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NEW ISOLATED TOUGHNESS CONDITION FOR
FRACTIONAL (g, f,n)-CRITICAL GRAPHS

BY

WEI GAO (Kunming) and WEIFAN WANG (Jinhua)

Abstract. Let i(G) be the number of isolated vertices in a graph G. The isolated
toughness of G is defined as I(G) = oo if G is complete, and I(G) = min{|S|/i(G — 5) :
S CV(G), i(G—S) > 2} otherwise. We show that G is a fractional (g, f, n)-critical graph
if I(G) > (b* +bn— A)/a, where a, b are positive integers, 1 < a < b, b> 2, and A =b—a.
Furthermore, a new isolated toughness condition for fractional (a,b,n)-critical graphs is
given.

1. Introduction. The graphs considered here are finite and simple.
Let G be a graph with vertex set V(G) and edge set E(G). For x € V(G),
we use dg(x) and Ng(x) to denote the degree and the neighborhood of
x in G, respectively. Let §(G) denote the minimum degree of G. For any
S C V(G), we write G[S] for the subgraph of G induced by S. Let i(G — 5)
be the number of isolated vertices in G — S. The readers can refer to [I]
for standard graph-theoretic concepts and terms used but undefined in this
paper.

Let g and f be integer-valued functions on V' (G) such that 0 <g(x) < f(z)
for all z € V(G). A spanning subgraph F' of G is called a (g, f)-factor if
g(x) < dp(z) < f(z) for every x € V(G). A fractional (g, f)-factor is a
function h that assigns to each edge of G a number in [0,1] so that for each
vertex x we have

gl@) < Y hie) < f(a).

If g(x) = a, f(x) = b for all x € V(G), then a fractional (g, f)-factor is a
fractional [a,b]-factor. Moreover, if g(x) = f(z) = k (k > 1 is an integer
throughout this paper, and we will not reiterate it again) for all x € V(G),
then a fractional (g, f)-factor is just a fractional k-factor.
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Liu and Zhang [7] proved that there exists a fractional (g, f)-factor.
Several characteristics of fractional (g, f)-factors are described in detail by
Liu and Zhang [7,18]. A graph G is called a fractional (g, f, n)-critical graph if
after deleting any n vertices from G, the resulting graph still has a fractional
(g, f)-factor. Similarly, a graph G is called a (g, f,n)-critical graph if after
removing any n vertices from G, the resulting graph admits a (g, f)-factor.
The reader can find some sufficient conditions for (a, b, n)-critical graphs in
[12] and [13]. As an extension of the concept of fractional factor, a fractional
critical graph describes fractional factors in communication networks when
certain sites are damaged. More results on fractional factor can be found in
3, @, B].

Let f(S) = Soes (@), F(U) = Locy f@), 9(T) = S,epgle) and
dg-s(T) = Y cr da—s(x). A significant result on fractional (g, f,n)-critical
graphs was obtained by Liu [10]; its equivalent version can be stated as
follows.

LEMMA 1.1 (Liu [I0]). Let G be a graph and let g, f be two non-negative
integer-valued functions defined on V(G) satisfying g(x) < f(x) for all
x € V(G). Let n be a non-negative integer. Then G is a fractional (g, f,n)-
critical graph if and only if

(L1 f(9) —9(T) +da-s(T) 2 max{f(U) : U € S, |U| = n}
for any disjoint subsets S and T of V(G) with |S| > n.

The term toughness was first introduced by Chvétal [2] to measure the
vulnerability of networks: if G is a complete graph, ¢(G) = oo; if G is not
complete, then

#(G) = min{|S] /w(G — S) : w(G — S) > 2}

where w(G — S) is the number of connected components of G —S. Gao et al.
[3] established that G is fractional (g, f, n)-critical if t(G) > (b*> — 1 + bn)/a,
and G is fractional (a, b, n)-critical if ¢(G) > (ab—b+a —1)/b+ n.

