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Large regular Lindelof spaces with points G
by

Toshimichi Usuba (Tokyo)

Abstract. By analyzing Dow’s construction, we introduce a general construction of
regular Lindelof spaces with points Gs. Using this construction, we prove the following:
Suppose that either (1) there exists a regular Lindelof P-space of pseudocharacter < wi
and of size > 2¢, (2) CH and O(w2) hold, or (3) CH holds and there exists a Kurepa tree.
Then there exists a regular Lindel6f space with points Gs and of size > 2“. This shows
that, under CH, the non-existence of such a Lindel6f space has a large cardinal strength.
We also prove that every c.c.c. forcing adding a new real creates a regular Lindelof space
with points G5 and of size at least (2*1)V.

1. Introduction. Arhangel’skii [I] proved that every first countable
Hausdorff Lindelof space has cardinality at most 2“, and then he asked
whether “first countable” can be replaced by “with points Gs”, where a
topological space X is said to be with points Gg if for every z € X, the set
{z} is a Gs-set in X.

The first answer to this question was Shelah’s consistency result [9].
Using forcing methods, Shelah proved the consistency of the existence of a
regular Lindelof space with points G and of size wy = (2¥)*. Afterwards,
Gorelic [3] refined Shelah’s result. These results show that the existence of
a large regular Lindelof space with points G is consistent with ZFC, but it
is unknown whether the non-existence of such a Lindelof space is consistent
or not.

While Shelah’s and Gorelic’s spaces are constructed by forcing meth-
ods DL recently Dow [2] has found a relatively simple construction using
the combinatorial principle {*:
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(*) Under V = L, Knight [7] constructed a regular Lindelsf space with point G5 and
of size w,, without forcing methods, but his proof contains some errors, and the author
does not know whether it can be fixed or not.
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THEOREM 1.1 (Dow [2]). Suppose &* holds, that is, there is a sequence
(Aq o < wy) such that:

(1) Ay € [P(a)]”
(2) For every A C wy, the set {a < wy : ANa € A} contains a club
m wi.

Then there exists a zero-dimensional Hausdorff Lindelof space of size 2“1
and with points Gy.

In this paper, by analyzing Dow’s construction, we introduce another
simple and general construction of a regular Lindelof space with points Gy.
In particular, we show that, under CH, the non-existence of a large regular
Lindel6f space with points G has a large cardinal strength.

Let X be a topological space. For x € X, let ¢(z, X) = min{|U| : U is a
family of open sets with {x} = (U}. The pseudocharacter of X, (X), is
sup{¢(xz, X ) : z € X}. So X is with points Gs if and only if ¥(X) < w.

The following proposition is a crux of this paper:

PROPOSITION 1.2. LetY be a reqular Lindelof space of pseudocharacter
< wy such that for eachy € Y, if Y(y,Y) = w1 then there exists a sequence
(0% : a < wi) of clopen sets with the following properties:

(1) 04 2 0% ,.

(2) 04 = Ns<a O% if « is limit.

(3) ﬂa<w1 Og = {y}

Let Z be any uncountable regular Lindeldf space with points Gs (e.g., the

Cantor space “2). Then there ezists a reqular Lindelof space X with points
Gs and of size max{|Y|],|Z|}.

A topological space is said to be a P-space if every Gg-set is open. If Y
is a regular P-space of pseudocharacter < wi, then it is easy to see that Y
satisfies the assumptions of Proposition Now the following theorem is
immediate from the proposition.

THEOREM 1.3. Suppose that there exists a reqular Lindelof P-space of
pseudocharacter < wy and of size > 2¥. Then there exists a regular Lindeldf
space with points Gg and of size > 2%.

For a regular uncountable cardinal x, the principle (k) is the assertion
that there exists a sequence (Cy, : o < k) such that:

o C,Cuaisaclubin a.
e For every 5 € lim(C,), Cs = Cy N .
e There is no club C in k with C Na = C, for every a € lim(C).

