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Abstract. We prove that for the subshifts defined by the sets of B-free numbers,
where

∑
b∈B 1/b < ∞ and the elements of B are pairwise coprime, the set of homeomor-

phisms commuting with the shift T is trivial, i.e. Aut(T ) = {Tn : n ∈ Z}.

Introduction. In [7], Sarnak proposed to study dynamical properties
of the subshifts determined by the Möbius function (1) µ : Z → {−1, 0, 1}
and its square µ2. The function µ2 is the characteristic function of the set
FS of square-free numbers:

FS = {n ∈ Z : no square of prime number divides n}.
By setting ηS = 1FS

∈ {0, 1}Z and O(ηS) = {Tn(ηS) : n ∈ Z}, the orbit of
ηS under the shift T : {0, 1}Z → {0, 1}Z, T (x)[n] = x[n + 1], we obtain the
square-free subshift (XS , T ), where XS = O(ηS). Sarnak proved that it has
positive topological entropy (equal to 6

π2 log 2).
The square-free subshift (XS , T ) is a particular case of B-free subshifts

which are defined in the following way (e.g. [2], [3], [5]).
Let b1 < b2 < · · · be a sequence of positive integers satisfying the follow-

ing conditions:

S-1. b1 > 1,
S-2. bi, bj are coprime for i 6= j,
S-3.

∑
i≥1 1/bi <∞.

Denote B = {b1, b2, b3, . . .} and let

F = Z \
⋃
i≥1

biZ = {n ∈ Z : no bi divides n}

be the set of B-free numbers.
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(1) Recall µ(±1) = 1, µ(±n) = (−1)k if n is the product of k different primes, and
µ(n) = 0 in other cases.
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Define η ∈ {0, 1}Z by the formula

η[n] = 0⇔ ∃
i
bi |n,

i.e. η = 1F . As before, let X = O(η) be the orbit closure of η in {0, 1}Z and
denote X = (X,T ). Note that if B is the set of squares of all prime numbers,
then we obtain the square-free subshift.

The subshift X defined above has positive topological entropy equal to∏
j≥1(1 − 1/bj) log 2 (see [2]). It is proved in [5] that X is hereditary, i.e. if

x ∈ X and y 4 x then y ∈ X, where y 4 x iff y[n] ≤ x[n] for all n. The
flow X is also proximal ([3], see [7] for the square-free case), that is, for any
x, y ∈ X there is a sequence (kj)j≥1 of integers such that both (Tnj (x)))j≥1
and (Tnj (y)))j≥1 converge to the same limit ([4]). The proximality property
forces X to contain a unique minimal subset, which must be a fixed point;
in our case this fixed point is 0 = . . . 0000 . . ., the zero-sequence ([3]).

Recall that the centralizer C(X ) = C(T ) of X is the semigroup of all
continuous ϕ : X → X that commute with T , i.e. Tϕ = ϕT . The group of
all homeomorphisms from C(T ) will be denoted by Aut(X ); elements of this
group will be called automorphisms. Notice that for no non-trivial proximal
system do we have C(T ) = Aut(T ). Indeed, the map ϕ(x) = x0 (where
Tx0 = x0) defines a non-invertible element of C(T ) (in other words the
systems under consideration are never topologically coalescent, [1]).

The main aim of this note is to prove that for B-free subshifts, when B
satisfies S-1, S-2, S-3, we have

Aut(T ) = {Tn : n ∈ Z}.
Let us introduce the following notation. All finite sequences of 0’s and 1’s,

i.e. elements of {0, 1}k for some k ≥ 1, will be called blocks. For a block
U ∈ {0, 1}k denote J(U) = {1 ≤ i ≤ k : U [i] = 1}, the support of U .
Similarly, for x ∈ {0, 1}Z set J(x) = {i ∈ Z : x[i] = 1}, the support of x. For
any set A the cardinality of A will be denoted by card(A).

Following [2], [7], we will say that a block U ∈ {0, 1}k is admissible if
card(J(U) mod bj) < bj for all bj . Analogously, a sequence x ∈ {0, 1}Z is
admissible if card(J(x) mod bj) < bj for all bj . It is clear that a sequence
x ∈ {0, 1}Z is admissible if and only if each block x[k, l], k < l ∈ Z, is
admissible.

Let us collect some facts that will be used in this note.

Fact 1 (e.g. [3, Cor. 4.27]). J(η) mod bi = {1, . . . , bi−1} for each i ≥ 1.

Fact 2 (heredity property, [5], [3, Thm. D]). If y ∈ X and x 4 y then
x ∈ X.

