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HYPERPLANE SECTIONS OF CYLINDERS

BY

HAUKE DIRKSEN (Kiel)

Abstract. We provide a formula to compute the volume of the intersection of a
generalized cylinder with a hyperplane. Then we prove an integral inequality involving
Bessel functions similar to Keith Ball’s well-known inequality. Using this inequality we
obtain upper bounds for the section volume. For large radii of the cylinder we determine
the maximal section.

1. Introduction. The study of sections of convex bodies has a long
history. The first formula for sections of the cube with a hyperplane dates
back to Laplace in 1812. The first results on bounds for the volume were
found by Hensley [7] and Ball [2]. The upper bound for the cube leads to a
simple counterexample to the Busemann—Petty problem [3]. Many different
convex bodies have been investigated, for example, £p-balls in [15] and [14],
complex cubes in [18], simplices in [5], also non-central sections in [16] as
well as measures other than Lebesgue measure in [10]. In this paper we deal
with generalized cylinders.

Throughout this paper we use the following notation. The Euclidean
norm is denoted by ||z||, the standard scalar product by (z,y). For a € R"
with |la|| = 1 and t € R, let H! := {z € R" | (a,z) =t} = H, +t-a be
a translated hyperplane, in particular H, := H?. If H is a k-dimensional
(affine) subspace and A C H, the k-dimensional volume of A is the stan-
dard induced Lebesgue volume on the subspace, denoted by volx(A). The
characteristic function of a set A is denoted by xa.

The normalized Bessel function of order v € R is given by

Ju(s):=2"T'(v+1)J,(s)/s" fors>0 and j5,(0):=1,

where .J, is the Bessel function of order v. Note that the normalized Bessel
function j, is continuous at 0. A classical introduction to Bessel functions
is [20].
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146 H. DIRKSEN

We consider generalized cylinders. Let
Z := 3Bl x rBy* C R"*™

for r > 0, n,m € N, where B, :=[—1,1]" and By" := {x € R™ | ||z]|, < 1}.
We are interested in the volume of central sections, i.e. in the quantity

V01n+m_1 (Ha N Z)

for a e R™™" with ||a||=1. We may assume that a=(ay, ..., an, an+1,0,...,0)
with a1, ...,ap4+1 > 0, since Z is rotationally symmetric with respect to the
coordinates n + 1,...,n 4+ m and symmetric with respect to the origin.

Our first result, proved in Section [2] by the classical Fourier analytic
method, is a volume formula.

THEOREM 1. For the cylinder Z C R"™™ with m,n € N, r > 0, and a
normal vector a € R the volume of the hyperplane section Hy N Z is
given by

am/2—1

Volytm—1(HoNZ) = 1™ Tm2+1)

S H aj;/Q *Jmy2(@nt178) ds.
0 j=1

Note that j;/o(s) = (sins)/s, so for m = 1 we get the formula for the
cube.

Using Holder’s inequality in order to get an upper bound on the section
volume is also a classical method. In Section [3] we follow this approach and
find estimates on the volume.

THEOREM 2. Let n,m > 1 and r > 0. Then for all a € R™™™ with
lall =1,

m am/2 m/2+1 1
" D) V2 T2 IO v
(1) volpgm—1(HoNZ) < (m—1)/2 r
pm—l__m \/§ r< (m/2+1) 1
T(m=D)/2+1) , T(m/271/2) /=
Forr > £0/2) 1 ype bound is attained fora = (1//2,1/2,0,...,0).

r(m/2+1/2)
For the three-dimensional case (n = 1, m = 2) real calculus suffices to

characterize the maximal section. Note that the intersecting hyperplane can
be described by one variable.

THEOREM 3. Let Z = [—1/2,1/2] x rB3. Depending on r we have:

(i) For r > 1/(2v/3) a section orthogonal to (v/1 — a2, a,0) for some
1/(4r2 +1),1) is mazimal. So the mazimal section is a trun-
cated ellipse.
(i) For r < 1/(2V/3) the section orthogonal to (0,1,0) is mazimal. So
the mazimal section is a rectangle.



HYPERPLANE SECTIONS OF CYLINDERS 147

In Section [d] we prove the main integral inequality, which is also of in-
dependent interest. For the proof we use three slightly different approaches,
depending on m. The inequality is stated in the following theorem.

THEOREM 4. For allm e N, m > 2, and p € R, p > 2, we have

o0

%@:JNWprsﬁWW+1
and limy o0 T (p) = Vmy/m/2 +1

Recall Ball’s 1nequahty [2]: for p > 2,

sin(u) |P T

du < —

\/ﬁ’

(2) Ji(p) =7 |

0

and lim,_, J1(p) = 1/37/2 < 7/V/2.

