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A logarithmically improved regularity criterion for the 3D
MHD system involving the velocity field in homogeneous

Besov spaces

Zujin Zhang (Ganzhou)

Abstract. We consider a regularity criterion for the 3D MHD equations. It is proved
that if

T�

0

‖u(τ)‖2/(1+r)

Ḃr
∞,∞

1 + ln(e+ ‖u(τ)‖Ḃr
∞,∞

)
dτ <∞

for some 0 < r < 1, then the solution is actually smooth on (0, T ).

1. Introduction. In this paper, we consider the following three-dimen-
sional (3D) magnetohydrodynamic (MHD) equations:

(1.1)



ut + (u · ∇)u− (b · ∇)b−∆u +∇π = 0,

bt + (u · ∇)b− (b · ∇)u−∆b = 0,

∇ · u = 0,

∇ · b = 0,

u(0) = u0, b(0) = b0,

where u = (u1, u2, u3) is the fluid velocity field, b = (b1, b2, b3) is the mag-
netic field, π is a scalar pressure, and (u0, b0) are the prescribed initial data
satisfying ∇ · u0 = ∇ · b0 = 0 in the sense of distributions. Physically, (1.1)
governs the dynamics of the velocity and magnetic fields in electrically con-
ducting fluids, such as plasmas, liquid metals, and salt water. Moreover,
(1.1)1 reflects the conservation of momentum, (1.1)2 is the induction equa-
tion, and (1.1)3 specifies the conservation of mass.

Besides its physical background, the MHD system (1.1) is also mathemat-
ically significant. Duvaut and Lions [6] constructed a global weak solution
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to (1.1) for initial data with finite energy. However, the issue of regularity
and uniqueness of such a given weak solution remains a challenging open
problem. Many sufficient conditions (see e.g., [3, 4, 5, 8, 7, 9, 10, 12, 15, 16,
17, 18, 19, 20, 21] and the references therein) were derived to guarantee the
regularity of the weak solution. In particular, It was shown in [4] that if

(1.2) u ∈ Lq(0, T ;Br
p,∞(R3))

with 2/q+ 3/p = 1 + r, 3/(1 + r) < p ≤ ∞, −1 < r ≤ 1 and (p, r) 6= (∞, 1),
then the solution is regular on (0, T ). Here, Br

p,∞ is the inhomogeneous Besov
spaces (see [1, Chapter 2] for example). The middle case r = 0 of (1.2) was
improved (from inhomogeneous Besov spaces to homogeneous ones) as

(1.3) u ∈ L2(0, T ; Ḃ0
∞,∞(R3))

in [14].

The aim of the present paper is to make a further contribution in this
direction.

Theorem 1.1. Let (u0, b0) ∈ H3(R3) with ∇ · u0 = ∇ · b0 = 0, and
T > 0. Assume that (u, b) is the unique strong solution pair of the MHD
system (1.1) with initial data (u0, b0) on (0, T ). If

(1.4)

T�

0

‖u(τ)‖2/(1+r)
Ḃr
∞,∞

1 + ln(e+ ‖u(τ)‖Ḃr
∞,∞

)
dτ <∞

for some 0 < r < 1, then the solution can be smoothly extended past T .

Remark 1.2. An immediate consequence of Theorem 1.1 is the following
regularity criterion:

(1.5) u ∈ L2/(1+r)(0, T ; Ḃr
∞,∞(R3)) (0 < r < 1).

This extends (1.2). In fact, we have Bs
p,q(R3) = Lp(R3) ∩ Ḃs

p,q(R3) for any
s > 0 and 1 ≤ p, q ≤ ∞ (see [2, Theorem 6.3.2]).

Remark 1.3. Our result (1.4) is a logarithmically improved version,
with the limiting cases r = 0 and r = 1 out of reach.

The main idea in proving Theorem 1.1 is the following lemma.

