J. J. Manfredi, J. D. Rossi and J. M. Urbano [24].

In general, the properties of Lebesgue and Sobolev spaces with un-
bounded variable exponent are more complex than in the case of bounded ex-
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ponent (see for example [15] for definitions and basic properties of Lebesgue
and Sobolev spaces with unbounded variable exponent).

2. Preliminaries and notation. In this section, we give some nota-
tion, definitions and results that we use in this work.

Let £2 be a measurable connected open bounded set in RY, N > 3; let
meas({2) denote its measure. We write

C™*(£2) = {continuous functions p(-) : 2 — R such that 1 <p_ <p, <oo},

where

p— =minp(z) and py =maxp(z).
TES? xEeS?

For p(-) € CT(02), we define the Lebesgue space with variable exponent
LP0)(02) by

PO(02) = {u : 2 — R measurable : S lu(z)|P®) dz < oo},
Q
endowed with the Luxemburg norm

. u(z) p(z)
Fullogy = el ooy = mf{A >0, (|12 < 1}.
N
The space (LP)(£2), || - llp(.y) is a reflexive, uniformly convex Banach space,

and its dual space is isomorphic to L?()(£2) where 1/p(-) + 1/p/(-) = 1
(see [19]).

PROPOSITION 2.1 (Hélder type inequality [19]). Let p(-),p'(-) € CT(£2)
with 1/p(-) + 1/p/(-) = 1. Then for any u € LPV)(2) and v € LV ) (2) we
have

1 1
w-vdr| < [ — 4+ = ) lull, ol .
el < (G4 5 )bt

We also consider the function p,.) : LPO) () — R defined by

Py () = Praco ey () = | Ju(@) P de.
(0]

The connection between pp,.y and | - ||, is established by the next result.
PROPOSITION 2.2 (Fan and Zhao [19]).
(a) Let u € LPU) (). We have
(1) llullpy < 1 (respectively >,= 1) < ppy(u) < 1 (respectively
>, =1).
(ii) flullpy = @ & ppy(u) = a (when a # 0).
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(i) IF llullyiy < 1 then %) < pyy () < [lul?).
(1) IF [fullyey > 1 then [[ull%;) < pypo () < [lull).
(b) For a sequence (uy)neny C LPO(2) and u € LPO)(02), the following
statements are equivalent:
(1) limy, oo up = u in LPO(0).
(i) limy—o0 pp()(un —u) = 0.
(iii) wup — uw in measure in (2.
The variable exponent Sobolev space W'P()(£2) consists of all u €
LP0)(£2) such that the absolute value of the gradient is in LP()(£2). Let
[l pey = llullpey + 1V ullpe).

Then (WHP0)(02),]| - ll1,p()) is a separable and reflexive Banach space. For a
given constant k > 0, we define T}, : R — R as

Ti(s) {s if |s| <k,
s) =
F ksign(s) if |s| >k,

where
1 if s >0,
sign(s) :=< 0 if s=0,
-1 ifs<0.

And for a function u = u(z) defined on (2, we define the truncated function
Tiu by setting (Txu)(x) = Ti(u(z)) for every z € 2.
We also define the space

TP (02) = {u : 2 — R measurable: Tj,(u) € W) (02) for all k > 0}.

By [9], we have the following result:

PROPOSITION 2.3. For every u € T4P0)(0), there exists a unique mea-
surable function v : 2 — RN such that

VTi(u) = X{u<ky Vv for all k>0,

where X B is the characteristic function of the measurable set B C RY. The
function v is denoted by Vu.

Moreover, if u € WHPO)(02), then v € (LPOHN and v = Vu in the
usual sense.

For u € WHP0)(£2), we denote by Tu or u the trace of u on df2 in the
usual sense.

On the other hand, as in [4], ﬁi’p (')(.Q) denotes the set of functions
u € Tl’p(')(ﬂ) which satisfy the following condition: There exists a sequence
(tn)nen in WHPO)(£2) and a measurable function v on 942 such that
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(a) up — u a.e. in £2,
(b) VTi(un) — VTg(u) in (L*($2))N for every k > 0,
(¢) up, — v a.e. on Of2.

