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On a generalized identity connecting theta series associated
with discriminants A and Ap?
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FRANK PATANE (Birmingham, AL)

1. Introduction. Let A be a discriminant of a positive definite binary
quadratic form. When the discriminants A and Ap? have one form per
genus, [§] gives an identity that connects the theta series associated to binary
quadratic forms for each discriminant. This paper is mainly concerned with
generalizing the central identity of [8] to discriminants which have multiple
forms per genus. This generalized identity is stated in Theorem where
the discriminants A and Ap? are not required to have one form per genus.
Theorem gives an identity which connects a theta series associated to
a binary quadratic form of discriminant A to a theta series associated to a
subset of binary quadratic forms of discriminant Ap?.

Section [2] sets the notation and discusses some preliminary results. Sec-
tion |3 considers a map of Buell which connects the class groups CL(A) and
CL(Ap?). Section 4| contains the lemmas and identities which are necessary
for the proof of Theorem Section [5] combines the results of the previous
sections to prove Theorem [5.1] Section [6] employs Theorem [5.1] to prove a
general result given by [8, Theorem 5.1]. Lastly, Section [7| gives an explicit
example which employs Theorem to derive a Lambert series decomposi-
tion and the corresponding product representation formula.

2. Preliminaries and notation. We use (a, b, ¢) to represent the class
of binary quadratic forms which are equivalent to the binary quadratic form
az? +bzy+ cy?. Equivalence of two binary quadratic forms means the trans-
formation matrix which connects them is in SL(2,Z). The discriminant of
(a,b,c) is defined as A := b? — 4dac, and we only consider the case A < 0
and a > 0. We say (a, b, ¢) is primitive when GCD(a, b, ¢) = 1. The set of all
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classes of primitive forms of discriminant A comprise what is known as the
class group of discriminant A, denoted CL(A). We will often use the term
“form” to mean a class of binary quadratic forms.

We use h(A) := |CL(A)| to denote the class number of A. In his 1801
work [5], Disquisitiones Arithmeticae, Gauss develops much of the theory of
binary quadratic forms, including the relation below between A and Ap?:

mA)(p - ()

2.1 h(Ap?) =
(2.1) (Ap~) ” ,
where

3, A= -3,
(2.2) wi=142, A=—-4,

1, A< —4

The relation as well as the number w in appear in Section
Two binary quadratic forms of discriminant A are said to be in the same
genus if they are equivalent over QQ via a transformation matrix in SL(2, Q)
whose entries have denominators coprime to 2A. An equivalent definition
for the genera is given by introducing the concept of assigned characters.
The assigned characters of a discriminant A are the functions (5) for all
odd primes p | A, as well as possibly the functions (%1), (%), and (%2) The
details are discussed in Buell [2] and in Cox [3].

The genera are of equal size and partition the class group. We say a
discriminant is ¢doneal when each genus contains only one form. The number
of genera of discriminant Ap? is either equal to the number of genera of
discriminant A, or double that number. Letting v(A) be the number of
genera of discriminant A we have

I, p>2,p|A,

2, p>2,ptA

A 2 9 9 )

R ok LI ST
1, p=2, A=0,12,28 (mod 32),

9, p=2, A=4,8,16,20,24 (mod 32).
The theta series associated to (a, b, c) is
(a,b,c.q) ==Y g Hbmvter” =N "(a,b,c;n)q",
z,y n>0

where we use (a, b, c;n) to denote the total number of representations of n
by (a,b,c). We define the projection operator P, , to be

Py Z a(n)q" = Z a(mn + r)g™"t",

n>0 n>0
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where we take 0 < r < m. Informally, the operator P, o applied to (a, b, c,q)
collects the terms of (a, b, ¢, ¢) which have the exponent of ¢ congruent to 0
modulo p.

3. Connecting A to Ap?. Let (a,b,c) be a primitive form of discrim-
inant A. In [2) Chapter 7], Buell defines a map which sends (a,b,c) to a
set of p + 1 not necessarily distinct and not necessarily primitive forms of
discriminant Ap?. The image of (a, b, ¢) under this map is given by

(3.1) {(a,bp, cp®)} U {(ap?, pb + 2ahp,ah® +bh +¢) : 0 < h < p}.

Buell devotes Section 7.1 of his book to determining the important properties
of this map. He shows that if we cast out the nonprimitive forms of ,
then the remaining forms (all primitive) are repeated w times, where w is half
the number of automorphs of A and is given in . We can map (a, b, c)
to the set of distinct primitive forms of (3.1, and we call this set ¥,(a, b, c).

Buell shows the images of ¥, are distinct, of the same size, and partition
CL(Ap?) [2, Section 7.1]. Moreover, there are exactly 1+ (%) nonprimitive

forms in . Thus there are p+ 1 — (1 + (%)) =p— (%) primitive forms
in . In other words,
(2)

w

Zp(a, b, c)| =

Combining these results, Buell derives the class number of Ap? to be

M- (5)

w
We emphasize that the only time there are repeated primitive forms in
is when A = —3,—4. As an example we take A = —3 and p = 7. The
class group for A = —3 consists of the single reduced form (1,1,1). The
class group for discriminant Ap? = —3-7% = 147 consists of the two reduced
forms (1,1,37) and (3, 3, 13). The forms in (counting repetition) consist
of (1,1,37) union the forms listed in Table

h(Ap®) =

Table 1. A=-3,p=7

h  Corresponding form of
0 (1,1,37)

1 (3,3,13)

2 (7,7,7)

3 (3,3,13)
4

5

6

(7,7,7)
(3,3,13)
(1,1,37)
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As expected, the primitive forms are repeated w = 3 times and there are
1+ (=%) = 2 nonprimitive forms. We have ¥7(1,1,1) = {(1,1,37), (3,3, 13)}.
The preceding example illustrates the map ¥, when w > 1 and when
contains nonprimitive forms. If we apply Theorem to this example, we
obtain identities which are discussed in [§].