2. Volume formula. We apply the standard method.

Proof of Theorem . Define A(a,t) := volyim_1(HL N Z) for a € R*T™
with ||a|| = 1 and ¢ > 0; in particular A(a) := A(a,0). We apply the Fourier
transform and the inversion formula to the function ¢t — A(a,t). By Fubini’s
theorem and the well-known integrals

n/2
. 7T . n
Bgn exp(—is (x,a))dr = mjn/z(s llal|)  for s >0, a € R",
2
i B " sin(a;s/2) n
S exp( zs(m,a))alac—1_[7%8/2 for se R, a € R",
[—1/2,1/2]™ Jj=1
we have
(2m)' /2 A(a, s) = | A(a,t) exp(—ist) dt
R
= S S X[=1/2,1/2] ((Z1, -+, 20) ) Xr By (Tn1, -+« Tnym)) exp(—ist) dx dt
R (z,a)=t

= | Xz (@) Xesp (Tngt, - Tngm)) exp(—is (x, a)) do

Rn+m
n+m
= S exp(—stajmJ> xl,...,m ) S exp(—is Z aja:j) dx
12 rBy Pt

m/2

H sin(a;s/2) om T

ajs/2 I'(m/2+ 1)]m/2(rsan+1).

J=1



148 H. DIRKSEN

Finally, by the Fourier inversion formula we get the formula stated in The-
orem [l =

For the three-dimensional cylinder, i.e. n = 1 and m = 2, using an
equation from [6, 6.693 (4), p. 720] we get

LEMMA 2.1. Let Z be the three-dimensional cylinder with radius r > 0.
For a € 0,1] let a = (V1 — a?,,0). Then the volume, i.e. the area, of the
section Hy, N Z is given by the function A: [0,1] — R,

Ala) r 1
r or 0<a< ——,
1—a? 4 T T V1442
=T 1—042+ 2r? . [(V1—a? F L .o
— — arcsin{ ——— or ————=<a<l,
a 4a2r2 /1 — a2 2ar V1 + 4r2
2r for a = 1.

The three cases correspond to the geometric shape of the section, namely
an ellipse resp. a disk, a truncated ellipse and a rectangle. Clearly, this
formula can also be obtained by elementary geometric considerations.

3. Volume estimates

3.1. Three-dimensional case. The three-dimensional case can be
treated by real calculus.

Proof of Theorem [3 The function A from Lemma [2.1] defined on the
closed interval [0,1] is differentiable. Let o* := 1/v1 + 47“2 For 0 < a < a*
we have A'(a) = mr?a/(1 — ?)?/2. This is larger than 0 for all 7 > 0. For
the left derivative in a* we get A’ (a*) = 7(1 + 4r%)/(8r).

For o* < o < 1 we find

47“@4 / a2\/ 4r2 4r2a2
1+ 4r2 472 a2
N 2012 ares V1—a? r 1
—— _ __arcsin —
(1 — a2)3/2 20 2(1 —a?)

3) Al

1 1
1+W 4r2a2

.. 1
Compute the limit of (3]) as @« — a*, @ > a*. Note that /1 + el 4r2a2 =0

for « = a* . The sum of the first and the last summands of (3 . ) tends to 0
by L’Hopital’s rule. The second summand tends to 0 as well. The third
summand tends to 7(1 + 4r2)/(8r), which coincides with the left derivative
at a*. So A is differentiable in (0,1) with A’(a*) = 7(1 + 4r%)/(8r) > 0 for
all » > 0.
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In particular, A" is positive on (0,a*]. So A is maximal for some a €
(a*,1]. The maximum is attained for some a < 1 if and only if A’(«) has
a zero in (a*,1). Otherwise A is increasing from 0 to 1 and attains its
maximum for a = 1.

For « € (a*,1) the equation A’(«) = 0 is equivalent to

202 . (\/ 1—a? ) r 1
———  _arcsin =
1— «a?2)3/2 2ar a?(l —a? 1 1
( ) ( ) 1 + m 47.2&2
\/ r2 4r2a2
4ra4 1 1
L+ 4r2 T 4r2a2

Multiplying this by (1 — o?)/r and adding the first and third summands on
the right-hand side simplifies this to

) arcsin (¥ %;7?‘2) 2 —o? \/ a? 1
N R R T
arTr
Set x := ¥ 5;7?‘2; then o = ﬁ. Equation then reads

(5) aresin(®) _ (1 4 g242)y/1— 2.
x
So A'(a) = 0 for some « € (a*,1) is equivalent to for some = € (0,1).

