COLLOQUIUM MATHEMATICUM

VOL. 146 2017 NO. 2

IDEAL QUASI-NORMAL CONVERGENCE AND
RELATED NOTIONS

BY

LEV BUKOVSKY (Kosice), PRVATULANANDA DAS (Kolkata) and
JAROSLAV SUPINA (Kosice)

Abstract. Recently the second author and D. Chandra (2013) began to study the
notion of ideal quasi-normal convergence and some topological notions defined by this con-
vergence. We show how some properties of those notions depend on the ideal; sometimes,
they are also equivalent to some property of the ideal. Moreover, we exhibit non-trivial
cases when the new notion introduced by the ideal quasi-normal convergence is equivalent
to the corresponding original notions. Some relations between the new notions for different
ideals are investigated as well. Then we extend the characterization of some of the notions
by convergence properties of the topological space C,(X). Finally, we study the relation
of the new convergences to the covering properties of the underlying topological space.

1. Introduction. In 1937, Henri Cartan [CI], [C2] began to study the
convergence of a filter in a topological space. Soon after, in 1940, N. Bourbaki
published the monograph [Bou| where the presentation of general topology
is based on convergence of filters, including the simple and beautiful proof
of Tychonoff’s Theorem about the product of compact spaces. Later, several
authors independently generalized the convergence of a sequence of reals to
a convergence based on an ideal Z of subsets of w. Some of them may not have
been familiar with the work of H. Cartan and N. Bourbaki and they called
the convergence they introduced Z-convergence. For further information see,
e.g., [KSW]. Actually, Z-convergence is Cartan’s convergence with respect to
the dual filter of Z.

Many authors consider natural modifications of several notions defined
by the convergence of a sequence of reals or, more often, by the convergence
of a sequence of real functions. See e.g. [BDK], [DCI] or [E'S|, where the
reader can find other references to papers devoted to ideal convergence.
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There are natural questions: Are the new notions defined via ideal con-
vergence different from the classical ones? Are the newly introduced notions
non-void at all? When do the modified notions keep the basic properties of
the classical ones?

We shall use standard notation and terminology of set theory and set-
theoretic topology. All topological spaces are assumed to be Hausdorff.

The set of all natural numbers is denoted by w, and R is the set of all reals.
In the whole paper by an ideal we understand a hereditary family Z C P(w)
(B € Z for any B C A € Z) that is closed under unions (AU B € 7 for any
A, B € 7), contains all finite subsets of w and w ¢ Z @ The smallest ideal
is the Fréchet ideal Fin = [w]<“, the set of all finite subsets of w.

For a family A C P(w) we denote A? = {w\ A : A € A}. A family
F C P(w) is called a filter if F¢ is an ideal.

If Z C P(w) is an ideal then B C 7 is a base of Z if for any A € T there is
B € Bsuch that A C B. If F C P(w) is a filter then a family B C F is a base
of F if B? is a base of the dual ideal F¢. We recall a folklore fact: a family
A C [w]¥ is a base of some filter if and only if A has the finite intersection
property, briefly f.i.p., i.e., if for any finitely many sets Ag,..., A, € A, the
intersection Ag N ---N A, is infinite.

For an ideal Z we denote

cof(Z) = min{|A| : A CZ A A is a base of Z}.

A set A is almost contained in a set B, written A C* B, if A\ B is finite.
Assume that A C 7 is such that every B € T is almost contained in some
Ac A Then B={AUF: A€ AANF € [w]<*} is a base of Z. Moreover, if
A is infinite, then |B| = |A|.

An ideal 7 is said to be a P-ideal if for any countable A C 7 there
exists a set B € Z such that A C* B for each A € A. Some authors
then say that Z has property (AP). If A C w is such that w \ A is infinite,
then

(A = {BCuw:BC" A}

is a P-ideal with a countable base. Note that the Fréchet ideal Fin equals (()*.

An infinite set B C w is said to be a pseudointersection of a family
A C [w]¥if B C* A for any A € A. We can introduce the dual notion:
a set B is a pseudounion of the family A if w \ B is infinite and A C* B
for each A € A. Thus an ideal 7 is a P-ideal if and only if every countable
subfamily of Z has a pseudounion belonging to Z. If a pseudounion A of Z
belongs to Z, then Z = (A)*.

(*) Note that some authors call such ideals proper and admissible.
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It is common in the literature to say that an ideal Z is tall if for any
B € [w]“, there exists an A € T such that AN B is infinite. Thus, an ideal 7
has a pseudounion if and only if Z is not tall. In the following we prefer to
say that “Z has a pseudounion”, since we shall often specify it.

