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ERGODICITY CONDITIONS ON THE GROUP OF
3-ADIC INTEGERS

BY

NACIMA MEMIC (Sarajevo)

Abstract. We provide necessary and sufficient conditions for ergodicity on Zs and
deduce an alternative proof for the ergodicity of 3-adic affine dynamical systems. Moreover,
we prove that the ergodicity characterization by means of the van der Put series known
for the group of 2-adic integers has no equivalent on Zs.

1. Introduction. Let Z, be the group of p-adic integers endowed with
its ultrametric norm | - | and natural probability measure .

We recall that a bijective function f : Z, — Z, is measure preserving
if u(f71(S)) = u(S) for every measurable subset S of Z,. A description of
1-Lipschitz measure preserving functions on Z, was given in [Y1] and [KY].

Also, a measure preserving function is said to be ergodic if it has no
proper invariant subset.

A function f : Z, — Z, is said to be bijective modulo p™ where n is
a positive integer if for each = € Z,, the elements z, f(z),..., fF" ~1(z) are
representatives of distinct classes of Z,/p"Z,,.

A function f : Z, — Z, is said to be transitive modulo p™ if it is bijective
modulo p™ and the set x, f(z),..., fP"~1(x) is composed of only one cycle.
In other words, f?"(x) = = (mod p"), but f7(z) # 2 (mod p") for all r < p".

It can be proved (see [DS, Theorem 3.2]) that an isometric function is
ergodic if and only if it is transitive modulo p™ for every positive integer n.

Some equivalent definitions of measure preserving and ergodic 1-Lip-
schitz functions are given in [A], [AKY2] and [DP].

We use the same notation as in [J]. Namely, if the p-adic expansion of
the positive integer m is given by

S
mzzaipi7 Ogai<paa8;é07
i=0
then we define g(m) = asp®.
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For every 1-Lipschitz function f : Z, — Z, we define the coefficients
B :{f(m), m € {0,...,p— 1},
" Lf(m) = f(m = q(m)), m>p.

In this way the function f can be represented in the so called van der Put

basis as follows: -
= Bumx(m,z),
m=0

where if m > 0,
17 |$—m| Sp_[logpm]_]-?

0, otherwise.

L fz[<p7t,
0,x) = -
x(0,) { 0, otherwise.

x(m, z) = {

For m = 0 we have

Ergodicity of 1-Lipschitz functions on 2-adic integers was characterized
by means of the coefficients (By,)m:

THEOREM 1.1 (Anashin, Khrennikov and Yurova [Y2], [AKY1], [AKY?2]).
A 1-Lipschitz function f is ergodic on Zo if and only if:

(1) Bp =1 (mod 2),

(2) BO + Bl =3 (mod 4)

(3) (B2+ B3)/2 =2 (mod 4),

(4) |Bp| =27" for allm € {27,..., 27" — 1},

(5) 27" 2 B =0 (mod 4) for all n > 3.

On the other hand, S. Jeong proved some sufficient conditions for ergod-

icity of 1-Lipschitz measure preserving functions on general p-adic integers
expressed by the coefficients (B, )m.

THEOREM 1.2 (S. Jeong [J, Theorem 3.8]). Let f : Z, — Z, be 1-Lip-
schitz and measure preserving. If

(1) By =5 (mod p), 0 < s <p,
(2) Y0y B =ps+ 3(p — 1)p (mod p?),
(8) by B = 3(p— 1)p* (mod p?),
(4) Bm = q(m) (mod plo&"IF1),
(5) By, = Byp+m (mod p),

(6) an:_;n,l By, =0 (mod p"*h), n >3,
then f is ergodic.

In Section 2 we provide some necessary and sufficient conditions for er-
godicity of 1-Lipschitz invertible functions on the set of 3-adic integers. In
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Theorem [2.2] the conditions involve some specific powers of f. In Theo-
rem [2.5| we prove sufficient and necessary ergodicity conditions by means of
the coefficients (By,)n, for 1-Lipschitz invertible functions already satisfying
condition (4) of Theorem

In Section 3 we discuss this last condition. Namely, Example [3.1| shows
that without this condition it is impossible to express necessary and suf-
ficient conditions by means of sums (Z%;?}n,l B,)n as in Theorems

and On the other hand, Example shows that condition (4) of The-
orem is not necessary for ergodicity of 1-Lipschitz invertible functions.