As another example we let A = —55 and p = 3. The genus structure
along with the assigned characters for the genera for the discriminants A =
—55 and Ap? = —495 are given below.

CL(—55) = Zs (5) (7
g1 (1a1714)? (47 374) +1 +1
g2 (27177)7 (2a7177) -1 -1

CL(—495) = Zs x Zs (&) (&) (&)
Gy (1,1,124), (9,9,16), (4,1,31), (4, —1,31), +1 41 41
G2 (5,5,26), (11,11,14), (9,3,14), (9, —3,14), -1 +1 +1
Gs  (2,1,62), (2,—1,62), (8,7,17), (8, —7,17), -1 -1 -1
Gs  (7,3,18), (7,-3,18), (10,5,13), (10,—5,13), +1 -1 —1

We compute

Ws(1,1,14) = {(1,1,124),(9,9,16), (9,3, 14), (9, -3, 14)},
Wy(4,3,4) = {(5,5,26), (11,11, 14), (4,1, 31), (4, —1,31)},
W5(2,1,7) = {(2, —1,62), (7, —3,18), (8, —7,17), (10,5,13)},

W3(2,—1,7) = {(2,1,62), (7,3,18), (8,7,17), (10, =5, 13)}.

Also we see that
Wg(gl) =G U GQ, Wg(gg) = G3 UGy,

As expected, the images are distinct, of equal size, and partition CL(Ap?).
Also we see in this example that ¥, ( f) is split evenly between two genera, and
does not necessarily contain a form and its inverse. In general, the set ¥, (f)
will be either fully contained in one genus, or split equally between two gen-
era. This behavior corresponds to whether v(Ap?)/v(A) = 1,2, respectively.
We refer the reader to for the cases.

4. Lemmas and identities. This section contains several lemmas and
identities which we use to prove Theorem Lemma shows exactly
which forms in (3.1)) are nonprimitive.

LEMMA 4.1. Let (a,b,c) be a primitive form of discriminant A. There
are exactly 1 + (%) nonprimitive forms in the list

(4.1)  {(a,bp,cp*)} U{(ap®, pb + 2ahp,ah® +bh+¢) : 0 < h < p},
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and they are given by

(a,bp,ep?),  pla, (5) =0,
f1, pfa, (%)20,
(4.2) 0, (9)=-1,
(a,pb,cp?), fa, pla, (8) =1,
I3, fa, pta, (%) =1,

where fi == (ap?,p(b + 2ah;),ah? + bh; + ¢). For p odd we take

h = ;—é’ (mod p),

hy = 3¢ (mod p),

hs = % (mod p),

hy = —bga\/Z (mod p),

and for p = 2 we take hy # hy = ha = h; = ¢ (mod 2). We always take
0<h; < p.

Proof. Let (a,b,c) be a primitive form of discriminant A < 0. Since
(a,b,c) is assumed primitive, the only way for a form in to be non-
primitive is if p divides each of its entries. Hence (a, bp, cp?) is nonprimitive
if and only if p|a. This takes care of the form (a,bp,cp?), and we are left
with considering the forms (ap?, p(b + 2ah), ah? + bh + ¢) with 0 < h < p.

The form (ap?, p(b + 2ah),ah? + bh + c) is nonprimitive if and only if
p| (ah?+bh+c), and so the remainder of the proof is devoted to determining
exactly when ah? + bh + ¢ = 0 (mod p).

CASE p|a. If plaand p|b, then ah?+bh+c = 0 (mod p) has no solutions
since (a, b, c) is primitive. If p|a and p { b, then ah? + bh + ¢ = 0 (mod p)
has the unique solution h = —¢/b (mod p), 0 < h < p. We note that when
p|a and ptb, we have A = b? (mod p), and so (4) = 1. We have found the

form fo in . :
CASE pta, p# 2. Since p{a, we see that
ah® + bh + ¢ = 0 (mod p)
is equivalent to
(2ah + b)? = A (mod p).

We find the following forms are nonprimitive:

f1, rta, (§) =0,
0, pta, (%) =1,
f3, 1, pta, (%) =1,
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where f; := (ap?,p(b + 2ah;),ah? + bh; + ¢) with
h = ;—; (mod p),

hs = =254 (mod p),
hy = =22Y4 (mod p), 0 < ha, hy,hy < p.

CASE pta, p=2. Since 21 a, we have
ah® +bh+c=h+bh+c=(b+1)h+c (mod 2).
If (£) =0, then 2|b and
(b+1)h+ ¢ =0 (mod 2),

which implies h = ¢ (mod 2). We have arrived at the nonprimitive form f;
with h; = ¢ (mod 2).
If (%) = —1 then 2 { b and we have

A=1-4ac=5 (mod 8),

and so ¢ is odd in this subcase. Thus a, b, ¢ are all odd and we see (4a, 2b, ¢)
and (4a, 6b, a+b-+c) are primitive. In other words, (ap?, pb+2ahp, ah?+bh+-c)
with h = 0,1 are both primitive forms. Hence we have only primitive forms
in this subcase.

