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ON AN EQUIVALENCE FOR DIFFERENTIATION BASES OF
DYADIC RECTANGLES

BY

G. A. KARAGULYAN, D. A. KARAGULYAN and M. H. SAFARYAN (Yerevan)

Abstract. The paper considers differentiation properties of rare bases of dyadic rect-
angles corresponding to increasing sequences {vy } of integers. We prove that the condition

sup(Ve41 — k) < 00
k

is necessary and sufficient for such a basis to be equivalent to the full basis of dyadic
rectangles.

1. Introduction. Let R be the family of all half-closed rectangles [a, b)
x[c,d) in R? and Q C R be the family of half-closed squares in R2. Moreover,
let R¥adic he the family of dyadic rectangles of the form

(1) [(i =1)/2",1/2%) x [(j = 1)/2™,5/2™),  i,j,n,m € Z,
and Q®adi¢ he the family of dyadic squares (n = m). We have RVadic ¢ R

and Q¥adic © Q. For a given rectangle R € R we denote by len(R) the
length of the larger side of R.

DEeFINITION 1.1. A family M C R is said to be a differentiation basis
(or simply a basis) if for any € R? there exists a sequence of rectangles
Ry € M such that © € R, k=1,2,..., and len(Ry) — 0 as k — oo.

Let M C R be a differentiation basis. For any function f € L!(R?) we
define

Im(z, f) = lim sup —Sf(t)dt—f(:c) .
ten(R)—0,zeReM | | B 3

We say that the integral of f is differentiable at x € R? with respect to the
basis M if dpq(x, f) = 0. Set

F(M) ={f e LYR?) : dr(z, f) = 0 almost everywhere},
FE(M) ={f € LY(R?): f(z) >0, Sp(x, f) = 0 almost everywhere}.
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Thus F(M) is the family of functions having almost everywhere differen-
tiable integrals with respect to the basis M.

Let @ : RT — R* be a convex function. Denote by ®(L)(R?) the class of
measurable functions f on R? such that &(|f|) € L*(R?). If & satisfies the
Ag-condition @(2z) < kP(x), then $(L) is an Orlicz space with the norm

1l =inf{e>0: § @(fl/e) <1},
R2
The following classical theorems state that the optimal Orlicz space whose
functions have a.e. differentiable integrals with respect to the entire family
of rectangles R is the space
L(1 4 log L)(R?) ¢ L'(R?),
corresponding to the case @(t) = t(1 + log™ t) ([1]).
THEOREM A (Jessen—-Marcinkiewicz—Zygmund [4]).
L(1 +1log L)(R?) C F(R).
THEOREM B (Saks [7]). If
&(t) =o(tlogt) ast— oo,
then ®(L)(R?) ¢ F(R). Moreover, there exists a positive function f €
&(L)(R?) such that or(z, f) = oo everywhere.

Similar theorems are also valid for the basis R%2d¢, The first one trivially
follows from the embedding L(1 + log L)(R?) C F(R) C F(RMadic). The
second can be deduced from the relation

f'Jr(Rdyadic) — JT_'+ (R),
due to Zerekidze [9] (see also [10] [11]).

Let A = {y: k=1,2,...} be an increasing sequence of positive inte-
gers. This sequence generates the rare basis Riyadic of dyadic rectangles of
the form with n,m € A. This kind of bases was first considered in [§],
[2], [3]. Stokolos [8] proved that the analogue of the Saks theorem holds for

any basis RY* with an arbitrary A sequence. That means L(1+log L)(R?)

is again the largest Orlicz space contained in F (R‘iyadic). G. A. Karag-

ulyan [5] proved equivalence of some convergence conditions for multiple

martingale sequences, which in particular imply some results of [§], [2], [3].
In this paper we prove

THEOREM. Let A = {v} C N be an increasing sequence of positive
integers. Then the condition

(2) sup (Vg1 — k) < 00
keN

is necessary and sufficient for the equality ]:(R(Zyadic) = F(RY2die) to hold.
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2. Some definitions and key functions. Denote by E and E the
closure and the interior of a set £ C R? respectively; I denotes the indicator
function of E. A set E C R? is said to be simple if it can be written as a
union of squares of the form

[ =1)/2",i/2%) x [(5 = 1)/2%,5/2").