The principle (k) was introduced in Todoré¢evié [12] where it is shown using
a construction from Jensen [5] that () holds for every regular uncountable
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cardinal xk which is not weakly compact in L. We prove that if (J(ws) holds
or there exists a Kurepa tree, then there exists a large regular Lindel6f space
of pseudocharacter < w; which satisfies the assumptions of Proposition [1.2]
Hence we have:

THEOREM 1.4. Suppose CH. If O(wq) holds, or there exists an w-
Kurepa tree, then there exists a reqular Lindeldf space with points G§ and of
size > 2%,

This theorem tells us that the consistency of CH with non-existence of
a large regular Lindel6f space with points G implies the consistency of the
existence of a weakly compact cardinal.

We also prove the following theorem, which shows that simple forcings,
such as Cohen or Random forcing, create a large regular Lindel6f space with
points Gj.

THEOREM 1.5. Let P be a c.c.c. forcing notion which adds a new real.
Then P forces that “there exists a regular Lindelof space of size at least
(2“1)V and with points Gs”.

2. A construction of large Lindel6f spaces with points Gj. In
this section, we prove Proposition [1.2| using a construction based on ideas
from Dow’s paper [2].

Fix spaces Y and Z satisfying the assumptions of Proposition Let
Yo={y €Y : ¢¥wY) <wland Y1 = {y € Y : ¥(y,Y) = wi}. For
each y € Yj, fix a sequence (O : o < wy) of clopen sets which satisfies
assumptions (1)—(3) of Proposition

LEMMA 2.1. Fory € Yy, the family {O% : a < w1} is a local base at y
in'Y . In particular, for every countable family U of open neighborhoods of y,
there is o < wy with O C NU.

Proof. If not, then there exists an open neighborhood V of y such that
Oy ¢ V for every a < wi. Then {O%\V : a < wy } is a C-decreasing sequence
of non-empty closed sets with 0%\ V) = (). This is impossible since
Y is Lindel6f. =

a<w1(

Let X = Yo U (Y7 x Z). Clearly | X| = max{|Y],|Z|}. We will define a
required topology on X.

For a subset A C Y, let [A] = (ANYy)U((ANYy) x Z).

Note that for y € Y1 and y < wy, the family {[OZ]\[0%,1] : v < a < w1}
is a partition of [OY] \ ({y} x 2).

Fix an injection 7 : wy — Z. Let R = Range(n). For z € R, let 0, =
71(2).
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Now, for y € Y7, v < wi, and an open W C Z, let O(y,~y, W) be the set
{y} x W)U {05 IN[0F. (\]: 2 € ROW, 6. >4}

Note that O(y,v, W) C [O4] and ({y} x Z) N O(y,v,W) = {y} x W.
The topology on X will be generated by the family

{[V]:V CY isopen} U{O(y,v,W):y €Y,y <w,W C Z is open}.

We will prove that the above family actually generates a topology on X.
The following lemmas are easy to check:

LEMMA 2.2. For open sets Vo, Vi C Y, we have [Vp] N [Vi] = [Vo N V4].

LEMMA 2.3. Lety € Y1, 0,71 < w1, and Wo, W1 C Z be open. Then
O(y, max{~o, 71}, Wo N W1) € O(y, v0, Wo) N O(y, 71, W1).

LEMMA 24. Lety € Y1, V C Y be open, and z € Z. If (y,z) € [V],
theny € V and (y,z) € O(y,v,Z) C [V] for some v < w;.

Proof. We havey € V. By Lemmal2.1] there is v < wy such that O C V.
Then it is clear that (y,z) € O(y,v,Z) C [O3] C [V]. =

LEMMA 2.5. Let yo € Yo, y1 € Y1, v < w1, and W C Z be open. If
yo € O(y1,v, W), then there is an open V- C Y with yo € [V] C O(y1,v, W).

