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Generating iterated function systems for
self-similar sets with a separation condition

by

Yuanyuan Yao (Shanghai)

Abstract. Let {f;};2; be an iterated function system (IFS) for a self-similar set
E CR¢ (which is not a singleton) with the smallest integer m > 2. Suppose the distance
of any two sets of the form f;, (E) and f;,(F) is strictly larger than the diameter of any
fi(E). Then the semigroup of all generating IFSs for E, equipped with the composition
as product, is finitely generated. This partially answers a question posed by Elekes, Keleti
and Mathé.

1. Introduction. Self-similar sets provide basic models for Euclidean
subspaces with fractal geometric structure, and iterated function systems
(IFS) are a common tool for constructing them.

It is well-known that different collections of IF'S can produce the same
self-similar set. However, surprisingly, there are few results about the set
of all generating IFSs for a given self-similar set £. When E C R, this
challenging problem was first considered by Feng and Wang [4] under various
assumptions. Related work about generating IFSs for intersections of self-
similar sets can be found e.g. in [I], 5l [§].

For the higher-dimensional case, the situation is somewhat different and
more complicated, as rotations then play an essential role in IFS. As far as we
know, the discussion in higher dimensions is limited either to homogeneous
IFSs with the strong separation condition (SSC) [2] or to some special kind
of planar self-similar sets [7]. These works do not involve more general self-
similar sets.

In this paper, we will focus on generating IFSs for a class of self-similar
sets in RY, allowing different linear parts but assuming the following sepa-
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ration condition:

(1.1) (i d(fi(E), £5(E)) > max diam f,(E),
where {f;}I", is a generating IFS for a self-similar set £ with the smallest
integer m.

Even though condition is a little restrictive, we are able to generate
a fairly rich set of examples such as Example 2 in [7].

Another motivation comes from Question 9.3 of Elekes, Keleti and
Mithé [3]: Let E C R? be a self-similar set generated by the IFS {f;}7,
with the SSC, and let g be a contractive similitude such that g(E) C E. Is
g(F) a finite union of sets of the form fi(E), where i € 2% and 2* is the set
of all finite words over {1,...,m}?

The following theorem gives an affirmative answer to this question when

the SSC is replaced by (1.1). The general case remains open.

THEOREM 1.1. Let {f;}", be an IFS for a self-similar set E C R¢
(which is not a singleton) with the smallest integer m > 2. If this IFS
satisfies the extra condition , then for any contractive similitude g with
g(E) C E, there exists i € 2* such that g(E) = fi(E).

2. Proof of Theorem [1.1l First we introduce some notation.

By a contractive similitude we mean a map S : R? — RY satisfying
|S(z) — S(y)| = plx — y| for some contractive ratio p € (0,1). Tt is well-
known that S(x) can be written as pRz +b, where x,b € R and Ris a d x d
orthogonal matrix.

Let {fi}™, be a family of contractive similitudes. Associated to them
is a unique nonempty compact set E satisfying £ = |J;~, fi(E). This set
E is called a self-similar set, and the family {f;}", is referred to as a
generating iterated function system (IFS) for E. Furthermore, if the sets
fi(E), ..., fm(E) are pairwise disjoint, we say that the IFS {f;}/", satisfies
the strong separation condition (SSC).

The following notation for a sequence space is also needed.

Let 2 = {1,...,m}, and let 2" be the set of words of length n in 2.
We use 2* and 2% to denote the set of all finite words and the set of all
one-sided sequences in {2, respectively.

Let i, j be two words in 2*. We write ij for the juxtaposition of i and j,
and we write f; or f;, ; for f;; o---o f; ifi=14y...4,. Letibe a finite
or infinite word. For a positive integer n, we use i|,, =41 ..., to denote the
truncation of i to its first n symbols.

Let p, denote the contractive ratio of a contractive similitude g. For
brevity, we write p; and p;, 4, instead of py, and Pfiy 00 fin s respectively.



Generating iterated function systems 129

The composition of contractive similitudes g; o go is often written as gigo
or gi12-

We shall prove several results leading to Theorem we reserve the
letter E to denote a self-similar set in R

LEMMA 2.1. Let {f;}7*, be an IFS for E. Suppose further that for any
contractive similitude h with h(E) C E, we have h(E) C f;(E) for some
i € 2. Let g be a contractive similitude satisfying g(E) C E. Then g(F) =
fi(E) for some i€ 2F.

Proof. We use an idea from [4], proof of Theorem 4.1].