If n is the minimal integer with this property, then we write wd(E) = 27".
Note that if E is a dyadic rectangle, then wd(E) coincides with the length
of the smaller side of E. If E is a square, then len(F) = wd(F). Denote

n—1

(3) Ey(n) = | J[6/2,1/2 + /20 x [j/2,5/2 + 1/2°7%),
k=0

(4) Fij(n) = [i/2,1/2 +1/2") x [j/2,5/2 + 1/2")

n—1
= (i/2:i/2+ 1/25T1) x [/2, /2 +1/2"7)
k=0

C El](n)a i7j:O)1>

and define
(5) E(n) = Eoo(n) U Fopp (n) U Elo(n) U EH(TL),
(6) F(n) = F()(](n) U F(]l(n) U Flo(n) U Fn(n) - E(n)

We introduce the functions

u(z,n) = (n+ 1)2"’2(1[}:00(”)(:6) + Iy, () (@)
—Ipom) (@) =gy m)), nEN,
v(x) = Ljo,1/2)x[0,1/2) () + T[1/2,1)x[1/2,1) (@)
—Tjo,1/2)x1/2,1) (%) — L1 /2,1)x[0,1/2) (T)-

Let w € Q be an arbitrary square and ¢, be the linear transformation of
R? taking w onto the unit square [0,1)2 C R2. For an arbitrary function f
defined on [0,1)? and for a set £ C [0,1)? we define

fuo(@) = f(¢u(@)), Euo= () '(E) Cw.

We have

(7) suppuw(-,n) = Fw(n)7

(8) Supp v, = W,

(9) |Eo(n)] = (n+ Dw] /2", [Fu(n)] = |w|/4",
(10) wd(E,(n)) = wd(F,(n)) = wd(w) - 27"
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Simple calculations show that

(11) [uw ()l = |Ew(n)] = (n+1)|w]|/2",

(12) [vwll1 = |w].

Then observe that if w € QW2di¢ is a dyadic square, then for any = € E,(n)
there exists a dyadic rectangle R(z) € RV with

(13) () d| = ”;“ L 2 eR@) c M),

1
el S
(14) wd(R(z)) = wd(w) - 27"

Moreover, this rectangle coincides with the (¢,)~'-image of one of the rect-
angles from . Similarly, if w € D, then

1
15 _ vy(x)dr| =1, xz€ R(z) Cw,
(15) Ha)] ) @ ()
R(z)
(16) wd(R(z)) = wd(w),/2,
for some square R(x) with |R(z)| = |w|/4. In this case R(x) coincides with

one of the four squares forming w.

3. Auxiliary lemmas. The following simple lemma has been proved
in [6].
LEMMA 1. Let Q € QW2dic pe an arbitrary dyadic square. Suppose that

a function f € LY(R?), f(z) = f(x1,x2), satisfies the condition supp f C Q
and

(17) \fen,tydt =\ f(t,22)dt =0, z1,25 €R.
R R
Then for any dyadic rectangle R € RYadic with R ¢ Q,
(18) | f(2)da = 0.
R

Proof. We suppose

Q = [a1,B1) X [, B2), R =[a1,b1) X [az,b2).
If RNQ = 0, then is trivial. Otherwise either [a1, (1) C [a1,b1) or
[ag, B2) C [ag, b2). In the first case, using , we get

b2 b1 b2 B
Sf(:):)d:n: S Sf(xl,xg)dxld:vg = S S f(x1, o) day dao
R as ai as o
b2
= S (S f(:l?l,l‘g) dI1> dl’g =0.
a2 R

The second case is proved similarly. =
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LEMMA 2. Let m be a positive integer and Q) be a dyadic square. Then
for any simple set E C [0,1)2, there exists a finite family 2 of dyadic squares
w C @ such that

(19) E,NEy=0 ifw#d,

(20) min wd(w) = wd(Q) - (wd(E))",

(21) o\ U B =i - )™,
wes?

Proof. We will define a sequence of sets Gg, k= 1,...,m, with
(22) Q=G1D: D Gnp,
and finite families of dyadic squares 2, C D, k=1,...,m + 1, such that
(23) wd(w) = wd(Q) - (Wwd(E)* Y, we 2, k=1,...,m+1,
24)  Gr=|Jw k=1...m+1,

WE2y,
(25)  Gv=Gra\ | Bo= |J W\E,), k=2..m+L
WEN_1 WENy_1

We use induction. For the base step we just take G; = @ and let {21 consist
of a single rectangle ). Suppose we have already chosen the sets Gy, and the

families (2 for k =1, ..., p satisfying f. Set
Gpr1=Gp\ |J Bo= |J W\ E).
welp wesy
From the induction hypothesis of it follows that
wd(w \ Ey) = wd(w) - wd(E) = wd(Q) - (wd(E))P.