Proof. By the definition of O(yi,~, W), there is a unique z € RN W
with 0, >y and yo € [O5 [\ [Of ] Let V.= 05 \ Of ,,. Then V is open
in Y, yo € [V], and [V] € [OL1\ [0% 4] € Olyr.7. W)

LEMMA 2.6. Lety; € Y1, v < wi, and W C Z be open. Let y € Y1 and
z € Z. If (y,z) € O(yr,v, W), then there are v < wy and open W' C Z
such that (y,z) € O(y,7,W') € O(y1,7, W).

Proof. If y = y1, then z € W. Hence (y, 2) € O(y,v, W) = O(y1,~v, W).

Suppose y # y;. Then there is a unique z € RN W with §, > v and
<y, z) € [05'T\ [0§' ;] = [05' \ OF! .,]. By Lemma there is 7/ < wy
with <y7 Z) S O(y77,7Z) - IIOESJZI \ngl+1]] - O(ylaf}/? W) .

These lemmas show that the above family in fact generates a topology
on X. For y € Yj, the family {[V] : V C Y is an open neighborhood of y} is
a local base at y, and, for y € Y7 and z € Z, the family {O(y,~v, W) : v < wy,
W C Z is open with z € W} is a local base at (y, z).

We now show that X is regular. First we check that X is Hausdorff:

e For y € Y7 and 29,21 € Z with 29 # 2z, take disjoint open sets
Wy, W1 C Z with z; € W;. Then (y, Zi> € O(y,(), WZ) and O(y,O,W())
N O(y,0, W1) = 0.

e For yo,y1 € Yy with yg # y1, take disjoint open sets Vp, V73 C Y with
yi € Vi. We have y; € [Vi] and [Vo] N [V1] = 0.
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e For yg € Yy and (y1,2) € Y1 X Z, take o < wy with yo ¢ O4'. Then
yo € [Y \ O%'], (v1,2) € O(y1,, Z), and [Y \ O] N O(y1,a, Z) = 0.
e For (yo, 20), (y1,21) € Y1 X Z with yo # y1, pick a < wy with yo ¢ OF'.
We have (yo, z0) € [Y \ O2'], (y1,21) € O(y1,a, Z), and [Y \ O&'] N
O(y1,a, Z) = 0.
To see that X is regular, take an open set O C X and x € O. We will
find an open O’ with z € O’ C O’ C O.

o If x € Yy, then there is an open neighborhood V' C Y of x with
[V] C O. Since Y is regular, we can find an open neighborhood V' of
V with x € V! C V7 C V. Now it is easy to see that the closure of
[V'] in X is contained in O.

o If x = (y,2) € Y1 X Z, there are v < w; and an open neighborhood
W C Z of z with (y,z) € O(y,v,W) C O. As Z is regular, we can
find an open neighborhood W/ C W of z with W' C W. We can check
that the closure of O(y,~, W’) is contained in O(y,~y, W).

Next we prove that our space X is with points Gs.

LEMMA 2.7. Fory €Yy, there are open sets Op, C X (n < w) such that
{y} = mn<w O

Proof. Since y € Yp, we can find open sets V,, CY (n < w) such that
{y} = Mp<w Va- Then it is clear that {y} =, [Va]. =

LEMMA 2.8. Fory € Y1 and z € Z, there are v < wy and open sets
W, C Z (n <w) such that {{y,2)} = ,.<, Oy, 7, Wh).

Proof. Take a large v < wy such that if z € R then v > §,. Since Z is
with points Gg, there are open sets W,, C Z (n < w) with {z} =)
We see that {<y7 >} - mn<w O(y 7> W )

First, it is clear that ({y} x Z) N(,c, O, v, W) = {{y, 2) }.
Let yo € Yp and y1 € Y1\ {y}. We will show that ({yo} U ({y1} x Z)) N

O(y,~v, Wy,) = 0 for some n < w.

For y; € Yy, if y1 ¢ Of then we are done. Suppose y; € Of. Then there
is 21 € R with y1 € Of \05 et Pick n < w with z; ¢ W,, \ {z}. Then
{1} x2)NO0(y,~v, Wy) = (Z) Indeed if not then there is a unique w € RNW,,
with §, > v and {y1} x Z)N ([[wa]] \ [0 .1]) # 0. So w must be 2. Since
w € W, but z1 ¢ W, \ {z}, we see that z; must be z. Hence §, = §,, > 7,
contrary to the choice of ~.