The pseudointersection number is the cardinal

p = min{|A| : A C [w]” has f.i.p. and has no pseudointersection}.

Thus, if Z is an ideal with cof(Z) < p, then Z has a pseudounion. Since
p > Ny, any ideal with a countable base has a pseudounion.

The opposite implication is false. Indeed, if (A, B) is a Hausdorff gap (for
definition see e.g. [Bul| or [Schl]), then any set B € B is a pseudounion of
the ideal

I={CCw:(FAcA)(CC" A},

and no pseudounion of Z belongs to Z. F. Rothberger [Ro| proved that there
exists a (b,w)-gap @ In this case Z is a P-ideal and cof(Z) = b > p. Note
that even the inequality b > p is consistent with ZFC.

Recall that a sequence (z,, : n € w) of elements of a topological space X

I-converges to x € X, written x, EN x, if for every neighborhood U of x, we
have {n € w: z,, ¢ U} € I, i.e., the function (z,, : n € w) from w into X
converges modulo the filter Z¢ to z in the sense of H. Cartan. Similarly,
we say that a sequence (x, : n € w) of reals is Z-divergent to oo, written
2 S 00, if {n:z, <a} €T for any real a > 0.

If f: X — R, we say that f is a real function on X. When X is under-
stood from the context, we say simply that f is a real function. A sequence
(fn : m € w) of real functions Z-converges to a real function f on X, written

fo s f,if fn(z) EN f(z) for each z € X.
P. Das and D. Chandra [DCI] generalized the notions of [Bal] and [CL]
as follows. A sequence (f, : n € w) of real functions on X Z-quasi-normally

converges to a real function f on X, written f, IQ—N> f on X, if there
exists a sequence (¢, : n € w) of reals that Z-converges to 0 (a control
sequence) and is such that {n € w: |f,(z) — f(z)| > en} € T for any = € X.
A sequence strongly Z-quasi-normally converges to f if (27" :n € w) is a

control sequence. We then write f, SIQN, f. Actually, here (27" : n € w)
may be replaced by any sequence (g, : n € w) of positive reals such that
Yooy En < 00.

Let us make a rather trivial observation. Fach subsequence of a quasi-
normally convergent sequence is quasi-normally convergent. However, if 7 #
Fin, then it is easy to construct an Z-quasi-normally convergent sequence
which has a subsequence that does not Z-quasi-normally converge.

() For the definition of b, see e.g. [Bul.
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R. Filipow and M. Staniszewski [F'S| have shown that for a P-ideal, in the
definition of Z-quasi-normal convergence one can replace the Z-convergence
of (e, : m € w) to 0 by the stronger condition lim,, . &, = 0.

Note that for any sequence ( fn :n € w) of real functions we have

(1) If Z; C I, then fn f implies fn f, and
o 2 £ implies £, 22, .

A sequence (fy, : n € w) of real functions on X Z-uniformly converges to

a real function f, written f, EaiN f,if
{new: @A eX)(|fulz) - fx)| Ze)} €T

for each € > 0. The properties of Z-uniform convergence were studied in
[BDK].

It is not surprising that some basic properties of Z-quasi-normal con-
vergence and those of the notions defined by it are closely related to the
properties of the ideal Z. In this note, we shall present some results of this
type. We show that in some cases the new notions coincide with the original
ones. Moreover, we show that some classical results can be “translated” to
their ideal modifications.

2. Properties of the ideal and decompositions. In this section we
show some relations between properties of the ideal and properties of some
convergences.

The implication (i)—(ii) of the next theorem was announced in [DCI],
Remark 2.1]|. The proof of (iii)—(i) follows an idea of J. Jasinski and I. Rec-
taw |JR]. For k = Ny, the theorem was proved by R. Filipéw and M. Stani-
szewski [F'S, Corollary 5.4].

THEOREM 2.1. The following are equivalent:
(i) cof(Z) < k.
(ii) There exists X < k such that for any non-empty set X and for any
sequence (fn : n € w) of real functions such that fy, EA2AN fon X,

there ewist sets X¢, £ < A, such that X = U§<)\ Xe and fp KN f on

each X¢. Moreover, if X is a topological space and fn,, n € w, are

continuous, then the sets X¢, £ < A, can be chosen to be closed.
(iii) There ezists A < Kk such that for any sequence (fn : n € w) of real

functions such that fn f on I, there exist sets X¢, & < A,

such that T = U£</\ X¢ and fy EaLN f on each X¢. Moreover, if T
is considered as a topological subspace of P(w) and f,, n € w, are
continuous, then the sets X¢, £ < A, can be chosen to be closed.
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Proof. Throughout the proof, f and f,, n € w, denote real functions
on X.

