COLLOQUIUM MATHEMATICUM

VOL. 146 2017 NO. 2

THE C,-STABLE CLOSURE OF THE CLASS OF
SEPARABLE METRIZABLE SPACES
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TARAS BANAKH (Lviv and Kielce) and SAAK GABRIYELYAN (Be’er Sheva)

Abstract. Denote by C,[9] the Cp-stable closure of the class My of all separable
metrizable spaces, i.e., C,[Mp] is the smallest class of topological spaces that contains 9o
and is closed under taking subspaces, homeomorphic images, countable topological sums,
countable Tychonoff products, and function spaces Cp,(X,Y’). Using a recent deep result
of Chernikov and Shelah, we prove that C,[9M] coincides with the class of all Tychonoff
spaces of cardinality strictly less than J.,. Being motivated by the theory of generalized
metric spaces, we also characterize other natural C)p-type stable closures of M.

1. Introduction. All topological spaces considered in this paper are
assumed to be Tychonoff. Many natural and important classes X of topo-
logical spaces usually are preserved by basic topological operations, which
motivated us in [3] to introduce the following stability property: We say that
a class X of topological spaces is stable if X is closed under taking subspaces,
homeomorphic images, countable topological sums, and countable Tychonoff
products. For two classes X and X of topological spaces, we shall say that
X is an extension of X if X C X. Among all stable extensions of X there is
the smallest one denoted by [X] and called the stable closure of X.

It is clear that the class 2y of all separable metrizable spaces is stable.
One of the most natural generalizations of 9 is the class of all cosmic spaces.
Recall (see [9]) that a topological space X is called cosmic (respectively,
a o-space) if it is regular and has a countable (respectively, a o-locally finite)
network. A family N of subsets of X is a network for X if for any x € X and
any open neighborhood U of x there is a set N € A such that z € N Cc U.
The class € of all cosmic spaces is stable [10], and so are many other classes
of generalized metric spaces, in particular, the classes of o-spaces, Ng-spaces,
N-spaces, Po-spaces and P-spaces (see [10, O, 2] [7]). Clearly, the class T of
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all topological spaces is stable, but the class £ of all Lindelof spaces is not.
Note that any cosmic space is Lindelof.

For topological spaces X and Y, we denote by Ci(X,Y) and C,(X,Y’) the
space C(X,Y) of all continuous functions from X into Y endowed with the
compact-open topology and the topology of pointwise convergence, respec-
tively. Having in mind the stability of the classes of Ng-spaces and JPp-spaces
under taking function spaces Ci(X,Y) (see [10, 2]), we defined in [3] a class
Z of topological spaces to be Ci-stable if Z is stable and for any Lindelof
X € Z and any Y € Z the function space Cy(X,Y’) belongs to Z. In [3] we
proved that the smallest Cg-stable extension of 91y coincides with the class
Cr(9Mo, My) of all topological spaces which can be embedded into Cy(X,Y)
for suitable separable metric spaces X and Y. These results motivate the
following definition.

DEFINITION 1.1. Let X,)Y,Z be classes of topological spaces. The
class Z is called C’;{ Y_stable if Z is stable and for any X € Z N X and
Y € ZnN Y the function space Cp(X,Y) belongs to Z. The smallest
CyY-stable extension of Z is denoted by C;*”'[Z] and called the C*Y -stable
closure of Z.

In this paper we shall describe the C’{,Y Y _stable closures of My for the
cases of X and ) equal to Mg or T.

In case X = Y = ¥ the class ng[z] will be denoted by C,[Z] and called
the C)-stable closure of Z.

Our first theorem (which will be proved in Section [2)) essentially follows
from Michael’s results [10].

THEOREM 1.2. The classes Cg’mo [Mp] and Cgﬁo’mo o] coincide with
the class of all cosmic spaces.