If (%) =1 then 21 b and
A=1-4ac=1 (mod 8),

so that cis even. Thus a, b are odd and ¢ is even, which implies both (4a, 2b, ¢)
and (4a, 6b,a + b+ c) are nonprimitive. Hence (ap?, pb+ 2ahp, ah® + bh + c)
with h = 0,1 are both nonprimitive forms.

We now list the nonprimitve forms found in this case:

f1, 2¢ta, (é) =0,
0, 2ta(4) = -1,
f3. 1 2fa, (3) =1,
where f; := (ap?,p(b + 2ah;),ah? + bh; + ¢) with
hyZhs=h; =c(mod2), 0<h;<2.
We have considered all possible cases and completed the proof of Lemma
A1l =

Lemma is essential to finding which forms are in ¥,(a, b, ¢), and we
are a step closer to proving Theorem Before proving it, we first consider
P,o(a,b,c,q) for an arbitrary primitive form (a, b, c) and prime p.
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LEMMA 4.2. Let (a,b,c) be a primitive form of discriminant A. Then

(a, bp, cp?, q), pla, (§) =0,
fi(a), pta, (5) =0,
Pyo(a,b,¢,q) =3 (a,b,c,¢"), (5)=-1,
f2(q) + (a,pb,cp®,q) = (a,b,¢,¢”"), pla, (2) =1,
([ f3(a) + fala) = (a,b, ¢, ¢7), pta, (5)=1,

where fi(q) := (ap?, p(b+ 2ah;),ah? + bh; + ¢,q). For p odd we take
hl = o (HlOd p)u

2a
he = 3¢ (mod p),
hs = % (mod p),
hs = _bgg/z (mod p),

and for p = 2 we take hy Z hs = hg = hy = ¢ (mod 2). We always take
0<h; <p.

Proof. The proof is split into cases.

CASE p|a. If pla and p| A, then p|b and p 1 ¢ since (a, b, ¢) is assumed
primitive. The congruence

az® + bry + cy® = cy? = 0 (mod p)

implies y = 0 (mod p), and we find P, o(a,b,c,q) = (a, bp, cp?, q).

If pla and p { A, then A = b*> # 0 (mod p), and so we must have
(4) = 1. Then

P
az® + bxy + cy® = y(bx + cy) = 0 (mod p)

if and only if either y = 0 (mod p) or x = 3%y (mod p). We have

2 : az?4-brycy?
Pp,O q yrcy
x7y
— § : qax2+b:r:y+cy2 + § : qax2+bry+cy2
T _
y=0 (mod p) :EETCy (mod p)

y#0 (mod p)
= (a,pb, cp’,q) + g byt — (a,b,c,q"")
w="y (mod p)
= (a,pb, cp?, q) + (ap?, p(b + 2ahs), ah3 + bhy + ¢, q) — (a, b, c, qp2),
where ho = 3¢ (mod p) and Identity is employed in the last equality.
CASE pf{a, p # 2. In this case, the congruence

az® + bzy + cy® = 0 (mod p),
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is equivalent to

i (%) = 0 then (4.3) along with Identity implies
Pp,o(a, b7 c, q) = Z qax2+bzy+cy2

z=h1y (mod p)
= (ap?,p(b + 2ahy),ah? + bhy + ¢, q),

where hy = 52 (mod p).

EQa

If (%) =1 then along with Identity yields

Ppo(a,b.c,q) = f3(a) + falg) = (a,b,c.q"),
where

f3(q) = (ap?, p(b+ 2ah3), ahi + bhs + ¢,q),

f1(q) = (ap?, p(b+ 2ahy), ah? + bhy + ¢, q),

and hz = % (mod p), ha = _bgg/z (mod p).
Lastly, we note that if (%) = —1, then the only solution to (4.3) is

x =y =0 (mod p), and hence we have the conclusion in this case. We have
now finished the proof for p odd.

CASE pta,p=2. If (%) = 0 then 2|b and we have
az® + bry + ey’ =z + cy =0 (mod 2),

which implies = cy (mod 2) is the only solution. Employing Identity
gives
Pyo(a,b,cq)

— Z qagc2+ba:y+cy2 _ (ap2,p(b + 2ah1),ah% + bhl + c, q)’

z=h1y (mod 2)

where hy = ¢ (mod 2).

If (4) = —1then2f{band A=1-4ac =5 (mod 8). Thus c is odd and
we have

az® +bry + ey’ =z + 2y +y =0 (mod 2),

which implies z = y = 0 (mod 2) is the only solution, and we have finished
this case.

If (%) =1 then 21band A =1—4ac =1 (mod 8). Thus c is even and
we have

az’ + bry + ¢y’ =z + 2y = 0 (mod 2),
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which implies x = 0 (mod 2) is a solution or y = 1 (mod 2) is a solution.
We find

Pp,O (a7 ba c, q)

bt Y gy S gt
=0 (mod 2), 2#0 (mod 2)
yZ0 (mod 2) yZ0 (mod 2)

_ 2 fbry+cy?

- (G/, b? C, q4) + qal‘ oy .