QN .
Assume that cof(Z) = A < k and f, EAN f on X. Then there exists
a sequence {&y}new of positive reals with Z-1lim,,_,o, €, = 0 such that for
every x € X the set

Ay =A{n:|fu(x) = f(2)] = en}
belongs to Z. Assume that {C¢ : £ < A} is a base of Z. Thus for every A € T
there exists some { < A with A C C,. We set
X§:{$€X:Ang§}.

Hence X = (Jg) Xe.

It is now easy to observe that f, L, f on each X¢. Indeed, take an
€>0.Let B={n€c€w:e, >¢}. Then B € Z, since Z-lim,,_,oc &, = 0. If
x € X¢, then A, C C¢. Therefore | f,(x)— f(z)| < e for each n € w\ (C¢UB).

Evidently C¢ U B € Z. This proves our assertion.
Now, let X be a topological space, and suppose f,, n € w, are continuous.

Assume that f, o8, fon X. Set
Xe={zeX:(Vn,mew\Ce)(|fn(x) = frn(x)] <en+em)}
Clearly X is closed for all § < A. If x € X then it readily follows that x € X,

for some £ < A and f, ESLN f on each X¢.

Assume (iii). The Cantor set “2 is endowed with the product topology
and is homeomorphic to the Cantor middle-third subset of R. We can identify
P(w) with “2 equipped with the product topology. We shall consider Z as
a topological space with the subspace topology of “2.

Define f,, : Z — R by

1, neA,

) ma={y "

for any A € Z. One can easily see that each f, is a continuous function.
Moreover, for any 0 < e <1 and A € Z we have

{new: f(Ad)>e}={necw: f(Ad)=1}=A¢cT.
Therefore f, LN, ) with control (27" :n € w).
By (iii) there exist sets Xe C Z, £ < A, such that 7 = [J,, X¢ and
fn ElN f on X¢ for each § < A. Therefore for any § < A we have
Ag = {TL cCw: (HA S Xﬁ)(fn(A) > 1)} el.

Since A = {n : fn(A) > 1}, we obtain A C A¢ for any A € X¢. Hence
{A¢ : £ < A} is a base of the ideal Z. w



270 L. BUKOVSKY ET AL.

We ask about the converse to the implications in assertion (ii) or (iii).
In [DCI] a converse was proved for ideals with countable basis. Later, R. Fi-
lipow and M. Staniszewski [FS| Proposition 5.1] proved the ideal generaliza-
tion of the basic result of [Ba] and [CLJ.

THEOREM 2.2. Let f, f., n € w, be real functions defined on a set X.
If there are sets Xy, C X, k € w, such that X = J,¢,, Xk and fp Z-u f on

TQN
X for every k € w, then f, i> fonX.
We prove another result concerning decomposition of the set X.
THEOREM 2.3. For a set C' C w, the following are equivalent:

(i) C is a pseudounion of the ideal T.
(ii) For every set X and every sequence (fn, : m € w) of real functions

with f, EQ—I\I% f on X, there exist sets Xy, k € w, such that X =

U X and fp, % f on each Xy.

(iii) For every set X and every sequence (f, : n € w) of real functions
‘ IQN . ‘ .
with fp L f on X, there exists a cardinal (maybe finite) k and

sets X¢, £ < K, such that X = U§<n X¢ and f, % [ on each X¢.

Proof. Throughout the proof, f and f,, n € w, denote real functions
on X.

(i)—(ii) Suppose C' is a pseudounion of Z. Assume that f, ERAN f on
X with a control (g, : n € w). Then Z-lim,, o &, = 0 and for every z € X
there is a set A, € Z such that |f,(x) — f(z)| <&, for all n € w\ A,. We set

Cr,=0U{0,1,...,k}, Xp={zxeX:(Vn¢&Cy(fulz)— flz) <en)}.

Observe that for any = € X we have A, C Cj, for some k € w, ie., x € X}.

C)*-
Hence X = |J,, Xj. One can easily show that f, M f on each Xp.

Evidently (ii)—(iii).

(iii)—(i) Assume that (iii) holds true. Define f, : Z — R as in (2)). As
QN

above, f, —— 0. Thus there exists a cardinal x and sets X¢, £ < &, such
C)*-
that 7 = U£<H X¢ and f, <>—u> f on each X¢.