The class Cgﬁo’i[i)ﬁo] is strictly larger than Cgﬁo’mo (] = Cg’mo [90%0]
and admits the following description. For a topological space X, let
X<W = @D,.c, X" be the topological sum of all its finite powers. We denote
by SC,(X <) the space of all real-valued separately continuous functions
f: X<¥ > R, endowed with the topology of pointwise convergence. For a
class X of topological spaces, we denote by SC,(X<“) the class of topolog-
ical spaces which embed into function spaces SC,(X<%) with X € X.

THEOREM 1.3. The class Cy*[Mo] coincides with SCp(IMG*).

Theorem motivates studying the class SC,(M5*) in more detail. It
turns out that this class contains all cosmic spaces, all metrizable spaces of
weight < ¢ and also all generalized ordered spaces whose order topology is
second countable. Let us recall the necessary definitions related to general-
ized ordered spaces.
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By a linearly ordered space we understand a linearly ordered set (X, <)
endowed with the order topology generated by the subbase consisting of
open half-intervals (+—,a) ={z € X : z < a} and (a,—) ={x € X : 2 > a}
where a € X. By [6l 3.12.4(d)], the weight w(X) of a linearly ordered space
X coincides with its network weight nw(X). A subset C' C X is order convex
if for any points < y in C' the order interval [z,y] = {z € X 1z < z < y}
is contained in C.

A generalized ordered space (briefly, a GO-space) is a topological space
X endowed with a linear order < such that the open order convex subsets
of X form a base of the topology of X. Standard examples of GO-spaces are
the Sorgenfrey line and the Michael line (see [0, 1.2.2 and 5.1.32|). Also the
real line R; endowed with the discrete topology is a GO-space.

By the order topology on a GO-space X we understand the topology
on X generated by the linear order. The linear weight lw(X) of a GO-
space X is the weight of its order topology. In particular, lw(Ry) = w. It
follows that w(X) > nw(X) > lw(X) for each GO-space X. Note that
w(Rd) =c> lw(]Rd) = Ng.

THEOREM 1.4. The class SCp(IM5Y) contains all cosmic spaces, all me-
trizable spaces of weight < ¢, and all generalized ordered spaces of countable
linear weight.

An upper bound on SC,, (M) is given by the class of spaces with count-
able i-weight. We recall that the i-weight iw(X) of a Tychonoff space X
is the smallest cardinal k for which there is an injective continuous map
i : X — Y into a Tychonoff space Y of weight w(Y) < k. It is clear that
iw(X) < w(X), and if iw(X) < Ry then |X| < ¢. The following theorem is
proved in Section

THEOREM 1.5. Each space X € CZRO’T[SDTO] = SC,(IM5¥) has weight
w(X) <, cardinality | X| < ¢ and i-weight iw(X) < V.

EXAMPLE 1.6. By [§], the Banach space X = /;(c) endowed with the
weak topology is an W-space of cardinality |X| = ¢, weight w(X) = 2 and
i-weight iw(X) = Ng. By Theorem , the space X does not belong to
Czno’g[i)ﬁo] = SC,("M5*). Let us recall [9, §11] that a regular topological
space X is an N-space if X has a o-locally finite k-network. A family N
of subsets of X is called a k-network in X if for any open set U C X
and compact subset K C U there is a finite subfamily F C A such that
KcUFcU.

Since each compact space of countable i-weight is metrizable, Theo-
rem [1.5] implies:

COROLLARY 1.7. Each compact space in Cp®*[Mg] = SC,(M5*) is
metrizable.
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This corollary shows that C?D‘%’T [9tp] can be considered as a new class of
generalized metric spaces.

Now we describe the Cp-stable closure C,[My] := Cg’s[ﬂﬁo} of My. It
turns out that C,[My] is huge and coincides with the class of all Tychonoff
spaces of cardinality (or weight) strictly smaller than 3,,,. Here Jy = X¢ and
J, = sup{27 : B < a} for any ordinal o > 0.

THEOREM 1.8. The C)-stable closure C,[My] of the class My of all sep-
arable metrizable spaces coincides with the class of all Tychonoff spaces of
cardinality strictly less than 3, .