Fact 3 ([2, Cor. 4.2]). Let x ∈ {0, 1}Z. Then x ∈ X if and only if x is
admissible.



AUTOMORPHISMS OF SUBSHIFTS 89

Corollary 1. U ∈ {0, 1}k is admissible if and only if there exists n ∈ Z
such that U = η[n, n+ k − 1].

1. Automorphisms of X . Let S : X → X be a homeomorphism com-
muting with T , i.e. T ◦ S = S ◦ T . In other words, S ∈ Aut(X ). By the
Curtis–Lyndon–Hedlund Theorem [6, Theorem 6.2.9], S is defined by a finite
code, i.e. there exists a number a ≥ 0 and a function % : {0, 1}2a+1 → {0, 1}
such that S(x)[n] = %(x[−a + n, a + n]) for all x ∈ X and n ∈ Z. De-
note |%| = 2a + 1 (the length of the code %). Denote also 0−∞ = . . . 000,
0p = 0 . . . 0︸ ︷︷ ︸

p

, 0∞ = 000 . . ., 0 = . . . 000 . . . .

Observe that S and % have the following properties:

Lemma 1.

(a) S(η) has a dense orbit in X,
(b) S(0) = 0,
(c) %(0|%|) = 0.

Proof. Statement (a) is a consequence of the fact that η has dense orbit
in X and S is a homeomorphism.

(b) Clearly T (0) = 0 and 0 is the only fixed point of T on X. Since
S(0) = S(T (0)) = T (S(0)), the result follows.

Statement (c) is a straightforward consequence of (b).

Lemma 2. In the collection of all blocks of length |%| which contain |%|−1
digits 0 and one digit 1, exactly one goes to 1 under %.

Proof. Let Us = 0s102a−s, s = 0, 1, . . . , 2a. Let x ∈ {0, 1}Z be given by
x[1] = 1, x[n] = 0 for n 6= 1. By Fact 3, x ∈ X. Then S(x) 6= 0 because S is
a homeomorphism and S(0) = 0. Thus %(Ui) = 1 for at least one block Ui.

Suppose that, contrary to our claim, %(Us) = %(Us+r) = 1 for some r > 0.
Let t = min{i > 1 : r 6≡ 0 mod bi} and λt−1 = b1 . . . bt−1. Set m = bt − 2.
Choose p > 2a+ 1 in such a way that

(1) 2a+ p+ 1 ≡ 0 mod λt−1, 2a+ p+ 1 ≡ 1 mod bt

(this is possible because λt−1 and bt are relatively prime). Let

x = 0−∞V10
pV20

pV3 . . . 0
pVm+10

∞,

where Vi = Us+r, i = 1, . . . ,m + 1, and x[0] = V1[a + 1]. Then x[k] = 1 if
and only if

k ∈ (s+ r − a) + {0, 2a+ 1 + p, 2(2a+ 1 + p), . . . ,m(2a+ 1 + p)} = J(x).

It follows from (1) that J(x) mod λt−1 = {s + r − a} mod λt−1. As J(x)
consists of m+ 1 = bt − 1 elements, we have x ∈ X (Fact 3).
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Now, we will find the positions of 1’s in y = S(x). The sequence y is of
the form

0−∞ 2a+1 1 r−1 1 2a+p−r 1 r−1 1 2a+p−r 1 . . . 2a+p−r 1 r−1 1 2a+1 0∞,

where i denotes a block of zeros of length i. The first digit 1 written above
is at position 0 in y, i.e. 1 = y[0]. Thus

J(y) ⊃ {k(2a+ 1 + p), k(2a+ 1 + p) + r; k = 0, 1, . . . ,m} =: J̄(y).

Observe that

J̄(y) mod bt = {0, r, 1, 1 + r, 2, 2 + r, . . . ,m,m+ r} mod bt

= {0, 1, . . . ,m, r, r + 1 . . . , r +m} mod bt = {0, 1, . . . , bt − 1},
as m = bt − 2 and r 6≡ 0 mod bt. This implies that y 6∈ X, so at most one of
the blocks Ui may be transformed by % into 1.

Let −a ≤ n ≤ a be such that %(0a+n10a−n) = 1. Consider the automor-
phism T−nS. It has the property described in Lemma 2 and is defined by a
code of length 2a′ + 1, where a′ = max{a− n, a+ n}. Therefore without of
loss of generality, we may assume that n = 0 and keep the notation S, %, a.
Then |%| = 2a+ 1 and %(0a10a) = 1.

Lemma 3. If V ∈ {0, 1}2a+1 is admissible and V [a + 1] = 0, then
%(V ) = 0.