C)*-
For any A € Z, there exists a { <  such that A € X¢. Since f, ”—“> f

on X¢, we obtain A ={necw: f,(A) >1} € (C)*,ie, AT C. »

3. Equivalences with classical notions. If A C w is infinite, then
(ea(n) : m € w) is the increasing sequence such that A = {ea(n) : n € w}.
We begin with a simple observation.
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LEMMA 3.1. Assume that T C P(w) is an ideal with a pseudounion C.
Let A=w)\C.

(a) For any sequence (xy, : n € w) of reals, if x, L0 then Te,(n) — 0.
(b) For any sequence (fy, : n € w) of real functions defined on X, if

fn Lo on X, then f,, ) — 0 on X.
(c) For any sequence (fn : n € w) of real functions defined on X, if

ntQ—N>O on X, then f,,(n) Ao oon X.

Proof. Note that by the definition of a pseudounion the set A is infinite.

(a) Let (x5, : n € w) be a sequence of reals such that =y, 50.Ite>0
then B = {n € w : |zy| > ¢} € Z. Thus B C* C. If |z, ()| = ¢ then
ea(n) € B\ C. Therefore |z, ()| > € just for finitely many n.

Assertion (b) follows immediately from (a).

(c) Let (f,, : n € w) be a sequence of real functions defined on X such that

In 9N, 0 with a control (en : n € w). By (a) we have lim;, o €, (n) = 0.

As above, if x € X then {n € A: |f,(x)| > &,} is finite. m

Related results were obtained by R. Filipow and M. Staniszewski [F'S|
Theorem 7.14 and Corollaries 7.15-7.16]. However, they deal with an ideal
of the form (A)*. None of the ideals they consider is tall. Therefore

. IQN
PROBLEM 3.2. Is there a tall ideal T such that for any f, TN there
erists a subsequence converging quasi-normally to 07

In [JR] the authors say that a topological space X has the Z-ideal con-
vergence property if for any sequence (f, : X — R : n € w) of continuous
functions Z-converging to 0 there exists C' € Z such that f,, ;) — 0 on X,
where A = w \ C. They remark that if Z is of the form (B)*, then every
topological space has the Z-ideal convergence property. Actually, that is the
statement of Lemma [3.1|b) for the ideal (B)*.

In [DC2], the authors investigated the following modifications of the
notions of [BRR]. Let Z and J be ideals. A topological space X is an
(Z, J)QN-space if for any sequence (f,, : n € w) of continuous real func-

tions Z-converging to 0 on X, we have f, “7—QN> 0. A topological space X is
an (Z,J)wQN-space if for any sequence (f, : n € w) of continuous real func-

tions Z-converging to 0 on X, there exists a sequence (m,, : n € w) of natural
N .

numbers such that f,, IO, . Note that we can require that my, 7 .

Indeed, take instead of (f, : n € w) the sequence (|f,| +27" :n € w). Then

for any a > 0 and any x € X we have

{n:my, <a} C{n:|fm,(z)|+27" >27 € J.
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If from every Z-converging sequence one can choose a strongly J-quasi-
normally converging subsequence, we say that X is an (Z,sJ)wQN-space.
It is easy to see that if Z ¢ J, then there exists no (Z,J)QN-space.
Thus, speaking about an (Z, 7)QN-space, we always assume that Z C 7.
A (Fin, Z)QN-space is the ZQN-space of [DCI], and a (Fin, Fin)QN-space
is the QN-space of [BRR]; similarly for the other notions.
Note that

(3) If o C 1y and J1 C Js, then
any (Z1, J1)QN-space is an (Za, J2)QN-space.
Similar relations hold true for the other notions.

We show that for an ideal with a pseudounion we do not in fact obtain
any new notions:

THEOREM 3.3. Let Z and J be ideals.

(a) If T has a pseudounion, then every JwQN-space is an (Z, T )wQN-
space.
(b) If J has a pseudounion, then every JQN-space is a QN-space and
every (Z, J)wQN-space is an (Z,Fin)wQN-space.
Proof. (a) Let C be a pseudounion of Z. We set A = w\ C'. Assume that
X is a (Fin, J)wQN-space and f, L. 0. Then by Lemma (b), featn) = 0.
Hence a subsequence of (f,,n) : 7 € w) JQN-converges to 0.
(b) Now, let C be a pseudounion of J, and A = w\ C. Assume that X is
a JQN-space and f, — 0 on X. We set g., () = fn and g, = 0 otherwise.
. JQN
Evidently g, — 0 on X. Therefore g, —— 0, and by Lemma (c) we
obtain g, (n) = fn .
Now assume that X is an (Z, J)wQN-space and f, L, 0 on X. Then
a subsequence of (f,, : n € w) JQN-converges to 0 on X. By Lemma (c),

a further subsequence quasi-normally converges to 0 on X. Thus X is an
(Z,Fin)wQN-space. =

Taking into account we obtain

COROLLARY 3.4. Let X be a topological space, and L an ideal with a pseu-
dounion.