We prove this theorem in Section [ using a recent deep result of Chernikov
and Shelah [4].

2. Proof of Theorem [1.2l We shall deduce Theorem [[.2] from the
following characterization of cosmic spaces due to Michael [10].

Fact 2.1 ([I0]). For a Tychonoff space X, the following conditions are
equivalent:

(1) X is cosmic;

(2) X is a continuous image of a separable metrizable space;

(3) the function space Cp(X) == Cp(X,R) is cosmz'.c; .

(4) for any metrizable separable space Y, the function space Cp(X,Y") is
cosmic.

For a Tychonoff space X, we denote by § : X — Cp,(C,(X)) the canonical
map assigning to each x € X the Dirac measure d, concentrated at x. The
Dirac measure 05 : Cp(X) — R assigns to each f € Cp(X) its value f(x).
The following important fact is well-known and can be found in [II, 0.5.5].

FacT 2.2. For any Tychonoff space X, the canonical map 6 : X —
Cp(Cp(X)) is a topological embedding.

Proof of Theorem[I.4 Let X be a cosmic space. By Fact the space
Cp(X) is the image of a separable metrizable space M under a continuous
map & : M — Cp(X). It follows that the dual map

1 Cp(Cp(X)) = Cp(M),  &°(f)= [0k,
is a topological embedding of Cp(Cp(X)) into Cp(M) € Cgﬁo’mo [9t]. Now
Fact [2.2]implies that X € CJ™°[901] € Cy™° [Mg]. Therefore, C ™0 [90]
contains all cosmic spaces.

To complete the proof it is enough to show that the class € of all cosmic

spaces 18 Cg’mo—stable. But this immediately follows from the stability of €
and from Fact 2.1 =
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3. Proof of Theorem For topological spaces X1, ..., X,,Y, Z, we
denote by SC,(X1 x -+ x X,,,Y) the space of all separately continuous
functions f : X7 x --- x X, — Y endowed with the topology of point-
wise convergence. It is well-known that SC,(X; x --- x X,,Y) is canoni-
cally homeomorphic to Cp(X;,SCp(X2 x -+ x X,,,Y)). In particular,
SCH(X x Y, Z) is canonically homeomorphic to Cp(X, Cp(Y, Z)). In the fol-
lowing, SCp(X1 x --- x X, R) will be denoted by SC, (X x --- x X,,). For
n = 1 the space SC,(X1) coincides with Cp(X1).

We shall prove by induction that for every n € N and every X € 9

the function space SC,(X™) belongs to Cgﬁo’z[imO]. For n = 1 the space

SCp(X) = Cp(X) belongs to cZ"O”‘[zmo] by definition. Assume that for some
n € N we have proved that SC,(X™) belongs to Cgﬁo’z[‘)ﬁo]. Taking into ac-
count that SC,(X™*1) is (canonically) homeomorphic to Cp(X, SCp(X™)),
we conclude that SCp,(X"*1) € CZROS[ED?O]. Since SCp(X<¥) is homeomor-
phic to [],cy SCp(X™), we conclude that SC,(X<¥) € Cp*[9M], and
hence SC,(MG¥) C Clo T 9]

To prove the reverse inclusion it is enough to check that SC,(M5Y) is
closed under taking countable topological sums, countable Tychonoff prod-
ucts and taking function spaces with metrizable separable domain.

To see that SC, (M5 is closed under taking countable topological sums,
it is enough to prove that for any non-empty spaces X,, € My, n € w, the
topological sum @p,, ., SCp(X,+*) embeds into SC, (X <) for some X € M.
Consider X =@, _ , X, and the topological embedding

e: P SCHX5Y) = SCHX=Y)

new

assigning to each f € SCL(X; =), n € w, the function f € SC,(X<¥) defined

by
< flz) ifxe X3,
f(x)_{o iz e X<\ X<,
As X € My, we conclude that SC,(X <“) and hence
to SC,(M5¥).

