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LIMIT SETS IN NORMED LINEAR SPACES
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Abstract. The sets of all limit points of series with terms tending to 0 in normed
linear spaces are characterized. An immediate conclusion is that a normed linear space
(X, ‖ · ‖) is infinite-dimensional if and only if there exists a series

∑
xn of terms of X

with xn → 0 whose set of limit points contains exactly two different points of X. The last
assertion could be extended to an arbitrary (greater than 1) finite number of points.

Introduction. Let (xn) be a sequence in a topological space X. A point
x ∈ X is a limit point of (xn) if every neighbourhood of x contains infinitely
many terms of this sequence. The set of all limit points of (xn) is called its
limit set.

In the following we discuss normed linear spaces, real or complex, equipped
with topologies induced by their norms. A series in a normed linear space
can be considered as the sequence of its partial sums, and limit points of the
series are limit points of this sequence.

Every separable subspace Y of a space X is clearly the limit set of a
sequence in X. The situation changes if we restrict our consideration to se-
quences (xn) satisfying ‖xn+1 − xn‖ → 0 or, equivalently, to series

∑
xn of

terms of X with xn → 0. It is known that for X = R the limit sets of such se-
ries are exactly closed subintervals of [−∞,∞], where [−∞,∞] stands for the
two-point compactification of R. Likewise in an arbitrary metric space, un-
der some additional assumptions, for instance compactness of the sequence,
the limit set must be connected (see [2], [14]). Recall that a sequence is said
to be compact provided that each of its subsequences has a convergent sub-
sequence. On the other hand, if the dimension of a normed linear space X
is finite and greater than 1, then any pair of lines or even closed halflines in
X can be the limit set of some series

∑
xn of terms of X with xn → 0; in

other words the limit sets of such series can be disconnected (see e.g. [20]).
At the same time, in R2 ∪ {∞} (or, equivalently, C ∪ {∞}) with the topol-
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ogy of the one-point compactification of R2, the set of limit points of every
series

∑
xn with xn ∈ R2, xn → 0, is connected (see [4, Theorem 11]). The

properties of complex series and their transformations were deeply investi-
gated by Jasek [4–6] whose works are not commonly known although they
definitely deserve remembrance and propagation. Moreover, [4] provides a
broad historical overview of the subject.

In the present paper we investigate the topological structure of the limit
sets of series

∑
xn with xn → 0 in normed linear spaces, paying special

attention to the infinite-dimensional case.

1. Sequences, series and continuous images of a halfline. The fol-
lowing theorem states an equivalence between limit sets of sequences, series
and some special subsets of closures of continuous images of a halfline.

Theorem 1.1. Let (X, ‖ · ‖) be a normed linear space and let Y be a
nonempty subset of X. The following conditions are equivalent:

(1) There exists a sequence (xn) ⊂ X whose set of limit points is Y and
such that

lim
n→∞

‖xn+1 − xn‖ = 0.

(2) There exists a series
∑
xn of terms of X with xn → 0 whose set of

limit points is Y .
(3) There is a continuous mapping γ : [0,∞)→ X such that

Y =
∞⋂
n=0

cl(γ([n,∞))).

Proof. The equivalence (1)⇔(2) is obvious.
Observe that

(1.1) z ∈
∞⋂
n=0

cl(γ([n,∞))) ⇔ ∀ε > 0 ∀n ∈ N ∃s ∈ [n,∞) ‖γ(s)− z‖ < ε.

To show (1)⇒(3), define γ : [0,∞)→ X by setting

γ(n+ t) = (1− t)xn + txn+1

for each n ∈ N ∪ {0} and t ∈ [0, 1]. Clearly, Y ⊂ cl(γ([n,∞))) for every
n ∈ N ∪ {0}. To show the converse inclusion, fix ε > 0. By (1.1), if z ∈⋂∞
n=0 cl(γ([n,∞))) then for every n ∈ N there exists sn ≥ n such that
‖γ(sn) − z‖ < ε. Denote by kn and tn the integer part and the fractional
part of sn, respectively. We thus obtain two sequences (kn) ∈ N ∪ {0} and
(tn) ∈ [0, 1] satisfying ‖γ(kn+ tn)− z‖ < ε and kn ≥ n for each n ∈ N∪{0}.
Since

‖xkn − z‖ ≤ ‖γ(kn)− γ(kn + tn)‖+ ‖γ(kn + tn)− z‖ < tn‖xkn − xkn+1‖+ ε
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and, by the assumption,

lim
n→∞

‖xn+1 − xn‖ = 0,

we deduce that z is a limit point of the sequence (xn). Therefore Y =⋂∞
n=0 cl(γ([n,∞))).
To prove (3)⇒(1), define a sequence (xn) inductively. Set x0 = γ(0).