Yang et al. [I1] introduced the concept of isolated toughness I(G) of the
graph G which is described as follows. If G is not complete, then

I(G) = min{|S|/i(G — 8) : S C V(G), i(G — §) > 2}.

Otherwise, I(G) = oo. Isolated toughness is usually regarded as a parameter
to measure the strength of networks, and has been widely used in commu-
nication networks and ontology semantic structure graphs.

Recently, Gao et al. [6] found that G is a fractional (g, f, n)-critical graph
if I(G) > (¥ +bn—1)/aif b > a; and I(G) > b+ n if a = b. In this
paper, we extend the result of [6] and determine a new bound for fractional
(g, f,n)-critical graphs. Our main result to be proved in the next section
can be stated as follows.
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THEOREM 1.2. Let G be a graph and g, f be two non-negative integer-
valued functions defined on V(G) and satisfying a < g(x) < f(z) < b for
all x € V(G), where a,b are integers with 1 < a <b and 2 < b. Let n be a
non-negative integer and A =b — a. If

bn  (b+2)* b2 +bn— A

5(G) >

+b—1 and I(G) >~

then G is a fractional (g, f,n)-critical graph.

Assume a = g(z) = f(z) = b for all x € V(G). Let m be a pos-
itive integer. To demonstrate the sharpness of Theorem [I.2] in the set-
ting where a = b, we construct the following graph G: V(G) = AU B U
C where A, B and C are disjoint with |A| = (ma + 1)(1 + n), |B| =
ma + 1 and |C| = m(b®> — b+ bn). Both A and C are cliques in G, while
B is isomorphic to (ma + 1)K;. Other edges in G are {uv : ue B, ve C}
and {ujvi, ugve, ..., Umat+1Vma+1}, where V(B) = {uy,...,Umae+1} and
{v1, .., Vmar1} € A. Let S = {v1,...,Vmar1}UC. Then |S| = m(b?—b-+bn)
+ma+ 1 and i(G — S) = ma+ 1. It follows that

[(G) = S| m®*—b+bn)+ma+1
(G -8) ma + 1 )

Thus, I(G) can be made arbitrarily close to (b> — A + bn)/a when m is large
enough.

Let Vo C V(A)\ {v1,...,Vmat1} with |Vo| =n, S=C UV and T = B.
We have f(S) — f(U) = a|C| for any U C S with |[U| =n and dg_g(z) =1
for each z € T. Thus,

f(8) = 9(T) +dg-s(T) —max{f(U) : U C S, |[U| =n}
=am(b—1)— (ma+1)(b—1) <0.

By Lemma G is not a fractional (g, f, n)-critical graph. In this sense,
the isolated toughness bound in Theorem is best possible if a = b.

The whole network can be regarded as a graph. Each site corresponds to
a vertex, and each channel corresponds to an edge in the graph. In a normal
network, data transmission is based on selection of the shortest path between
vertices. However, in a software definition network (SDN), the data trans-
mission relies on the computation of the network flow. It chooses the path
with minimum transmission congestion at the given time. If several disjunc-
tive sites in the network are information congested currently, we delete the
corresponding vertices from the graph. Thus, the transmitting data packet
is applied in the target network, and it can be taken as the fractional factor
problem in the network graph: how to avoid certain special vertices. From
this point of view, the model of data transmission problem in SDN is only
the existence of a critical fractional factor in the corresponding graph. On
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the other hand, the isolated toughness is a parameter which is used to mea-
sure the stability and vulnerability of networks. As a result, Theorem 1.2
turns out quite useful in network algorithms, especially when some sites are
congested or damaged.

The proof strategy is similar to the one in Liu and Zhang [9] but we
need to cope with the more detailed case now and hence new methods are
necessary. To prove Theorem we need some lemmas.