The function v is the trace of u in the generalized sense. For u € ’7?10 (')(Q),
the trace of u on 92 is denoted by tr(u) or u. The operator tr(-) has the
following properties [4]:

(i) If u € T2PO(0), then 7T (u) = Tj(tr(w)) for all k > 0,
(i) if ¢ € WIPO(0Q) N L>®(R), then for all u € T (£2), we have
u—¢ € 7;1’17(')((2) and tr(u — ¢) = tr(u) — 7.

In the case where u € W'P() (), tr(u) coincides with 7u.
Obviously, we have

wirO(2) c TP (2) c 7O ().

T

3. Assumptions and statement of the uniqueness result. In this
section, we give the concept of renormalized solution for problem and
state the uniqueness result for this type of solution. We assume the following
hypotheses.

(Hy) f € LY2) and g € L'(002) are positive functions.
(Hg) -y is a nondecreasing continuous function on R such that v(0) = 0.

Now, we extend the notion of entropy solution to problem ([1.1)):

DEFINITION 3.1. A measurable function « : 2 — R is a renormalized
solution of the elliptic problem (|1.1) if

(3.1) ue TP (0),
N ()
(3.2) lim — S |VulP'* do = 0,
m—o0 M,
{m<Jul<2m}
and

3.3) | [ul2uS(w)p dr + | |VulP ™) 2Vuv (S (u)p) da
2 2

+ | 1(w)S(u)pdo
o0

= | fS(ypdz+ | gS(u)pdo
2 o

for every ¢ € WHPO) (2)NL>(£2) and every S € Wh>°(£2) such that supp(S)
is compact in R.
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THEOREM 3.2. Let hypotheses (Hi)-(Hz) hold. If w is a renormalized
solution of the nonlinear elliptic problem (1.1)), then

(3.4) [ullp(y-1 < o0,
1
(3.5) - S |VulP@® de < e(f;g) for all m >0,
{lul<m}
(3.6) lim | \VulP® dz =0 for allk >0,

{m<|u|<m+k}

where c(f; g) is a positive constant depending only on the data f and g.

Proof. To prove (3.4)) and (3.5)), let m > 0 and define

1, [t| < m,
S (t) = { 2—1t|/m, m <|t] <2m,
0, [t| > 2m.
Let k,m > 0. Taking ¢ = Ti(u) and S = S,, in (3.3), we obtain

B7) | P PuS,, ()T (u) do + | [VulP ™ "2V uV (S (u) Ty (1)) da
2 Q
+ S () S (u) T (w) do
a1
= | fSm(w)Ti(u) dz + | gSm(w)Ti(u) do.
2 on
This implies that

3.8) | [ufO 2 uS, (W Th(w)dz + | [VulP® S, (u) da

2 {lul<k}
+ | (W) S (u) T (u) do
o
k p(z)
< | [VulP™ dz + k(| f[l1 + |9l 1 62))
{m<|u|<2m}
i.e.
3.9 | [ufP)2us,, (u) Te() 4, + % Vo Va8, (u) da
Q {Jul<k}
1 p(z)
= S |VulP dz + || fll1 + 9]l L1 a02)-

{m<|u|<2m}



Neumann problems with variable exponent 7

Hence

2)— T (uw 1 .
§ s W g < L 0up® g+ glgn)
2 {m<lul<2m}

After taking the limit as m — oo, k — 0, by Fatou’s lemma, Definition
and the fact that

. B o Te(t)
(3.10) ngnoo Sm(t) =1, ]113% . = sign(t), forallteR,

we deduce that

VlufP@ dz < || £l + 9l o2)-
9]

Then by Proposition 2.2] we get
[l p(y—1 < oo

On the other hand, inequality (3.9)) implies that

1
(3.11) | IvulP® S, (u) da
{|ul<k} .
s - S IVulP® dz + (| £l + |9l 2 o0)-

{m<|ul<2m}
Passing the limit m — oo, we use ([3.10]), Fatou’s lemma and (3.2)) to obtain
1 xX
Z S |VulP®) dz < ¢(f;g) for all k > 0.
{lul<k}