Next pick finitely many numbers from every interval [n, n+ 1] and take their
values under γ as the consecutive elements of the sequence. Suppose that the
xi have been defined for all i ∈ {0, 1, . . . ,m} and that xm = γ(n) for some
n ∈ N. Since γ|[n,n+1] is uniformly continuous, there is a positive integer k
such that if |t−t′| < 1/k then ‖γ(t)−γ(t′)‖ < 1/n for any t, t′ ∈ [n, n+1]. Set
xm+i = γ(n+i/k) for all i ∈ {1, . . . , k}. It is easily seen that ‖xn+1−xn‖ → 0
as n → ∞ and that the limit set of (xn) is contained in Y . On the other
hand, for each s ∈ [n, n + 1] one can find kn ∈ N such that xkn ∈ [n, n + 1]
and ‖γ(s)−xkn‖ < 1/n. Applying (1.1) again, we conclude that Y is a subset
of the limit set of (xn).

A consequence of Theorem 1.1 is the following classical result that can
also be derived from the Riemann Rearrangement Theorem (see [18] or [16])
or its generalizations (see [19, Section 4]).

Corollary 1.2. Let (xn) ⊂ R be a sequence converging to 0. Then the
limit set of

∑
xn is a closed connected subset of [−∞,∞]. Moreover, every

closed connected subset of [−∞,∞] is the limit set of such a series.

2. Infinite-dimensional spaces

Theorem 2.1. Let (X, ‖ · ‖) be an infinite-dimensional normed linear
space and let Y be a nonempty subset of X. Then the conditions (1)–(3) of
Theorem 1.1 are equivalent to

(4) Y is a closed and separable subset of X.

Proof. (3)⇒(4). The set Y is closed, as the intersection of closed sets.
Since [0,∞) is separable and γ is continuous, we see that γ([0,∞)),
cl(γ([0,∞))) and Y ⊂ (cl γ([0,∞))) are separable as well.

(4)⇒(3). Let A be a countable dense subset of Y . Consider an infinite
sequence (yn) whose range is equal to A and such that each element of A
occurs infinitely many times in the sequence. By the Riesz lemma (see [3,
Chapter I]) there exists a sequence (zn) ⊂ X of norm 1 vectors satisfying

(2.1) ∀n ∈ N dist(zn+1, Zn) > 0.5

where Zn denotes the linear subspace of X spanned by {y1, z1, y2, z2, . . . , yn,
zn, yn+1}.
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Set y0 = y1 and consider the mapping γ : [0,∞)→ X which is linear on
every segment [n, n+ 1], n ∈ N ∪ {0}, and γ(2k) = yk, γ(2k + 1) = zk+1 for
each k ∈ N ∪ {0}.

It is obvious that Y ⊂
⋂∞
n=0 cl(γ([n,∞))).

Assume that x ∈
⋂∞
n=0 cl(γ([n,∞))). By (1.1) the point x is the limit of

a sequence xn = (1 − λn)yn + λnzα(n) for n running through some infinite
set N ⊂ N, α(n) ∈ {n, n+ 1}, λn ∈ (0, 1]. Consider the case of α(n) = n for
all n ∈ N ; the proof for α(n) = n+1 is analogous. For n,m ∈ N and n > m
we have

‖xn − xm‖ = λn

∥∥∥∥zn − (λn − 1

λn
· yn +

1− λm
λn

· ym +
λm
λn
· zm

)∥∥∥∥.
Note that λn−1

λn
· yn + 1−λm

λn
· ym + λm

λn
· zm ∈ Zn−1. By (2.1) we obtain

‖xn − xm‖ ≥ λn · 0.5,

so (λn) tends to zero. Since ‖(1−λn)yn‖ ≤ ‖xn‖+λn‖zn‖ and the sequences
(‖xn‖), (‖zn‖) are bounded, it follows that (‖yn‖) is bounded as well (all the
sequences for n ∈ N). Finally,

‖xn − yn‖ = ‖(1− λn)yn + λnzn − yn‖ ≤ λn(‖yn‖+ ‖zn‖)→ 0,

so x ∈ Y .

