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Large regular Lindelöf spaces with points Gδ
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Abstract. By analyzing Dow’s construction, we introduce a general construction of
regular Lindelöf spaces with points Gδ. Using this construction, we prove the following:
Suppose that either (1) there exists a regular Lindelöf P-space of pseudocharacter ≤ ω1

and of size > 2ω, (2) CH and �(ω2) hold, or (3) CH holds and there exists a Kurepa tree.
Then there exists a regular Lindelöf space with points Gδ and of size > 2ω. This shows
that, under CH, the non-existence of such a Lindelöf space has a large cardinal strength.
We also prove that every c.c.c. forcing adding a new real creates a regular Lindelöf space
with points Gδ and of size at least (2ω1)V .

1. Introduction. Arhangel’skii [1] proved that every first countable
Hausdorff Lindelöf space has cardinality at most 2ω, and then he asked
whether “first countable” can be replaced by “with points Gδ”, where a
topological space X is said to be with points Gδ if for every x ∈ X, the set
{x} is a Gδ-set in X.

The first answer to this question was Shelah’s consistency result [9].
Using forcing methods, Shelah proved the consistency of the existence of a
regular Lindelöf space with points Gδ and of size ω2 = (2ω)+. Afterwards,
Gorelic [3] refined Shelah’s result. These results show that the existence of
a large regular Lindelöf space with points Gδ is consistent with ZFC, but it
is unknown whether the non-existence of such a Lindelöf space is consistent
or not.

While Shelah’s and Gorelic’s spaces are constructed by forcing meth-
ods (1), recently Dow [2] has found a relatively simple construction using
the combinatorial principle ♦∗:
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(1) Under V = L, Knight [7] constructed a regular Lindelöf space with point Gδ and
of size ωω without forcing methods, but his proof contains some errors, and the author
does not know whether it can be fixed or not.
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Theorem 1.1 (Dow [2]). Suppose ♦∗ holds, that is, there is a sequence
〈Aα : α < ω1〉 such that:

(1) Aα ∈ [P(α)]ω.
(2) For every A ⊆ ω1, the set {α < ω1 : A ∩ α ∈ Aα} contains a club

in ω1.

Then there exists a zero-dimensional Hausdorff Lindelöf space of size 2ω1

and with points Gδ.

In this paper, by analyzing Dow’s construction, we introduce another
simple and general construction of a regular Lindelöf space with points Gδ.
In particular, we show that, under CH, the non-existence of a large regular
Lindelöf space with points Gδ has a large cardinal strength.

Let X be a topological space. For x ∈ X, let ψ(x,X) = min{|U| : U is a
family of open sets with {x} =

⋂
U}. The pseudocharacter of X, ψ(X), is

sup{ψ(x,X) : x ∈ X}. So X is with points Gδ if and only if ψ(X) ≤ ω.
The following proposition is a crux of this paper:

Proposition 1.2. Let Y be a regular Lindelöf space of pseudocharacter
≤ ω1 such that for each y ∈ Y , if ψ(y, Y ) = ω1 then there exists a sequence
〈Oyα : α < ω1〉 of clopen sets with the following properties:

(1) Oyα ⊇ Oyα+1.
(2) Oyα =

⋂
β<αO

y
β if α is limit.

(3)
⋂
α<ω1

Oyα = {y}.
Let Z be any uncountable regular Lindelöf space with points Gδ (e.g., the
Cantor space ω2). Then there exists a regular Lindelöf space X with points
Gδ and of size max{|Y |, |Z|}.

A topological space is said to be a P-space if every Gδ-set is open. If Y
is a regular P-space of pseudocharacter ≤ ω1, then it is easy to see that Y
satisfies the assumptions of Proposition 1.2. Now the following theorem is
immediate from the proposition.

Theorem 1.3. Suppose that there exists a regular Lindelöf P-space of
pseudocharacter ≤ ω1 and of size > 2ω. Then there exists a regular Lindelöf
space with points Gδ and of size > 2ω.

For a regular uncountable cardinal κ, the principle �(κ) is the assertion
that there exists a sequence 〈Cα : α < κ〉 such that:

• Cα ⊆ α is a club in α.
• For every β ∈ lim(Cα), Cβ = Cα ∩ β.
• There is no club C in κ with C ∩ α = Cα for every α ∈ lim(C).