LEMMA 1.3 (Liu and Zhang [9]). Let G be a graph and let H = G[T
be such that §(H) > 1 and 1 < dg(z) < k — 1 for every x € V(H) where
T CV(G) and k > 2. Let Th,...,Tp—1 be a partition of the vertices of H
satisfying dg(z) = j for each x € T where we allow some T; to be empty. If
each component of H has a vertex of degree at most k —2 in G, then H has
a mazximal independent set I and the covem’ng set C =V (H) — I satisfies

k—1
Z i < Z (k—2)(k —7)ij,
j=1
where ¢; = |CNTj| and i; = ]IﬂTj\ forevery j=1,...,k— 1.
The lemma below can be deduced from [9, Lemma 2.2].

LEMMA 1.4 (Liu and Zhang [9]). Let G be a graph and let H = G[T]
be such that dg(z) =k — 1 for every x € V(H) and no component of H is
isomorphic to Ky where T C V(G) and k > 2. Then there exists a maximal
independent set I and the covering set C =V (H) — I of H satisfies

1] k NI
< @ _ 171 < O
H) }j SO B oS S i) -

2
where [0 ={x eI :dy(zx)=k—i},1<i<k and X0 |1V =|I|.

2. Proof of Theorem [1 The aim of this section is to prove our main
result. We always assume that G is not complete since the result for complete
graphs immediately follows from §(G) > bn/a + (b+1)?/(4a) + b — 1.

Suppose that G is a counter-example to Theorem so G satisfies the
assumptions of Theorem but V(G) has disjoint subsets S and T" such
that

(21)  alS|+ ) da-s(x) —b|T| < f(S) = g(T) + dg—s(T) < bn.

el
We choose S and T so that |T| is minimum. Obviously, T # 0. If dg_g(x)
> g(z) for some x € T, then S and T\ {z} also satisfy (2.1]), contrary to
the choice of S and T'. Hence dg_g(z) < g(z) —1<b—1 for any z € T.

Let [ be the number of components of H' = G[T'] which are isomorphic
to Kp and let Ty = {& € V(H') : dg_s(x) = 0}. Let H be the subgraph
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obtained from H' — T} by deleting those | components isomorphic to K. Let
S’ be a set of vertices that contains exactly b— 1 vertices in each component
of Kp in H'.

If [V(H)] = 0, then [S] < (b(|To|+1) +bn)/a by (2.1). Clearly,
i(G—-SUS) > Tyl +1>1.Ifi(G—SUS") > 1, then

|SUS| b(|To| + 1) +bn+al(b—1) b bn
I(G) < <24+ 41p_1

@ <iEe—s5-9) < a([Tol + 1) Sata b
which contradicts I(G) > (b*> +bn — A)/a and b > 2. If i(G — SU S’)
= 1, then |Ty| + 1 = 1. Hence dg_s(z) + |S] > dg(x) > 6(G) > bn/a +
(b+1)2/(4a) + b — 1. We have

2
ij+(b+1)
a 4a

bn b b(n + 1
+b—1—|S|>:+a+b—1—(n+),

da-s(z) .

which contradicts dg_s(x) <b—1 for any =z € T.

Now, we consider |V (H)| > 1. Let H = H;UHy where H; is the union of
components of H which satisfies dg_g(z) = b — 1 for every z € V(H;) and
Hy; = H — Hy. According to Lemma with G replaced by G — S, there

exists a maximum independent set I; and the covering set C1 =V (Hy) — 11
of Hi satisfies

1]

(2.2 V(H)| < 5

(b—i+ 1|19

-

N
Il
i

. (1)
b — iy - 1

(2.3) |Cy] < 5

-

ﬁ
Il
—

where I® = {z € I : dg,(z) = b—1i}, 1 <i < b, and Z;’:l 19| = |I].
Let Tj = {z € V(H3) : dg—s(z) = j} for 1 < j < b— 1. Each component
of Hy has a vertex of degree at most b — 2 in G — S by the definitions of
H and Hs. From Lemmal(l.3] Ho has a maximal independent set I and the
covering set Cy = V(Hy) — I satisfies

b—1 ~1
(24) D_(b=g)e; <3 (b=2)(b = j)ij,

j=1 j=1
where ¢; = |Co N Tj| and i; = |[Io NT}| for every j = 1,...,b — 1. Set
W=V(G)—S—-Tand U = SUS'"UC1U(Ng(I1)NW)UC2U(Ng(l2) "W).
We infer