2

y#Z0 (mod 2)

Employing Identity [£.4]finishes the case, and hence the proof of Lemma[d.2] =

We now state and prove some identities which will be of use in our proof
of Theorem [5.11

IDENTITY 4.3. Let (a,b,c) be a primitive form and 0 < h < p. Then

24 (b4+2ah)zy+(ah?+bh+c)y? _ az?+bry+cy?

wy Y e R
2=0 (mod p) z=hj (mod p)
y=j (mod p) y=j (mod p)

Proof. Use the change of variables (z,y) — (x — hy,y). =

IDENTITY 4.4. Let (a,b,c) be a primitive form. Then

E : § : qaa:2+(b+2ah)xy+(ah2+bh+c)y2 _ § : qax2+bzy+cy2

h=0 =0 (mod p) z
y#0 (mod p) y20 (modp)

Proof. Sum (4.4) over h = 0,1,...,p — 1 and over j = 1,...,p — 1.
Explicitly one gets

p—1lp—1

Z Z Z qazQ+(b+2ah)xy+(ah2+bh+c)y2

h=0 j=1 =0 (mod p)
y=j (mod p)
p—1p—1

a2 +bry+cy? ax2+bry+cy?
_E:E: E: q ytey® _ E q y+ey® o

h=0 j=1 z=hj (mod p) T
y=j (modp) yZ0 (mOdp)

IDENTITY 4.5. Let (a,b,c) be a primitive form and 0 < h < p. Then

Z qa:(;2+(b+2ah)xy+(ah2 +bh+c)y? _ § : qax2+b:cy+cy2
2=0 (mod p) z=hy (mod p)
Y

Proof. Sum (4.4) over j = 0,1,...,p — 1. Alternatively one may apply
the change of variables (z,y) — (x — hy,y) directly. =
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LEMMA 4.6. Let (A, B,C) € CL(Ap?). Then
Ppo(A, B,C,q) = (a,b,¢,q7),

where (a,b,c) € CL(A) and (A, B,C) € ¥,(a,b,c).

Proof. By Section [3| we know (A, B,C) € CL(Ap?) implies there exists
a unique (a,b,c) € CL(A) with (A,B,C) € ¥,(a,b,c). In other words,
(A, B, C) is equivalent to either (a,bp, cp?) or (ap?, p(b+ 2ah),ah? +bh +c)
for some 0 < h < p. Applying Lemma [£.2] along with Identity [£.5] completes
the proof in both cases. u

5. Statement and proof of Theorem We have arrived at the
main theorem of our paper.

THEOREM 5.1. Let (a,b,c) be a primitive form of discriminant A < 0.
For any prime p, we have

51) w Y (4,B,Cyq)
(A,B,C)e¥,(a,b,c)
2
= [p— (8)](a,b,¢,4”") + (a,b,c,q) — Ppola,b,c,q).
We now prove Theorem In all cases of the proof we start with the
left hand side of ([5.2)

(5.2) w > (A,B,C,q) — [p— (

(A,B,C)e¥,(a,b,c)

)](a,b, c, qu)

= (CL, b7 ¢, Q) - PP,O(aa bv c, Q),
and using the results of the previous sections, we end with the right hand
side of . The proof is split according to the sign of (%) and to whether
p | a. Throughout the proof we will always take 0 < h; < p.

CASE p| A, pla. By Lemma we have |¥,(a, b, c)| = p and (a, bp, cp?)
is the only nonprimitive form listed in . Employing Identity (with
j = 0), Identity and Lemma we find that in this case we have

w oY (AB.Cq-[p—(2)(abed)

(A,B,C)e%,(a,b,c)

N

p—1
_ Z Z qax2+(b+2ah)xy+(ah2+bh+c)y2

h=0 =0 (mod p)
y#0 (mod p)

- Z qax2+bxy+cy2 = (a7 b7 C, Q) - Pp,O(aa b7 C, Q)7

y#0 (fnod )

as desired.
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CASE p| A, pta. By Lemma H the only nonprimitive form i 111 is
(ap? p(b+2ah1) ahi +bhy + ¢, q), where for p odd we have hy = 52 (mod P)
and for p = 2 we have h; = ¢ (mod 2). By Identity [4.3] (with j = 0), the left
hand side of is

(5.3)

Z qam2+bxy+cy2 + Z Z qaacz+(b+2ah)$y+(ah2+bh+c)y2

0 (mod 0 (mod
gycio Eigdg h;‘éhl (mod p) z;—éo Eﬁgdﬁ

Employing Identity we see @ becomes

(54) Z qa12+bxy+cy2 + Z qa12+b:py+cy2

w0 (modp 420 ot

_ Z qa12+(b+2ah1)my+(ah%+bh1 +c)y? )

=0 (mod p)
y#0 (mod p)

Employing Identity transforms (5.4)) into

Z oo bty | Z qaz2+bwy+0y2_(ap2,p(b+2ah1),ah%+bh1+caC])-

=0 (mod p)

x
y=0 (mod p) =0 (mod p)

It is clear that this is (a,b,c,q) — Ppo(a,b,c,q), and we have finished this
case.

CASE (%) = —1. By Lemma all forms of (3.1)) are primitive in this
case. By Identity (with j = 0) the left hand side of ([5.2) is

p—1
(55) Z qax2+b:ry+cy2 4 Z Z qax2+(b+2ah):py+(ah2+bh+c)y2 )

2#0 (mod p) h=0 =0 (mod p)
y=0 (mod p) y#0 (mod p)

Employing Identity we see (5.5)) becomes

ax2+bry+cy? azx2+bry+cy?
§ q Yy+cy + § q yrey”

2#0 (mod p)

T
y=0 (mod p) y=0 (modp)

Adding and subtracting (a, b, c, qp2) and using Lemma shows that this
is (a,b,¢,q) — Pyo(a,b,c,q), and we have finished this case.