Estimating both sides of using Taylor’s theorem we find that A’ has a
zero smaller than 1 if and only if 7 > 1/(2V/3). =

3.2. General dimension. The first step is the application of Holder’s
inequality.

LEMMA 3.1. Let a € R™™ be a normal vector. Then

o ogm2-l 1\\% AN
bt 2o o (3 2 ()

where

Im(p) = \/f?(S |m 2 (w)[? du).
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Proof. We apply Holder’s inequality to the formula from Theorem [Ij and
then substitute u = a;s/2 resp. u = a,q17s:

V01n+m_1 (Ha N Z)

< am/2-1 = 2 Tlsinu 1/a32-d a3 17 1/a? d a2 44
m— — ] g1
=" T(m/2+1) 1;[ (aj §) u “) (ran » § [im 2 (w)| U>
mm/2-1 = 1 o 1 ap i
=1 ey 2 2 m .
' (m/2+1)1;[<j1<a§>) < Jr <an+1>> "

Proof of Theorem [9. The integral inequality from Theorem [ and also
Ball’s inequality may only be used if all coordinates of a are smaller than
1/ /2. If there is a coordinate larger than 1/ \/5, we use a different estimate
that is also used in Ball’s proof (see [2] for example).

CasE 1: |aj| < 1/V/2 for all j = 1,...,n+ 1. We apply the integral
inequality (2) and the one from Theorem W] I to Lemma (3.1 n For the third

inequality, note that 1/7\/m/2+1 < V2 if and only if r > \/m, SO

V2r
om/2-1 N aj i
vola(Ho 11 2) € 17 s H 3 7)" ( jm< 1 )) .
j=1 n+1
- 7.‘_m/271 f
< Fmpa ) V2T ( ‘FW)

m/2
o T 3, . \/m/2+17
I'(m/2+41) N
m—1)/2

o1 T _Vm/2+1
r /2+1\/m/2—|- Vo

CASE 2: |aj| > 1/v/2 for some j = 1,...,n. Let P be the orthogonal
projection onto the hyperplane {z; = 0}. Since P(H N Z) C P(Z), we have
vol(P(H N Z)) < vol(P(Z)). The projected cylinder P(Z) is isomorphic to
%ngl x rBy*, so the volume can be computed elementarily. Furthermore,

1
volpim—1(Ho N Z) = Tl volyym—1(P(Hy N 2)).
j
Therefore
7rm/2
Volpym—1(Ho N Z) < V2vOlyim—1(P(Z)) = \@rmm
CASE 3: |any1| > 1/+v/2. We consider the orthogonal projection onto
{n41 = 0}. Now P(Z) is isomorphic to £ B% x B!, By the same argument
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as in Case 2,

r(m=1)/2

I'((m—-1)/2+1)
We summarize the estimates. Note that by Lemma for m > 2,

() I'(m/2+1) L> vm/2+1
I(m/2+1/2) /w Vor

Let r > % ﬁ Due to (El), also r > %ﬂ. So in all three cases,

we have vol,,1,—1(H,NZ) < rm#;;)\/ﬁ This bound is attained for the

normal vector a = (1/v/2,1/+/2,0,...,0).

Ifr < 4F€7(n%ﬁ})2*) 7

REMARKS. (i) We have not touched upon the question if the distinction
of the cases in is sharp. In Theorem [3| the distinction of the cases is
sharp. In this theorem, for n = 1 and m = 2 the critical radius would be
4 /w2, which is much larger than the critical radius 1/(2v/3) from Theorem .

(ii) For the three-dimensional cylinder we found that a truncated ellipse
gives maximal volume for large r. For the generalized cylinder there is a dif-
ferent behavior. The volume-maximal section of the cylinder is the Cartesian
product of the maximal section of the cube and a ball of dimension m. For
example, for a 4-dimensional cylinder, i.e. n = 2 = m, for large r the maxi-
mal section is a three-dimensional cylinder of height v/2 and radius .

Vol tm_1(Ha N Z) < V2™ !

then the bound from Case 3 is the largest. m

(iii) We conjecture that if r is sufficiently small, the section orthogonal
toa=(0,...,0,1,0,...,0) is maximal, where the (n + 1)th coordinate of a
is 1. The volume of this section is equal to

om=1)/2
T(m—1)/2+1)

Comparing this with the bound from , there is an error of v/2. Numerical
experiments suggest that for medium sized r, some non-standard direction
is maximal.