=

b—1 b
(2.5) U] <|S|+1(b—1) +|Ca|+ > jij+ > (i — 1[I

j=1 i=1
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and
b—1
(2.6) (G =U)=to+1+ I+ > iy,
j=1
where tg = |Tp|. Then when i(G — U) > 1, we get
(2.7) |U| > I(G)i(G - U).

If i(G —U) =1 then G[T] is a clique with less than b vertices. By (2.1)), we
get

_ b bIT| — das(T) _ bn+ BT = |T](T] - 1)

|S| a - a
R G B N
- a a da
and
bn  (b+1)? bn  (b+1)? bn  (b+1)2
dos(@)> Py CEDT g DT (b LT
a 4a a 4a a 4a
which contradicts dg_gs(x) < b—1 for any z € T.
In view of 7, we get
b—1
(2.8) S|+ [Ch| = Y (@) = j)ij + L(@)(to +1) + 1(G)| L]
j=1
b .
=Y - ID = 1b - 1).
i=1
Since b|T| — dg—s(T') > a|S| — bn, we obtain
b—1 b—1
bto + b+ [V + 3 (0= )i + S (b — f)es > alS| — bn.
j=1 j=1
Combining this with (2.8)), we deduce
b—1
(29)  [V(HD)|+ ) _(b—j)ej +alCy
j=1
b—1
> > (aI(G) = aj = b+ j)ij + (al(G) = b)(to + 1) + aI(G)| 11|
j=1

b
—a) (i—1)ID|—bn—la(b-1).
=1
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By (2.2)) and ([2.3), we have

b

. 1)
(2.10)  [V(H))| +alCy| < 3 (ab—ai +b— i+ 1)]1D] - <a+12>|f’
=1
Using (24 and (2.10), we get
b—1 b .
(2.11) (b—2)(b—j)ij+ Y (ab—ai+b—i+1)I7|
J=1 =1
b—1 1)
> Z(aI(G) —aj—b+j)ij+al(G)||+ (a+12)|l‘
j=1

b
—a) (i — DIV + (al(G) = b)(to +1) — bn — la(b — 1).
=1

We now consider two cases according to the value of ty + [.

CASE 1:tg+1>1. As al(G) > b* +bn — A, we get (al(G) — b)(tg +1)
—bn—la(b—1) >0 by b > 2. Thus, (2.11]) becomes

b—1
Zb 2)(b— jzj—i-z ab—ai+b—i+1)|19)
]:1 =1

b—1

> ) (al(G) = aj — b+ j)i; + al (G)| 1]
j=1
b
(a+1)IW) : i
—l-f—az:(z—l)\l()].

i=1
Therefore, at least one of the following two subcases must hold.

SUBCASE 1. There is at least one j such that

(b—=2)(b—j) > al(G) —aj— b+,

hence
al(G) <b(b—2)+(a—b+1)j+b
<bb—2)4+(a—b+1)+b
(b )+(a—b)+(2—b)
Sb — A

)

which contradicts I(G) > (b? + bn — A)/a.
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SUBCASE 2.

b .
> (ab—ai+b—i+ 1)1
=1

1[IM
>aI(G)\11]+(a+ I aZz—l\I

b

2 (a—|—1)|I()\ , i
> (0 +bn = Q)L |+ ——— —a;(z— NI

a—+ DI b . i
G O ML
This implies
b
d(ab+b—a—it+1-b*+ AP+ (ab+b—Fa—b" -} + A)|[IV] > 0.
=2
Let
hi(b)=—b"+(a+1)b—3a— L1+ A
From A > 0, we get

a+1

max{hi(b)} = hi(a + A) = —A? — (a — 2)A — < 0.