CASE (%) =1, p|a. By Lemma there are two nonprimitive forms

in (3.1)), and they are (a,pb,cp?,q), and (ap?, p(b + 2ahz), ah3 + bha + ¢, q),
where hy = =3¢ (mod p) (note this k2 holds for p = 2 as well). Employing
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Identity (with j = 0) we find the left hand side of ([5.2)) is

- amQ an)x a 2 (& 2
(5.6) Z Z q +(b+2ah)zy+(ah?+bh+c)y
h=0 2=0 (mod p)

y?_éo (modp) . Z qal’2+(b+2ah2)$y+(ah§+bh2+c)y2

=0 (mod p)

y#0 (mod p)

Employing Identity we see ([5.6) becomes

2 2 2 9 5
(5.7) Z ¢ ey tey? Z ¢ (bH2ah2) ey (ah +bha-+e)y

£0 (mod p) £=0 (mod p)

Y b y#Z0 (mod p)

Adding and subtracting (a, b, c, qp ) and employing Ident1ty (with j = 0),

we find is

ax?+bry+cy? 2 ax?+(b+2ah2)xy—+(ah2+bha+c)y?
E' q vty 4 (a,b, ¢, q" ) — E' i 2)zy+(ahy +bha+c)y®

yZ0 (fnod p) =0 (I;Od p)

Lastly we add and subtract (a,bp, cp?,q) to get

(a,b,¢,q) — (a,pb, cp?, q) — (ap?, p(b + 2ahs), ah3 + bhy + ¢, q) + (a, b, ¢, qu),
and applying Lemma [4.2] finishes this case.

CASE (%) =1, p{a. By Lemma there are two nonprimitive forms
in (3.1), and they are (ap?®, p(b + 2ahs),ah} + bhs + ¢,q), and (ap?,p(b +

2ahy),ah? + bhy + ¢, q), where for p odd we take hy = =btvVA (mod p),

2a
hy = % (mod p), and for p = 2 we can simply take hg #Z hy (mod 2).

Employing Identity (with j = 0) along with Identity shows the left
hand side of (5.2 to be

(58) Z qa:p2+bmy+cy2 + Z qa:p2+bxy+cy2
V20 (mod ) 20 (mod )

_Z Z qaz2+(b+2ahi):cy+(ahf+bhi+c)y2

=3 =0 (mod p)
y#0 (mod p)

By adding and subtracting 2(a, b, c, qp2) and employing Identity (with
j =0), (5.8) becomes
(a,b,¢,q) — (ap®, p(b + 2ahs), ah} + bhs + ¢, q)
- (ap27p(b + 2ah4)7 ah‘?l + bh4 +c, Q) + (CL, b: ¢, qu)_
Applying Lemma [4.2] finishes this case, and the theorem is proven.
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6. Relating Theorem [5.1]to [8, Theorem 5.1]. In this section we use
T heoremto prove [8, Theorem 5.1]. First we give an example to illustrate
the difference between the two theorems. In Section [3| we discuss the map
W3 between the class groups CL(—55) and CL(—55 - 32). We continue this
example by examining one of the identities of Theorem with A = =55
and p = 3. Theorem [5.1] yields

(6.1)  (1,1,124,9) +(9,9,16,q) + 2(9,3,14,q)
= 4(1> 1> 14a qg) + P3,1(17 17 147 Q) + P3,2(17 17 147Q)

In general, Theorem yields identities which are dissections modulo p
of the theta series on the left hand side of . Equation is a dissection
modulo 3 of (1,1,124,q) + (9,9, 16, q) +2(9, 3, 14, q). Furthermore we see the
forms (1,1,124),(9,9,16) share a genus which is different than the genus
containing (9, 3, 14). See Section[3|for the genus structure of CL(—55-32). The
forms (1,1,124), (9,9, 16) are in a different genus than (9, 3,14) because they
have different assigned character values for the character ( §) In other words,
if (1,1,124;n) 4+ (9,9,16;n) > 0 and 3 { n then n = 1 (mod 3). Similarly if
(9,3,14;m) > 0 and 31 n then n =2 (mod 3). Employing Lemma [4.6| along
with the above discussion allows us to separate into the two identities
(1,1,124,9) + (9,9,16,q) = 2(1,1,14,¢°) + P31(1,1,14, q),

2(9,3,14,q) = 2(1,1,14,¢") + P32(1,1,14,9).
Theorem 5.1 of [§] directly claims the identities of . That theorem is
the present Theorem with the addition that we consider the congruence
conditions implied by the assigned characters of the genera. An example is
when the left hand side of contains theta series associated to forms of

two genera; we then break (5.1)) into two identities whose sum is (5.1]).
We now state [8, Theorem 5.1].

(6.2)

THEOREM 6.1. Let (a,b,c) be a primitive form of discriminant A, and
G a genus of discriminant Ap? with Y p(a,b,c) nonempty. For p an odd
prime, we have

(6.3) w > (A, B,C,q) = w|¥ap(a,b,c)|(a, b, ¢, ¢"")
(A,B,C)e¥q p(ab,c) .
.

+ Z %Pp,i(av b7 c, Q)7
i=1
and for p =2,
(64) w > (A,B,C,q)

(A,B,C)e¥g 2(a,b,c)
= w|¥g2(a,b,c)|(a,b,c, q4) + Pyi41,.(a, b, ¢, q)
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where
3, A=-3,
wi=4q2 A=—-4
1, A< —4,

r is coprime to Ap? and is represented by any form of Yap(a,b,c). When
A =0 (mod 16) we define t = 2, and for A # 0 (mod 16) we define t = 0,1
according to whether A is odd or even.