The same argument shows that yo ¢ O(y,~y, Wy,) for some n < w. m

nw

TL<LU

Finally, we have to verify that X is Lindelof.

LEMMA 2.9. Let y € Y1. Le U be a family of open sets in X with {y} x
Z CJU. Then there are an open neighborhood V-C'Y of y and a countable
subfamily U' C U such that [V] C JU".
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Proof. We may assume each element U of U has the form O(y, vy, Wy).

By the definition of the topology of X, the subspace {y} x Z is hom-
eomorphic to Z. Since Z is Lindeléf and Z C (J{Wy : U € U}, there
are countably many U, € U (n < w) with Z C {Wy, : n < w}. Let
v =sup{yy, : n < w1} <w; and V = 0. Then V is an open neighborhood
of y in Y. We will show that [V] C |, .., Un.

First, clearly, {y} x Z C U,,«,, Un- Take yo € VNYyand y1 € VN Y,
with y1 # y. For y1, since y1 € V = O%, there is z € R with d, > v and
y1 € Of \ OF . Then there is n < w with z € Wy,. Now we have {y} x
Z C 051\ 105, ,1] € Oy, Wu,) € O(y,w,, Wu,) = Up. Similarly,
for yg € Yy, there is z € R with §, > ~ and yy € ng \ ngﬂ. Then
yo € O(y,7,Wu,,) € O(y,w,., Wu,)) = Un. =

LEMMA 2.10. The space X is Lindelof.

Proof. Let U be an open cover of X. For y € Y7, by Lemma there
are a countable subfamily i, C ¢/ and an open neighborhood V,, C Y of y
with [V,] € UU,.

For y € Yy, pick U, € U, with y € U,. Then we can find an open
neighborhood V;, C Y of y with [V,] C U,,.

Now {V, : y € Y} is an open cover of Y. Since Y is Lindeldf, we can
find countably many y9 € Yy and y, € Y1 (n < w) with Y C U, ., Vio U
Un<w Vy2- Then it is clear that {Up : n < wjUU{Uy 1 n < w}is a
countable subfamily of ¢/ which covers X. u

We have completed the proof of Proposition We now give some
related remarks.

REMARK 2.11. If Y and Z are Hausdorff and zero-dimensional, then our
space X is also Hausdorff and zero-dimensional.

REMARK 2.12. Lemma tells us that if Y is a regular Lindelof P-
space of pseudocharacter < wy, then x(Y) < wj, and we have |Y| < 2“1 by
well-known Arhangel’skii’s inequality.

REMARK 2.13. The existence of a regular Lindelof P-space of pseu-
docharacter < w; and of size > 2 is independent from ZFC.

Juhdsz and Weiss [6] showed that under V' = L, there exists a regular
Lindelof P-LOTS of weight w; and size > 2%.

On the other hand, if x is weakly compact, then there is no regular
Lindel6f P-space of pseudocharacter < w; and of size > 2¢ in VColw,<r),
where Col(wi, < k) is a standard o-closed poset collapsing x to wy. A Lin-
delof space is said to be indestructible if every o-closed forcing preserves the
Lindel6f property of the space. Scheepers and Tall [§] showed that every reg-
ular Lindel6f P-space is indestructible, and Tall and the author [10] proved
that if x is weakly compact, then, in Vo «1:<K) there is no indestructibly



Lindeldf spaces with points Gs 255

Lindel6f space of size wy and of pseudocharacter < wy. In VOUWL<K) e
have 2% = wy and 2“! = wy. Hence in this model, there is no regular Lindelof
P-space of pseudocharacter < wy and of size > 2%.

REMARK 2.14. In contrast to the previous remark, the author does not
know whether the existence of a large regular Lindelof space Y satisfying
the assumptions of Proposition [I.2]is independent from ZFC.

