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A logarithmically improved regularity criterion for the 3D
MHD system involving the velocity field in homogeneous
Besov spaces

ZUJIN ZHANG (Ganzhou)

Abstract. We consider a regularity criterion for the 3D MHD equations. It is proved

that if S
2/(14+
T Jum

dr < 00
§ T+ In(e + [u(r)llp )

for some 0 < r < 1, then the solution is actually smooth on (0,T).

1. Introduction. In this paper, we consider the following three-dimen-
sional (3D) magnetohydrodynamic (MHD) equations:

u+ (u-Viu—(b-V)b— Au+ Vr =0,
b+ (w-V)b— (b V)u— Ab =0,

(1.1) V.ou=0,

V-b=0,

u(0) = ug, b(0) = by,

where u = (u1, ug,us) is the fluid velocity field, b = (b1, be, b3) is the mag-
netic field, 7 is a scalar pressure, and (ug, by) are the prescribed initial data
satisfying V - ug = V - bp = 0 in the sense of distributions. Physically, (1.1)
governs the dynamics of the velocity and magnetic fields in electrically con-
ducting fluids, such as plasmas, liquid metals, and salt water. Moreover,
1 reflects the conservation of momentum, 2 is the induction equa-
tion, and 3 specifies the conservation of mass.

Besides its physical background, the MHD system is also mathemat-
ically significant. Duvaut and Lions [6] constructed a global weak solution
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to for initial data with finite energy. However, the issue of regularity
and uniqueness of such a given weak solution remains a challenging open
problem. Many sufficient conditions (see e.g., [3] [4] [5 [8] [7, 91 10} 12} 15} [16]
17, (18, [19], 20], 21] and the references therein) were derived to guarantee the
regularity of the weak solution. In particular, It was shown in [4] that if

(1.2) u € LU0, T; By . (RY))

with 2/g+3/p=1+r,3/(1+7r) <p<oo, =1 <r <1and (p,r)# (00, 1),
then the solution is regular on (0,7'). Here, By, ., is the inhomogeneous Besov
spaces (see [I, Chapter 2] for example). The middle case r = 0 of was
improved (from inhomogeneous Besov spaces to homogeneous ones) as

(1.3) u € L*(0,T; BY, o (R?))

in [14].
The aim of the present paper is to make a further contribution in this
direction.

THEOREM 1.1. Let (ug,bg) € H3(R3) with V -ug = V - by = 0, and
T > 0. Assume that (u,b) is the unique strong solution pair of the MHD
system (L.1)) with initial data (ug,by) on (0,T). If
2/(14r
T ()

(1.4) 50,00 dr <
ST In(e + u(rllz, )

for some 0 < r < 1, then the solution can be smoothly extended past T .

REMARK 1.2. An immediate consequence of Theorem[I.1]is the following
regularity criterion:

(1.5) we LYY, T; B, (R¥)  (0<r<1).

This extends (1.2]). In fact, we have B;q(]R?’) = LP(R®) N B;yq(R?’) for any
s>0and 1 <p,q< oo (see [2, Theorem 6.3.2]).

REMARK 1.3. Our result (1.4) is a logarithmically improved version,
with the limiting cases r = 0 and r = 1 out of reach.

The main idea in proving Theorem is the following lemma.

LEMMA 1.4. For f€BS,  (R3), g,h € HY(R3) and anye > 0,0 <r <1,
k€ {1,2,3}, we have

(L6) | s ghde < CIFIE g )2 + el V(g )72
R3 >
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Proof. We have
\ Onf-ghde=—\ f-0(gh)dx
R3 R3
— A ATO(gh)de (A= (=A)'?)
R3
< CIA fll g, A" Ok(gh) [l 5o (by [I, Proposition 2.29])

<Olfllge _llghlgy (b I Lemma 2.1)
< Cllifllgr, _ (lgllzzhll e + gl g 7] 22)
(by analogues of [I, Corollary 2.54])
< Clifllgy, . Clgllzzlinlizy Hh\ n T HgHngm\|9\|11§_%;||hHL2)
(by [T, Proposition 2.22])
< Ollfllgy, gl llPlz= VAR + gl 1V gllzz" 1Al )
(by [1 Proposition 2.39])
< Cllf g _Na W IV (g, I
< OIS g )2 + €0V (g, )2 m

2. Proof of Theorem To prove Theorem|[I.T] we only need to show
that the H3 norm of the solution is uniformly bounded on (0,7) under the
assumption (|1.4)).