Here Y ,(a,b,c) := ¥y(a,b,c) N G, and all other notation is consistent

: . : Z)+1 :
with our notation. We note that the coefficient (p; of P,i(a,b,c,q) is

simply 0 or 1 depending on the congruence class of ri.

Proof of Theorem[6.1. Our proof naturally splits according to the parity

of p and to whether p|A. In general, both (6.3) and (6.4)) are dissections
modulo p of the theta series

> (A,B,C,q).
(A,B,C)Gd?g}p(a,b,c)
Lemma [£.6] shows
2
Pp,O Z (A,B,C, q) = ‘WG,p(au b7 C)’(G,b, c, qp )7
(A,B,C)e¥¢q p(a,b,c)
which is the 0 modulo p dissection of (6.3)) and (6.4). Our proof now breaks

into cases.

CASE 2t p, pt A. Theorem gives the identity

p—1 p—1
(65) U)Z Z Pp,i(Avacvq) = ZPp,i(aa b,C, Q)
i=1

1=1 (A,B,C)€¥p(a,b,c)

When p is odd and p t A, we know from Section [3| that ¥,(a,b,c) is split
equally between two genera which have the same assigned characters except
for the character (5) Let G be the genus with assigned character (5) =1,

(9 the genus with assigned character (5) = —1, and ¥,(a, b, ¢) is contained
in G1 U Ga. The left hand side of (6.5)) is

p—1
U)Z Z Pp,i(AaBacaQ)

i=1 (A,B,C)e¥q, plabc)

p—1
+U}Z Z Pp,i(AaBych)‘

i=1 (A7B7C)EIPG2 ,p(a7b7c)
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The right hand side of (6.5 is

p—1 p—1
Z P,i(a,b,c,q) + Z P,i(a,b,c,q).
i=1 i=1
() (e
If (A,B,C) € Gy and (A, B,C;r) > 0 for some r coprime to Ap?, then

(A, B C n) = 0 for any n with (%) = —1. Similarly if (A, B,C) € G2 and
A, B,C:r) > 0 for some r coprime to Ap?, then (A, B,C:n) = 0 for any n
(A,B,C; p P, , B, y
with (%) = 1. We arrive at the identities

p—1 p—1
wz Z Pp,i(AvBacaq) = Pp,i<a7b707Q)7
=1 (A,B,C)€¥g, p(a,b,c) 2=1
(5)=1
p—1 p—1
wz Z Ppﬂ;(A,B,C, Q) = Pp,i(a7 b7 &) Q)v
=1 (A,B,C)e¥q, p(a,b,c) 1=1

()2
p
which shows Theorem when p is odd and p 1 A.

CASE 21 p, p| A. In this case, ¥y(a,b,c) C G. Since p is odd and p| A,
the character (5) is one of the assigned characters for the discriminant A.

If (a,b,c) € CL(A) is in a genus ¢g which has (5) =1 then P, ,(a,b,c,q) =0

for any r with (% = —1. In this case, showing (6.3 is equivalent to showing

(6.6) w > (A,B,C.q)
(A,B,C)e¥q p(asb,c)
p—1
= w’!pp(av b, C)|(aa b, c, qp2) + Z Ppﬂ'(av b, c, Q)’
i=1

where we have used ¥g ,(a, b, c) = ¥,(a,b,c) and Pp,,(a,b,c,q) = 0 for any
r with (%) = —1. Equation is exactly (5.1]). The case when (a,b,c) €

CL(A) is in a genus g with assigned character (5) = —1 follows similarly.
CASE p=2,pt A. Then (6.4) becomes
w Z (A7B707 Q) == ’LU|&pG’2(CL,b7 C)‘(CL, b7 C, q4) +P2,1(a7 b7 C, Q)7

(A7B7C)€WG,2 (CL,b,C)

which is equivalent to (5.1]).

CASE p = 2, p| A. Due to the nature of the assigned characters of a

genus, there are several subcases to consider. This is apparent from (2.3))

as well as examining whether the characters § := (_71), € = (%), and
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de := (%2) are part of the assigned character list for A and 4A. Details
regarding the congruence conditions when A contains the assigned charac-
ters d, €, and de are given in [2] and [3]. The assigned characters for even
discriminants are given in Table 2, with y; := (—) and p; an odd prime di-

viding A where 7 runs up to the number of distinct odd primes dividing A.

Table 2

A Assigned characters
A =4 (mod 16) X1y« Xr
A =12 (mod 16) X1y-e5Xrs 0

A = 24 (mod 32) X1,y Xr, 0€

A =8 (mod 32) X1,y Xr) €

A =16 (mod 32) X1se-sXr,0

A =0 (mod 32) X1+ Xrs 0, €

Our proof now splits according to whether v(Ap?)/v(A) = 1,2 along
with congruence conditions on A. In all of these cases we have |¥s(a, b, c)|
= 2 unless A = —4. If A = —4 then Theorem directly reduces to
Theorem [5.1], which reduces to the main theorem of [8] since both —4 and
—16 are idoneal discriminants.