The principle �(κ) was introduced in Todorčević [12] where it is shown using
a construction from Jensen [5] that �(κ) holds for every regular uncountable
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cardinal κ which is not weakly compact in L. We prove that if �(ω2) holds
or there exists a Kurepa tree, then there exists a large regular Lindelöf space
of pseudocharacter ≤ ω1 which satisfies the assumptions of Proposition 1.2.
Hence we have:

Theorem 1.4. Suppose CH. If �(ω2) holds, or there exists an ω1-
Kurepa tree, then there exists a regular Lindelöf space with points Gδ and of
size > 2ω.

This theorem tells us that the consistency of CH with non-existence of
a large regular Lindelöf space with points Gδ implies the consistency of the
existence of a weakly compact cardinal.

We also prove the following theorem, which shows that simple forcings,
such as Cohen or Random forcing, create a large regular Lindelöf space with
points Gδ.

Theorem 1.5. Let P be a c.c.c. forcing notion which adds a new real.
Then P forces that “there exists a regular Lindelöf space of size at least
(2ω1)V and with points Gδ”.

2. A construction of large Lindelöf spaces with points Gδ. In
this section, we prove Proposition 1.2 using a construction based on ideas
from Dow’s paper [2].

Fix spaces Y and Z satisfying the assumptions of Proposition 1.2. Let
Y0 = {y ∈ Y : ψ(y, Y ) ≤ ω} and Y1 = {y ∈ Y : ψ(y, Y ) = ω1}. For
each y ∈ Y1, fix a sequence 〈Oyα : α < ω1〉 of clopen sets which satisfies
assumptions (1)–(3) of Proposition 1.2.

Lemma 2.1. For y ∈ Y1, the family {Oyα : α < ω1} is a local base at y
in Y . In particular, for every countable family U of open neighborhoods of y,
there is α < ω1 with Oyα ⊆

⋂
U .

Proof. If not, then there exists an open neighborhood V of y such that
Oαy * V for every α < ω1. Then {Oyα\V : α < ω1} is a ⊆-decreasing sequence
of non-empty closed sets with

⋂
α<ω1

(Oyα \ V ) = ∅. This is impossible since
Y is Lindelöf.

Let X = Y0 ∪ (Y1 × Z). Clearly |X| = max{|Y |, |Z|}. We will define a
required topology on X.

For a subset A ⊆ Y , let JAK = (A ∩ Y0) ∪ ((A ∩ Y1)× Z).

Note that for y ∈ Y1 and γ < ω1, the family {JOyαK\JOyα+1K : γ ≤ α < ω1}
is a partition of JOyγK \ ({y} × Z).

Fix an injection π : ω1 → Z. Let R = Range(π). For z ∈ R, let δz =
π−1(z).
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Now, for y ∈ Y1, γ < ω1, and an open W ⊆ Z, let O(y, γ,W ) be the set

({y} ×W ) ∪
⋃
{JOyδzK \ JOyδz+1K : z ∈ R ∩W, δz ≥ γ}.

Note that O(y, γ,W ) ⊆ JOyγK and ({y} × Z) ∩O(y, γ,W ) = {y} ×W .
The topology on X will be generated by the family

{JV K : V ⊆ Y is open} ∪ {O(y, γ,W ) : y ∈ Y1, γ < ω1,W ⊆ Z is open}.
We will prove that the above family actually generates a topology on X.

The following lemmas are easy to check:

Lemma 2.2. For open sets V0, V1 ⊆ Y , we have JV0K∩ JV1K = JV0 ∩ V1K.

Lemma 2.3. Let y ∈ Y1, γ0, γ1 < ω1, and W0,W1 ⊆ Z be open. Then
O(y,max{γ0, γ1},W0 ∩W1) ⊆ O(y, γ0,W0) ∩O(y, γ1,W1).

Lemma 2.4. Let y ∈ Y1, V ⊆ Y be open, and z ∈ Z. If 〈y, z〉 ∈ JV K,
then y ∈ V and 〈y, z〉 ∈ O(y, γ, Z) ⊆ JV K for some γ < ω1.