Taking the inner product of (1.1); with —Aw, and of (1.1)), with —Ab
in L?(R?), and adding the resulting equations, we obtain

5 IV B) 3 + | Aw, b
= S [(u-V)u]  Audz — S [(b-V)b] - Audx
R3 R3
+ V[(w-v)b] - Abdz — [ [(b- V)u] - Abdx
R3 R3
3
=-> |- v)u Bkuda:—l—z [ 106 - V)b - B der
k:1R3 k=1R3

—ZS (O V)b 8kbd:v+Z§ [(Okb - V)ul - b de,

k=1R3 k=1R3

where we use integration by parts, the fact that V-4 = V - b = 0 and its
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consequence

V(- V)orb] - Opu+ [(b- V)Ohu] - Opbdz =0 (k= 1,2,3).

R3
By Lemma [T.4] we deduce
1d 2/(1+r
5 V(@ BTz + 1A(u, bl < Cllully, /! : IV (u,b) 172 + 3l A(w, b) 7.
Consequently,

2/(1+r

(2.1) *IIV(U b)[3: + [ Aw, b)|[32 < Cllull?! :: IV (u, b)|72

21+
Jalf

<C 1 1 . ’b 9
< 1—|—ln(e—|—Hu”BT w)[ +In(e+ [lull g, IIV(u, b7

21+
a7

1+1 3(u,b b)|I2
_01+1n(6+HUIIBgm)[ +1In(e + [[V7(u, b) || 2)][|V (u, b)]| 72,

where in the last estimate we use the Sobolev embedding theorem H 3(R3) C
B, (R?) and the fact that w € L*°(0,T; L*(R?)).
Due to (1.4)), for any 0 < € < 1 there exists 0 < Ty < T" such that

T HM)W“”

dr < e.
7 1+ In(e+ HU(T)HBSO,OO)

For any Ty <t < T, we set

y(t) = sup [|[V3(u,b)]|L.
TG[TQ,)

By the monotonicity of y(t), applying the Gronwall inequality to . 2.1]) yields

(22) V(b3 + | [ A(w,b)(7)[3: dr
To
< ||V(w, b)(T; C(1+1 t t e ()HQ/HT) d
<|| W,xomp.{< +n“+y””A1+mw+Hwﬂmﬁm>T

‘ HM)WM”

~exp[C(1 + In(e + y(t))) 750 T In(e T ||U(T)||Bgom) dT]}

< Coexp[2Ce(1 +1In(e + y(t)))]  (since fel < e*/)
< Cole +y(1))*",

where Cj is a positive constant depending on Tjp.
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To close the estimate, we apply V3 to (L.1); 5, multiply the resulting
equations by V3u and V3b respectively, and sum them up to obtain

1 d
(23) 5 IV (w.b)[Z: + V(. b)]7:
=— | V¥[(u- V)u] - Viude - | V¥[(u-V)b] - V?bda
R3 R3
+ {{V¥[(b- V)b] - VPu + V*[(b- V)u] - V*b} dx
R3
=— [V u Viu-Viude - | [V? u Vb Vibdx
R3 R3
+ | {[V3,b-V]b- Viu+ [V b V]u V*b} da
R3

([f,9] = fg — gf, and we use the incompressibility condition)
=J

To proceed further, we recall the following commutator estimate due to
Kato—Ponce [11]:

(2.4) 1A%, flgllze < CUIV oo |45 gl Lo + | A° | Los] gl Lrs)
with
1 1 1 1 1
(2.5) §>0, po,ps€ (1,00), pa,ps€[l,o0, -=—4+—=—+—.
p D1 D2 p3 D4

Consequently,

J <V u- Vil 4 [V2ullps + (V2w VIb]| | 4[[V7D]| e
+I[VZ,0- Vb 4 IV2ul| e + I[V2, b V]l 4 [ V7] s

< OV ()| 2|V (w, B) || o - [ VP (w, )[4 (by @:4))
< CIV (. )| |V (w29 . B) 2
(by the Gagliardo—Nirenberg inequality |]V3fHL4 < C’HVQleL/QS |V4fHE/28)

1
< C)[V(w, b)[[ 32 V¥ (w, bIIZz + 511V (2, B) [ L.
Plugging this into (2.3), and absorbing the diffusion term, we get

d
SV (. B) |72 < CI[V (w, b) |72 |V (s, B |7
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Integrating the above inequality over (7p,t), we find

t

192 (2, B) ()] 2 <11V (26, B) (T0) |22 +C | |1V (a1, B) (7)1 22|V (1w, b) () | 72 d

T
0 t

< V3w, b)(To)lI72 + C_sup ||V (u,b)(7)]72 - | [IV?(u, b)(7)72 dr

To<t<t Ty

< [IV3(u, b)(To) |72 + Cle +y(O]° - [e +y(0)*"  (by @2))
< [V2(u, b)(T) 172 + Cle + y()]'°°".

Thus,

e +y(t) < V2 (u,b)(To) |72 + Cle +y(1)]"°°".

Choosing € = 1/(20C), we deduce

y(t) < C(|V*(u, b)(To) | 12, To, T) < o0,

as desired. The proof of Theorem [I.1]is thus complete.
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