Hence Gp+1 is a union of dyadic squares with side lengths wd(Q) - (wd(E))?
and we define (2,1 as the collection of those squares. Thus we get Gj,11
and (2,11 satisfying f for kK = p+ 1, which completes the inductive
definition.

Applying , and we obtain
Gel =Gl = | | Bo| = 1Ghal = |BNGra| = (1 = |EDIGia
wWESN_1
and therefore
(26) (Gl = (1= |E)™|Q]

The family 2 = U;’S’ll (2, is as desired. Indeed, suppose w,w’ € 2. If
w,w’ € (2, for some k, then according to we have w Nw' = (), and
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SO holds. If w € 2, ' € 2} and k < K/, then
E, C W C Gy,
E, CGk\Gk_H = E,NGy =0.

Thus we again get . Condition immediately follows from , and
follows from and from the relation

Ue-[U U el-|Ueio]
wesn k=1

k=1 we2y
=@\ Gms1| =[Q[(1 - (1 —[E])). =

LEMMA 3. Let L > 1 be an integer and let ) € Qdvadic  Thep there erxist
f € L*(R?) and (L) € N, B(L) > 0 such that

(27) supp f C @,
(28) | flloo < B(L),
2|Q
(29) |supp f| < 5L
(30) wd(supp f) > wd(Q) - 27,
(31) | f@)dz =0, ReRMI R¢Q,
R

and for any x € Q there exists a rectangle R(x) C Q satisfying
(32) wd(R(z)) > wd(Q) - 27",

1
IR(m)|‘R§x)f(t) @ > L.

(33)

Proof. Let n = 2L and denote
(34) a(L) =n(2"+1), B(L)=(n+1)2""2
2"(In(n+1) + (n —2)In2)
n+1

Let E = E(n) be the set defined in (5)). We have |E(n)| = (n + 1)/2" and
wd(E(n)) = 27". Applying Lemma [2, we find a family {2 of dyadic squares
w C @ with properties 7. Set

(36) G=JE.(n), Gi=Q\G.

wes?

According to , and , we have

G1l = (1= |E(m))"|Q| = (1 - ";1> 2l < 5y

(35) m:m(L):[ ]+1<2n.
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From and it follows that
= U w’
wen

where (21 is a family of squares with

(37)  min wd(w) = mig wd(w) = wd(@) - (wd(B())" = wd(Q) 2"

Define
F@)=> uu(z,n)+BL) D vu(x) =:g(x) + g1 ().

wes? we
Clearly this function satisfies (27) and . Moreover,

supp g = U Fu(n) CG, suppgi = G,

wel?

supp f = supp g U supp gi.

This together with @ and implies

|supp f| = | [Fu(n)| +|G1| = +12nQZ|E n)| + |G
we? wes?
1 2|}
= - < _—
(n+1)2n—2 G+ 1G] = B(L)’

and therefore we get . Using , we obtain
wd(supp g) > min wd(w) - wd(F (n)) =wd(Q) - 27" =wd(Q) - 27,
we
wd(suppg1) > m%l wd(w) > wd(Q) - g—n2" wd(Q) - g—a(l),
wel

and hence we get (30]). Condition follows from Lemmall] since f satisfies
according to the definitions of u,(z,n) and v,(z). To prove (33)), take
x € Q. We have either x € G or z € G;. In the first case, x € E,(n)
for some w € 2. By there exists a dyadic rectangle R = R(z) with
x € R C E,(n) such that

1
”+ > L.

|];"}S%f(lt)dt‘ |R|‘ uy(t,n dt‘ =

In the second case from we obtain

|R|‘R ‘ |R|)H (t)dt‘22”>L

for some square R = R(z) with € R C w. Obviously in either case R(x)
satisfies . The lemma is proved. =
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Proof of Theorem. Necessity. Let A = {v;} be a sequence with

(38) v = sup(Vp1 — vg) < 00,
keN

and suppose

.F(Riyadlc) \]:(Rdyadic) # 0.
That means there exists f € L'(R?) such that
(39) 5Rciyadic (ﬂ:’, f) - 0 a.e.,
(40) (SRdyadic (flj, f) > «, T € E,

where @ > 0 and |E| > 0. According to for any = € R? one can choose
d(z) > 0 such that the conditions

z € ReRY™ len(R) < §(x),
imply

(41) V£ = 1)

R

'1 < /2.