Proof. We have y ∈ V . By Lemma 2.1, there is γ < ω1 such that Oyγ ⊆ V .
Then it is clear that 〈y, z〉 ∈ O(y, γ, Z) ⊆ JOyγK ⊆ JV K.

Lemma 2.5. Let y0 ∈ Y0, y1 ∈ Y1, γ < ω1, and W ⊆ Z be open. If
y0 ∈ O(y1, γ,W ), then there is an open V ⊆ Y with y0 ∈ JV K ⊆ O(y1, γ,W ).

Proof. By the definition of O(y1, γ,W ), there is a unique z ∈ R ∩ W
with δz ≥ γ and y0 ∈ JOyδzK \ JOyδz+1K. Let V = Oyδz \O

y
δz+1. Then V is open

in Y , y0 ∈ JV K, and JV K ⊆ JOyδzK \ JOyδz+1K ⊆ O(y1, γ,W ).

Lemma 2.6. Let y1 ∈ Y1, γ < ω1, and W ⊆ Z be open. Let y ∈ Y1 and
z ∈ Z. If 〈y, z〉 ∈ O(y1, γ,W ), then there are γ′ < ω1 and open W ′ ⊆ Z
such that 〈y, z〉 ∈ O(y, γ′,W ′) ⊆ O(y1, γ,W ).

Proof. If y = y1, then z ∈W . Hence 〈y, z〉 ∈ O(y, γ,W ) = O(y1, γ,W ).
Suppose y 6= y1. Then there is a unique z ∈ R ∩W with δz ≥ γ and

〈y, z〉 ∈ JOy1δz K \ JOy1δz+1K = JOy1δz \O
y1
δz+1K. By Lemma 2.4, there is γ′ < ω1

with 〈y, z〉 ∈ O(y, γ′, Z) ⊆ JOy1δz \O
y1
δz+1K ⊆ O(y1, γ,W ).

These lemmas show that the above family in fact generates a topology
on X. For y ∈ Y0, the family {JV K : V ⊆ Y is an open neighborhood of y} is
a local base at y, and, for y ∈ Y1 and z ∈ Z, the family {O(y, γ,W ) : γ < ω1,
W ⊆ Z is open with z ∈W} is a local base at 〈y, z〉.

We now show that X is regular. First we check that X is Hausdorff:

• For y ∈ Y1 and z0, z1 ∈ Z with z0 6= z1, take disjoint open sets
W0,W1 ⊆ Z with zi ∈ Wi. Then 〈y, zi〉 ∈ O(y, 0,Wi) and O(y, 0,W0)
∩O(y, 0,W1) = ∅.
• For y0, y1 ∈ Y0 with y0 6= y1, take disjoint open sets V0, V1 ⊆ Y with
yi ∈ Vi. We have yi ∈ JViK and JV0K ∩ JV1K = ∅.
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• For y0 ∈ Y0 and 〈y1, z〉 ∈ Y1 × Z, take α < ω1 with y0 /∈ Oy1α . Then
y0 ∈ JY \Oy1α K, 〈y1, z〉 ∈ O(y1, α, Z), and JY \Oy1α K ∩O(y1, α, Z) = ∅.
• For 〈y0, z0〉, 〈y1, z1〉 ∈ Y1×Z with y0 6= y1, pick α < ω1 with y0 /∈ Oy1α .

We have 〈y0, z0〉 ∈ JY \Oy1α K, 〈y1, z1〉 ∈ O(y1, α, Z), and JY \Oy1α K ∩
O(y1, α, Z) = ∅.

To see that X is regular, take an open set O ⊆ X and x ∈ O. We will
find an open O′ with x ∈ O′ ⊆ O′ ⊆ O.

• If x ∈ Y0, then there is an open neighborhood V ⊆ Y of x with
JV K ⊆ O. Since Y is regular, we can find an open neighborhood V ′ of
V with x ∈ V ′ ⊆ V ′ ⊆ V . Now it is easy to see that the closure of
JV ′K in X is contained in O.
• If x = 〈y, z〉 ∈ Y1 × Z, there are γ < ω1 and an open neighborhood
W ⊆ Z of z with 〈y, z〉 ∈ O(y, γ,W ) ⊆ O. As Z is regular, we can
find an open neighborhood W ′ ⊆W of z with W ′ ⊆W . We can check
that the closure of O(y, γ,W ′) is contained in O(y, γ,W ).