2. Necessary and sufficient conditions

LEmMMA 2.1. Let f : Zp, — Zp be a 1-Lipschitz and measure preserving
function. Then f is isometric.

Proof. It was proved in [DS| Theorem 3.1] that such a function is lo-
cally isometric and invertible. Suppose there exist z,y € Z, such that
|f(x) — f(y)| < |z —y|. Let |z — y| = p~! where [ is a nonnegative integer.
Since f is 1-Lipschitz, for all z € z + p!T1Z, we have |f(z) — f(2)| < p~'=1.
Then

f_l(f(x) _|_pl+IZp) D +pl+IZp.
Similarly,
P W)+ Zp) 2y + 0,

However, this contradicts the fact that f is measure preserving because

@)+ 2) = FH S (y) + 01 2),
while
e+ p Mz, Ny +p 2, = 0.
THEOREM 2.2. Let f : Zs — Zs3 be a 1-Lipschitz measure preserving
function. Then f is ergodic if and only if
(2.1) f3n71(x) # x (mod 3")  for every x € Zs and n € N.

Proof. 1If f is ergodic then follows immediately from the definition
of transitivity.

Assume that holds. We know from Lemma that f is isometric.
By [DS], Theorem 3.2] it suffices to prove that f is transitive modulo 3™ for
every positive integer n.

We first prove this for n = 1. Namely, we will show that

f(1) =1+ f(0) (mod 3), f(2) =2+ f(0) (mod 3).

Suppose that
f(1) # 1+ f(0) (mod 3).
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Since f is isometric and measure preserving, this implies that
f(1) =24 f(0) (mod 3), f(2) =14 f(0) (mod 3).
Meanwhile, in this case the following equivalences hold:
f(1)=0 (mod 3) < f(0)=1 (mod 3),
f(2) =0 (mod 3) < f(0) =2 (mod 3).
Moreover, since f(0) # 0 (mod 3), we have either
f(1) =0 (mod 3) or f(2)=0 (mod 3).

In case f(1) = 0 (mod 3), we have f(0) =1 (mod 3), and then f(2) =
2 (mod 3), which contradicts the assumption. Similarly, f(2) = 0 (mod 3)
leads to a contradiction.

Suppose that f is transitive modulo 3"~! for some n > 2. Then f is not
transitive modulo 3" only if f23" ' (z) = z (mod 3") for some z. Assume
that there exists such an z. Define z € x + 3" 1Z3, so that

T4+ 3712y = (@ +3"2s) W (7 (2) +3"Zs) 8 (= + 3"Ls).

Since f is transitive modulo 3”1, we have f3" ' (2) € z + 3"1Zs, which is
only possible if 3" (z2) € x + 3"Z3. Therefore,

z=f¥(2) (mod 3") = f2'3"_1(1:) (mod 3") =z (mod 3"),
which is absurd. =

As an application of this result we see that ergodicity of p-adic dynamical
systems studied in [FLYZ] can be characterized by means of modularity
methods. The following example is a special case of the results proved in
[FLYZ]. Here we give a proof using Theorem

EXAMPLE 2.3. On Zs consider the affine 3-adic dynamical system f de-
fined by x — ax+ 3, where a and B are 3-adic integers. Then the dynamical
system f is ergodic if and only if « =1 (mod 3) and B # 0 (mod 3).

Proof. We may assume that « is a unit, because otherwise f is not mea-
sure preserving. Moreover, f is by definition 1-Lipschitz, hence Theorem [2.2]
can be applied.

Since

ffa)y=dfz+ @ 14+ +a4+1)8, k>1,
Theorem shows that f is ergodic if and only if for every n > 1 and every
x € Z3 we have

(2.2) & et (0 T 4 a+1)8 # 2 (mod 3.

Suppose that f is ergodic. Then (2.2) for n = 1 immediately yields
a =1 (mod 3) and 5 # 0 (mod 3).
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On the other hand, if we assume that o = 1 (mod 3), 8 # 0 (mod 3)
and (12.2)) is not valid for some n > 1 and = € Zs, then since

& a1 £0 (mod 3"), B # 0 (mod 3),
and since recursively on n we can see that A" =1 (mod 3"), it follows
that the equality
@ =D+ @ T+ +a+1)8=0 (mod 3")
is impossible. Hence is true. =
LEMMA 2.4. Let f: Z3 — Zs be a 1-Lipschitz measure preserving func-

tion satisfying By, = q(m) (mod 30°8s™+1) for every m > 3. Suppose that
[ is transitive modulo 3". Then the following assertions are equivalent:

(1) f3"(z) # x (mod 3™*Y) for all x € Z3,
(2) f3"(z) # 2 (mod 3"*Y) for some x € Zs,

(3)
3"—1 3n—1_1
> But3 Y Bt 43" 123 # 3" (mod 3"*1), n > 2.
m=3n—1 m=3""2 m=0

If n =1 assertion (3) should be replaced by anzo By, # 3 (mod 32).
Proof. Applying induction on n gives

3n—l-1 3n—1
(2.3) Z By +3 Z By + - +3”123m_2f
=3n—1 —=3n—2
Fix x € Z3. Define integers Y0y - -+, Y3n_1 as follows: Yo € {0, 3 =1} s

such that = € yo + 3"Zs, and for every i € {1,...,3" — 1},
Yi +3"Zs = f(yi1 + 3"Z3).
Hence, clearly
Yo +3"Zs = f(ysn—1 + 3"Ls).
For every i € {0,...,3" — 1}, k€ {0,1,2} and z € y; + k- 3" + 3" Z3 we
have
F(z) = fyi) = fyi + Kk -3") = f(yi) (mod 3"*)
{Byﬁk_gn (mod 3"*1)), k#0,
0 (mod 37*1), k=0.

Therefore,
f(2) = f(yi) + 2z — i (mod 3"*1)  for every z € y; + 3"Zs.
We deduce that
F (@) = f(fi(z)) = flyi) + fi(z) — y; (mod 3"T1),
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hence
3n 1 3n—1
n 33" -1
Fr@ = 3 ) ) e = 3 fom) - 2
=0 m=0
The result follows immediately by applying (2.3) and
33" —1)

5 = 3" (mod 3""1). u

THEOREM 2.5. Let f : Zs — Zs be a 1-Lipschitz invertible function
satisfying By, = q(m) (mod 3008+ for every m > 3. Then f is ergodic
if and only if:

(1) By, #m (mod 3) form < 3,

(2) 32 ) Bm # 3 (mod 3?),

(3)

3n—1 3n—l_1 2
> But+3 Y Bpt4+3"' > By #3" (mod 3", n > 2.
m=3n—1 m=3n—2 m=0

Proof. It was proved in Theorem that condition (1) of Theorem 2.5
implies that f is transitive modulo 3. Applying Lemma [2.4] we see that con-
ditions (2) and (3) lead to transitivity of all orders. Conversely, transitivity

modulo 3 immediately gives condition (1), and from Lemma we obtain
(2) and (3). =

3. Discussion and examples. Although, as we will see in the following
examples, the property B,, = q(m) (mod 31°83™+1) is not necessary for
ergodicity, it can be seen in Example [3.1]that if this condition is not satisfied
then ergodicity cannot be characterized by means of sums appearing in
conditions (2) and (3) of Theorem or conditions (ii)(2), (3) and (5) of
[J, Theorem 3.8].

EXAMPLE 3.1. Let s € {0,1,2} and let (k,)n>3 be any sequence of inte-

gers satisfying ky, = 0 (mod 3™). Suppose there exists an invertible isometric
function f : Zs — Zs which is transitive modulo 3 and

(1) By j— Bi + By = 3(1 + 8) (HlOd 9),

(2) Zf’n;gln,l By, = ky, (mod 31 for all n > 3.
Then there exists an invertible, isometric function f : Zs — Zs satisfying
(1) and (2) but not transitive modulo 9.

Proof. We construct f for each of the three possible values of s.
It

flo)=> a3,
i=0
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then we write

F.(z) = Zai?)l
Let s = 1. Then we define
f(x) =7+ Fy(x), Vo € B3—2(0);  f(z) =2+ Fy(x), Vo € By—2(1);
F(2) = 6+ Fa(), Vo € By2(2);  f(a) = 4+ Fa(a), Vo € By 2(3);
f(x) =5+ Fy(x), Vo € By2(4);  f(z) =3+ Fy(z), Vo € By-2(5);
f(@) =1+ Fy(x), Vo € B32(6);  f(x) = 8+ Fy(x), Vo € B3—2(7);

f(x) = Fy(x), Vo € By—2(8).

It is easily verified that f is invertible and isometric but not transitive
modulo 9. Moreover, (1) is satisfied because

F(0) + F(1) + £(2) = 6 (mod 9).