3. Tree spaces. In this section, we prove Theorem[I.4] We show that if
there is some special kind of trees, then we can construct a regular Lindelof
space which satisfies the assumptions in Proposition [1.2

First we introduce some basic definitions about trees. Let a be an ordinal.
We identify a subset T C =%2 with the tree (T,C). We say that a tree
T C =22 is normal if T fulfills the following conditions:

e T is downward closed, that is, for every s,t € =2, if s Ctand t € T
then s € T'.

e For every t € T, if T has an immediate successor, then ¢t has two
immediate successors in T, that is, t70,t71 € T.

For B <a,let Tg =TN B2. A branch of a tree T C =*2 is a maximal chain
of T. Finally, the Cantor tree is the tree <¥2.
The following is the main result in this section.

PROPOSITION 3.1. Let T C <“22 be a normal tree such that:

(1) T has no branch of size wa.
(2) T does not contain an isomorphic copy of the Cantor tree.

Suppose T has A\ many branches. Then there exists a zero-dimensional Haus-
dorff Lindelof space of pseudocharacter < wy and of size max{|T|,\} such
that for every y € Y with 1(y,Y) = w1, there exists a sequence of clopen
sets (04 : oo < wy) satisfying assumptions (1)—(3) of Proposition [L.2]

Theorem follows from this proposition. It is clear that an wi-Kurepa
tree has no branch of size wo, and contains no isomorphic copy of the Cantor
tree. For the O(ws) assumption, Todorcevié [12] showed that [J(ws) implies
that there is an we-Aronszajn tree which does not contain an isomorphic
copy of the Cantor tree. If such an ws-Aronszajn tree exists, then it is easy
to construct an we-Aronszajn normal tree T C <“22 which does not contain
an isomorphic copy of the Cantor tree. An ws-Aronszajn tree cannot have
a branch of size we. Thus, applying Proposition [1.2] we obtain the required
spaces.

Now we start the proof of Proposition Arguments which will be
used in this proof are essentially due to Dow [2], and the referee pointed out
to us that this space can be seen as a variant of the space considered by
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Todorcevié [I3, §6], who constructed a space using a special w;-Aronszajn
tree, while our space will be obtained using a tree without branches of size
wo by a similar construction.

Fix a normal tree T' C <“22 which satisfies the assumptions in the propo-
sition. For i < 2, let E? = {a < ws : cf(a) = w;}.

Set

o T = Ua<w2 Ta+l7
e S={te<22:dom(t) € E?, Va < dom(t) (tla € T) but t ¢ T},
o U={pe<22:dom(p) € E?, Va < dom(p) (pla € T)}.

Let Y =T*USUU. We know that |Y| = max{|T|, \}. We will define the
desired topology 7 on Y.
For t € <922, let [t] = {u e T* USUU : t C u}. Note the following:

e For t € T, if dom(t) is a limit ordinal with countable cofinality, then
t¢Y and [t] = [tT0] U [t 1].
e Fort € S, we have t ¢ T and [t] = {t}.

Now the topology 7 of Y is generated by the family
{IEtNE+ D\ (E"0JUtT1)) :teT*USUU, & € dom(t)}.

It is routine to check that this family actually generates a topology on Y
and the topology is Hausdorff. Moreover, every element of the above family
is clopen. Hence Y is zero-dimensional. We also note that for ¢ € Y and
¢ € dom(t), [t[(£ + 1)] is clopen.

We have to check that ¥(Y) < wy, and if ¥(y,Y) = w; for y € Y then
there is a sequence (O} : a < wy) as required.

If t € T*, then {t} isopen in Y. If t € S, then [t0]U [t 1] = () and the
family {[t[({ +1)] : € € dom(t)} is a local base at t. Since cf(dom(t)) = w,
we can find an increasing sequence (&, : n < w) with limit dom(¢). Then
[t} = Moo [£1(€ + 1)]. Hence (2, Y) = w.

