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Abstract. A (combinatorial) graph is a discrete set of vertices together with a set
of edges. We define cell structures as inverse sequences of graphs with mild conver-
gence conditions and we define cell mappings between cell structures. These cell struc-
tures yield completely metrizable spaces as perfect images of closed subsets of countable
products of discrete spaces. Cell mappings between cell structures define the continuous
mappings between the corresponding spaces. In this way we can envision a continuous
mapping between metric spaces as the limit of a sequence of discrete approximations.
Thus, cell structures provide a kind of bridge between discrete and continuous mathemat-
ics.

1. Introduction. Properties of topological spaces depend on both ge-
ometry and set theory. We develop completely metrizable spaces from a
geometric point of view. Every complete metric space X admits a rapidly
decreasing defining sequence of locally finite open covers. The sequence
of 0-skeletons of the nerves of these covers naturally forms an inverse se-
quence with bonding maps defined by inclusions. We call this inverse se-
quence a (complete) cell structure. The inverse limit of this cell structure
is a complete 0-dimensional metric space G,. Using the 1-skeletons of the
nerves of these covers we define an upper semicontinuous equivalence re-
lation with compact equivalence classes on (GG, whose quotient space is
homeomorphic to the original space X. Mappings between complete met-
ric spaces correspond to families of cell mappings between the corresponding
cell structures. We give examples of easily computable cell structures as
well as some classes of compacta given by particular classes of cell struc-
tures.
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The idea of using inverse sequences to describe compact metric spaces
goes back to P. S. Alexandroff [I] (see also Lefschetz [9]). Freudenthal [7]
considered mappings of inverse sequences of polyhedra, and showed that if
X is a compact metric space then it is homeomorphic to the inverse limit
of a sequence of polyhedra whose dimensions are bounded by the dimension
of X. Eilenberg and Steenrod [4] gave a detailed exposition of inverse limits.
In the 1950’s Mardesi¢ [10] and Pasynkov [I8] showed independently that
Freudenthal’s theorem fails for compact Hausdorff spaces.

Mioduszewski [I7] (see also Brown [2]) showed that mappings between
limits of inverse sequences of compact polyhedra are induced by sequences
of mappings between the coordinate spaces in the inverse sequences. These
mappings between coordinate spaces in general commute only approximately
with bonding mappings. For non-compact spaces inverse systems do not work
well at all.

Mardesi¢ [I1] introduced resolutions to deal with mappings of arbitrary
spaces. Mardesi¢ and Watanabe [16] introduced approximate resolutions of
arbitrary spaces and mappings.

In a different direction Kopperman and Wilson [8] showed how to obtain
compact Hausdorff spaces as the Hausdorff reflections of inverse limits of
inverse systems of finite Ty spaces. Above we have very thinly sketched the
development of spectral representation of spaces and mappings. The history
is huge. The interested reader may want to look at [3], [12], [13], [14], [15],
[19], [20] and |21] for a more detailed picture.

We describe completely metrizable spaces and mappings between such
spaces by methods which lie somewhere in between the two approaches men-
tioned above. Interestingly, we use only some of the 1-dimensional informa-
tion given by inverse systems. We restrict ourselves in this paper to com-
pletely metrizable spaces because here relatively simple inverse sequences
suffice and this is also likely the level of generality required by non-experts
in topology. We shall present the extensions of this work to the compact
Hausdorff and other more general cases elsewhere.

When we refer to dimension, we shall always mean covering dimension.

The theory of cell structures orginated in the late 1980’s at the Chair
of Topology directed by Professor Jerzy Mioduszewski at the Institute of
Mathematics in Katowice, University of Silesia.

2. Preliminaries. By a completely metrizable space we shall mean a
space that admits an equivalent complete metric. By a graph we mean an
ordered pair (G, r) where G is a discrete set and r is a symmetric and reflexive
relation on G. The non-singleton elements of r denote the edges of G. The
points of G will be called cells. Cells a and b will be said to be adjacent if
(a,b) € 1. Let
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str(a) ={b€ G| (a,b) €r} and st}(a) =| J{st,(b) | b € st,(a)}

for a € G. Let N denote the set of natural numbers {0,1,...}.