Next we prove that for any separable metrizable space X and any Y in
SC,(M5*) we have Cp(X,Y) € SC,(M5*). The space Y can be identified
with a subspace of SC,(Z<%) for some separable metrizable space Z. Then
Cp(X,Y) can be identified with a subspace of Cp(X,SC,(Z<*)) which is
canonically homeomorphic to

(X, TT sCo(2™) = T] Co(X. 5Cp(2) = T] SCo(X x 27).

neN neN neN

new

SCpH(X ) belong

new

As X x Z" is canonically homeomorphic to a retract X x {zg}"~! x Z" of
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X" x Z" = (X x Z)", we obtain
Cp(X,5Cy(279)) = [ ] SCp(X x 2™)
neN
= [] SCu((X x 2)") = SC,((X x 2)<).
neN
Since X x Z € My, we arrive at
Cp(X,Y) = SC,((X x Z)<¥) € SC,(M5*).

Finally, we show that SC,(M5*) is closed under taking countable Ty-
chonoff products. Fix any X, € SC,(M5¥), n € w. As SC,(M5¥) is
closed under taking countable topological sums, X = @, ., X» belongs to
SC,(M5*). Since SC,(MF¥) is also closed under taking function spaces
with separable metrizable domain, the function space Cp(w, X) belongs to
SC,(M5Y). As

I X» c X = Cp(w, X) € SC, (M),
new

we conclude that [, ., Xn € SCp(M5Y).

4. Proof of Theorem We divide the proof of Theorem [I.4] into
three lemmas. The first of them follows from Theorem [[.2] and the obvious
inclusion CZJTO,EDTO [My] C CZRO’T[EIRO}.

LEMMA 4.1. The class CZRO’S[ZDYO} contains all cosmic spaces.

The next lemma will also play an important role in the proof of Theo-
rem In this lemma an ordered field is endowed with the topology gener-
ated by the linear order.

LEMMA 4.2. For every ordered field F, the space
SCp(F x F,F) = Cy(F,Cy(F,F))
contains a discrete subspace D of cardinality |F|.

Proof. Consider the discontinuous separately continuous function sp’ :
F x F — F defined by

sp’(z,y) = {

For any a,b € F, consider the shifted function spi p - F'x F' — F defined
by spl’,(z,y) = sp!’(z — a,y — b), and observe that the subspace D =
{spl, : a € F} is discrete in SCp(F x F,F) 2 Cp(F,Cy(F, F)). m

LEMMA 4.3. FEach metrizable space X of weight < ¢ belongs to the class
C M)

0 if (z,y) = (0,0),
2zy/(x? + y?) otherwise.
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Proof. Let sp := spf : R x R — R be the classical discontinuous sepa-
rately continuous function. By Lemma the subspace D = {sp,q, : a € R}
is discrete in SC,(R x R,R). Moreover, the subspace H = {t - spsq :
a € R, tel0,1]} of SC,(R x R,R) is homeomorphic to a hedgehog with
¢ spines. It follows from SC,(R x R,R) = C,(R, Cp(R)) € Cgﬁo’i[ﬂﬁo] that
H c CY*¥[9M], and hence H* € Cp*[9]. By [6l 4.4.9], each metrizable
space of weight < ¢ embeds into H“. Consequently, Cgﬁo’z[ﬁﬁo} contains all
metrizable spaces of weight < c¢. m

LEMMA 4.4. The class C?O’T[Sﬁo] contains all generalized ordered spaces
of countable linear weight.

Proof. Let (X, <,T) be a generalized ordered space with countable linear
weight. Consider the following two subsets of X:

Xy ={r € X :(«,z] is open in X},

X, ={x€ X :[zr,—) is open in X }.
Let 7< be the topology on X generated by the linear order. By our as-
sumption, this topology is second countable, so, by [6, 6.3.2(c)|, the linearly

ordered space (X, 7<) is order homeomorphic to a subspace of R. Therefore
we can assume that X C R and that 7 is generated by the subbase

T< U{(<— 2] rz e Xy} U{[x,—) :z € X, }.