(iv) Ball’s inequality and ours have a different behavior. This indicates
why Theorem [2] is not always sharp. Note that J1(2) > lim, o Ji(p) in
contrast to Jpm(2) < limy_00 Jm(p) for m > 2. So for m = 1, equality holds
for p = 2 in contrast to m > 2, where equality holds for p = co.

(v) As Theorem (3| shows, there is a critical value of the radius that
originates in the geometry of the cylinder. For generalized cylinders an ad-
ditional distinction comes from the method, and this does not give the sharp
geometric distinction as in Theorem

1
vol,, <2Bg‘o> volm_l(rBE”_l) =yl
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4. Integral inequality. Integral inequalities similar to Theorem [4 and
(2) were established for complex cubes and for generalized cubes (see [1§]
and [4]). If we identify C" and R?*", hyperplane sections of the complex cube
have real dimension 2n — 2. The integral inequality needed for this case is

T 4
(7) VP | lin(s)Psds < -

0 p
for p > 2. Compared to the integral in there is an additional factor s in
front of ds. For generalized cubes one has to consider a similar integral with
some higher power of s in front of ds.

We prove Theorem [4] by applying the following lemma due to Nazarov
and Podkorytov [17]. They used this lemma to simplify Ball’s proof of in-
equality (2)). The oscillating behavior of the function sin(s)/s is a main
difficulty. By the Nazarov—Podkorytov lemma one avoids the oscillations by
considering distribution functions, which are decreasing.

For a function f : X — R>¢ on a measure space (X, pu), define the
cumulative distribution function F': Ryg — R>g by

F(y) == p({x € X | f(z) > y}).

LEMMA 4.1 (Nazarov-Podkorytov). Let h, g be non-negative measur-
able functions on a measure space (X,p). Let H, G be their distribution
functions. Assume that H(y), G(y) are finite for all y > 0. Also assume
that

(N1) there is some yo > 0 such that G(y) < H(y) for all y < yo and
G(y) > H(y) for all y > yo, i.e. the difference G — H changes its
sign exactly once from — to +;

(N2) for some pg >0, | h?odp = § g dp.

Then
| 17 dp < § ¢ du
X X

for all p > pg as long as the integrals exist.

4.1. Technical estimates. The proof of the integral inequality uses
some technical estimates that we state here. A main tool is Stirling’s formula,
used to approximate the gamma function. We refer to |13, Section 18.3].

LEMMA 4.2 (Stirling’s formula). Let © > 0. Then there exists some
p(zx) € (0,1/(12z)) such that
1) = Vam /2 exp(—2) exp(u(x)).
LEMMA 4.3. For x > 2 we have
I'(x) x

Tw-12) V2
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Proof. We estimate the gamma function by using Lemma

I(z) >< z >%:—1/2 1 1

I'z—1/2) = \z—-1/2 Va  exp(1/2) exp(1/24)
T-12 1 (o 1N (1
S exp<1/24>‘<f M) p< 24)‘

Note that (% /2) strictly decreases to exp(1/2). Additionally the function
( T— ﬁ) exp(—1/24) increases faster than \/72 and the inequality holds
forz=2.n
LEMMA 4.4. Let m > 5. Then
I'(m/2+1)2I'(m) <m+2\/m
I'(m/2+1/2)2I'(m+1/2) “ m+1 2
Proof. Using Legendre’s duplication formula, we find
[(m/2+1)20(m) (m/2)2I(m/2)2T(m/2)* I (m) [ (m)
I'(m/241/2)2I(m + 1/2) [[(m/2+41/2)20(m/2)?] [I'(m + 1/2)(m)]
m? I'(m/2)'1 (m)?
4 [ (m)]" @i T (2m)
sm—s M* T(m/2)*
7w3/2 I'(2m)

So we need to show
24m=4 32 (m 4+ 1) T'(m/2)*
A= Tt Tem)
By application of Lemma we find

(m) < 9dm—4 m3/2(m+ 1) (\/ﬂ(m/Q)m/Q—l/Q exp(—m/2) eXp(%))A;
q = T13/2 m 4+ 2 V27 (2m)2m=1/2 exp(—2m)

RS S S
C om+2 *P 3m = am.