We first define an inverse sequence {(G;, g} )} of graphs. Let {(Gi,7;) }ien
bg a sequence of graphs and {g]};>; be a family of continuous functions
g} : Gj — G; satistying

(i) ¢t is the identity on G,
(ii) gf:gfogé.C for i < j <k, and
(ii) if (a,b) € riy1 then (g5 (a), g (b)) € ;.

Condition (iii) is the continuity condition. The points a € G; are called the
cells of the ith generation or cells of the ith degree, and we write deg(a) = 1.
If a € Giy1 and g/ (a) = b then a is said to be a direct subcell of b.

Let [[;cy Gi be the topological product, where each G; has the discrete
topology. An element z = (x(0),z(1),...) € [[;cyGi such that x(i) =
gt (@(i + 1)) for each i is called a thread. The set of all threads is denoted
by

and is the inverse limit of the inverse sequence

1 2
(%) Go & Gy &Gy -
For each i let g; : Goo — G; be the ith coordinate projection. For a € G;
let
(a) = {2 € Geo | 2(i) = a} = g; ' (a).
For A C G; let
(4) = J{(a) | a € A}.
The family
{{a(?)) | a € G, © € N}
is a basis of closed and open sets for G.
Our first two propositions are well-known facts about inverse limits.

PROPOSITION 2.1. G is a closed subset of [[;cy Gi where each G; has
the discrete topology and [[,cy Gi has the product topology. Hence, G is a
0-dimensional, completely metrizable space.

Proof. See [0, Proposition 2.5.1 and Theorem 4.3.12] and [5, Theorem
4.1.25. =

COROLLARY 2.2. If each G; is countable then G, is homeomorphic to a
closed subspace of the irrational numbers.

Proof. The space of irrational numbers is homeomorphic to NV, =
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We define a relation ~ on G, by setting x ~ y in G if and only if
(x(i),y(i)) € r; for each i. Then ~ is reflexive and symmetric. We check
that ~ has a closed graph. The relation ~ is equal to (,c 5 R;, where R; =
{(z,y) € Goo X Go | (x(7),y(i)) € 7;}. Now R; is closed since r; is closed in
the discrete space G; x Gj.

Hence, if ~ is also transitive, we can define the natural quotient map
7 : Goo — G* where G* = G/~ has the quotient topology. In this case 7
is a continuous function by definition. For x in G, let

2] = {y € G | & ~y} =7} (n(z)).

3. Cell structures. We carry over the notation of Section 2. In order
to prove theorems about the space G* induced by the relation ~ defined on
G we need to impose additional conditions on the graphs G; and on the
bonding maps g/. We begin with some definitions.

Cells a € G, and b € G, are said to be close if (g;'(a),gi (b)) € 7
for k = min{m,n}. A sequence u = {u(j)} of cells in |JG; is said to be a
Cauchy sequence if

(a) limj_,o deg(u(j)) = oo, and
(8) (i) and u(j) are close for all i and j sufficiently large.

The sequence {u(i)} is said to converge to a thread x € G if
lim; oo deg(u(i)) = oo and x(i) and u(j) are close for all ¢ and for all suffi-
ciently large j. Note that {u(7)} may converge to different threads z and y.
We introduce condition (iv) below to ensure in this case that = ~ y and that
~ is an equivalence relation.

Consider the following conditions on the inverse sequence (x) of graphs:

(iv) for each thread x and each natural number ¢ there exists an integer
Jj greater than or equal to i such that gg (stg], (x(4))) C sty (z(2)),

(v) for each thread x and each natural number ¢ there exists an integer
Jj greater than or equal to ¢ such that gzj (sty, (z(7))) is finite,

(vi) each Cauchy sequence of cells converges.

An inverse sequence of graphs satisfying (iv)—(v) is called a cell structure.
If a cell structure also satisfies (vi), it is called a complete cell structure. We
note that proofs in this section do not require property (vi). It only becomes
important in Section 4.

LEMMA 3.1. If (%) is a cell structure then ~ is an equivalence relation
on Geo.

Proof. Symmetry and reflexivity of ~ have already been noted. Now
suppose z, y and z are threads such that x ~ y ~ z. Let ¢ € N be fixed.
Then (x(j),y(j)) € rj and (y(j),2(j)) € r; for each j. So 2(j) € stg]_ (x(4)) for
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each j. By (iv) there exists j large enough that z(i) = gf(z(j)) € sty (x(7)).
So ((7),2(7)) € r;, and hence x ~ z. We have proved that ~ is transitive. m
A similar argument shows that if a Cauchy sequence converges to different
threads = and y then x ~ y.
If (%) is a cell structure, we let G* denote the quotient space Goo/~

with the quotient topology. We shall call G* the space determined by the cell
structure.