Denote by X, and X, the sets X, and X, respectively endowed with the
separable metrizable topology inherited from R.

Besides the Euclidean topology 7< generated by the linear order on R,
we shall consider the following three GO-topologies on R:

e the topology 7; generated by the subbase 7< U {(—o0,z] : € Xy},
e the topology 7, generated by the subbase 7< U {[z,+00) : z € X, },
e the topology 7 generated by the subbase 7, U 7,..

It is easy to see that the identity map id : (X,7) — (R, 7) is a topological
embedding. So, it suffices to show that (R, 7) € SC,(M5Y).

For this purpose we consider the separately continuous functions L, R :
R x R — R defined by

L(z,y) == {

2zy/(x? +y%) if x,y >0,
R(z,y) = { y/( y°) Y .
0 otherwise.

2zy/(z? +y?) if 2,y <0,

0 otherwise,

For every a € R, consider the shifted functions Ly, R, : R X R — R given by
La(xay) = L(.r—a,y—a), Ra(ﬂj,y) = R(ZU—CL,y—(Z), Vm,yGR.
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Let a € R, e > 0 and (z,y) € X, x X;. If < @ and y < a, we can find
6 > 0 such that

(4.1) |Lo(x,y) — Ly(z,y)| <e, Vbe (a—d,a+0) € 7<.
If x > a ory>a, wecan find § > 0 such that

(4.2) Lo(z,y) = Ly(z,y) =0, Vbe (a—4d,a+90) € 7<.
Assume that # = y = a. Then a € X; and

(4.3) Lo(z,y) = Ly(z,y) =0, Vb€ (—o0,al € 7.

Since S Cp()z X X ¢) carries the topology of pointwise convergence, l)ii
imply that the map

ﬁ:(R,%g)—)SCp(XgXXZ), ,C:a'—)Lab*QXXZ,
is continuous. Note also that if @ € X, and b > a, then Ly(a,a) = 1 and
(see ([4.3))
(4.4) £((~00,a)) = LR) N T,

where U = {f € SC,(X; x X¢) : |f(a,a)| < 1/2} is open in SCp(X; x Xy).
Analogously it can be shown that the function

R:(R,7) = SCp(X, x X;), R:be Ryl 5.,
is continuous, and if b € X, and ¢ < b, then R.(b,b) = 1 and
(4.5) R([b, +00)) = R(R) NV,

where V = {f € SC,(X, x X,) : |f(b,b)] < 1/2} is open in SC,(X, x X,).
Set T := R x SC,(Xy x Xy) x SCp(X, x X,.) € SC,(M5*) and define

S:=(id,L,R): (R,7) = T.
Clearly, the map S is continuous and injective. If (a,b) € 7<, then
(4.6) S((a,b)) = S(R) N [(a,b) x SCp(X, x Xy) x SCH(X, x X,)].
If a € Xy and b € X, then and imply
(4.7) S((—o00,a]) = S(R)N[R x U x SCH(X, x X,.)],
(4.8) S([b,0)) = S(R) N [R x SC,H( X, x Xy) x V.

The equalities (4.6)—(4.8) imply that S is a topological embedding of the
GO-space (R,7) into T € SC,(M5*), which implies that the GO-space
(R, 7) and its subspace (X, 7) both belong to SCp(M5~). =

5. Proof of Theorem m Fix any space X € CZRO’T[SDTO]. By Theo-
rem the space X embeds into SC,(Z<%) for some separable metrizable Z.
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Then X C SC,(Z<¥) C RZ™ has weight
w(X) < w(SCHZ<)) < w(®RE™) < |7 <.

To see that iw(X) < ¢, choose a countable dense subset D of Z and
observe that the restriction operator

R:SCH(Z<%) = SC(D<) CRP™,  R: fs flp<w,

is continuous.

Let us show that R is also injective. Since R is a linear operator, it is
enough to show that a function f € SC,(X™) equals zero if f|p» = 0. Since
f is separately continuous and D is dense in X, we have

flxxpn-1 = flx2xpn—2=---= flxn =0.