(a) X is an ZQN-space if and only if X is a QN-space.
(b) X is an ZTwQN-space if and only if X is a wQN-space.

We can strengthen Corollary [3.4f(a) in a rather trivial way.

COROLLARY 3.5. If T C J and the ideal J has a pseudounion, then
every (Z,J)QN-space is a QN-space.
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Proof. Any (Z,J)QN-space is a (Fin, J)QN-space = JQN-space. The
assertion follows from Corollary [3.4f(a).

COROLLARY 3.6. If T = (C)* for some C C w, then X is a QN-space if
and only if X is an (Z,Z)QN-space.

Proof. Let A =w\ C. Assume that f, £, 0. Then by Lemma (b) we
obtain f,, () — 0, and therefore f, ) 0. Since € € 7, we immediately

see that f, 29 0.

By J. gupina [Su| every topological space is an ZQN-space if and only
if the ideal Z contains an isomorphic copy of FinxFin. Hence, in this case

QN + ZQN.

PROBLEM 3.7. For which ideal I not containing an isomorphic copy of
FinxFin do we have ZQN # QN ? Similarly for ZQN- and ZTwQN-spaces.

J. Supina [Su| recently showed that assuming p = ¢, for a y-space X
which is not a QN-space (the existence of such spaces was proved in [BRR])
there exists a tall ideal Z, not containing an isomorphic copy of FinxFin,
such that X is an ZQN-space. We can even assume that Z is a maximal
ideal. Anyway, that is only a very partial answer to our Problem [3.7]

4. (Z,J)QN, (Z,J)wQN and properties of C,(X). We recall that
a topological space Y has the Arkhangel’skii’s property (aq) if

for anyy €Y and any sequence ((Ynm : m € w) : n € w) of sequences
such that limy, oo Yn,m =y for all n, there is a sequence (zpy, : m € w)
such that limpy, oo 2m = Yy and {Ynm : m € w} C* {2z, : m € w} for
each n,

and Y has Arkhangel’skii’s property (oy) if

for anyy €Y and any sequence ((Ynm : m € w) : n € w) of sequences
such that limy, oo Yn,m = y for all n, there is a sequence (my : n € w)
such that limy, o0 Yn.m, = Y.

If Y is a topological group, we can suppose that y is the neutral element.

The main results concerning wQN-spaces and QN-spaces (see e.g. [Bul,
[BH| or [Sal]) are the Fremlin-Scheepers Theorem saying that a topological
space X is a wQN-space if and only if the space C,(X) of continuous real
functions on X with the pointwise convergence topology has property (ay),
and the Bukovsky—-Hales—Sakai—Scheepers Theorem saying that X is a QN-
space if and only if C,(X) has property (o).

For ideals 7 and J we can modify properties (o) and (oy) for Cp(X)
(or any space of real functions) as follows. C,(X) has property (Z,J-oq) if
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for any sequence ({fnm : m € w) : n € w) of sequences of continuous

real functions such that fy m Lo for each n, there exists a sequence
(Bn:n €w) CJ with J,¢,, Bn = w such that

(4) (Ve>0)(Vze X)(FA e T)(Vn,m)(m & AU B,, = |fom(x)| <e),
and C,(X) has property (Z,J-oy) if

for any sequence ({fnm : m € w) : n € w) of sequences of continuous

real functions such that fy m Lo for each n, there exists a sequence

(my 0 € w) such that fpm, 7 0.

As in the definition of an ZwQN-space, we can assume that m,, 7y 0o
as above, replace the sequence ((fym :m € w) : n € w) by ((|fom|+27":
meEw):n € w).

One can easily show that the condition (Fin, Fin-a;) is equivalent to (aq),
and (Fin, Fin-ay) is equivalent to ().

Note that in the definition of (Z, J-a4) we may assume that fy, ALNG)
Indeed, let gnm = 2" fnm. Then g m £> 0 for each n and therefore there

exists a sequence (m, : n € w) such that g, m,, 7, 0. Since

{n:lgnm, (@) <1} ={n: [fom, (@) <27},

N
we see that f,, m, ij—Q—% 0.