Let ¢ be the largest positive integer such that g(E) C f;, 4, (£) for some
11 ...1p € £2*. Then either (filmil_,)’lg(E) =F, or (filmie)’lg(E) C fip ()
for some ipy1 € 2. However, the latter is ruled out by the maximality of /. m

LEMMA 2.2. Let {f;}™, be an IFS for E satisfying . Let g be a
contractive similitude with g(E) C E. Assume that there exists a positive
integer £ > 2 such that ¢g*(E) = f;(E) for some i € {1,...,m}. Then
{fi}i™ is not an IFS for E with the smallest integer m.

Proof. Tt follows from ¢‘(E) = f;(E) that ¢~ ' fi(E) = ¢*"Y(E) C E,
hence there exists j # i such that g~! fi(E) intersects f;(FE). Moreover, we
claim that gf;(E) C fi(EF). Indeed, suppose not; then by (1.1)) we have

py - dism f;(E) = diam gf; (E) > min d(f(E). fu(E)) > diam f;(E).

a contradiction. Therefore, f;(E) C g~ fi(F) = ¢""}(F) C g(E). Combin-
ing this with f;(E) = ¢"(E) C g(E) implies that {g, fx}7", 4 ; is an IFS
for E/, which contradicts the minimality of m. =

To prove Theorem [I.1] we also need the following two lemmas and one
corollary.

LEMMA 2.3 ([3, Lemma 4.8] simplified). Let {f;}!" be an IF'S for E with
the SSC. There exist only finitely many contractive similitudes g for which
g(E) C E and g(FE) intersects at least two different setsin{ fi(E), ..., fm(E)}.

LEMMA 2.4. Leti,j be two different words in §2". Then

d(fl(E)’ fJ(E)) > max{pi1~-~in—1vpj1-~-jn—1} ’ m?‘x{pi} -diam F
> max{diam f;(F), diam f;(E)}.

Proof. We only need to prove the first inequality.
Let i =d1...9, and j = j1...jn. Let kg = min{l < k < n | ix # jr}-
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The desired statement follows instantly from (|1.1)) and
d(fi(E), j:](E)) = pil---iko—ld(fiko---in (E), fjko---jn (E))
2 Pir.irg 1A finy (E); iy, (E))
> max{pi1...in—1 ) pj1-~~jn—l} ’ d(f’bko (E)v fjko (E)) u
We have the following immediate corollary of Lemma

COROLLARY 2.5. Let i be a nonempty word in 2*. Let g be a contractive
similitude such that g(E) is contained in E and intersects fi(F). Assume
further that the contractive ratio py is at most p;. Then g(E) C fi(E).

Proof. Suppose i € 2" for some positive integer n. If the conclusion does
not hold, then by Lemma

pg - diam F = diam ¢g(F) >  min_d(fi(E), f;(E))
J#i jenn

> diam fi(E) = p; - diam E,
a contradiction. m

Proof of Theorem [1.1, By Lemma [2.1] it suffices to prove that there
exists i € {2 such that g(E) C fi(E).
Suppose this does not hold; then by (L.1]),

pg - diam E = diam g(E) > IZI;IE d(fo(E), fr(E)) > mzax{,oi} -diam E,
S0
(2.1) pg > max{pi}.

We claim that for all ¢ € {2, there exists j € 2 such that gf;(E) C f;(E).
Indeed, suppose not; then

pg - diam f;(E) = diam gfi(E) = Il;;glgld(fe(E)v fi(E)) > diam f;(E),
which contradicts pg < 1.

Next we will prove that there exists a unique i =141...4,... € 2% such
that

(2.2) 9fi. i (E) C fi, i, (E) for all positive integers n.
We consider the following three cases.

CAsE 1: #{i | gfi(E) C fi(E)} > 2, where #A is the number of elements
in A. Without loss of generality, we can assume that gf;(E) C f;(E) and
9fi(E) C fj(E) with i # j; then p, - d(fi(E), fi(E)) = d(¢fi(E), 9f;(E)) =
d(fi(E), f;(E)), a contradiction.

Cask 2: #{i | gfi(E) C f;(E)} = 0. By the claim following (2.1]), there
exist different 4y,...,4, € {1,...,m} such that gf;,(E) C fi,,, (E) for each
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{=1,...,n, where i,41 = %1 and n > 2 is a positive integer. Consequently,
Pg - d(fiz(E>vfi4+1(E)) - d(gfie(E)’gfizH(E)) > d(fizH(E)’ fie+2(E))
for all £ = 1,...,n (with the convention i, = i3). Multiplying these in-

equalities yields py

CAsE 3: #{i | gfi(E) C fi(E)} = 1. We can assume that gf;, (F)
fi, (E) for some 41 € 2. The same argument as above gives #{i | gfi,i(E)

fui(E)} = 1.

By induction, the existence of i is thus proved.

> 1, which is impossible.