Corollary 2.2. Let (X, ‖ · ‖) be an infinite-dimensional normed linear
space and let Y 6= ∅ be a closed countable (finite or infinite) subset of X.
Then there exists a series

∑
xn with terms in X such that xn → 0 and whose

limit set is equal to Y .

Interesting examples can be found in [8], [15], [20], [22], [11] (see also
[9], [7], [16], [18]). Among them there are series all of whose rearrangements
(i.e. permutations of the terms) have discrete limit sets [20] or even exactly
two limit points [8]. Series

∑
xn in incomplete normed linear spaces have

interesting properties concerning convergence of
∑
‖xn‖p for p > 0. By [17,

Theorem 1], if X is a normed linear space, (xn) is a Cauchy sequence in X,
and (αn) ⊂ (0,∞) is an arbitrary sequence converging to 0 and satisfying
‖xn+1 − xn‖ < αn, n ∈ N, then there exists a sequence (yn) ⊂ X such that
‖xn − yn‖ → 0 and ‖yn+1 − yn‖ = αn for all n ∈ N. In this situation the
sequence (yn), which is formally a series y1 +

∑∞
n=1(yn+1 − yn), is either

convergent or has no limit points; anyway the sequences (xn) and (yn) have
the same limit in the completion X̃ of the space X. In particular, if X is
incomplete then for any divergent Cauchy sequence (xn) and every p > 0 one
can choose sequences (yn), (ỹn) in X that both converge in X̃ to the limit
of (xn) but (‖yn+1 − yn‖) ∈ lp \

⋃
0<q<p l

q and (‖ỹn+1 − ỹn‖) ∈
⋂
q>p l

q \ lp
(see [21, Proposition 1.2]).
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3. Finite-dimensional spaces. It is well known that every n-dimen-
sional linear space over R or C is homeomorphic to Rn or Cn (and thus
to R2n), respectively. The one-point compactification Rn ∪ {∞} of Rn is
homeomorphic to the sphere Sn = {x ∈ Rn+1 : ‖x‖ = 1}.

In the following, by dimX we mean the topological dimension of X (e.g.
the covering dimension); in particular dimCn = dimR2n = 2n.

A subset A ⊂ X is a retract of a space X provided that there is a contin-
uous function r : X → A, called a retraction, such that r|A = idA. A metric
space X is called an absolute neighbourhood retract (ANR) if for every metric
space Y containing X as a closed subspace there is a neighbourhood U of X
in Y such that X is a retract of U . Every normed linear space is an ANR.
It is easily seen that if Z is an ANR and X is a retract of an open subset
of Z then X is an ANR too. In particular the sphere Sn ⊂ Rn+1 is an ANR
for every n ∈ N. We use this fact in the proof of the theorem below. Recall
that a continuum is a compact connected metric space.

Theorem 3.1. Let (X, ‖ · ‖) be a finite-dimensional normed linear space
and let Y be a nonempty subset of X. If dimX ≥ 2 then the conditions
(1)–(3) of Theorem 1.1 are equivalent to each of the following:

(5) either Y is a continuum, or Y ∪{∞} is a continuum in the one-point
compactification X ∪ {∞} of X,

(6) either Y is a continuum, or Y is closed in X and every component
of Y is unbounded.

Proof. The equivalence (5)⇔(6) is easily seen.
(3)⇒(5). Take γ∗ : [0,∞) → X ∪ {∞} defined by γ∗(t) = γ(t) for

t ∈ [0,∞). Then cl(γ∗([n,∞))) is a compact connected subset of the compact
space X ∪ {∞} for every n ∈ N. Since the intersection of a descending
sequence of continua is a continuum (see [10], §47, II, Theorem 5), the set

Y ∗ =

∞⋂
n=0

cl
(
γ∗([n,∞))

)
is a subcontinuum of Y ∗. Therefore Y = Y ∗ \ {∞} satisfies (5).