On the other hand, from the definition of the van der Put coefficients,
if (By,)m are the coefficients corresponding to f, and (B, ), those for f, it
can be seen that B,, = B,, whenever m > 9. Indeed, since f is isometric,
for every m > 9 we have either Fy(m) # 0 or Fa(m — q(m)) # 0, because

otherwise either f(m) — f(m — q(m)) = 0 or |f(m) — f(m — q(m))| > 372,
which contradicts isometricity. Hence,
By, = f(m) — f(m—q(m)) = Fa(m) = Fy(m —q(m)) = f(m) — f(m—q(m)),
and (2) follows immediately.

For s = 2 define

f(x) =4+ Fy(z), Vo € B32(0);  f(z) =2+ Fy(x), Vo € By-2(1);
f(x) =3+ Fy(x), Vo € B3—2(2); f(z) =1+ Fy(x), V& € B3—2(3);
f(x) =5+ Fy(x), Vo € By2(4);  f(x) = Fy(x), Vo € By-2(5);
f(x) =7+ Fy(x), Vo € B3—2(6);  f(z) =8+ Fy(x), Yz € By—2(7);
f(z) =6+ Fy(z), Vo € By—2(8).

Finally, if s = 0 define

f(x) =1+ Fy(z), Vo € B32(0);  f(z) =5+ Fy(z), Vo € By-2(1);

f(x) =6+ Fy(x), Vo € B3—2(2); f(z) =4+ Fy(x), V& € By—2(3);

f(x) =8+ Fa(z), Vo € By2(4);  f(z) = Fa(x), Va € By—2(b);

f(@) =7+ Fy(x), Vo € B3-2(6);  f(z) =2+ Fy(z), Vo € By-2(7);

f(x) =3+ Fy(z), Vo € B3—2(8).

The same conclusions as above can also be made for these cases. n



74 N. MEMIC

REMARK 3.2. Example [3.] shows that Theorem [I.I] has no equivalent
on Zs3 without considering the sum Z 3 B (mod 33). In fact, this sum
does not need to be mentioned since for 1sometric functions it only depends
on s and Fb, which are common for f and f. Indeed,

8
Y B =fG) 4+ f(8) = 2(f(0) + f(1) + f(2))

I
]

f(m) =3(£(0) + f(1) + f(2))

3
I
o

+8+ZFQ —9(1+ s) (mod 3°)

Fy(m) — 9s (mod 3°).

I
]

3
Il
=)

As said above, the property B,, = q(m) (mod 383 ™+1) allows a direct
characterization of ergodicity by means of sums in conditions (2) and (3) of
Theorem [2.5 In the following example we can see that this condition is not
necessary for ergodicity.

ExaMpLE 3.3. Let f be any function satisfying all conditions of Theo-
rem with the additional assumption f(0) = 1 (mod 3). Let the function g
be defined as follows:

For every x € 3Z3 set g(x) = f(x). For x € 1 + 3Z3 define
fx+3), ze€d4+9Zs,

g(x) =< f(x—3), x€T7+9Zs,
f(z), x €1+ 9Z3.
For x € 2 + 373 define
g9(x) = A7 (@)).
Then g is ergodic and
(3.1) By, = —q(m) (mod 38 ™+ -y e {473,

Proof. The function ¢ is obviously invertible and isometric. Property
(3.1)) is easily verified from the definition of g. We can prove ergodicity by
using Theorem Indeed, in order to see that g satisfies notice that
for every x € 3Zs, since g*(z) € 2+ 3Z3 and g(x) = f(x), we have

9’(@) = g(g* (@) = 297 (¢* (@) = [2(9(2)) = [*(2).
Now let x € 1 4 3Zs. Since g(x) € 2 4 3Z3 we have

g (x) = g(g(2)) = f* (97 (9(x))) = f*(z) € 3Zs.
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This yields g3(x) = f3(x), from which we deduce by induction that
g3 = f3" for every positive integer n and every z € 3Z3 U 1+ 3Zs.

Now, let © € 2 + 3Z3. We have g(x) = f2(g~(x)) € 3Z3, so ¢*(x) =
f3(g~(x)), and therefore

g (x) =g (g ().

Recursively on positive integers k we deduce that

g (@) = g(f* (97" (@))).
Applying (2.1) on f and isometricity of g we find for every positive integer
n that

g (@) = g (f* (97" (2))) # 9(¢7"()) (mod 3""") = z (mod 3"*). w
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