R

For some 0 > 0 the set F = {z € E: §(x) > 0} C E has positive measure.
Then, using the representation

F = U{x €F:ja/2 < f(z) < (j+1a/2},
JEZ
we find a set
(42) G={zel:joa/2< f(z) <(jo+1la/2} CF
having positive measure. Combining 7, we will have
(43) Opdyadic(x, f) > a, x € G,

(44) ';Sfﬂ@
R
(@5)  swp [f(@) ~ fl)] < a2

z,yeG

<a/2ifze RNG, Re RY* len(R) < 6,

Since almost all points of G are density points, we may fix xg € G with

RNG|

m
len(R)—0, zoe ReRdvadic | R|

Using this relation and , we find a rectangle

R = [(p—1)/2".p/2") x [(q — 1)/2", /2",
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such that

(46) zg € R e RVadic len(R') < 6,
(47) | R,‘ )\ 7= fo)| >

(48) IR’ﬂGI > (1-47")|R],

where v is the number (38)). Moreover, we may suppose
(49) Vg1 <N <V, Vg1 <m< v,

for some integers t, s. This and imply that R’ is a union of rectangles
of the form

(i — 1) /2%, i /2 ) x [(j — 1)/2%s, j/2%s) € Rdyadl(:’

and from it follows that at least for one of these rectangles, say R”, we
have

(50) | = flwo)| >

‘ 1
R//

| R"|

From and we get
1 1 1
" = ) 4=
’R ‘ - 2th+Vk5 2 2th+Vk5_th—1_Vk5—l 2n+m 2 ‘R‘ 4 °
From this and we obtain R’ NG # (). Pick 71 € R"NG. From and
we get

(51)

| f=fan)| >

Rl/

f=F@o)| = |f(z1) = f(xo)| > a/2.

’!R” S

\R”\
R//

On the other hand 21 € R"NG, R € RY*, len(R") < len(R') < &, and
therefore by (44)) we obtain

| f—fla)

R//
This contradiction completes the proof of the first part of our theorem.

Sufficiency. Now we suppose does not hold, so there exists a sequence
of integers pr " 0o such that

< a/2.

IR”!

(52) kh_{go(”pkﬂ — Up) = 0.

We may then find sequences of integers L and [, k = 1,2,..., such that
(53) lgr1 >k + (L), k=1,2,...,

(54) Vpp <l <l +a(Ly) <vp+41, k=1,2,...,

(55) L1 > 28 (B(Ly) + k), k=1,2,...,
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where a(L) and B(L) are the constants of Lemma [3] Applying Lemma [3] for
L = L, |l =1;, and for the square

Q= Qf = [(i = 1)/2%,i/2%) x [( - 1)/2%,j/2%), 1<ij<2*,
we get functions fi];- € L>®(R?) satisfying

(56) supp f15 C Q%

(57) /5 lloe < B(La),

(58) [supp f5] < 2/Q31/B(L).

(59) wd(supp ff;) = 27U,

(60) | fl(@)dz =0, ReRYM RgQk,
R

and for any = € ij there exists a dyadic rectangle Ry (x) C ij with

(61) wd(Ry(z)) > 2~ —olx)
1
2 - k ‘ > L.
(62) T ) O] L
Ry (x)
Define
2lk
Fi(z) = Z fZE-(x)-
ij=1
From f we conclude that
2
63 supp Fi| < ———,
(64) wd(supp Fy) > 27 —eEe)
(65) | Filloo < B(Lg),
(66) | Fe(x)dz =0, ReRY len(R) > 27",
R

and for any x € [0,1)? there exists a dyadic rectangle Ry(x) C [0,1)? such
that

(67) 2% > len(Ry(x)) > wd(Ry(z)) > 27— (x)
1
_ F; > L.
o Rl ), O] =
k()
Denote

(69) Flz)=Y" £ ’;Sf)
k=1
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From and it follows that || Fk|[1 < 2, and so ||FH1 < 2. Let z €
[0,1)2. From and . ) we get len(Ry(z)) > 27+ > 274 if j > k. Thus,
using , we obtaln