C
C

Next we prove that there exist j € 2* and a contractive similitude hy
with hl(E) Q FE and fjhl = hlfj.

According to and , for all positive integers k, fiicl gfi, (E) is a
subset of E and intersects at least two different sets in {f1(E),..., fm(E)}.
By Lemma [2.3] and the pigeonhole principle, we can find positive integers
p < g such that £ 'gfy, = f; '9fi,.

Suppose i|, = i|,j for some j € 2*. Write fﬂplgf”p = hy; then hy(E) C E
and fjhl = hlfj-

We will need the following claim:

(*) There exist a positive integer ¢ > 2 and a contractive similitude h
with h(E) C E such that h*(E) = f;(E).

As pp, = pg > pj, there exists a positive integer /1 > 2 such that pfbll <
p; < pillfl. Moreover, from fjh1 = hqfj we conclude that f; and hq, hence
f; and h{l, share the same fixed point. Thus, htf (E) intersects fj(£). These
facts, together with Corollary yield hlf(E) C fj(E), or equivalently
(B C .

Define hy = fjflh?. Then pp, < pp, < 1 and ho(E) C E. Concerning
the value of py,, there are two cases to consider:

(i) If pp, = 1, then ho(E) = E.

(ii) If pp, < pn, < 1, then hg, as a contractive similitude, has the same
fixed point as fj.

Replacing h; with hg in the above procedure yields a positive integer
ly > 2 with pffg <p < pff;l and hi2(E) C f;(E). Similarly, we can define
hs = f;'hi*. Then h3(E) C E.

If pp, = 1, then h3(E) = E.If pp, < pp, < 1, we can repeat the argument
of (ii) again.

We claim that repeated application of the above process gives hy41(E)
= F for some positive integer N. For otherwise, we can define contractive
similitudes h,, for all positive integers n. However, since the contractive ratio
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of hy, is strictly both increasing and larger than max;{p;}, each h,, intersects
at least two different sets in {f1(E), ..., fm(E)}, contrary to Lemma[2.3]

We assume henceforth that hyi1(E) = E, or equivalently hf{,\’ (E) =
f;5(E). For simplicity, we write h and /¢ instead of hy and ¢y, respectively.
Then h(E) C E and h*(E) = f;(E), proving ().

Finally, we will show that {f;}7, is not an IFS for E with the smallest
integer m.

Let j = j1...jn. We distinguish two cases:

(I) If n = 1, then h'(E) = fj,(E), and we are done by Lemma

(IT) If n > 2, then we claim that

(2.3) h ' (E) C fjr.gua (B).
First, it follows from
W f(E) O fjyjo(B) = RHE) O fiy g ()
D) hZ(E) N fjl-njnfl(E) = f.](E)

that h=1 f;(E) intersects fj,_j, ,(E). Secondly, from pj > p, and (2.1)) we

have
_ Pji.jn < Pj1...gn

Ph—-1f = ~ < Pj1..dn—1-
fi Ph Pg J1--Jn—1
Then ([2.3)) follows instantly from Corollary
As b1 f;(E) C E and Pr-1f; > pj, there exists k € 2" with k # j such
that h™! fj(E) intersects fix(E). Due to (2.3), we have k = ji ... ju_1k, with
kp, # jn. Furthermore,
(2.4) hfx(E) C fi(E),

for otherwise, by Lemma [2.4]

pn - diam fic(E) = min{d(f5(E), fy (E)) |J' € 2", §' #J, -1 =J1- - - jn-1}
> Pjren—1 max{p;} - diam E > diam fi(E),

a contradiction.

It follows from 1) (i and fjh_1 =h! fj that
Fih N E) = (firojus) T fhH(E) C E
and
frea(B) = [, (f7 (B € fi, (F;7 'R R)(E) = f,h7H(E),
which together with f;, (E) C f;,h~*(E) implies that {f;}", is not an IFS
for F with the smallest integer m. m

Combined with a result of Moran, Theorem has the following conse-
quence.
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COROLLARY 2.6. Let E be the self-similar set like in Theorem[L.1l Then
the semigroup of all generating IFSs for E (equipped with the composition
as product) is finitely generated.

Proof. Suppose that g is a contractive similitude with g(£) C E. Then
by Theorem j’i_1 o g is an isometry of F for some i € §2*. This, together
with the result of Mordn [6] that the group of isometries of any self-similar
set generated by an IFS with the SSC is finite, yields Corollary "

REMARK 2.7. Theorem fails when condition ([1.1)) is replaced by the
SSC, since either [3, Theorem 6.2] or [4, Example 6.2] can serve as a coun-
terexample. However, whether condition (|1.1)) can be relaxed needs further
research.
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