Next we prove that our space X is with points Gδ.

Lemma 2.7. For y ∈ Y0, there are open sets On ⊆ X (n < ω) such that
{y} =

⋂
n<ω On.

Proof. Since y ∈ Y0, we can find open sets Vn ⊆ Y (n < ω) such that
{y} =

⋂
n<ω Vn. Then it is clear that {y} =

⋂
n<ωJVnK.

Lemma 2.8. For y ∈ Y1 and z ∈ Z, there are γ < ω1 and open sets
Wn ⊆ Z (n < ω) such that {〈y, z〉} =

⋂
n<ω O(y, γ,Wn).

Proof. Take a large γ < ω1 such that if z ∈ R then γ > δz. Since Z is
with points Gδ, there are open sets Wn ⊆ Z (n < ω) with {z} =

⋂
n<ωWn.

We see that {〈y, z〉} =
⋂
n<ω O(y, γ,Wn).

First, it is clear that ({y} × Z) ∩
⋂
n<ω O(y, γ,Wn) = {〈y, z〉}.

Let y0 ∈ Y0 and y1 ∈ Y1 \ {y}. We will show that ({y0} ∪ ({y1} × Z)) ∩
O(y, γ,Wn) = ∅ for some n < ω.

For y1 ∈ Y1, if y1 /∈ Oy0 then we are done. Suppose y1 ∈ Oy0 . Then there
is z1 ∈ R with y1 ∈ Oyδz1 \ O

y
δz1+1. Pick n < ω with z1 /∈ Wn \ {z}. Then

({y1}×Z)∩O(y, γ,Wn) = ∅. Indeed, if not then there is a unique w ∈ R∩Wn

with δw ≥ γ and ({y1}×Z)∩ (JOyδwK \ JOyδw+1K) 6= ∅. So w must be z1. Since
w ∈ Wn but z1 /∈ Wn \ {z}, we see that z1 must be z. Hence δz = δw > γ,
contrary to the choice of γ.

The same argument shows that y0 /∈ O(y, γ,Wn) for some n < ω.

Finally, we have to verify that X is Lindelöf.

Lemma 2.9. Let y ∈ Y1. Le U be a family of open sets in X with {y} ×
Z ⊆

⋃
U . Then there are an open neighborhood V ⊆ Y of y and a countable

subfamily U ′ ⊆ U such that JV K ⊆
⋃
U ′.
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Proof. We may assume each element U of U has the form O(y, γU ,WU ).
By the definition of the topology of X, the subspace {y} × Z is hom-

eomorphic to Z. Since Z is Lindelöf and Z ⊆
⋃
{WU : U ∈ U}, there

are countably many Un ∈ U (n < ω) with Z ⊆ {WUn : n < ω}. Let
γ = sup{γUn : n < ω1} < ω1 and V = Oyγ . Then V is an open neighborhood
of y in Y . We will show that JV K ⊆

⋃
n<ω Un.

First, clearly, {y} × Z ⊆
⋃
n<ω Un. Take y0 ∈ V ∩ Y0 and y1 ∈ V ∩ Y1

with y1 6= y. For y1, since y1 ∈ V = Oyγ , there is z ∈ R with δz ≥ γ and
y1 ∈ Oyδz \ O

y
δz+1. Then there is n < ω with z ∈ WUn . Now we have {y1} ×

Z ⊆ JOyδzK \ JOyδz+1K ⊆ O(y, γ,WUn) ⊆ O(y, γUn ,WUn) = Un. Similarly,

for y0 ∈ Y0, there is z ∈ R with δz ≥ γ and y0 ∈ Oyδz \ O
y
δz+1. Then

y0 ∈ O(y, γ,WUn) ⊆ O(y, γUn ,WUn) = Un.

Lemma 2.10. The space X is Lindelöf.