As a function on R>q, the derivative of ¢(m) only has a zero at m = 3 +
V13 > 6. Note that §(5) = & exp (2/15) < 1 and §(6) = £ exp (2/18) < §(5).
Obviously ¢g(m) — 1 for m — oo. Therefore G(m) is increasing for m > 7.
This proves g(m) < 1 for allm > 5. »

<1

A bound for the absolute value of Bessel functions follows from |[6}
(8.479)]. For the normalized Bessel functions this reads:

LEMMA 4.5. Let m € N and s > m/2. Then

(m+1)/2
()] < 2 r(m/2+1) 1 1
I (52 — m2/4)1/4 gm/2
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More elaborate estimates were used in several contexts. We collect a few
results that we need later.

LEMMA 4.6. Let m > 2 and s € [0,m/2 + 3] resp. let m = 1 and
s € [0,3.38]. Then

s> st
. < B B ‘
my2(s)] _exp< 2m + 4 4(m2—|—4m+4)(m—|—4))

Proof. This can be proven by a modification of the proof in [11, Prop.
12, p. 131], as already noted in the preprint version [12, p. 19]. =

LEMMA 4.7. Let m > 5 and s € [0,m]. Then
2

|jm/2(8)|§eXp<— ° >

2m + 4

Proof. Let m =5 or m = 6. Then the inequality follows directly from
Lemma since m/2 + 3 > m. The same lemma shows the inequality for
m > 7 and s € [0,m/2 + 3]. In [4, Lemma 3.17] it is proved that for all
m > T and s € [m/2 + 3, m] the claimed inequality also holds. Brzezinski’s
proof uses the estimate from Lemma "

LEMMA 4.8. Let m € N and s > m/2 + 3. Then

. rm/2+1) Vm+6 1
< 2(m+l)/2 )
my2(5)] < VT /I2m + 36 s(mtD/2

Proof. For s > m/2 + 3 we have

<82 _ m2>_1/48—m/2 _ <1 N mz) T e o VMEB iy
4 452 ~ Y12m + 36 '

The estimate follows from Lemma [£.5] =
We also need a lower bound on |jy, /2(-)|-

LeMMA 4.9. For allm € N and s € [0, 1] we have

A
2m + 4 y >

Proof. This is found in [4, Lemma 3.5, part 2|. The estimate there is
even stronger. m

mya(s)] = exp(—

LEMMA 4.10. Forp > 0 and m € N we have

OSOeX — i - s’ ds
P\Tom 14 4(m +2)%2(m +4)

0
31 105 1
JmPrivali-c 2P b )
m/2 + ﬁ( 16 2p2(m+4)2>

<
- 4 p(m+4)

S-
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2
= 5y We get

OSoexp — ps’ — ps* ds
2m+4  4(m+2)2(m+4)

0
1 2m+4T u? —1/2
2“ ’ (S)exp( u)exp< p(m+4)>u u

by the first three

Proof. By substituting u :=

Then we estimate the exponential function eXP(—p(,ZiL;))

summands of its series expansion. =

4.2. The limit of the integral. We prove the asymptotic result of the
integral inequality from Theorem [4] Using Lemmas [4.6] and [4.8] we estimate

o0

VP 1dimya(5)IP ds
0
m/2+3

2 \P
< _
<P S exp< Gy 4) ds

0

F(m/2+1)> ( m + 6 )p T
9(m+1)/2 p(m+1)/2 4
+ f( N3 V12m + 36 m/£+38 °

<Vp S exp<—2m+4> ds
0

Tm/2+D\’( VmF6 \”
2m+1/2 >
* ﬁ( NZ3 V12m + 36
1 m ; —p(m+1)/2+1
pm+1)/2-1\ 2 + '

For p — oo and fixed m, the first summand is equal to \/my/m/2 + 1 since

§o exp(—2?/K)dx = VKr/2 for K > 0. The second summand tends to 0
for p — oo and fixed m.

On the other hand, using Lemma by the substitution u = /p s and
by the series expansion of the exponential function we have

o0 1 2
. ps
VP | limp2()I ds 2 Vb | exp (‘ 2m+4 7”4) -
0

0
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vP u? 1\/]3 4 u?

> - du — — — d

- (S)exp( 2m+4) “ P (S) “ exp< 2m+4> “
vP u? 17 / U
(S)exp( 2m+4) " 2p§)u exp( 2m—|—4> "

For p — oo, we observe that the first summand again tends to /m/m/2 + 1,

and the second summand vanishes since Sgo 2%/2 exp(—z) dz < oo. By the
sandwich lemma we have found the limit as claimed in Theorem [

4.3. The case m = 2. For m = 2 the integral inequality from Theorem
[]is similar to Oleszkiewicz and Pelczyniski’s inequality estimating the section
volume of complex cubes (see (7). They used a different technique than we
do. We use the Nazarov-Podkorytov lemma. This proof is a modification
of an unpublished proof of Oleszkiewicz’s and Pelczyriski’s inequality by
Konig [9].