We now prove (3.6)). Inserting ¢ = Ti(u — Tp,(u)), k > 0 and S = Sy, in
(B3) gives

(3.12) | [ufPuS,, () T (u — Tin (w) da
2
+ | [VufP@2VuV (S (u) T (u — Tin(u)))) d
%

+ S V(1) Sy () Ty (10 — Ty (1)) do

= | £Sm(W)Th(u — T (w)) dz + | gSm(u)Ti(u — T (u)) do.
9] o
On the one hand, we have
Iy =\ [P 7208, (u) T (u — T (u)) dae
2
= S [uP®) =248, (u) ) (u — msign(u)) dz,
{Jul>m}
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since

sign(u) X {|u|>m}) = sign(Tk(u — msign(u))) X {ju|>m}»
thus
(3.13) Lim > 0.

The same method yields
J () S (W)Ti(u ~ Tn(u) do 2 0.
21
On the other hand,
Lo = | [VulP 2V 0 (S (w) Tho(u — T (w)) da

n

_ 1 S |Vu|P®) sign (u) Ty (u — Tpn (w)) da

{m<lul<2m}
+ S IVulP®) S, (u) da.
{m<ul<m-+k}

Therefore, (3.12) gives

(3.14) | IVuP@ S, (u) da
{m<ul<m-+k}

gﬁ | VuPDde+k | |f|do
m

{m<[u|<2m} {lu|>m}

+k \g| do.
0RN{|u|>m}
Now we pass to the limit in (3.14)) as m — oco: we use ([3.2)), hypothesis
(Hz), and the fact that

lim meas{|u|] >m} =0
m—r0o0

to arrive at
lim | |VulP® S, (u)de =0. =
m—0o0
{m<|ul<m-+k}
THEOREM 3.3. Let hypotheses (Hy)—(Hsa) be satisfied. Then the nonlinear

elliptic problem (1.1)) has a unique renormalized solution.

Proof. 1t is known that under hypotheses (H; }-(Hz), there exists a renor-
malized solution of (see for example [7]).

Uniqueness. Let u and v be two renormalized solutions of for the
solution u. We take S = S, and ¢ = Sy, (v)Tg(Tom(u) — Tom(v)), where
m, k > 0. We get



Neumann problems with variable exponent 9

| (6P =208, (1) S (0) T (Tom () — Ton (v)) daz
n
+ | (W) Sy () Sy (0) T (Tom () = Tom(v)) do
o1
+ | [VuP@2TuV (S (1) S (0) T (Tom (1) — Ton (v))) da
2

= | [ S (W) Sm(0)Ti(Tom(u) = Tom (v)) dae

0

+ | 9Sm (1) S (0) T (Tom (1) — Tom (v)) do.

o0

For the solution v, we take S = S, and ¢ = Sy, ()T (Tom (u) — Tom(v)) to
get

| [P =20.8, (1) S (0) T (Tom (1) — Tom (v)) da

0

+ ) 7(0)Sm (1) S (0) T (Tom (w) — Tom (v)) do

%L,:

+ \ IVoP@ =290V (S (1) S (0) T (T (1) — Tom (v))) daz

QD —

S (1) Sy (V) Tk (Tom (w) — Tom (v)) dx

~

0
+ | 98m () S (V) T (Tam () — Tam(v)) do.
o0

Subtracting the two equalities, we obtain

(3.15) [ (JulP@ 2w — (0[P 20) S, () Sy (0) T (w — v) dax + I(m, k)
(0]

+ § (v(w) = 7(0))Sin (1) Sy (0) i (u = ) do = 0,
2

where
I(m, k) = | (|VufP™=2Vu — | Vo2 V0) V(S (1) S (v) Ti (u — v)) da.
2
By (Hz) we have

§ () = 7(0)) S (1) S (0) T (w = v) dor = 0.
Q
Now, we prove that I(m, k) > 0. Set