Proof. Let U be an open cover of X. For y ∈ Y1, by Lemma 2.9, there
are a countable subfamily Uy ⊆ U and an open neighborhood Vy ⊆ Y of y
with JVyK ⊆

⋃
Uy.

For y ∈ Y0, pick Uy ∈ Uy with y ∈ Uy. Then we can find an open
neighborhood Vy ⊆ Y of y with JVyK ⊆ Uy.

Now {Vy : y ∈ Y } is an open cover of Y . Since Y is Lindelöf, we can
find countably many y0n ∈ Y0 and y1n ∈ Y1 (n < ω) with Y ⊆

⋃
n<ω Vy0n ∪⋃

n<ω Vy1n . Then it is clear that {Uy0n : n < ω} ∪
⋃
{Uy1n : n < ω} is a

countable subfamily of U which covers X.

We have completed the proof of Proposition 1.2. We now give some
related remarks.

Remark 2.11. If Y and Z are Hausdorff and zero-dimensional, then our
space X is also Hausdorff and zero-dimensional.

Remark 2.12. Lemma 2.1 tells us that if Y is a regular Lindelöf P-
space of pseudocharacter ≤ ω1, then χ(Y ) ≤ ω1, and we have |Y | ≤ 2ω1 by
well-known Arhangel’skii’s inequality.

Remark 2.13. The existence of a regular Lindelöf P-space of pseu-
docharacter ≤ ω1 and of size > 2ω is independent from ZFC.

Juhász and Weiss [6] showed that under V = L, there exists a regular
Lindelöf P-LOTS of weight ω1 and size > 2ω.

On the other hand, if κ is weakly compact, then there is no regular
Lindelöf P-space of pseudocharacter ≤ ω1 and of size > 2ω in V Col(ω1,<κ),
where Col(ω1, < κ) is a standard σ-closed poset collapsing κ to ω2. A Lin-
delöf space is said to be indestructible if every σ-closed forcing preserves the
Lindelöf property of the space. Scheepers and Tall [8] showed that every reg-
ular Lindelöf P-space is indestructible, and Tall and the author [10] proved
that if κ is weakly compact, then, in V Col(ω1,<κ), there is no indestructibly
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Lindelöf space of size ω2 and of pseudocharacter ≤ ω1. In V Col(ω1,<κ), we
have 2ω = ω1 and 2ω1 = ω2. Hence in this model, there is no regular Lindelöf
P-space of pseudocharacter ≤ ω1 and of size > 2ω.

Remark 2.14. In contrast to the previous remark, the author does not
know whether the existence of a large regular Lindelöf space Y satisfying
the assumptions of Proposition 1.2 is independent from ZFC.

3. Tree spaces. In this section, we prove Theorem 1.4. We show that if
there is some special kind of trees, then we can construct a regular Lindelöf
space which satisfies the assumptions in Proposition 1.2.

First we introduce some basic definitions about trees. Let α be an ordinal.
We identify a subset T ⊆ ≤α2 with the tree 〈T,⊆〉. We say that a tree
T ⊆ ≤α2 is normal if T fulfills the following conditions:

• T is downward closed, that is, for every s, t ∈ ≤α2, if s ⊆ t and t ∈ T
then s ∈ T .
• For every t ∈ T , if T has an immediate successor, then t has two

immediate successors in T , that is, t_0, t_1 ∈ T .

For β ≤ α, let Tβ = T ∩ β2. A branch of a tree T ⊆ ≤α2 is a maximal chain
of T . Finally, the Cantor tree is the tree ≤ω2.

The following is the main result in this section.

Proposition 3.1. Let T ⊆ <ω22 be a normal tree such that:

(1) T has no branch of size ω2.
(2) T does not contain an isomorphic copy of the Cantor tree.

Suppose T has λ many branches. Then there exists a zero-dimensional Haus-
dorff Lindelöf space of pseudocharacter ≤ ω1 and of size max{|T |, λ} such
that for every y ∈ Y with ψ(y, Y ) = ω1, there exists a sequence of clopen
sets 〈Oyα : α < ω1〉 satisfying assumptions (1)–(3) of Proposition 1.2.