LEMMA 3.2. Let
9 93
Ao(—A1<—A2<—~~'
be an inverse sequence of non-empty discrete spaces. If for each i, gf(Aj) s

finite for sufficiently large j then A is a non-empty, compact, metrizable
space.

Proof. Let © € N. We have A; D ng“l(AiH) D gf“(AHg) D --- . Since
gg (A;) is finite for each i and each sufficiently large j, the above sequence
stabilizes and there is a finite set B; in A; such that g{ (A;) = B, for each suf-
ficiently large j. Then Ao, = Bo is a non-empty (by [0, Exercise 2.5.A(a)]),
compact, metrizable space. =

LEMMA 3.3. If (x) is a cell structure then for each x in G, [x] is a
non-empty, compact, metrizable space.

Proof. By (v) the result follows immediately from Lemma 3.2. =
Recall that a mapping is perfect if it is closed and has compact fibers.

PROPOSITION 3.4. Each perfect image of a closed subset of a countable
product of discrete spaces is a completely metrizable space.

Proof. By [6l, Theorem 4.3.12] a countable product of discrete spaces is
completely metrizable. A closed subset of a completely metrizable space is
completely metrizable by [6, Theorem 4.3.11].

By [0, Theorem 4.4.15] the perfect image of a metrizable space is metriz-
able, and by [0, Theorem 3.9.10| the perfect image of a Cech complete space is
Cech complete. By [0, Theorem 4.3.26] the notions “topologically complete”
and “Cech complete” are equivalent for metrizable spaces. =

REMARK 3.5. In the second part of this section and in Section 4 we shall
prove the converse of Proposition 3.4, i.e. each completely metrizable space
is a perfect image of a closed subset of a countable product of discrete spaces.

THEOREM 3.6. If (x) is a cell structure then m : Goo — G* is a perfect
mapping and G* is a completely metrizable space.

Proof. If © € Gs then 7~ (7w(x)) = [z], which is compact by Lemma
3.3. Let A be a closed set in G, and let x € cl(r~1(7(A))). For each i,
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(x(7)) is a basic neighbourhood of z, so 7= (7 (A)) N (x(7)) # 0. For each i
let A; = {a € st (x(7)) | (a) N A # 0}. By (v) the sequence

9 gt
Ag — A1 — Ay -+

satisfies the hypothesis of Lemma 3.2, so Ay is non-empty. Let y € A.
Then y(i) € A; and (y(i)) N A # ) for each i. Hence, y € A since A is closed
and since A meets every basic neighbourhood of y. Since y(i) € st,, (z(7)) for
each i, we have x ~ y, and so z € 7~ 1(7(A)). Thus, 71 (7(A)) is a closed
set. By [0, Corollary 2.4.10], 7 is a closed mapping.

Since 7 is a closed mapping and has compact fibres, it is perfect. By
Proposition the perfect image G* of the completely metrizable space G
is completely metrizable. m

COROLLARY 3.7. If (%) is a cell structure and each G; is at most count-
able then G* is a separable and completely metrizable space.

We shall need the following two facts:
PROPOSITION 3.8. If (%) is a cell structure then
{G"\7(Goo \ (4)) [ AC G, i € N}
18 a basis of open sets for the topology on G*.

Proof. Let p € G* and let U be an open neighbourhood of p in G*. Now,
71(U) is open in G4 and contains the compact set 7—!(p). For each x in
7~ 1(p) there exists a positive integer i, such that (z(i,)) C 7~(U). By com-
pactness of 7~ !(p) there exists a finite subcover U={(z1 (iz,)), - - -, (5 (iz,)) }
of 77 (p). Let k = max{is,,..., iz, }. Now

V={{a) | a € Gy, (a) C 7 (U) and {a) N7 (p) # 0}

is a cover of m~!(p) by pairwise disjoint closed and open sets. Note that V
refines U. Since 7~ !(p) is compact and V is pairwise disjoint, V is finite. Let
V= JV. Further, G \V is both open and closed in G, covers Goo\7 1 (U)
and misses 7 1(p). Hence, 7(Goo \ (A)) misses p in G*, is closed in G* and
contains G*\U. Sop € G*\1(Goo \ V) C U and G* \ (G \ V) is open.