Lemma 1.4. For f ∈Ḃr
∞,∞(R3), g, h ∈ H1(R3) and any ε > 0, 0 < r < 1,

k ∈ {1, 2, 3}, we have

(1.6)
�

R3

∂kf · gh dx ≤ C‖f‖
2/(1+r)

Ḃr
∞,∞

‖(g, h)‖2L2 + ε‖∇(g, h)‖2L2 .
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Proof. We have
�

R3

∂kf · gh dx = −
�

R3

f · ∂k(gh) dx

= −
�

R3

Λrf · Λ−r∂k(gh) dx (Λ = (−∆)1/2)

≤ C‖Λrf‖Ḃ0
∞,∞
‖Λ−r∂k(gh)‖Ḃ0

1,1
(by [1, Proposition 2.29])

≤ C‖f‖Ḃr
∞,∞
‖gh‖Ḃ1−r

1,1
(by [1, Lemma 2.1])

≤ C‖f‖Ḃr
∞,∞

(‖g‖L2‖h‖Ḃ1−r
2,1

+ ‖g‖Ḃ1−r
2,1
‖h‖L2)

(by analogues of [1, Corollary 2.54])

≤ C‖f‖Ḃr
∞,∞

(‖g‖L2‖h‖r
Ḃ0

2,∞
‖h‖1−r

Ḃ1
2,∞

+ ‖g‖r
Ḃ0

2,∞
‖g‖1−r

Ḃ1
2,∞
‖h‖L2)

(by [1, Proposition 2.22])

≤ C‖f‖Ḃr
∞,∞

(‖g‖L2‖h‖rL2‖∇h‖1−rL2 + ‖g‖rL2‖∇g‖1−rL2 ‖h‖L2)

(by [1, Proposition 2.39])

≤ C‖f‖Ḃr
∞,∞
‖(g, h)‖1+r

L2 ‖∇(g, h)‖1−r
L2

≤ C‖f‖2/(1+r)
Ḃr
∞,∞

‖(g, h)‖2L2 + ε‖∇(g, h)‖2L2 .

2. Proof of Theorem 1.1. To prove Theorem 1.1, we only need to show
that the H3 norm of the solution is uniformly bounded on (0, T ) under the
assumption (1.4).

Taking the inner product of (1.1)1 with −∆u, and of (1.1)2 with −∆b
in L2(R3), and adding the resulting equations, we obtain

1

2

d

dt
‖∇(u, b)‖2L2 + ‖∆(u, b)‖2L2

=
�

R3

[(u · ∇)u] ·∆u dx−
�

R3

[(b · ∇)b] ·∆u dx

+
�

R3

[(u · ∇)b] ·∆b dx−
�

R3

[(b · ∇)u] ·∆b dx

= −
3∑

k=1

�

R3

[(∂ku · ∇)u] · ∂ku dx+

3∑
k=1

�

R3

[(∂kb · ∇)b] · ∂ku dx

−
3∑

k=1

�

R3

[(∂ku · ∇)b] · ∂kb dx+

3∑
k=1

�

R3

[(∂kb · ∇)u] · ∂kb dx,

where we use integration by parts, the fact that ∇ · u = ∇ · b = 0 and its
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consequence�

R3

[(b · ∇)∂kb] · ∂ku + [(b · ∇)∂ku] · ∂kb dx = 0 (k = 1, 2, 3).

By Lemma 1.4, we deduce

1

2

d

dt
‖∇(u, b)‖2L2 + ‖∆(u, b)‖2L2 ≤ C‖u‖2/(1+r)

Ḃr
∞,∞

‖∇(u, b)‖2L2 + 1
2‖∆(u, b)‖2L2 .

Consequently,

(2.1)
d

dt
‖∇(u, b)‖2L2 + ‖∆(u, b)‖2L2 ≤ C‖u‖2/(1+r)

Ḃr
∞,∞

‖∇(u, b)‖2L2

≤ C
‖u‖2/(1+r)

Ḃr
∞,∞

1 + ln(e+ ‖u‖Ḃr
∞,∞

)
[1 + ln(e+ ‖u‖Ḃr

∞,∞
)]‖∇(u, b)‖2L2

≤ C
‖u‖2/(1+r)

Ḃr
∞,∞

1 + ln(e+ ‖u‖Ḃr
∞,∞

)
[1 + ln(e+ ‖∇3(u, b)‖L2)]‖∇(u, b)‖2L2 ,

where in the last estimate we use the Sobolev embedding theorem H3(R3) ⊂
Ḃr
∞,∞(R3) and the fact that u ∈ L∞(0, T ;L2(R3)).

Due to (1.4), for any 0 < ε� 1 there exists 0 < T0 < T such that

T�

T0

‖u(τ)‖2/(1+r)
Ḃr
∞,∞

1 + ln(e+ ‖u(τ)‖Ḃr
∞,∞

)
dτ < ε.

For any T0 < t < T , we set

y(t) = sup
τ∈[T0,t)

‖∇3(u, b)‖L2 .