We apply the Nazarov—Podkorytov Lemma to the functions

h(s) = [j1(s)| = [2J1(s)/s| and g(s) := exp(~s?/8).
By H resp. G we denote their distribution functions with respect to the
Lebesgue measure A on R>o. We check the two conditions of Lemma,

4.3.1. Condition (N2). Independently of p we have

o0
VD S g(s)P ds = V2.
0
For p = 2, we evaluate the other integral explicitly, using [20, p. 403]:

o0
16
V2 S h(s)?ds = \[ <V2
0
By |1, (9.2.1)] we know the asymptotic behavior of Bessel functions:

To(s) = \/Zcos (s - <;y _ Dw) +O(s7%2).

So /b Sy h(s)Pds diverges as p — 2/3. By the intermediate value theorem,
there is pg € (2/3,2) such that
o o
®) Vo | h(s)™ ds = /ps | g(s)™ ds.
0 0
4.3.2. Condition (N1). We investigate the two distribution functions H
and G.
The distribution function G is given by the inverse of g, since g is a
decreasing and bijective function [0,00) — (0,1]. So for y > 1, G(y) = 0
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and for s € (0,1) we write explicitly

G(y) = M{s |y <exp(=s?/8)}) = AM({s | s < v8In(1/y)}) = v/8In(1/y).
Its derivative is
V2
(9) G'(y) = ——F—r.

yv/In(1/y)
Later, we need that 1/|G’(y)| is increasing for 0 <y < 1/y/e.

Now we investigate H. The function h is oscillating. Denote the kth local

maximum of h by yi := max{h(s) | s € (sg, Sk+1)}, with s the kth zero of

the Bessel function J; and sy = 0. The approximation of the first zeros is
taken from |20, p. 748, Table VII]: s; = 3.832, so = 7.016, s3 = 10.173.

STEP (i): There is at least one intersection of G and H. From Lemma
4.6/ we know h(s) = |j1(s)| < exp(—s2/8) = g(s) for s € [0,4]. So for y > w1,
H(y) = A({z € [0,00) | h(z) > y}) = A({z € [0, 51] [ h(x) > y})

<Mz el0,s1] ] g(x) >y}) = Gy).

So G—H >0 for y € (y;,00). Consider and observe that by Fubini and
substitution

0= Y (gl — hisy) ds = § (Gy/) — Hy7) dy
0 0
=po |y N (Gly) — H(y)) dy.
0

So G — H has to change its sign at least once.

STEP (ii): There is at most one intersection of G and H. If we prove
that G — H is increasing on (0, y7), this implies G — H changes its sign only
once. We show this by proving that for each interval (yxi1,yx), the quotient
|H'|/|G’| is strictly larger than 1. The distribution functions are decreasing,
so their derivatives are negative (or 0). So |H'|/|G'| > 1 implies H' < G’
and therefore G — H is increasing.

STEP (iii): Estimating the local maxima of H. From |19, p. 116] we know
the approximate position of the zeros of the Bessel function Ji:

(10) sk € (km, (k+1/4)m).

In [8, p. 32] it is noted that the successive maxima of |\/7/2+/s Ji(s)| are
decreasing to 1. This implies
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In particular, together with , we get
(11) 2v2_ 1

72 (k+5/4)3/
STEP (iv): Computing H. For y # y; we claim that

= Y e

>0, h(s)=y

5 < Yk

To see this, note that for a bijective function f, the distribution function F
is given by F = f~!' and I’ = 1/f" o f~!. Now H can be decomposed into
the sum of the bijective parts of h, where H (y) is the length of the intervals
on the real line [17, p. 6]. The equation h(s) = y has one root in (0, s1)
and two roots in each interval (sg,sk11) for 1 < k < K, with some K € N
depending on y.