LEMMA 3.9. Let (x) be a cell structure. A Cauchy sequence u = (u;) of
cells in |J G is convergent if and only if for each i there exists k > i such
that

A = (g u()) | deg(u(j)) > k}
s a finite set in Gj.

Proof. First assume that each A; is finite. Without loss of generality, it
may be assumed that w(i) and wu(j) are close for all i and j. For each i,
ng(AiH) C A;, so Ay = l'&n(Ai,gg) is not empty. Let x € A.. For
each i, any two elements of A; are adjacent since bonding maps preserve
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adjacency. Hence, for each i, we have u(i) € st? (x(deg(u(i)))). By (iv),

Tdeg(u(i))

u(t) € Stry, ), (@(deg(u(i)))). So u converges to .
If the Cauchy sequence u converges to x € G then each A; is finite
by (v) and property («) of a Cauchy sequence.
Clearly, if (%) is an inverse sequence of graphs satisfying (iv) and (v)
and such that each element of G; for each ¢ has only finitely many adjacent
elements, then (x) also satisfies (vi), and hence is a complete cell structure. m

4. Completely metrizable spaces from cell structures. In Theo-
rem [3.6]it was shown that a cell structure determines a completely metrizable
space GG*. In this section we prove the converse: every topologically complete
metrizable space is obtainable via Theorem from a complete cell struc-
ture. In particular, we show that a defining sequence of closed (resp. open)
locally finite covers with meshes converging to zero of a complete metric
space X determines a complete cell structure (x) such that G* is homeomor-
phic to X.

Let F; be closed locally finite covers of a topological space X such that
Fit1 is refinement of F; and each member of F; is non-empty for each ¢. The
pairs (F;,r;) are graphs where

ri={(F,G)e FixFi | FNG # 0}
and each F; has the discrete topology. Define functions gf*’l s Fiy1 = F
such that F C g"™!(F) for F € F;;1. Define gl =gtlo...0 g?il for j >

and let gi be the identity function on F; . Then we have an inverse sequence
(*) as before.

THEOREM 4.1. Let X be a Ty space and let {F;} be a sequence of closed
locally finite covers of X such that F;y1 is a refinement of F;, the intersection
of the elements of each thread in Foo is a non-empty set in X and for each
open set U C X and p € U there exists © such that each element of F;
containing p is contained in U. Then using the relations r; and mappings g;
defined as above one can form a cell structure which determines the space X.
In particular, X is completely metrizable.

Proof. Let z € Foo. Then (5 x(i) # 0. Let p € ;5 x(7). Since F;
is locally finite, there is an open set U in X such that p € U and U C
\U{F € F; | p € F'}. Then there exists j > i such that each element of F; to
which p belongs is contained in U. Hence, each element F' € st (z(j)) has
non-empty intersection with U. Consequently, gl( )N U # (. This means

that the set g (St (z(7))) is finite. Hence, (v) is satisfied.

Let z € Fo and let p € (Vi1 2(i). Fix i € N. Then G = U{F € F; |
p & F}is a closed set which does not contain p as F; is a closed locally finite
cover. Hence, there exist £ > ¢ such that each set F' € Fj containing p is
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contained in X \ G. This means that G cannot be joined to p by a single
element F' € Fj,. Now let H = |J{F € F | p € F} and let | > k be such
that the set H cannot be joined to p by a single element from F;. So G
cannot be reached from p by a chain of two elements from F;. Similarly,
there exist j > [ such that the set G cannot be joined to p by a chain of
three elements from F;. Consequently, for F' € stgj (z(j)) we have FNG = 0.
So F C gZ(F) ¢ G, which implies that p € gf(F) Hence, gf(st%j (x(4))) C
X\ G C sty,(z(i)). We have shown that (iv) is also satisfied. Thus {F;,7;}
form a cell structure.

Define ¢ : F* — X by assigning ¢(m(z)) = p to each x € F,, where p is
a point in (), (). We need to prove ¢ is a homeomorphism.

The point p is unique since if ¢ € X with ¢ # p then as above there
exists j such that st%j (z(5)) € X \ {q}. So x = y for any y € F such that
{¢} = Ny(7) and the function ¢ is well-defined and injective.