On the other hand, ab+b—a—i+1—-b*+A < —b?>+ (a+2)b—2a — 1
due to 7 > 2. Let

ho(b) = —b* + (a +2)b — 2a — 1.
We infer
max{ha(b)} = ha(a) <0
since b > a. This is a contradiction.

CASE 2: tp + 1 = 0. In this case, (2.11)) becomes

b—1 b
S b—2)(b—j)i;+ > (ab—ai+b—i+ 1)1
j=1 i=1
b—1
DIro
> (aI(G)—a,j—b—i—j)ij—l—aI(G)\Il]—i—(a—i_2)’|

1

J

b
—a) (i—1)ID| - bn.
=1
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From what we have discussed in Subcase 1, we get

b—1 b—1
D (b—=2)(b—j)i; <> (al(G) — aj — b+ j)i;.
j=1 i=1

If |I;] > 0, we deduce

b
> (ab—ai+b—i+ 1)1

i=1
b

(a+ 1|V : i
>al(G)|h| +——— - a;(z — DD = bn

b

2 (a+ 1)1 , i
> (0 +bn = A)| L]+ ——— —aZ;(z— DIID| = bn

b

2 (a+1)IW) , i
> (b = )| +——— - az;(z —ID.

A contradiction follows from what we discussed in Subcase 2 above.
The last situation is |I;| = 0 and

b—1 b—1
(b—2)(b—j)i; > Y (al(G) — aj — b+ j)i; — bn.
=1 i=1

Let hg = (b—2)(b—j) — (aI(G) — aj — b+ j) + bn. We infer
hs=0bb—2)+(a—b+1)j+b—al(G)+bn
<bb—2)+(a—b+1)+b—(b?+bn—b+a)+bn=1-b<0,
a contradiction.

Therefore, we can conclude that Theorem [I.2]is effective. m

3. A new isolated toughness condition for fractional (a,b,n)-
critical graphs. Let g(z) = a and f(z) = b for each z € V(G). A suffi-
cient and necessary condition for being a fractional (a, b, n)-critical graph is
derived from Lemma [L.1]

LEMMA 3.1. Let G be a graph. Let a, b, n be non-negative integers such
that a < b. Then G is a fractional (a,b,n)-critical graph if and only if

(3.1) blS| — a|T| + dg-s(T) > bn
for all disjoint subsets S, T of V(G) with |S| > n.

We use standard techniques similar to that of Section 2, and suppose
that G is not fractional (a, b, n)-critical. We deduce T # (), and there exist
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S, T C V(G) such that SNT = () and
(3.2) b|S| = a|T| + dg-s(T) < bn,

where |S| > n. By selecting S and 7" with minimum |T|, we get dg_s(x)
< a — 1 for any vertex z in T

By using Lemma and the techniques applied in the previous sec-
tion, and considering the minor differences between and , dg_s(z)
< a —1 for each z in T here corresponds to dg_g(z) < b — 1 for each z
in T in Section 2. Finally, the isolated toughness condition for fractional
(a, b,n)-critical graphs is stated as follows. The detailed proof is skipped.

THEOREM 3.2. Let G be a graph and let a, b be two non-negative integers
satisfying 2 < a < b. Let n be a non-negative integer. Suppose that |V (G)| >
n+a+1if G is complete. If

b—b - A
16)> T
then G is a fractional (a,b,n)-critical graph.

4. Open problem. Since the two examples presented in this paper only
show that the results are sharp if a = b, we put forward the following open
problem.

PROBLEM 4.1. Is it possible to weaken the isolated toughness condition
imposed in Theorems and for the existence of fractional (g, f,n)-
critical graphs in the setting A # 07
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