Theorem 1.4 follows from this proposition. It is clear that an ω1-Kurepa
tree has no branch of size ω2, and contains no isomorphic copy of the Cantor
tree. For the �(ω2) assumption, Todorčević [12] showed that �(ω2) implies
that there is an ω2-Aronszajn tree which does not contain an isomorphic
copy of the Cantor tree. If such an ω2-Aronszajn tree exists, then it is easy
to construct an ω2-Aronszajn normal tree T ⊆ <ω22 which does not contain
an isomorphic copy of the Cantor tree. An ω2-Aronszajn tree cannot have
a branch of size ω2. Thus, applying Proposition 1.2, we obtain the required
spaces.

Now we start the proof of Proposition 3.1. Arguments which will be
used in this proof are essentially due to Dow [2], and the referee pointed out
to us that this space can be seen as a variant of the space considered by
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Todorčević [13, §6], who constructed a space using a special ω1-Aronszajn
tree, while our space will be obtained using a tree without branches of size
ω2 by a similar construction.

Fix a normal tree T ⊆ <ω22 which satisfies the assumptions in the propo-
sition. For i < 2, let E2

i = {α < ω2 : cf(α) = ωi}.
Set

• T ∗ =
⋃
α<ω2

Tα+1,

• S = {t ∈ <ω22 : dom(t) ∈ E2
0 , ∀α < dom(t) (t�α ∈ T ) but t /∈ T},

• U = {ρ ∈ <ω22 : dom(ρ) ∈ E2
1 , ∀α < dom(ρ) (ρ�α ∈ T )}.

Let Y = T ∗ ∪ S ∪ U . We know that |Y | = max{|T |, λ}. We will define the
desired topology τ on Y .

For t ∈ <ω22, let [t] = {u ∈ T ∗ ∪ S ∪ U : t ⊆ u}. Note the following:

• For t ∈ T , if dom(t) is a limit ordinal with countable cofinality, then
t /∈ Y and [t] = [t_0] ∪ [t_1].
• For t ∈ S, we have t /∈ T and [t] = {t}.

Now the topology τ of Y is generated by the family

{[t�(ξ + 1)] \ ([t_0] ∪ [t_1]) : t ∈ T ∗ ∪ S ∪ U, ξ ∈ dom(t)}.
It is routine to check that this family actually generates a topology on Y
and the topology is Hausdorff. Moreover, every element of the above family
is clopen. Hence Y is zero-dimensional. We also note that for t ∈ Y and
ξ ∈ dom(t), [t�(ξ + 1)] is clopen.

We have to check that ψ(Y ) ≤ ω1, and if ψ(y, Y ) = ω1 for y ∈ Y then
there is a sequence 〈Oyα : α < ω1〉 as required.

If t ∈ T ∗, then {t} is open in Y . If t ∈ S, then [t_0]∪ [t_1] = ∅ and the
family {[t�(ξ + 1)] : ξ ∈ dom(t)} is a local base at t. Since cf(dom(t)) = ω,
we can find an increasing sequence 〈ξn : n < ω〉 with limit dom(t). Then
{t} =

⋂
n<ω[t�(ξn + 1)]. Hence ψ(t, Y ) = ω.

For t ∈ U , we have ψ(t, Y ) = ω1. We will find a sequence 〈Otα : α < ω1〉
satisfying assumptions (1)–(3) of Proposition 1.2. Fix a club C ⊆ dom(t) in
dom(t) with order type ω1, and such that if ξ ∈ C is not a limit point of C,
then ξ is a successor ordinal. Let 〈ξα : α < ω1〉 be the increasing enumeration
of all elements of C. For α < ω1, let Otα = [t�ξα]\([t_0]∪ [t_1]). It is enough
to check that each Otα is clopen. This property is clear if α is successor. If α
is limit, then cf(α) = ω, and t�α /∈ T ∗ ∪ S ∪ U . Hence [t�ξα] = [(t�ξα)_0] ∪
[(t�ξα)_1]. Now [(t�ξα)_0], [(t�ξα)_1], and ([t_0] ∪ [t_1]) are clopen. So
[t�ξα] \ ([t_0] ∪ [t_1]) is clopen.

Lemma 3.2. The space Y is Lindelöf.