Let p € X. Define A; = {F € F; | p € F} for each i. Let U be an open
subset of X containing p such that U intersects only finitely many F' € F;,
and let j > 4 be such that | J.A; C U. Then g/ (A;) is a finite (non-empty) set.
This means that the assumptions of Lemma are satisfied. Consequently,
there exists © € Ax. Since p € (), (i), we have p = (7 (z)). Hence, ¢ is a
surjection.

Let U C X be an open set and let p = ¢(m(x)) € U. Then there
exists ¢ such that each set F' € F; containing p is contained in U. Now
T € Foo and p(m(z)) € (;2(j) (where 7 : Foo — F* is the quotient map).
Hence, o(n((F))) C F for FF € F;. Let F, = {F € F; | p € F}. Then
pom((F;)) C U. So ¢ o is continuous. Since 7 is a quotient map, ¢ is
continuous by [0, 2.4.2].

Let G C F* be a closed set. It remains to prove that ¢(G) is closed.
Let p € X \ ¢(G). Suppose that for each ¢ there exists F' € F; containing p
and having non-empty intersection with ¢(G). Let A; = {F € F; | p € F,
FNo(G) # 0}. The sets A; satisfy Lemma [3.2] Hence there exists # € Ax.
Then p € N, (i) and z(i) N o(G) # 0 for all i. Let B; = {y(i) | y € 7~ 1(G),
y(i) Nz(i) # 0}. By (iv), the B, are non-empty sets satisfying Lemma
Thus, there exists z € Boo. For each i the intersection z(7)Nz(7) is non-empty
and there is y € 7 1(G) such that z(i) = y(i). Since G is closed and each
basic neighbourhood of z meets 77 1(G), we have z € 7 1(G). So z ~ z
and r € 771(G). Hence n(z) € G and p = p(n(x)) € ¢(G). This is a
contradiction. Hence, there exists ¢ such that no F € F; having non-empty
intersection with ¢(G) contains p. Then |J{F € F; | FNp(G) # 0} is a
closed set containing the set ¢(G) and not containing p. This means that
©(G) is closed. Hence, ¢ is a closed map, which finishes the proof that ¢ is
a homeomorphism. By Theorem 3.6, X is a completely metrizable space. =
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COROLLARY 4.2. Let X be a complete metric space and let {F;} be a
sequence of closed locally finite covers of X such that Fiy1 is a refinement of
Fi and the supremum of diameters of elements of F; goes to 0 as i — oo.
Then one can form as above a complete cell structure which determines the
space X.

Proof. The hypotheses of Theorem are satisfied, so we have a cell
structure. It is complete because every Cauchy sequence of cells in |JF;
determines a Cauchy sequence in the complete space X. u

THEOREM 4.3. FEvery completely metrizable space is obtainable from a
complete cell structure.

Proof. Let d be a complete metric for X. Since (X, d) is a paracompact
space, for each ¢ > 0 there exists an open locally finite cover of X of mesh
less than e. By taking closures we get a closed locally finite cover of mesh
less than €. We inductively define closed locally finite covers F; of X of mesh
less than 1/n and such that F;y; is a refinement of F; for each i. Suppose
Fi,...,F; are already defined. Then there exists a locally finite closed cover
F consisting of sets of diameter less then 1/(n + 1). We define F; ;1 as the
set of non-empty intersections of elements of F; with elements of F. The
theorem now follows by Corollary 4.2. =

REMARK 4.4. All results in this section can be proved using open covers
instead of closed covers if we insist that the (i + 1)st cover closure refines
the ith cover.

5. Examples

EXAMPLE 5.1 (The real line). For ¢ > 0 let R; denote the set of finite
decimal fractions having i digits after the decimal point. In particular, Ry de-
notes the set of integers. Two elements of R; are said to be adjacent if their
difference does not exceed 10~%. The map rlHl : Riv1 — R; is defined by
forgetting the last digit of x € R;y1. If x,y € R with x # y but z ~ y then
x(i) is adjacent to y(i) for each i. Let j be the first coordinate such that
x(j) # y(j). Suppose first j > 0. We suppose without loss of generality that
2(5) < y(j). Then y(j) = x(j) + 1077 and for each i > j all the digits in
x(i) to the right of the jth place are 9’s and all the digits in y(i) to the right
of the jth place are 0’s. The case j = 0 is similar. The topological space R*
determined by the cell structure

0 r?
(1) Ry« Ry <= Rg < -~
is homeomorphic to the real line R.