By the monotonicity of y(t), applying the Gronwall inequality to (2.1) yields

(2.2) ‖∇(u, b)(t)‖2L2 +

t�

T0

‖∆(u, b)(τ)‖2L2 dτ

≤ ‖∇(u, b)(T0)‖L2 ·
{
C(1 + ln(e+ y(t)))

t�

T0

‖u(τ)‖2/(1+r)
Ḃr
∞,∞

1 + ln(e+ ‖u(τ)‖Ḃr
∞,∞

)
dτ

· exp[C(1 + ln(e+ y(t)))

t�

T0

‖u(τ)‖2/(1+r)
Ḃr
∞,∞

1 + ln(e+ ‖u(τ)‖Ḃr
∞,∞

)
dτ ]

}
≤ C0 exp[2Cε(1 + ln(e+ y(t)))] (since fef ≤ e2f )

≤ C0(e+ y(t))2Cε,

where C0 is a positive constant depending on T0.
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To close the estimate, we apply ∇3 to (1.1)1,2, multiply the resulting

equations by ∇3u and ∇3b respectively, and sum them up to obtain

(2.3)
1

2

d

dt
‖∇3(u, b)‖2L2 + ‖∇4(u, b)‖2L2

= −
�

R3

∇3[(u · ∇)u] · ∇3u dx−
�

R3

∇3[(u · ∇)b] · ∇3b dx

+
�

R3

{∇3[(b · ∇)b] · ∇3u +∇3[(b · ∇)u] · ∇3b} dx

= −
�

R3

[∇3,u · ∇]u · ∇3u dx−
�

R3

[∇3,u · ∇]b · ∇3b dx

+
�

R3

{[∇3, b · ∇]b · ∇3u + [∇3, b · ∇]u · ∇3b} dx

([f, g] = fg − gf, and we use the incompressibility condition)

≡ J.

To proceed further, we recall the following commutator estimate due to
Kato–Ponce [11]:

(2.4) ‖[Λs, f ]g‖Lp ≤ C(‖∇f‖Lp1‖Λs−1g‖Lp2 + ‖Λsf‖Lp3‖g‖Lp4 )

with

(2.5) s > 0, p2, p3 ∈ (1,∞), p2, p4 ∈ [1,∞],
1

p
=

1

p1
+

1

p2
=

1

p3
+

1

p4
.

Consequently,

J ≤ ‖[∇3,u · ∇]u‖
L

4
3
‖∇3u‖L4 + ‖[∇3,u · ∇]b‖

L
4
3
‖∇3b‖L4

+ ‖[∇3, b · ∇]b‖
L

4
3
‖∇3u‖L4 + ‖[∇3, b · ∇]u‖

L
4
3
‖∇3b‖L4

≤ C‖∇(u, b)‖L2‖∇3(u, b)‖L4 · ‖∇3(u, b)‖L4 (by (2.4))

≤ C‖∇(u, b)‖L2‖∇2(u, b)‖1/4
L2 ‖∇4(u, b)‖7/4

L2

(by the Gagliardo–Nirenberg inequality ‖∇3f‖L4 ≤ C‖∇2f‖1/8
L2 ‖∇4f‖7/8

L2 )

≤ C‖∇(u, b)‖8L2‖∇2(u, b)‖2L2 +
1

2
‖∇4(u, b)‖2L2 .

Plugging this into (2.3), and absorbing the diffusion term, we get

d

dt
‖∇3(u, b)‖2L2 ≤ C‖∇(u, b)‖8L2‖∇2(u, b)‖2L2 .
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Integrating the above inequality over (T0, t), we find

‖∇3(u, b)(t)‖L2≤‖∇3(u, b)(T0)‖2L2 +C

t�

T0

‖∇(u, b)(τ)‖8L2‖∇2(u, b)(τ)‖2L2 dτ

≤ ‖∇3(u, b)(T0)‖2L2 + C sup
T0<τ<t

‖∇(u, b)(τ)‖8L2 ·
t�

T0

‖∇2(u, b)(τ)‖2L2 dτ

≤ ‖∇3(u, b)(T0)‖2L2 + C[e+ y(t)]8Cε · [e+ y(t)]2Cε (by (2.2))

≤ ‖∇3(u, b)(T0)‖2L2 + C[e+ y(t)]10Cε.

Thus,
e+ y(t) ≤ ‖∇3(u, b)(T0)‖2L2 + C[e+ y(t)]10Cε.

Choosing ε = 1/(20C), we deduce

y(t) ≤ C(‖∇3(u, b)(T0)‖L2 , T0, T ) <∞,
as desired. The proof of Theorem 1.1 is thus complete.
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