For t € U, we have 9(t,Y) = wi. We will find a sequence (O, : a < wy)
satisfying assumptions (1)—(3) of Proposition [1.2] Fix a club C' C dom(t) in
dom(t) with order type wi, and such that if £ € C' is not a limit point of C,
then ¢ is a successor ordinal. Let (£, : @ < wy) be the increasing enumeration
of all elements of C. For a < wy, let Of, = [t[&,]\ ([tT0]U[t1]). It is enough
to check that each O, is clopen. This property is clear if « is successor. If a
is limit, then cf(a) = w, and t]a ¢ T* U S UU. Hence [t[&,] = [(t[&x) 0] U
[(t1€a) " 1]. Now [(t[€a) 0], [(t1€4) 1], and ([tT0] U [t 1]) are clopen. So
[t1€a] \ ([tT0] U [t1]) is clopen.

LEMMA 3.2. The space Y is Lindeldf.

Proof. First note that TUSUU is a normal tree. Let U be an open cover
of Y. Let Tj; be the set of all ¢t € T"U .S UU such that there is no countable
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subfamily U" of U with [t] C |JU'. If T} is empty, then there is a countable
subfamily &’ C Y with [)] C U’, and it is clear that &’ is a countable cover
of Y. Thus it is enough to see that T, is empty. Suppose to the contrary
that Ty, is non-empty. We will derive a contradiction in several steps.

1. It is clear that if ¢t € Tyy and £ € dom(t), then ¢[¢ € Tjs. Hence Ty is
downward closed.

2. We now prove that 1;; does not have a maximal element. Suppose to
the contrary that t € T;; is maximal.

(i) If t € S, then [t] = {t}, so there is O € U with [t] C O. This
contradicts t € Ty.

(ii) If t € T U U and t has no immediate successor in T, then [t] C {¢}
and we can derive a contradiction as in case (i).

(iii) If t € T UU and t has an immediate successor in 7', then ¢™0,
t™1 € T since T is normal. We know ¢t—0,t71 ¢ Ty. But then U
has a countable subfamily which covers [t] C {t} U [t70] U [t1],
which is a contradiction.

3. Every t € S N1y, is a maximal element of Ty, so that T, is a subtree
of TUU.

4. We prove that Tj; is branching. Suppose to the contrary that {u € Tp; :
t C u} is a chain for some t € Ty;. Let (t; : ¢ < a) be the increasing enumer-
ation of {u € Ty : t C u}. Let to = ;. ti- By step 2, a is a limit ordinal
and t, ¢ Ty. Since T has no branch of size wy, we deduce that a@ < wo,
hence t, e TUSUU.

Cram 3.3. For every i < «, there is a countable subfamily U; C U such
that [to] \ [t:] € Ul

Proof. We proceed by induction on i < «. The case ¢ = 0 is trivial.

CASE 1: ¢ is successor, say ¢ = j + 1. Then dom(¢;) is successor, so
t; € T*. By the induction hypothesis, there is a countable U; C U with
[to] \ [t;] € UU;. Let t} = t; (1 —ti(dom(t;))). Then ¢; and t;r are immediate
successors of ¢; in T'. Since t;r ¢ Ty, there is a countable U’ C U with
(t]] € UU'. Pick O € U with {t;} € O. Since [to]\[t:] = ([to] \[t;]))U[t]]U{t;},
we have [to]\ [t;] € YU UYU;U{O}. Hence U; = U'UU;U{O} is as required.

CASE 2: 4 is limit with countable cofinality. Take an increasing sequence
(i, : n < w) with limit i. For each n < w, take a countable U;, C U which
covers [to] \ [ti,]- Now [to] \ [ti] = U, < ([to] \ [tin])). So U; = U, <, Ui, is as
required.