STEP (v): Estimating h'. We estimate h'(s) at these roots. By the re-
currence relation for Bessel functions, we have |h/(s)] = (|2J1(s)|/s) =
2| J2(s)|/s. We approximate Jo with [6 (8.479)] and find

2.J5(s \/‘ 1
for s > 2.
R e

1 1< 1

Additionally for s > 3,

N

So for s > 3 we estimate

1
()] < <
[P ()] 2\/> VsZ_4s 23n s3/2°

This holds in particular for s € (s, Sk+1), k > 1, since s; > 3. Therefore

, 1 1
|h'(s)] <2 3/2 —2(7rk)3/2'

For s € [0, s1), a rough estimate is sufﬁment:
|h'(s)] < 0.4.
STEP (vi): Estimating H’/G’. Fix k> 1 and let y € (yx+1,Yx). Then

|Hl( )|> +9. 3/22[3/2

Numerically, we find y; < 0.132 < 1/4/e. Smce yr < y1 < 1/4/e, we may use

@D and to estimate

1 1 1
G/ Z G/ > .
G| 7 1G k)l ~ |G (22 (% +9/4)-3/2) |
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For the quotient we get

[H'(y)I/1G' (y)]

- <Z e lzk; 13/2> 2(k +29/4)3/2 \/ln<27j§ (k i Z)g/2> (= Q)

We have used the estimate Zle 132 > Slg 132 dl = %k5/2. Note that Q(k) is
increasing in k. By evaluation, Q(2) > 1 and Q(3) > 1, so |H'(y)|/|G'(v)|
> 1 for all y € (yg4+1,yx) and k > 2.

Since Q(1) < 1, the estimate needs to be sharper for £k = 1. Let y €
(y2,y1). To estimate H'(y) from below is is enough to consider y = ys.
Numerically we find that yo > 0.064, thus 1/|G'(y)| > 1/|G'(y2)| > 0.075.
Solving numerically the equation h(s) = 0.064 we get the bounds for its
three consecutive roots o1 < o9 < o3 as follows: o1 < 3.56, 09 > 4.18 and
o3 < 6.33. This yields |H'(y)| > 1/|h/(3.56)| + 1/|h'(4.18)| + 1/|h/(6.33)] >
21.35. Therefore |H'(y)|/|G'(y)| > 21.35-0.075 > 1.

Now we have shown |H'(y)|/|G'(y)| > 1 for each interval (y+1, yx)-

This finishes the proof of condition (N1) and therefore the proof of The-
orem[ for m=2. u

4.4. The case m > 5. The previous proof relied on the approximate
knowledge of the zeros of the Bessel function. Here we use a different ap-
proach. The idea is due to [4]. The aim is to simplify 7, /2, use its rapid
decay, and get rid of the oscillating behavior. Due to the rougher estimates
this only works for m > 5. We define

) |Gmy2(8)l, s €[0,m),
(12) Jmy2(s):=1 omt1)2L(m/2+1) (5 — m2/4)~Vg=m/2 g ¢ [m, o0).
T
For this simplification, by Lemma [4.5] it is true that for all s > 0,

(13) Gmfa(8) < Jmya(s).

So it is sufficient to prove the inequality for this simplification of j,,o. We
apply the Nazarov—Podkorytov Lemma
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4.4.1. Condition (N1). We compare 3m/2(s) and g(s) := exp(—%).

We claim

(14) Jmp2(s) < g(s), s €[0,ml,
(15) Jmja(s) > g(s), s € (m+2,00),
(16) }m/z(s) =g(s) for exactly one s € (m,m + 2).

Inequality corresponds to Lemma Inequality is [4, Lemma
3.19]; note that the lemma there is also true for m = 5 by exactly the same

argument. Property is from [4, Lemma 3.18]; this does not include
m = 5 and m = 6, but one can easily check the statement by hand with
analogous arguments.

Since g and jm/g are bounded by 1, for y > 1 we have G(y) = 0 =
T /2(y), where T /2 is the distribution function of Im /2- The functions g and
Jm/2 intersect exactly once, so the difference of the cumulative distribution
functions changes its sign exactly once as well. This shows (N1).

4.4.2. Condition (N2). We will show

o0

: 2
(17) \/f)é]m/g(s)pds%oo asp—>m+1,
(18) V2 S Jmy2(s)?ds < /m/m/2 + 1,

0

o0

(19) dpo € (777,3-1’2] :v/Po S jm/2<3)p0 ds = \/po S g(s)po ds
0 0
=m\/m/2+ 1.

o(m+1)/2
NG I'(m/2 +

1)s~(m+1)/2 " Therefore 3m/2(~)p is integrable for p > 2/(m+ 1), and

§o” Jim/2(s)P ds diverges as p — 2/(m + 1); this is .
For inequality evaluate the integral. We have

For large s the function j,, /2 is asymptotically equal to

[e.9]

\/i S }m/2(8)2 ds
0

m o im/241 m2\VA N2
= \fQ(S) |jm/2(s)]2ds + \@i(% +1)/2(\/ﬁr)<52 . 4> < /2> ds

T v 2\—1/4 2
< V2 [jmja(s)P ds + V2 | <2<m+1>/zf(m\/ﬁ+1) <s2 _ TZ) S—m/2> s

T
0 m
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o) 2Jm 2
5 2 s™m
2 0 2\ —1/2
+2m+W2FO”ﬂ2+1)S<§-ﬁi> s ™ ds.