Now, we prove the ideal version of Fremlin—Scheepers’ characterization
of wQN-spaces.

THEOREM 4.1. If X is a topological space then the following are equiv-
alent:

(i) X is an (Z,sJ)wQN-space.
(i) Cp(X) has property (I, T -ou).

Proof. (ii)—(i) Suppose C,(X) has property (Z, J-ou4) and f, L0, We
set fum = 2" fm. Then fp £> 0 for every n. Therefore there exists a se-
quence (my : n € w) such that fy, 7, 0. One can easily check that
S T, 0 with control (27" :n € w).

(i)—(ii) Assume that X is an (Z,sJ)wQN-space and f m L 0 for
each n. Set

(5) gm(@) =Y min{2™", | frum(@)[}.
n=0
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Let z € X and € > 0. Let ng be such that 27072 < ¢, For n < ng we
have

A= {0 | fum(@)] > /(200)} € T.
If m ¢ U, <y, An, then
gm(z) < Z 2ino+ Z 27" < e

n<ng n>no

Thus gn, 0.

. N
Hence there exists a sequence (m, : n € w) such that g, LN

with control (27" : n € w). Note that for any z € X, if g, () < 27" then
| frm ()| < 27" Thus

{n [ fnma (@) 227" S {n s g, (2) 227"} € T,

and therefore f, ., “7—QN> 0. m

PROBLEM 4.2. Does (Z,J)wQN — (Z,J-a4) hold true?

Similarly, we prove the ideal version of the Bukovsky—Hales—Sakai—Schee-
pers characterization of QN-spaces.

THEOREM 4.3. For any topological space X and any ideal L, the following
are equivalent:

(i) X is an (Z,TJ)QN-space.

(i) Cp(X) has property (Z,T-o).

Proof. (i)—(ii) Assume that ((fnm : m € w) : n € w) is a sequence of
sequences of continuous real functions such that f, ,, £> 0 for each n € w.

As above, if we define g, by , then each g, is continuous and g, Lo

By (i) we know that g, T, 0 with a control (€m : m € w). Therefore for

any = € X there exists a set A, € J such that if m ¢ A, then g,,(z) < ep,.
Since &, i> 0, there are B, € J such that B,, C Bj,1, UZOZO B, = w
and g, < 27" whenever m ¢ B,. Note that for any + € X, n € w and
m & A U B, we have g,,(x) < 27". Therefore |fp m(x)| < gm(z) <27,

Let z € X, € > 0, and ng with 270 < &. Then there exists a set C, € 7
such that |f,m(x)| < € for any n < ng and m ¢ C,. Thus for any n € w,
m & Az U B, and m ¢ Cy, we have |f, n(z)| < €. Setting A = A, UC, we
obtain .

(ii)—(i) Assume that f,(x) L, 0 for each = € X. We set fam = 2" fml.
Then fpnm £> 0 for each n. Therefore there exist B, € J with B, C B,y
and (J;~ , B = w such that (4) holds. We set

em =21 form e B, \ Bu_1,
where B_1 = (.
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Since {m : &, > 27"} = B,y41, we obtain &, 0. Let z € X.
By there exists A € J such that f,.,(z) = 2"|fn(x)] < 1 for any
n,m satisfying m ¢ A U B,. Evidently for any m ¢ By there exists an n
such that m € Bpy1 \ Bp. lf m ¢ AU By and m € By41 \ By, we have
fam(z) = 2" fm(z)] < 1 and &, = 27", Thus |fi(z)| < 27" = &,. Since

AU By € T we obtain f, T 0 with control (Em M EW). =

We can also introduce the ideal convergence modifications of properties
(ap) and (a)* for Cp(X), which were introduced in [BHI, as follows. C,(X)
has property (Z, J-oy) if

for any sequence ({fnm : m € w) : n € w) of sequences of continuous

real functions such that fy m Lo for each n, there exists a sequence

JQN

(N : m € w) J-diverging to co such that fr,, m — 0,

and Cp(X) has property (I, J-og) if

for any sequence (f, : n € w) pointwise converging to 0 and any se-
quence ((fom : m € W) : n € w) of sequences of continuous real

functions such that fpm EN fn for each n, there exists a sequence

(N, : M € w) J-diverging to oo such that fp,, m EAEAN

Evidently properties (Fin, Fin-ag) and (Fin, Fin-a) coincide with prop-
erties (ap) and (af) of [BH], respectively.

The proof of Theorem 2.2 of [BH| can be modified to give a proof of the
following assertion.