CASE 3: 7 is limit with uncountable cofinality. We notice that t; € U
C Y. Take O € U with ¢; € O. Then there is £ < dom(¢;) with [¢;[(£ +1)] \
([t 0] U [t 1]) € O. Take k < ¢ with £ +1 < dom(ty), and take a countable
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U, C U with [to] \ [tk] - Uuk Then [to] \ [tz] - Uuk U {O}, so U U {O} is
as required. ®(Claim

Now we can find a countable U, C U with [to] \ [ta] € JU,. Since
to € TUSUU but ty ¢ Ty, there is a countable V C U with [t,] C |JV.
Then [to] € JUy UJV, contrary to ty € Tyy.

5. Now we observe that T;; C T'UU is branching. To derive a contradic-
tion, we take {ts : s € <“2} C Ty, such that for s € <“2, t, C tye~g Nts~1 and
ts~g Lts~1. Forx € “2 lett, = Un<w tzn- Then the assignment from 2= to
2<%2 defined by z ++ t, is an order preserving embedding, so {t, : x € 2}
is isomorphic to the Cantor tree. Note that t, € (T'US) \ U. By our as-
sumption on T, there is x € “2 with ¢, ¢ T, so t, € S. Then we can pick
¢ € dom(t,) such that [t,[(£ + 1)] \ ([t; 0] U [tz 1]) C U for some U € U.
Take n < w with t[(§+1) C ty),, and take s € <“2 with z[n C s and s € .
Then [ts] C U, which is a contradiction. =

REMARK 3.4. Suppose CH, and fix a cardinal A > w;. Then there is
a forcing notion which is o-closed, satisfies the wo-c.c., and forces that
“there exists an wi-tree which has just A many branches and 2% > \”
(see Todorcevié¢ [I1, pp. 282-283]). Combining this fact with Propositions
and we have the consistency of the statement CH + 2% > w,, +
“there exists a regular Lindel6f space with points Gs and of size w,,”.

4. Proof of Theorem In this section we identify “2 with the
Cantor space. First we prove the following lemma which might be folklore:

LEMMA 4.1. Let P be a forcing notion which preserves wy, and T C <“12
be a normal tree. Then, in VT, if T contains an isomorphic copy of the
Cantor tree, then (“2)V contains a perfect subset of (“2)V".

Proof. Let G be a (V,P)-generic filter and work in V[G]. Suppose that
T contains an isomorphic copy of Cantor tree in V|[G]. Then there is an
order preserving embedding f : <2 — T. We may assume that f(x) =
Un<w f(zIn) for every » € “2, and there is @ < wy with f(z) € T, for
every x € “2. Now we identify the set “2 as the Tychonoff product of «
many two-point discrete spaces 2 = {0,1}. Let X = f%(“2). Note that
XCT,C (0‘2)V. Clearly X does not have an isolated point. Furthermore,
f is a continuous map from “2 to *2, and X is the image of “2 by f, thus
X is closed in *2. Hence X is a perfect subset of “2.

Next fix a bijection 7 : @ — w with m € V. Then 7 induces the natural
homeomorphism 7 : *2 — “2. Hence ¥ = 7“X C “2 is a perfect subset
of “2. For each z € (“2)V, we have 7(x) € V. Since X C (*2)V, it follows
that Y C (“2)V. Hence (“2)" contains a perfect subset Y of “2. =
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Now we are ready to prove Theorem [I.5] We use the following theorem:
THEOREM 4.2 (Groszek—Slaman [4]). Let P be a forcing notion such that:

(1) P preserves wy.
(2) P adds a new real.

(3) For every set x € V¥ of ordinals with ]a:\vp < w, there isy € V with
r Cyand |y|¥ <w.

Then (“2)V does not contain a perfect subset of (¥2)V".

Proof of Theorem [1.5. Let P be as in the statement. Then P satisfies
conditions (1)—(3) in Theorem Take a (V,P)-generic G and work in
V[G]. Let T be the tree (<12)V. Then, in V[G], T is a normal tree with
height w; and T has at least (2¢1)" uncountable branches. By Lemma
and Theorem [£.2] T" does not contain an isomorphic copy of the Cantor tree.
Then we can construct a required space by Propositions and "

REMARK 4.3. It is obvious that c.c.c. in Theorem can be replaced
by being proper.
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