(5)⇒(3). If Y is a continuum, set Y ∗ = Y , otherwise set Y ∗ = Y ∪{∞}.
Thus Y ∗ is a continuum. By [1] there exists a compactification C of the
halfline [0,∞) having Y ∗ as the remainder. Let γ0 : [0,∞) → C be an
embedding. Consider the space Z = X ∪ {∞} ∪ C. Let d be an admissible
metric on Z. Note that for every δ > 0 one can find a number n ∈ N such
that γ0([n,∞)) ⊂ B(Y ∗, δ) = {x ∈ Z : d(x, Y ∗) < δ}.

Since X ∪ {∞} is an ANR, there is a retraction r : X ∪ {∞} ∪ C →
X ∪ {∞}. Note that Y ∗ and γ0([0,∞)) are disjoint, dimX ≥ 2, so r can be
done in such a way that r(γ0([0,∞))) ⊂ X. Finally define γ(t) = r(γ0(t))
for each t ∈ [0,∞). It is easily seen that Y ∗ ⊂

⋂∞
n=0 cl(γ([n,∞))). To show
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the converse implication, take z /∈ Y ∗ and set λ = d(z, Y ∗). Since Y ∗ is
compact, λ > 0. The retraction r is uniformly continuous, so there is a
number δ > 0 such that d(r(x), r(y)) < λ/2 whenever d(x, y) < δ. Recall
that γ0([n,∞)) ⊂ B(Y ∗, δ) for some n ∈ N. Therefore

γ([n,∞)) = r(γ0([n,∞))) ⊂ r(B(Y ∗, δ)) ⊂ B(Y ∗, λ/2) ∩ (X ∪ {∞}).
This yields

d(z, γ([n,∞))) ≥ d(z, Y ∗)− d(γ([n,∞)), Y ∗) > λ− λ/2,
so z /∈ cl(γ([n,∞))). Thus γ satisfies (3).

Remark 3.2. Theorem 3.1 was established in 1993 by W. J. Charatonik.
A few days before submitting the present paper we found that parts of
Theorem 3.1 have been independently proven by Nash-Williams and White.
Namely, (3.1) coincides with [12, Proposition 3.1] and (6) can be derived
from [13, Corollaries 4.11–4.12]. The results obtained by Nash-Williams and
White are stronger: depending on the properties of a permutation σ : N→ N,
subsets of Rn ∪ {∞}, n ≥ 2, are described that can be obtained as the
limit sets of

∑
aσ(n) for some series

∑
an converging to 0. Nevertheless, the

methods used in [12] and [13] are different and much more complicated than
the ones employed in the present paper.

Corollary 3.3. Let Y be a subset of a finite-dimensional normed linear
space X and let Y have at least two elements. If Y is the limit set of a series∑
xn with terms in X such that xn → 0 then Y is a perfect set.

Combining Theorem 3.1 and Corollary 2.2 leads to the following obser-
vation.

Corollary 3.4. If (X, ‖ · ‖) is a normed linear space and dimX ≥ 2
then every union Y of lines or closed halflines that is closed in X is the limit
set of a series

∑
xn in X with xn → 0. In particular, the union of finitely

many lines or closed halflines is the limit set of such a series.

Remark 3.5. We are convinced, but we cannot provide a proof, that the
series

∑
xn as in Corollary 3.4 always admits a rearrangement whose limit

set is X0∪{∞} where X0 stands for the closed linear subspace of X spanned
by Y .

The following theorem is a consequence of Theorem 3.1 and Corollar-
ies 1.2 and 2.2.

Theorem 3.6. Let (X, ‖·‖) be a normed linear space. Then X is infinite-
dimensional if and only if there exists a series

∑
xn in X with limn→∞ xn=0

and whose limit set is finite of cardinality at least 2.

According to Theorem 1.1, the above statement is equivalent to the fol-
lowing one:
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Theorem 3.7. Let (X, ‖·‖) be a normed linear space. Then X is infinite-
dimensional if and only if there is a continuous mapping γ : [0,∞)→ X such
that the set

⋂∞
n=0 cl(γ([n,∞))) consists of exactly two points.
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