O, ={lul <m, o] <m}, 2% ={m < |u] <2m, |v] <m},
= {m <|o| <2m, |[u| <m}, 2, ={m <|u| <2m, m < |v] <2m}.
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Let
4
I(m, k) =Y Li(m, k),
=1
where
Li(m, k) = | ([VuP®=2Vu — |Vo PO 72V0) VT, (u - v) da,
ok,
1
L(m, k) = | ([VuP®2Vu - |Vop)2V0) vV < (2 - |u|> Tjs(u — v)) dx,
m
02

Is(m, k) = | ([VuP®2Vu — Vo) 2V0) v ( (2 - 1|v|> Tjo(u — v)) dx,
m
2%
Iy(m, k)
1

= S (]Vu\p(x)ZVu—|Vv|p(‘”)2Vv)V<(2—|u) <2—1]v]>Tk(u—v)> dzx.

o m m
First, the monotonicity of £ — | ]7’(””)_2§ implies that

Il (m, k) Z 0.

Secondly,

Bm k) = § g per
022 m
+ S M’V@|p($)_2V’UVUTk(U —v)dx
a2 "
pla)-2 plw)-2 1
+ S (|Vul Vu — |Vo| Vou)(2——|u| |V(u—v)dz.
23,0{lu-v|<k) "

On the one hand, by the properties of the truncated function T}, we have

< K S IVulP@®) da;

| =SB0 G - )
m
fm<lul <2m)

92

m

but
1

lim — S |VuP®) dz =0,

m—o0
{m<|u|<2m}

SO

(3.16) lim S M]Vu\p(“)ﬂc(u —v)dz =0.
m

m—r0o0

m
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On the other hand,
k

) 90290 uti(u— o) do < K [90p@ vl de,
2 M ",

ie.

317) || 2B g p 29ty (u - v)| e

92

m

1
1 (w) 1\ r@)
§k§< ) [Vofp)- () V| dz,
o2 m m

where 1/p(-) +1/p'(-) = 1.
We use the Hélder type inequality (Proposition to get

1
1\ @ 1\ r@
S<m>p |Vv|p(x)1<m>p |Vu|dx
02

L e IO

where 2" = {|v| < m} and 2% = {m < |u| < 2m}.
Now, we use Proposition [2.2] to deduce that

],
PO
]. p/(z) p(.’L’)fl PI,
S max pLPI(')(QEﬁI) % (V’U) y
_1

)
LY O (2EY Lr() (02%2)

and since

1\ 7@ .
pr'<->(Q%;1)<<m> (Vo) 1) = | (
2

by (3.13)) there exists a constant ¢; independent of m such that

(3.18) H( > (“ To)pa)-1

<a.
LrO) (2"
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By Proposition [2.2]

IG)

L) (232

and

1 1
1\ 7@ 1\ 7@ p(z)
Preey@zh\ \ Vu ) = S m [Vl dx

%2
1
= = S \Vu]p(”
o2
By using (3.2]) we deduce that
p(z)
(3.19) lim H( ) = 0.
m— 00 Lp(.)(Q?Y,LZ)
Consequently, (3 and (3.19) imply that
(3.20) lim g Slg“( S, & =29 VT (u — v) = 0.
m—0o0 m

14
2

On the other hand,

1
(2 - m|u’)X{m<|u|§2m} >0,

SO

1
(3.21) S (|DuP~2Vu — |[Vu|P~2Vv) (2 - |u|> V(u—wv)>0.
Qmﬁ{|u—v|<k} m
From and we deduce that

lim Ig(m, k) > 0 for all £ > 0.

m—r0o0

Finally, we use the same method to find that
lim I3(m,k)+ lim Iy(m,k) >0 forall k > 0.
m—r0o0 m—r0o0
We now let m — oo in (3.15)) and divide the inequality by & to conclude
that

S(\u|p(x)’2u _ ‘u|p(w)2@)w dz < 0.
)
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. Ty(s)
1 N7
1m ]{;

=sign(s), sing(u—v) = sign(|u|P® 2w — |[u[P@2y);
k—0

therefore, by Fatou’s lemma, we deduce that

V1 (julP 20— [uP@)20)] < 0.
2

This implies that © = v a.e. in (2.

(5]

(6]

(10]
[11]
[12]
(13]

(14]

(15]
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