(70) | Fydt=0, j>k
Ry ()
On the other hand, and imply

1 Fj(t)
@ | Y = o dt'<6(Lk ) < Li/2, k>2.

(71)
Ry (z) j=1

From , and we get

1 Ly,
' { ()dt‘ ‘ | A dt‘——>—,
2
R, il
which yields
1
(72) lim sup — S F(t) dt‘ =00, z€][0,1)%
len(R)—0, z€ ReRdyadic ’R‘ R

Now take an arbitrary rectangle R € Riyadic. We have

(73) len(R) =2"" >wd(R)=2""

From we get

(74) VFiydt =0 ifl; > v
R

On the other hand, if [; < v, then from it follows that I; +a(L;) < v,
and therefore by we get

(75) wd(supp(F})) > 275(l) > g
Thus, using simple properties of dyadic rectangles, we conclude that
(76) l; <vg, R¢ supp F; = RnNsuppF; = 0.
Consider the sets
Gy = {9: € [o D2 Sp(z,Fr) =0, k=1,2,...},
U ﬂ )\ supp F}), G =G1NGa.
k=1j:1;>w

Since Fj(z) is bounded, the equality dr (z, F,) = 0 holds almost everywhere,
and so |G1| = 1. From it follows that |G2| = 1 and therefore |G| = 1.
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Take x € GG. We have

(77)

x ¢ supp Fj,  j > ko,
dyadic

for some k. Consider the rectangle R € R { such that x € R. Suppose
we have and k > ko. Then from and we get

(78) RNsuppF; =0 if j > ko and I; < vy
From and we conclude that
1 WU
—\F)dt=> —— | F(t)dt.
Thus we obtain
ko
1 F;
(79) lim = \FPeyd=>" i(@)
len(R)—0, 2 ReRY* | R| 7 = 27

On the other hand, implies

(80)

ko . x
F(x):ZFJQ(j ).
Jj=1

From , and we conclude that F e F(RY)\ F(Rdvadic)

which completes the proof of the theorem. m

[1]
2]

REFERENCES

M. Guzman, Differentiation of Integrals in R™, Springer, 1975.

P. A. Hagelstein, A note on rare mazimal functions, Colloq. Math. 95 (2003), 49-51.
K. Hare and A. Stokolos, A. On weak type inequalities for rare mazximal functions,
Collog. Math. 83 (2000), 173-182.

B. Jessen, J. Marcinkiewicz and A. Zygmund, Note of differentiability of multiple
integrals, Fund. Math. 25 (1935), 217-237.

G. A. Karagulyan, On equivalence of martingales and related problems, J. Contemp.
Math. Anal. 48 (2013), no. 2, 51-65.

G. A. Karagulyan and D. A. Karagulyan, On characterization of extremal sets of
differentiation of integrals in R?, J. Contemp. Math. Anal. 49 (2014), no. 6, 83-108.
S. Saks, Remark on the differentiability of the Lebesgue indefinite integral, Fund.
Math. 22 (1934), 257—-261.

A. Stokolos, On weak type inequalities for rare mazximal functions in R™, Colloq.
Math. 104 (2006), 311-315.

T. Sh. Zerekidze, Convergence of multiple Fourier—-Haar series and strong differen-
tiability of integrals, Trudy Tbiliss. Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR
76 (1985), 80-99 (in Russian).

T. Sh. Zerekidze,On some subbases of a strong differential basis, Semin. 1. Vekua
Inst. Appl. Math. Rep. 35 (2009), 31-33.


http://dx.doi.org/10.4064/cm95-1-4
http://dx.doi.org/10.3103/S1068362313020015
http://dx.doi.org/10.4064/cm104-2-7

DIFFERENTIATION BASES 307

[11] T. Sh. Zerekidze, On the equivalence and nonequivalence of some differential bases,
Proc. A. Razmadze Math. Inst. 133 (2003), 166-169.

G. A. Karagulyan, D. A. Karagulyan, M. H. Safaryan

Institute of Mathematics

Armenian National Academy of Sciences

Baghramian ave. 24/5

0019, Yerevan, Armenia

E-mail: g.karagulyan@yahoo.com
davidkar@yahoo.com
mbher.safaryan@gmail.com






	1 Introduction
	2 Some definitions and key functions
	3 Auxiliary lemmas
	REFERENCES