We first consider the case when v(Ap?)/v(A) = 1, which implies W5 maps
into a single genus. Hence Theorem reduces to Theorem if can show

(6.7) Pyis1,(a,b,¢,q) = Py1(a,b,c,q),

where ¢ is given in Theorem [6.1] and 7 is coprime to 2A and represented by
(a,b, c). Equation ({2.3)) implies that we need to consider A =0 (mod 32) or
A =12 (mod 16). When A =0 (mod 32), becomes

P8,'r’(a7 bv ¢, Q) = P271(a’7 bu ¢, Q)

Proving this is equivalent to showing (a, b, ¢; s) = 0 for all odd s coprime to
A and s # r (mod 8). This congruence condition follows from the fact that
when A =0 (mod 32), both A and 4A have the same assigned characters,
which are x,, d, € for all odd primes p | A.

Similarly if A =12 (mod 16) then becomes

Py, (a,b,c,q) = Pyi(a,b,cq).

Proving this is equivalent to showing (a, b, ¢; s) = 0 for all odd s coprime to
A and s # r (mod 4). This congruence condition follows from the fact that
when A =12 (mod 16), both A and 4A have the same assigned characters,
which are x,,0 for all odd primes p| A.

We are now left with the cases which all have v(Ap?) /v(A) = 2, and so ¥y
consists of two forms in different genera. In other words, we are left with the
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cases in which Ap? has exactly one additional character besides those of A.
Examining Table 2, we see these are the cases when A = 4 (mod 16) and
A =8,16,24 (mod 32). Let us call the additional character A. For example,
when A = 4 (mod 16), the assigned characters of A are x1, ..., X, and those
of 4A are x1,...,Xm,0. In this example, A would be the character ¢. By
taking A to be a general character we can prove the remaining cases together.

Fix (a,b,c) € CL(A). Let G be the genus of 4A with assigned character
A =1, G2 the genus of 4A with assigned character A = —1, and ¥s(a, b, c) =
{(A,B,C),(D,E,F)} so that (A, B,C) € Gy and (D, E, F) € Ga. Theorem
[.1] gives

(A7B707q) + (D7EaF7q) = 2(a>b7caq4) +P2,1(a7bacaq)-

We can write Py 1(a, b, ¢,q) = Py 5, (@, b, ¢, )+ Pas 1, (a, b, ¢, g) where A(ry) =1,
A(r2) = —1, and k is 2 or 3 depending on the character \. Employing Lemma
yields the identities

(A7 B7 Ca q) = (aa b7 Ca q4) + P2k,r1 (a7 b7 C, q)7
(DaE)FaQ) = (a,b,c,q4) +P2k,rg(a7b7CaQ)'

These are the identities of Theorem and we have finished the proof of
the theorem. m

7. Lambert series and product representation formulas. One of
the main applications of Theorem is that we are often able to deduce a
Lambert series decomposition of the left hand side of and , and
hence a product representation formula for the associated forms. Theorem
[6.1] yields a Lambert series decomposition only when the theta series on
the left hand side of and are associated to the entire genus. We
illustrate this property with an example.

Let A = —23 and p = 3. The class group and genus structure for the
relevant discriminants is given by

CL(—23) = Zs (Z)
(1,1,6), (2,1,3), (2,—1,3) +1

CL(—207) = Zg ()
(171752)7 (471713)7 (47_1713) +1 +1
(8777 8)7 (271726)7 (27_1726) +1 -1

We compute
Us(1,1,6) = {(1,1,52),(8,7,8)},
U5(2,1,3) = {(2,-1,26), (4,1,13)},
U5(2,—1,3) = {(2,1,26), (4, —1,13)}.
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Employing Theorem [5.1] yields the identities
(7 1) (1717527(]) (8’7,8,(]) :2(171767(] ) (P3,1+P3,2)(171767Q)’
T (2,1,26,9) + (4,1,13,9) = 2(2,1,3,¢°) + (Ps1 + P32)(2,1,3, ).

Either by Theorem or by employing congruences directly to (|7.1f), we
find

(1,1,52,9) = (1,1,6,¢") + P31(1,1,6,9),
(72) (8,7,8,q) = GﬂﬁQ%+%ﬂLL&%
(4,1,13,9) = (2,1,3,¢°) + P31(2,1,3,q),
(2,1,26,9) = (2,1,3,¢°) + P32(2,1,3,¢).

The identities of (7.1]) and ( . ) do not directly yield Lambert series decom-
positions since the left hand sides are not associated with the entire genus.
However, we can combine the identities of (|7.2)) to find

(1,1,52,q) +2(4,1,13,q) = f(¢°) + P31/ (a),
(8,7,8,4) +2(2,1,26,9) = f(¢”) + P52/ (q),
where f(q) = (1,1,6,q) + 2(2,1,3,q) is the theta series associated with
the principal genus of A. The identities of (7.3 yield Lambert series de-
compositions; we demonstrate how to derive these, together with product

representation formulas.
Dirichlet’s formula for quadratic forms gives f(¢) as a Lambert series

(7.4) fla) = (1,1,6,9) +2(2,1,3,q) _3+22< n > -

1—qv

(7.3)

Using it is not hard to show
(7.5) (P3q — P32)f —2Z<69> 11__(]3%)
For convenience we define the Lambert series
0o 0o
=3 (7))l =2 (%) G

It is easy to show
(7.6) PsoLi(q) = 2L1(q°) — La(q”).