If G1,...,Gg are graphs then the Cartesian product G X --- X Gy is
a graph with the relation obtained by declaring = to be related to y in



190 W. DEBSKI AND E. D. TYMCHATYN

G1 X --- X Gy, if and only if for each ¢ € {1,...,k} the ith coordinate of z
is related to the ¢th coordinate of y.

EXAMPLE 5.2 (Euclidean n-space). Let (R;)" (resp. (ri™')") be the
Cartesian product of n copies of the graph R; (resp. of the map r§+1) of
Example 5.1. The topological space (R")* = (Rx)"/~ determined by the
cell structure

n ()" G n
(x2) (Ro)" —— (R1)" —— (Ra)" ¢ -+
is homeomorphic to the Euclidean space R".

ExXAMPLE 5.3 (The Hilbert space). With the notation of Example
consider the cell structure

(*3) (R%)1 + (RY)5  (RY)3 « -

where the bonding map from (R%);;1 to (R™1); is defined by forgetting the
last coordinate of points in (R;)*! and then applying (r! ;)’. By abuse
of notation let (R*) denote the set of threads of this cell structure. The
topological space determined by this cell structure is the Hilbert space R*°.

EXAMPLE 5.4 (Polish spaces). Every Polish space embeds in the Hilbert
space R> as a closed subset. Hence, restricting the maps in Example to
the appropriate subset of (R™)s, we get a cell structure which determines
the space.

6. Some classes of spaces. By placing restrictions on the graphs in the
cell structure (%) we are able to determine specific classes of spaces. Namely:

1. If r; is the diagonal equivalence relation (defined by setting (x,y) € r;
if and only if x = y) on the graph G; for each i then the class of
spaces determined by such cell structures is the class of 0-dimensional,
completely metrizable spaces. (By [0, 4.1.3 and 4.1.25], the product of
countably many 0-dimensional metric spaces is 0-dimensional.)

2. If the graphs G; are finite, the corresponding class of spaces is the
class of metric compacta.

3. If the graphs G are finite and connected, the corresponding class of
spaces is the class of metric continua.

4. If the graphs G; are finite trees, the corresponding class of spaces is
the class of metric treelike continua.

5. If the graphs G; are finite and linear, the corresponding class of spaces
is the class of chainable metric continua.

6. If the graphs G; are of dimension < n (i.e. each set of mutually ad-
jacent cells in G; has cardinality < n + 1), the corresponding class
of spaces is the class of at most n-dimensional completely metrizable
spaces.
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We only prove (6). If the graphs G; are of dimension < n, the quotient
map 7 : Goo = G* = G/~ is of multiplicity < n+1. By the Morita theorem
[5, 4.3.3], the dimension of G* does not exceed the dimension of G, plus n
since 7 is closed and G4 is O-dimensional and metrizable.

If X is a metrizable space of dimension not exceeding n then there is a
sequence of open covers {U; }2°; of X such that /; has mesh < 1/i, U;;; star
closure refines U; and such that if ¥V C U; is such that each pair of elements
of ¥V meet then the cardinality of ¥V does not exceed n + 1. This condition
is a consequence of the Ostrand theorem [5, p. 237]. As graphs, the U; have
dimension < n. Define, as in Theorem 4.1, g™ : U;+1 — U; such that for

2

each V € Us1 we have cl(Jst(V,Ui1)) C go H(V).

7. Cell maps and maps of completely metrizable spaces. In this
section we shall define cell maps between cell structures, and show that a
cell map between two complete cell structures induces a continuous func-
tion between the spaces determined by the cell structures. Conversely, each
mapping between two completely metrizable spaces is obtainable in this way.

Let

1 2

(%) Gol Gy &Gy -
Kl h2

(*I) H()(—OHlHlHQ%-"

be cell structures where the symmetric and reflexive relations on G; and H;
are r; and 7}, respectively. Let m and 7’ be the quotient maps of G onto
G* and of Hy, onto H*, respectively. We also suppose that Gg and Hy each
have exactly one element.