Therefore, R : X — RP ““ is continuous and injective, which implies that
iw(X) < w(RP™) < [D<¥| < R and | X| < [RP™] < |R¥| = c.

6. Proof of Theorem For a linearly ordered set X, by a cut of L
we understand a pair (A, B) consisting of two subsets A, B of X such that
X =AUBanda < bforanya € Aand b € B. Each point x € X determines
two cuts

r_ = ((+,2),[r,—)) and x4 = ((+, 2], (z,—))

of X. The set of all cuts of X will be denoted by X. The set X is linearly
ordered by (A, B) < (C, D) if for each a € A there is ¢ € C such that a < c.
It is easy to see that X = {x_,x, : x € X} is order dense in the linearly
ordered set X.

To each linearly ordered set L we can assign the ordered group H(L)
consisting of all functions f : L — Q with finite support

supp(f) = {z € L: f(z) # 0};
this group is called the Hahn group (see [5, 1.25], where it is denoted by
§0(Q, L)). The order on H(L) is defined by letting f > 0 iff f(min(supp(f)))
> 0. The Hahn group H?(L) := H(H(L)) has the structure of an ordered
field. For f,g: H(L) — Q in H?(Q) their product in H?(L) is defined as the
convolution fxg:zw > . f()g(y). By [5 Theorem 2.15 |, H?(L) is a
real-closed ordered field of cardinality max{|L|, No}.

For any (order dense) subspace D C L we can identify H (D) with the (or-
der dense) subgroup {f € H(L) : supp(f) C D} of H(L) and the field H*(D)
with the (order dense) subfield {f € H?(L):supp(f) C H(D) C H(L)}
of H?(L).

The proof of Theorem is based on the following recent deep result of
Chernikov and Shelah |4, Corollary 2.11].
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FACT 6.1 (Chernikov—Shelah). For any infinite cardinal k there are seven
linearly ordered spaces Ly, ..., Lg such that

Lol < %, |Le| 22° and |Lysi| <|Lyl
for every k € {0,1,2,3,4,5}.
Specifically, this result will be applied in the proof of the following lemma.

LEMMA 6.2. For every ordinal o < w1, each Tychonoff space of weight
< 3, belongs to the class C,[My].

Proof. We use transfinite induction. For o« = 0 the statement is trivially
true. Assume that for some countable ordinal a and all ordinals 5 < a we
have proved that all Tychonoff spaces of weight < Jg belong to Cp,[My].
If the ordinal « is limit, then 3, = supg.,Jds. By the inductive assump-
tion, the cardinals Jg, f < «, endowed with the discrete topology belong
to C,[My]. Since this class is closed under taking countable topological sums,
the cardinal 3, belongs to C,[9]. Then the Tychonoff power R« being
homeomorphic to Cp(3, ), belongs to C,[M] too. Since each Tychonoff space
of weight < 3, embeds into R7= € C,[My], the class C,[9Mo] contains all
Tychonoff spaces of weight < 3. This completes the inductive step in the
case where « is a limit ordinal.

Now assume that o = 3 + 1 is a successor ordinal. Then 3, = 2.
By Fact [6.1] there are infinite linearly ordered sets Ly, ..., Lg such that
|Lo| < 3g, 3o < |Le| and |Lyy1| < |Lg| for all k € {0,...,5}. By induction,
for every k € {0,...,6} we shall prove that each Tychonoff space of weight
<|Lg| belongs to Cp,[My]. For k = 0 this follows from the inequality |Lo| <
Js and the inductive assumption. Assume that for some k € {0,...,6} we
have proved that every Tychonoff space of weight < |Lj| belongs to C,[9M].
Consider the linvearly ordered space Ly, and observe that Lf is an order
dense subset of L and