Adding and subtracting the identities of ([7.3)) and employing ([7.5)), (7.6)
gives the Lambert series decompositions for the theta series associated with
the genera of discriminant —207:

(7.7 (1,1,52,q) +2(4,1,13,q) = 34 L1(q) — 2L1(¢*) + 3L1(¢°) + La(q),
(7.8)  (8,7,8,q) +2(2,1,26,q) = 3+ Li(q) — 2L1(¢*) + 3L1(¢°) — La(q)
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Both (|7.7) and (|7.8)) yield product representation formulas, as we now
demonstrate. We use the notation

4] aln)g" = a(k),

n>0

so that [¢*]f(q) is simply the coefficient of ¢* in the expansion of the series
f(q). The coefficient of ¢" in L1(q) is given by

aw =13 () L= (),

n=1 dln
We see that
- 69 qn(l_qn) _ — < 69 n(3m+1) n(3m+2)
110 Lt

n=1m=1

oo oo
-2 (T)(5)e
n=1m=1

and so the coefficient of ¢" in La(q) is given by

- () - () (4)

n=1 d|n

It is easy to check that for a prime p,

1, p = 23,
(7.9) A(p®) = %;a,l (=) =1,
-+ —23) _
(5 =-1,
(0, p=3,a#0,
(_1)04’ p =23,
(7.10) B(p*) =<K 1+a, (2) =1and (§) =1,
(D1 + o), (*723) =1and (§) = -1,
S () -
2 ’ P :

Since A(n) and B(n) are multiplicative, we can use (7.9 and (7.10) along
with (7.7) and (7.8) to give formulas for the number of representations of

an integer by a given genus of discriminant —207.
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THEOREM 7.1. Let the prime factorization of n be
T S
b i w
n=3%-23 pr quj,
=1 j=1
=23\ _ —23\ _
where p; # 3 and (7) =1 and (?) =—1. Let

A(n) == H(l + v;) H M;l)wj

S

i=1 j=1
We have
1+ (=1)"*)A(n), a=0,
(7.11) (1,1,52;n) +2(4,1,13;n) = < 0, a=1,
2A(n), a>2,
(1= (—1)"*)A(n), a=0,
(7.12) (8,7,8:n) +2(2,1,26;n) = { 0, a=1,
2A(n), a=2,

where t is the number of prime factors p of n, counting multiplicity, with
(_723) =1 and (%) = —1.

Theorem gives the total number of representations by all forms of a
given genus of discriminant —207. To find (a, b, ¢; n) for any particular form
of discriminant —207, one can employ the techniques of [I].

Let A= (2,1,26) and A(q) the associated theta series. Recall CL(—207)
& Zg, and A is a generator of this group. Theorem gives representation
formulas for

(7.13) I(q) +2A%(q),
(7.14) A%(q) + 2A(g),

where I is the principal form, and A* corresponds to Gaussian composition
k times. The techniques of [I] allow us to find representation formulas for

(7.15) 1(q) — A%(q),
(7.16) Alg) — A%(q),
by using the fact that

I(g) — A%(q) + [Alg) — A%(q)]

2
is an eigenform for all Hecke operators and also employing congruences to
separate I(q) — A%(q) and A(q) — A3(q). We note that one can use the
formulas of Hecke [6, p. 794] to show M(q) is an eigenform for all Hecke
operators. A concise formula for the action of the Hecke operators on the
theta series associated to a binary quadratic form is given by [I (1.18)]. It

(7.17) M(q) :=
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is interesting to note that La(q) = [I(q) +242%(q) — (A3(q) +2A(q))]/2 is an
example of a Lambert series which is an eigenform for all Hecke operators.

[1] discusses the example CL(—135) = Zg = (A) which is very similar to
our example except that for CL(—135) both [I(q)— A%(q) £ (A(q) — A3(q))]/2
are eigenforms for all Hecke operators. In our example the combination
[I(q) — A%(q) — (A(q) — A3(q))]/2 is not an eigenform for all Hecke operators
and so congruences must be employed to derive . We do not give
explicit representation formulas for ([7.15)) since the derivation process is
similar to the example for A = —135 in [1].

Another approach to proving Theorem [7.1]is to employ the general for-
mula [7, Theorem 8.1, p. 289] proven by Huard, Kaplan, and Williams. This
formula gives the total number of representations of an integer n by all the
forms in a genus of discriminant d < 0. Section 8 of [9] discusses repre-
sentations of n by an individual form. We conclude this paper by deriving
Theorem |7.1| from [7, Theorem 8.1].

In the case that 9|n > 0, Theorem 8.1 of [7] gives

(1,1,52;m) +2(4,1,13;n) = (8,7,8;n) +2(2,1,26;n) =2 <23)

ulg :
which is consistent with Theorem When 3|n and 9 f n Theorem 8.1 of
[7] gives

(1,1,52;n) +2(4,1,13;n) = (8,7,8;n) +2(2,1,26;n) = 0.

The last case to consider is when 3 { n. In the notation of [7], Theorem 8.1
of [7] gives the total number of representations by the forms of genus G to

be

1 —207
Rg(n, —207) = 5 E Yy (G)S<n, di, 0 )
d1e{1,-3,-23,69} !

207\ i\ [ —207/dy
()= 2 (0) ()

and 74, (G) = (%1) with g a positive integer coprime to d; and represented
by the genus G. Simplifying yields

(1,1,52;n) + 2(4,1,13;n) = Z(_%> + > (_3> (?/9),
ji=n

where

un > p
(8,7,8;n) 4+ 2(2,1,26;n) = %(f”) _ﬂ;ﬂ(—j) <6V9)

which is consistent with Theorem [7.1] in this case.
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