Proof. Suppose that %(V ) = 1. Let s be the number of ones in V . Fix t
such that 2a+ 1 < bt and bt+1 > bt + s. Let m = bt− 1. Set U = 0a10a; then
%(U) = 1.

Define x ∈ {0, 1}Z in the following way:

x = 0−∞V 0p1U10
p2U20

p3 . . . 0pmUm0∞,

where U1 = · · · = Um = U and x[−a, a] = V . What are the numbers
p1, . . . , pm?

Let the digits 1 of the block V occur in x at positions c1, . . . , cs and let
J = {v1, . . . , vs} = {c1, . . . cs} mod bt. Then 0 6∈ J . Let

{v0 = 0, vs+1, . . . , vm} = {0, 1, . . . ,m} \ {v1, . . . , vs}.
Next, denote by d1, . . . , dm the centers of the blocks U1, . . . , Um, i.e.
x[di − a, di + a] = Ui, i = 1, . . . ,m. We choose the numbers p1, . . . , ps deter-
mining d1, . . . , ds so that

(2) di ≡ ci mod λt, i = 1, . . . , s.

As λt−1 and bt are relatively prime, we may find ps+1, . . . , pm determining
ds+1, . . . , dm in such a way that

di ≡ c1 mod λt−1, i = s+ 1, . . . ,m,(3)
di ≡ vi mod bt, i = s+ 1, . . . ,m.(4)



AUTOMORPHISMS OF SUBSHIFTS 91

Observe that the digits 1 occur in x at positions

{ci : i = 1, . . . , s} ∪ {di : i = 1, . . . ,m},
which gives m + s positions. Therefore card(J(x) mod bj) < bj for j > t
(since bt+1 > bt + s).

Now, take j < t. It follows from (2) that

{c1, . . . , cs} mod bj = {d1, . . . , ds} mod bj .

From (3) we obtain

{ds+1, . . . , dm} mod bj = {c1} mod bj .

Therefore
J(x) mod bj = {c1, . . . , cs} mod bj ,

hence
card(J(x) mod bj) = card(J(V ) mod bj) < bj ,

because V is admissible.
Let us examine the set J(x) modulo λt. It follows from (2) that

J(x) mod λt =
(
{c1, . . . , cs} ∪ {d1, . . . , ds, ds+1, . . . , dm}

)
mod λt

= {d1, . . . , ds, ds+1, . . . , dm} mod λt.

Therefore the set J(x) mod bt has at most m = bt − 1 elements.
We have proved that card(J(x) mod bj) < bj for all j. By virtue of Fact 3,

we have x ∈ X.
Let us consider S(x). Since %(V ) = %(U) = 1, the digits 1 are in S(x)

exactly at positions di, i = 1, . . . ,m, and moreover at position 0. Thus

J(S(x)) ⊃ {0, d1, . . . , dm}.
We deduce from (4) that

J(S(x)) mod bt ⊃ {0, d1, . . . , dm} mod bt = {0, 1, . . . , bt − 1},
so S(x) 6∈ X, a contradiction.

Lemma 4. If a block U ∈ {0, 1}2a+1 is admissible and U [a+ 1] = 1 then
%(U) = 1.

Proof. Suppose this is not true. Take an admissible block U of length
2a + 1 such that U [a + 1] = 1 and %(U) = 0. Let γ = S−1(η). Then γ has
a dense orbit. Therefore there exists k such that γ[k − a, k + a] = U . By
Lemma 3, if η[i] = 1, then also γ[i] = 1, i ∈ Z. Thus J(η) ⊂ J(γ).

On the other hand, γ[k] = U [a + 1] = 1 and η[k] = 0. By the def-
inition of η, there exists j such that bj divides k, so 0 ∈ J(γ) mod bj .
Since J(η) mod bj = {1, . . . , bj − 1} (see Fact 1) and γ ∈ X, we have
J(γ) mod bj = {1, . . . , bj − 1}; that contradicts the fact 0 ∈ J(γ) mod bj .

Now, we are ready to prove the following proposition.
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Proposition 1. Aut(X ) = {Tn : n ∈ Z}.
Proof. Take any S ∈ Aut(X ). Let % be the code defining S and |%| =

2a + 1. By Lemma 2, %(0n102a−n) = 1. Now, applying Lemmas 3 and 4 to
T−nS we may assume that T−nS is defined by a code of length 1: %(0) = 0,
%(1) = 1, i.e. T−nS = Id. Therefore S = Tn.