Proof. First note that T ∪S∪U is a normal tree. Let U be an open cover
of Y . Let TU be the set of all t ∈ T ∪ S ∪ U such that there is no countable
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subfamily U ′ of U with [t] ⊆
⋃
U ′. If TU is empty, then there is a countable

subfamily U ′ ⊆ U with [∅] ⊆ U ′, and it is clear that U ′ is a countable cover
of Y . Thus it is enough to see that TU is empty. Suppose to the contrary
that TU is non-empty. We will derive a contradiction in several steps.

1. It is clear that if t ∈ TU and ξ ∈ dom(t), then t�ξ ∈ TU . Hence TU is
downward closed.

2. We now prove that TU does not have a maximal element. Suppose to
the contrary that t ∈ TU is maximal.

(i) If t ∈ S, then [t] = {t}, so there is O ∈ U with [t] ⊆ O. This
contradicts t ∈ TU .

(ii) If t ∈ T ∪ U and t has no immediate successor in T , then [t] ⊆ {t}
and we can derive a contradiction as in case (i).

(iii) If t ∈ T ∪ U and t has an immediate successor in T , then t_0,
t_1 ∈ T since T is normal. We know t_0, t_1 /∈ TU . But then U
has a countable subfamily which covers [t] ⊆ {t} ∪ [t_0] ∪ [t_1],
which is a contradiction.

3. Every t ∈ S ∩ TU is a maximal element of TU , so that TU is a subtree
of T ∪ U .

4. We prove that TU is branching. Suppose to the contrary that {u ∈ TU :
t ⊆ u} is a chain for some t ∈ TU . Let 〈ti : i < α〉 be the increasing enumer-
ation of {u ∈ TU : t ⊆ u}. Let tα =

⋃
i<α ti. By step 2, α is a limit ordinal

and tα /∈ TU . Since T has no branch of size ω2, we deduce that α < ω2,
hence tα ∈ T ∪ S ∪ U .

Claim 3.3. For every i ≤ α, there is a countable subfamily Ui ⊆ U such
that [t0] \ [ti] ⊆

⋃
Ui.

Proof. We proceed by induction on i ≤ α. The case i = 0 is trivial.

Case 1: i is successor, say i = j + 1. Then dom(ti) is successor, so
ti ∈ T ∗. By the induction hypothesis, there is a countable Uj ⊆ U with

[t0]\ [tj ] ⊆
⋃
Uj . Let t†i = t_j (1− ti(dom(tj))). Then ti and t†i are immediate

successors of tj in T . Since t†i /∈ TU , there is a countable U ′ ⊆ U with

[t†i ] ⊆
⋃
U ′. Pick O ∈ U with {ti} ∈ O. Since [t0]\[ti] = ([t0]\[tj ])∪[t†i ]∪{tj},

we have [t0]\[ti] ⊆
⋃
U ′∪

⋃
Uj∪{O}. Hence Ui = U ′∪Uj∪{O} is as required.

Case 2: i is limit with countable cofinality. Take an increasing sequence
〈in : n < ω〉 with limit i. For each n < ω, take a countable Uin ⊆ U which
covers [t0] \ [tin ]. Now [t0] \ [ti] =

⋃
n<ω([t0] \ [tin ]). So Ui =

⋃
n<ω Uin is as

required.

Case 3: i is limit with uncountable cofinality. We notice that ti ∈ U
⊆ Y . Take O ∈ U with ti ∈ O. Then there is ξ < dom(ti) with [ti�(ξ + 1)] \
([t_i 0]∪ [t_i 1]) ⊆ O. Take k < i with ξ+ 1 ≤ dom(tk), and take a countable
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Uk ⊆ U with [t0] \ [tk] ⊆
⋃
Uk. Then [t0] \ [ti] ⊆

⋃
Uk ∪ {O}, so Uk ∪ {O} is

as required. Claim

Now we can find a countable Uα ⊆ U with [t0] \ [tα] ⊆
⋃
Uα. Since

tα ∈ T ∪ S ∪ U but tα /∈ TU , there is a countable V ⊆ U with [tα] ⊆
⋃
V.

Then [t0] ⊆
⋃
Uα ∪

⋃
V, contrary to t0 ∈ TU .