THEOREM 4.4. For a topological space X the following are equivalent:

(i) X is an (Z,T)QN-space.
(ii) Cp(X) has property (I, T -ap).
(i) Cp(X) has property (Z,T-af).

5. Z-y-covers. Let Z be an ideal. A sequence (U, : n € w) of subsets of
a topological space X is said to be an Z-y-cover if U,, # X for each n, and
for every x € X, the set {n € w: x ¢ U,} belongs to Z.

Note that a y-cover is usually a set of sets; however, dealing with ideals,
we need to have an ordering of the elements of the cover. We shall identify
a countable y-cover with a Fin-vy-cover. One can easily observe that in this
case the enumeration is inessential. The family of all open Z-v-covers of
a given topological space X will be denoted by Z-I"(X) or simply Z-I". Note
that Fin-I" = I', where I is the family of all countable open ~y-covers.

A cover (V,, : n € w) is called a refinement of the cover (U, : n € w) if
Vi, C U, for each n € w. An Z-y-cover (U,, : n € w) is shrinkable if there
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exists a closed Z-y-cover that is a refinement of (U, : n € w). We denote by
Z-I'*" the family of all open shrinkable Z-v-covers.

If (Up:n €w)and (V, : n € w) are Z-y-covers, then (U, NV, : n € w)
is an Z-y-cover. If (U, : n € w) and (V,, : n € w) are shrinkable Z-vy-covers,
then so is (U, NV, : n € w). Finally, if (U, : n € w) is an Z-y-cover and
U, C 'V, # X for each n, then (V,, : n € w) is an Z-y-cover. We shall use
those facts without further mention.

For two families A, B of sequences of subsets of X, we introduce (similarly
to M. Scheepers [Sch2|) property Si(A, B) as follows: for every sequence
((Un,m : m € w) : n € w) of sequences from A, there exists a sequence (m,, :
n € w) of natural numbers such that (U, ., : n € w) € B. If a topological
space X has property S1(A, B) we shall also say that X is an Sy (A,B)-space.
A topological space X (or a subset with subspace topology) with property
S1(£2,I") is a v-space, where {2 is the family of all w-covers @ of X. The
basic results concerning the existence of v-spaces were proved by F. Galvin
and A.W. Miller [GM].

As above, one can easily show that if X is an Sy(Z-I', J-I")-space, then
for every sequence ((Up,m : m € w) : n € w) of sequences of Z-y-covers there

exists a sequence (my, : n € w) of natural numbers such that m,, 7, o0 and
(Unm, : M € w) is a J-y-cover.

A similar assertion holds true for an Sy (Z-I"*", J7-I")-space.

The S1(Z-T', J-I')-spaces with Z = J equal to the density ideal were
studied by G. Di Maio and Lj. D. R. Ko¢inac [MK]. For the general case
see [Dal.

Evidently we have the monotonicity relation:

(6) If Il 2 IQ and jl g jg then
every S1(Z1-I', J1-I')-space is an Sy (Zs-I', J2-1")-space.

A simple observation shows that under some set-theoretical assumptions
there exist non-trivial Sy (Z-I", J-I")-spaces.

THEOREM 5.1. A ~y-space is an S1(Z-I',J-I")-space for any ideals T
and J .

Proof. By @ it suffices to prove that any v-space is an Sy (Z-I', I")-space.

Let ((Unm : m € w) : n € w) be a sequence of Z-y-covers of X. Each
Z-vy-cover (Uy,m : m € w) is an w-cover. Indeed, for any fixed n and for any
x € X, we have

Ar={mecw:x¢ U,n}t el

(®) An open cover A of X is an w-cover if for every finite F C X, there exists a set
U € A such that FF C U.
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If F C X is finite then (J,.p Az € Z. Therefore there exists m ¢ (J,cp Az
Then F' C Uy .

Since X is a y-space, there exists a sequence (m, : n € w) of natural
numbers such that (U, m,, : 1 € w) is a y-cover. m

PROBLEM 5.2. Find an S1(Z-I', J-I")-space that is not a y-space.

THEOREM 5.3. Let X be a topological space. If the ideal J has a pseu-
dounion, then the following are equivalent:

(i) X is an S1(Z-I, J-I")-space.
(ii) X is an S1(Z-I,I")-space.

Proof. Let A be a pseudounion of J, C = w \ A, J # Fin. Since both
sets A and C are infinite, there exists an injection u : A — C such that
p(n) > n for any n € A.