A function f : |JG; — UH; is called a cell map of () to (x) if f
takes close cells to close cells and f preserves Cauchy sequences. The next
proposition follows from the definition.

PROPOSITION 7.1. The composition of cell maps is a cell map.

LEMMA 7.2. Let f:|JG; — |J H; be a cell map of the cell structure (x)
to the complete cell structure (+'). Then f induces a function f :G* — H*
defined as follows: for a thread x in G, f(ﬂ'(l’)) = 7'(y) where y is a thread
in Hy such that f(x) converges to y.

Proof. Let x € G&. Since x is a Cauchy sequence, f(x) is Cauchy by the
definition of a cell map. Let y € Huo, so f(z) converges to y. Let v € G
be such that  ~ v and let w € Hy be such that f(v) converges to w. We
show w ~ y. Since f is a cell map, f(z(i)) and f(v(j)) are close for all i
and j. Hence, w(i) € st3 (y(i)) for each i. By (vi) applied twice, it follows
that y(i) ~ w(i) for each i. Thus y ~ w, and so f is well-defined. m
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LEMMA 7.3 (Error estimation). Let f : |JG; — |JH; be a cell map
of the cell structure (x) to the complete cell structure (¥'). If a € G; then

f(m((a)) € 7'((sty (f(a)))) where j = deg(f(a)).
Proof. Let x € (a) and let y € Hoo so that f(x) converges to y. Then
f(a) = f(x(0)) € sty (y(7))- So f(m(x)) € 7 (st (f(()))))- w

THEOREM 7.4. Let f : |JG; — |J H; be a cell map of the cell structure
(%) to the complete cell structure (x'). Then the induced map f : G* — H*
18 continuous.

Proof. Let z € Go and let U be a neighborhood of f(r(x)) € H*. For
each ¢ let
A; = {a € sty (2(0)) | f(m((a))) € U}.
Suppose that A; # Q) for all i. By Lemma 3. 1 there exists y € As. Then

y ~ z, f(r(y)) = f(n(x)) € U and f(x((y(i)))) € U for all 5. By com-
pleteness of ('), there exists z € Hy, such that f(y) converges to z. Then

7'(z) € U since 7'(z) = f(n(y)). By Lemma 7.3, we have f(m((y(i)))) C
' ({str  (F(y(0))))) where j(i) = deg(f(y(2))) for all i. But st,s - (f(y(9))) C
Stf;(i)(z(j(i))) Consequently, we have f(w((y(i)))) C 7T'(<St2 , FE@N)).
But 77’(<stf,_(v)(z(j(i)))>)CUfor sufficiently large i by (iv). Hence,f( ({y(2))))
c U for th]at 1, a contradiction. Hence, A,, = () for some m. Consequently,
the set V. = G*\7({(Gy, \ st,, (x(m)))) is a neighbourhood of 7(x) contained
in f~YU). =

THEOREM 7.5. Let (x) be a cell structure and (') be a complete cell

structure as at the beginning of this section. Let F' : G* — H™ be a continuous
map and let Hy consist of one element. Then there exists a cell map f :

UGi = UH; of (%) to (+) such that F = f.

Proof. For a € G; let f(a) € hy(n' ~Y(F(n((a))))) where [ is the largest
number such that s = hy(7' ~*(F (7 ({st,, (a)))))) is a simplex (i.e. any two of
its elements are adjacent) or | = i otherwise.

Let a and b be close, a,b € |JG;. Let i = deg(a) and j = deg(b). We may
assume that ¢ < j. Then a and gg(b) are adjacent and (b) C (st,,(a)). Let
m = deg(f(a)), k = deg(f(b)), and let n = min(k, m). Then

ha (7' “HE(T((D))))) C b (" TH(F (7w (st (a)))))-
Since
h(f(b) € hn(x' “HF (), hi(f(@)) € ha(x' ~H(F(x((str,(a)))))),

where the last set is a simplex, f(a) and f(b) are adjacent. Hence f(a) and
f(b) are close. This means the map f preserves closeness.
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Let = be a Cauchy sequence in |JG;, y € G be a thread to which
x converges, p = 7(y) and ¢ = F(p). Let j € N. The sets «'((b)), for
b € Hj, form a closed locally finite cover of H*. Let U C H* be an
open set containing ¢ such that U N #/((b)) # 0 only for finitely many
b e Hj. Let V.= H*\ {7 ((b)) | ¢ & ©'((b)), b € Hj}. Then V is
an open set containing ¢ such that hj(7’~1(V)) is a simplex. Now W =
7 L (F~1(V)) is an open set in G containing the compact set [y]. Then
there exists &’ such that <st%k, (y(k'))) € W. Consequently, (st,, (z(n))) C W
for m = deg(z(n)) > k’. Hence, we have F(7((st,, (z(n))))) C V and the
set hj(m' “L(F(w({str,, (2(n))))))) is a simplex. This implies that f(z) is a
Cauchy sequence.