5. Now we observe that TU ⊆ T ∪U is branching. To derive a contradic-
tion, we take {ts : s ∈ <ω2} ⊆ TU such that for s ∈ <ω2, ts ⊆ ts_0 ∩ ts_1 and
ts_0⊥ ts_1. For x ∈ ω2, let tx =

⋃
n<ω tx�n. Then the assignment from 2≤ω to

2<ω2 defined by x 7→ tx is an order preserving embedding, so {tx : x ∈ ≤ω2}
is isomorphic to the Cantor tree. Note that tx ∈ (T ∪ S) \ U . By our as-
sumption on T , there is x ∈ ω2 with tx /∈ T , so tx ∈ S. Then we can pick
ξ ∈ dom(tx) such that [tx�(ξ + 1)] \ ([t_x 0] ∪ [t_x 1]) ⊆ U for some U ∈ U .
Take n < ω with t�(ξ+ 1) ⊆ tx�n, and take s ∈ <ω2 with x�n ⊆ s and s * x.
Then [ts] ⊆ U , which is a contradiction.

Remark 3.4. Suppose CH, and fix a cardinal λ > ω1. Then there is
a forcing notion which is σ-closed, satisfies the ω2-c.c., and forces that
“there exists an ω1-tree which has just λ many branches and 2ω1 ≥ λ”
(see Todorčević [11, pp. 282–283]). Combining this fact with Propositions
1.2 and 3.1, we have the consistency of the statement CH + 2ω1 > ωω +
“there exists a regular Lindelöf space with points Gδ and of size ωω”.

4. Proof of Theorem 1.5. In this section we identify ω2 with the
Cantor space. First we prove the following lemma which might be folklore:

Lemma 4.1. Let P be a forcing notion which preserves ω1, and T ⊆ <ω12
be a normal tree. Then, in V P, if T contains an isomorphic copy of the

Cantor tree, then (ω2)V contains a perfect subset of (ω2)V
P
.

Proof. Let G be a (V,P)-generic filter and work in V [G]. Suppose that
T contains an isomorphic copy of Cantor tree in V [G]. Then there is an
order preserving embedding f : ≤ω2 → T . We may assume that f(x) =⋃
n<ω f(x�n) for every x ∈ ω2, and there is α < ω1 with f(x) ∈ Tα for

every x ∈ ω2. Now we identify the set α2 as the Tychonoff product of α
many two-point discrete spaces 2 = {0, 1}. Let X = f“(ω2). Note that
X ⊆ Tα ⊆ (α2)V . Clearly X does not have an isolated point. Furthermore,
f is a continuous map from ω2 to α2, and X is the image of ω2 by f , thus
X is closed in α2. Hence X is a perfect subset of α2.

Next fix a bijection π : α → ω with π ∈ V . Then π induces the natural
homeomorphism π : α2 → ω2. Hence Y = π“X ⊆ ω2 is a perfect subset
of ω2. For each x ∈ (α2)V , we have π(x) ∈ V . Since X ⊆ (α2)V , it follows
that Y ⊆ (ω2)V . Hence (ω2)V contains a perfect subset Y of ω2.
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Now we are ready to prove Theorem 1.5. We use the following theorem:

Theorem 4.2 (Groszek–Slaman [4]). Let P be a forcing notion such that:

(1) P preserves ω1.
(2) P adds a new real.

(3) For every set x ∈ V P of ordinals with |x|V P ≤ ω, there is y ∈ V with
x ⊆ y and |y|V ≤ ω.

Then (ω2)V does not contain a perfect subset of (ω2)V
P
.

Proof of Theorem 1.5. Let P be as in the statement. Then P satisfies
conditions (1)–(3) in Theorem 4.2. Take a (V,P)-generic G and work in
V [G]. Let T be the tree (<ω12)V . Then, in V [G], T is a normal tree with
height ω1 and T has at least (2ω1)V uncountable branches. By Lemma 4.1
and Theorem 4.2, T does not contain an isomorphic copy of the Cantor tree.
Then we can construct a required space by Propositions 1.2 and 3.1.

Remark 4.3. It is obvious that c.c.c. in Theorem 1.5 can be replaced
by being proper.
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