Let ((Un,m : m € w) : n € w) be a sequence of Z-vy-covers of X such that
Unt+1,m € Upm for any n,m € w. Then there exists a sequence (my, : n € w)

of natural numbers such that (U, ,,, : n € w) is a J-vy-cover. We set
L My ifneC,
" { u(n) if n € A.

We claim that (U, : n € w) is a y-cover.
Letz € X. Weset L={n:2 ¢ U,y,}.Since K ={n:2 ¢ Uym,} C" A,
the set CNL = CNK is finite. If n € A then UM(”)ymMn) S Unmyimy = Unjioy-

Thus, if n € AN L then u(n) € CN K. Since p is an injection, the set AN L
is finite, and therefore the set L is finite as well. m

m

Therefore, similarly to Section [3] we obtain the equivalence of an ideal
notion and a classical one.

COROLLARY 5.4. Let the ideals T and J have a pseudounion. Then
a topological space X is an S1(Z-I'yJ-I')-space if and only if X is an
S1(I, I)-space.

6. (Z, 7)QN, (Z, 7)wQN and Z-y-covers. In [BH| the authors found
a characterization of wQN-spaces by covers, namely wQN = S; (™", I"). We
can prove a similar result.

THEOREM 6.1. If X is a normal topological space, then the following are
equivalent:
(i) X is an (Z,sT)wQN-space.
(ii) X ds an S1(Z-T*", J-I")-space.
Proof. (i)—(ii) Let ((Unm : m € w) : n € w) be a sequence of shrinkable
open Z-vy-covers. Then there exists a sequence ((Vi,m : m € w) : n € w) of
closed Z-v-covers refining the latter ones. Since X is a normal topological
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space, there exist continuous functions fy,,, : X — [0,1], n,m € w, such
that f, m(z) = 0 for x € V,,,, and fr;m(z) = 1 for € X \ Uy . Then

frm L0 for any n € w. By Theorem W4.1] any (Z, sJ)wQN-space has

property (Z,J-a4), so there exists a sequence (m, : n € w) of natural

N . .
numbers such that fy , TN 0. It is easy to see that (U m, 1 n € w) is

a J-y-cover.

(ii)—(i) Assume that f,, L, 0. Since the topological space X is infinite,
there exists a sequence (G, : n € w) of pairwise disjoint non-empty open
sets. Choose a sequence (z,, : n € w) such that x,, € G,,. For any n,m € w
we set

Upm ={z € X :|fm(x)| <27" ANz # 2}

One can easily see that (U, : m € w) is a shrinkable Z-vy-cover of X.
Thus there exists a sequence (my, : n € w) of natural numbers such that
(Unm, 11 € w) is a J-y-cover of X. For any € X we have

{n:fm, (@) >2"} C{n:x ¢ Upm,}U{my} € J.
Therefore fp,, 7, 0 with control 2" :ncw). n
As a corollary we obtain the ideal version of Scheepers’ result [Sch3].
COROLLARY 6.2.
S\(Z-IT-I') = S1(Z-I'*", J-T") = (T,sT)wQN — (Z, J)wQN.

COROLLARY 6.3. Any vy-space is an (Z,J)wQN-space for any ideals T
and J .

J. Supina [Sul, assuming a certain relationship between the ideals 7
and 7, showed that a suitable discrete (Z, J)wQN-space is not an Sy (Z-I"*",
J-TI')-space.

PROBLEM 6.4. Find a non-discrete topological (Z,J)wQN-space that is
not an Sy (Z-I'", J-I')-space.

In [BH] and [Sa] the authors found a characterization of QN-spaces by
~v-covers. By a simple modification of their proofs one can prove the ideal
version of that result, which is actually a cover version of Theorem [£.4]

THEOREM 6.5. Let X be a normal topological space. The following state-
ments are equivalent.

(i) X is an (Z,J)QN-space.

(i) For every sequence ((Upm : m € w) : n € w) of shrinkable open
Z-v-covers of X there exists a sequence (nmy, : m € w) J-divergent
to 0o such that (Uy,, m : m € w) is a J-y-cover of X.
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(iii) For every sequence ((Unm : m € w) : n € w) of shrinkable open
T-vy-covers there exists a sequence (B, : n € w) of sets from J such
that

Ve X)3Ae J)Vnecw)im g AUB,, = x € Upm).

REMARK. Some authors require, in the definitions of an (Z,J)wQN-
space and properties (Z, J-a4) and S; (A, B), that the sequence (m,, : n € w)
be increasing. If we do so, then Theorems and and Corollaries
and [6.3] still remain valid.
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