2. Final remarks. In the proof of Lemma 2—the “at least one” part—
we used the assumption that S is one-to-one. This assumption is essential,
as the (continuous) map ϕ0 : X → X given by ϕ0(x) = 0 commutes with
T and is defined by a code %0 of length 1, %0(0) = %0(1) = 0. In particular
%0 does not satisfy the assertion of Lemma 4. This phenomenon and the
heredity property of X suggest natural questions: Does each code with the
property that the blocks with 0 in the center are transformed into 0 define
a continuous map ϕ : X → X commuting with T? Is each map, continuous
and commuting with T , of the form Tnϕ, where ϕ satisfies the property
defined in the previous question?

We are able to answer only the first question, and the answer is positive.
Before formulating the results let us isolate some properties of a code %.

(Z) If U ∈ {0, 1}2a+1 is admissible and U [a+ 1] = 0, then %(U) = 0.
(J) If U ∈ {0, 1}2a+1 is admissible and U [a+ 1] = 1, then %(U) = 1.

Observe that the code % satisfying both (Z) and (J) is actually of the form
%(0) = 0, %(1) = 1, and it defines the identity map: ϕ% = Id.

Lemma 5. Assume that a code % : {0, 1}2a+1 → {0, 1} satisfies condi-
tion (Z). Then the map ϕ = ϕ% : X → {0, 1}Z given by

ϕ(x)[n] = %(x[n− a, n+ a])

is an element of the centralizer C(T ) of T .

Proof. It is enough to prove that ϕ(X) ⊂ X. Indeed, if x ∈ X, then
J(ϕ(x)) ⊂ J(x) (by (Z)), and the result follows (see Fact 3).

Next we prove that the map ϕ% defined by a code % satisfying condition
(Z) is one-to-one or onto if and only if ϕ% = Id.

Lemma 6. Assume that a code % : {0, 1}2a+1 → {0, 1} satisfies condi-
tion (Z). The following conditions are equivalent:

(i) ϕ% is one-to-one,
(ii) ϕ% is onto,
(iii) % fulfills condition (J).

Proof. Clearly (iii) implies both (i) and (ii), as ϕ% = Id.
Suppose that ϕ% is one-to-one and (J) does not hold. Take an admissible

block U ∈ {0, 1}2a+1 that satisfies U [a + 1] = 1 and ϕ(U) = 0. We may
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assume that U has the smallest number of digits 1 among all such blocks.
Let x = 0−∞U0∞ and y = ϕ(x). By condition (Z) we have y = 0−∞W0V 0∞,
where W and V are blocks of length a and card(J(W0V )) < card(J(U)).
This forces ϕ(y) = y = ϕ(x) because U has the smallest number of digits 1
among all blocks transformed via % into 1. Therefore ϕ is not one-to-one, a
contradiction.

Assume now that ϕ is onto. Then there exists γ ∈ X such that ϕ(γ) = η.
By condition (Z), if η[n] = 1, then also γ[n] = 1. If there were k ∈ Z such
that γ[k] = 1 and η[k] = 0, then, by definition of η, k ≡ bj mod bj for
some bj , which would force J(γ) mod bi = {0, 1, . . . , bj−1}, a contradiction.
Thus γ = η. All admissible blocks occur in the sequence η, and the result
follows.

In Lemmas 5 and 6 we considered codes transforming into 0 blocks with
digit 0 in the center (condition (Z)). An analogous assumption was given in
condition (J): blocks with digit 1 in the center are transformed via % into 1.
Nevertheless without loss of generality we may reformulate conditions (Z)
and (J).

Let % : {0, 1}2a+1 → {0, 1} be a code. Let ϕ = ϕ% : X → {0, 1}Z be given
by ϕ(x)[n] = %(x[n− a, n+ a]). Suppose s ∈ [−a, a]. Consider the following
conditions:

(Zs) If U ∈ {0, 1}2a+1 is admissible and U [a+ 1 + s] = 0, then %(U) = 0.
(Js) If U ∈ {0, 1}2a+1 is admissible and U [a+ 1 + s] = 1, then %(U) = 1.

By the same arguments as in the proofs of Lemmas 5 and 6 we may show
the following proposition.

Proposition 2. Assume that a code % : {0, 1}2a+1 → {0, 1} satisfies
condition (Zs). Then:

(i) ϕ = ϕ% is an element of the centralizer C(T ) of T .
(ii) If % additionally satisfies (Js), then ϕ = T s.
(iii) If % does not satisfy (Js), then ϕ is neither one-to-one nor onto, and

%(x) 4 T s(x) for each x ∈ X.
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