™
m

The first integral is evaluated by [6, 6.575 (2)] and then estimated by
Lemma (4.4t

T om Tmya(8) L(m/2+ 1)*I'(m)
NG) (S) 2L (m 2+ 1) = ds = V2 e e )
m+2ym
- 7Tm—i— 1 V2

For the second summand, we estimate the integrand by (s — %2)*1/23*’”

< /4/357™~1 which is true for s > m. Then use again Stirling’s formula
for I'(m/2 + 1)? to get

2 o0
2m+3/2F(m/2 +1) S (32 . m2/4)71/237m ds
7'['

m
2 o0
< 2m+3/2w % S s~ ds
v
. Ar(m/2+1)2% _. V2 1

It remains to show

m+2 ym \/55 1
(20) ﬁm+ 1 V2 + 7 exp<3m> exp(—m) < vVmy/m/2+ 1.

This follows if we prove the stronger inequality

m+2 \/m
21 3.65 —m) < 2 - — .
@1 exp(om) < V(1= 2V
Note that exp(m) (vm + —z—ﬁ m) 2exp(m)%m_?’ﬂ,andexp(m)%m_3/2

is increasing in m. For m = 5, inequality is true, and so it is true for
all m > 5. This proves .

Now follows by the intermediate value theorem.

Thus we proved (N1) and (N2), so the Nazarov—Podkorytov Lemma gives
the desired result. m

4.5. The case m € {3,4}. The estimates made above by the simplifica-
tion of j,, /5 in (12)) are too rough for m <5, since j,, /o decreases too slowly
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for them to work. So we need a different approach here that involves numer-
ical estimates. Therefore one has to treat the cases m € {3,4} separately.
The idea is basically given in [4], and it is a generalization of [1§].

With Lemma we prove the original integral inequality from Theo-
rem 4| for m € {3,4}. Split the integral into two parts and estimate them
separately:

S ‘]m/2(8)|p ds = S ’jm/2(5)|p ds + S |Jm/2(5)’p ds.
0 0 m/2+3

For the first integral, we use the pointwise estimate Lemma and then
Lemma [4.10t

m/2+43
(22) V' limpa(s)Pds
0
NG 3 1 105 1
<Y mp+i(1-2—— 2~ )
= b m/2+ 1pm+4) 716 22 (m £ 4)?

For the second integral, we estimate the integrand pointwise by Lemma
This gives

[e.e]

(23) Vo Ldmpa(s)P ds
m/2+3

< <2(m+1)/zf(m/2 +1) Vm+6 \? OSO o~ (mD)p/2 g
= JT Y12m 136

p

_ <2(m+1)/2r<m/2+1) m+6 > 2 (m/2+3)1—(m+1)p/2'
VT V12m +36/) (m+1)p—2

With the estimates and of the two parts of the integral, it remains

to prove the following inequality for p > 2 and m € {3,4}:

e 31 105 1
V(1= T g an)

m I'(m/2+1) m+6 \” 2 —(m
* (2( e VT Vv12m + 36> (m+1)p— 2(m/2 +yiime

VI 21
< /i /2+1.

Subtract %\/m/Q + 1 from both sides. For m = 3 this reads

Sr/2( 15 3\ (9 P9 91‘2p<0
JP \224p2 28 Va6 ) ap—2\2 =

m/2+43
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After multiplying by p®/2 (4p — 2) and simplifying, this reduces to showing

(24) p2§\/?+ \/77T 224[ (9[{) % <0.

The last summand of the left-hand side of ([24)) is decreasing in p for p > 2
and its value for p = 2 equals 32/27. So we estimate the left-hand side of
by a quadratic function and get

_p23\/7+p \/: 224\/; (g[{)gm
_p23\/7+p \/7 224\/7

This function has its maxunum at p = 9/16, so it is decreasing for p > 2.
For p = 2 the value is — 22 1 9V1 0/ + 32/27 < 0. This proves the inequality.
For m = 4 this argument works analogously. =
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