{(+-,2):x € Lf} U{(z,—):z¢€ Lf}

is a base of the order topology of Lj. So, the linearly ordered space Lj, has
topological weight < |Li|. Now consider the Hahn field H?(L) over the
linearly ordered set Lj and its order dense subfield H 2(ij:). Taking into
account that the weight of an ordered field is equal to its density, we deduce
that the ordered field F}, := H?(L;,) has topological weight

w(Fy) < |[H*(Ly)| = |Li| = |Lal.
By the inductive assumption, the space Fj belongs to Cp[My] and so does
the function space Cy,(Fj, Cp(F, Fi)). The latter is canonically homeomor-
phic to the subspace SCy,(F) x Fy, Fy,) of F;’VXF’“ consisting of separately
continuous functions.
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By Lemma[4.2] the space SC,(Fy, X Fy, F},) € Cy[Mo] contains a discrete
subspace D of cardinality |F}|. Observe that

D] = |Fi| = |H*(Li)| = |Li| > | L.

Hence C,[Mo] also contains Cy,(D), which is homeomorphic to RP. Since
each Tychonoff space of cardinality < |Ly,1| < |D| embeds into RP, the
class C,[9My] contains all Tychonoff spaces of cardinality < |Ljy;|. This
completes the inductive step. For k = 6 we get |Lg| > 3, which implies
that C,[9] contains all Tychonoff spaces of weight < J,. =

Proof of Theorem . Denote by Tych(3,,,) the class of all Tychonoff
spaces of weight strictly less than J,,. Clearly, Tych(3,,) is stable. Let
X,Y € Tych(3,,). Then & = max{w(X),w(Y)} < .., | X| < 2v(X) < 2%
and

w(Cp(X,Y)) <w(YX) <w(V)X < gX < oml¥l < 92" < 7

which implies Cp(X,Y) € Tych(d,,). Therefore, Tych(3,, ) is Cp-stable
and hence Cp[Mo] C Tych(Jy,). On the other hand, Lemmal[6.2] guarantees
that Tych(3,,) C C,[My], and hence C,[My] = Tych(3,,).

Since each Tychonoff space X has weight w(X) < 21X1 and cardinality
1X| < 2v(X) | the inequalities w(X) < I, and |X| < 3., are equivalent,
which implies that Tych(3,, ) coincides with the class of all Tychonoff spaces
of cardinality < J,,. m

7. Open problems. By Theorem SC,(M5Y) contains all cosmic
spaces and all metrizable spaces of weight < ¢. The classes of cosmic spaces
and of metrizable spaces are contained in the class of o-spaces. It can be
shown that each o-space X of weight < ¢ admits a continuous injective map
onto a metrizable space of weight < ¢ and hence has countable i-weight.

PROBLEM 7.1. Does SC,(M5*) contain all o-spaces of weight < c?

It is easy to see that for every metrizable separable space X the
space SCp(X<“) is canonically homeomorphic to the countable product
[L.en SCp(X™). We can ask how different the function spaces SC,(X™) are
for various n € N.

PROBLEM 7.2. Is it true that SC,([0,1]™) embeds into SCy([0,1]") for
no positive integers n < m?

(The answer is affirmative if n = 1, as SC,([0,1]) = C,([0, 1]) is cosmic
while SC,([0,1]™) is not.)

The affirmative answer to the following problem would simplify the proof
of Theorem Observe that this problem has an affirmative answer under
the Generalized Continuum Hypothesis.
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PROBLEM 7.3. Is it true that for every infinite cardinal k there exists a
Tychonoff space X of weight w(X) < k such that SC,(X x X) contains a
discrete subspace of cardinality 27?7

Using Fact [2.1]and (the proof of) Theorem [1.2| one can show that for the
class € of all cosmic spaces we get CS’T[E)J?O] =C, O[] = SC,(M5). It
would be interesting to determine the extensions C;Y F[9Mo] of My for some
other classes X of topological spaces, in particular, for the class £ of Lindelof
spaces.

PROBLEM 7.4. Describe C;:’T[Sﬁo]. Does it contain non-metrizable com-
pacta?
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