It is not difficult to see that F' = f ..

8. Real functions. The case of real functions is of special interest.
Represent the real numbers by the cell structure of Example [5.1}

{R}+ Ry Ry« ---

where R; denotes the set of finite decimal fractions having ¢ digits after the
decimal point.

A cell map f: {R} U2y Ri — {R} UU;2 R; assigns to each finite
decimal fraction another finite decimal fraction. It may be regarded as a kind
of computation of the continuous function F' : R — R induced by f. (Here
we may ignore terms of the form f(z) = * since f takes Cauchy sequences
to Cauchy sequences.) If @ € R and x € R; are such that |[a — x| < 107
and f(z) € R; then |f(z) — F(a)] < 2-1077. It follows from the definition
of cell maps that by choosing x € R; with ¢ sufficiently large we make f(x)
approximate F'(a) arbitrarily closely.

Analogous comments apply to real functions of several variables.

Acknowledgments. The second named author was supported in part
by NSERC grant No. OGP005616.

REFERENCES

[1] P. Alexandroff, Untersuchungen tiber Gestalt und Lage abgeschlossener Mengen be-
liebiger Dimension, Ann. of Math. 30 (1928-1929), 101-187.

[2] M. Brown, Some applications of an approzimation theorem for inverse limits, Proc.
Amer. Math. Soc. 11 (1960), 478-483.

[3] M. G. Charalambous, Approzimate inverse systems of uniform spaces and an ap-
plication of inverse systems, Comm. Math. Univ. Carolin. 32 (1991), 551-565.

[4] S. Eilenberg and N. Steenrod, Foundations of Algebraic Topology, Princeton Univ.
Press, Princeton, NJ, 1952.

[5] R. Engelking, Dimension Theory, North-Holland, Amsterdam, 1978.

[6] R. Engelking, General Topology, Heldermann, Berlin, 1989.


http://dx.doi.org/10.1090/S0002-9939-1960-0115157-4

194 W. DEBSKI AND E. D. TYMCHATYN
[7] H. Freudenthal, Entwicklungen von Rdumen und ihren Gruppen, Compos. Math. 4
(1937), 145-234.
[8] R. D. Kopperman and R. G. Wilson, Finite approzimation of compact Hausdorff
spaces, Topology Proc. 22 (1997), 175-200.
[9] S. Lefschetz, On compact spaces, Ann. of Math. 32 (1931), 521-538.
[10] S. Mardesié, On covering dimension and inverse limits of compact spaces, Illinois J.
Math. 4 (1960), 278-291.
[11] S. Mardesi¢, Approzimate polyhedra, resolutions of maps and shape fibrations, Fund.
Math. 114 (1981), 53-78.
[12] S. Mardesi¢, On approximate inverse systems and resolutions, Fund. Math. 142
(1993), 241-255.
[13]] S. Mardesi¢ and L. R. Rubin, Approzimate inverse systems of compacta and covering
dimension, Pacific J. Math. 138 (1989), 129-144.
[14] S. Mardesi¢ and J. Segal, Stability of almost commutative inverse systems of com-
pacta, Topology Appl. 31 (1989), 285-299.
[15] S. Mardesi¢ and J. Segal, Mapping approzimate inverse systems of compacta, Fund.
Math. 134 (1990), 73-91.
[16] S. Mardesi¢ and T. Watanabe, Approzimate resolutions of spaces and mappings,
Glas. Mat. 24 (1989), 587-637.
[17] J. Mioduszewski, Mappings of inverse limits, Colloq. Math. 10 (1963), 39-44.
[18] B. A. Pasynkov, On polyhedral spectra and dimension of bicompacta and bicompact
groups, Dokl. Akad. Nauk SSSR 121 (1958), 45-48 (in Russian).
[19] T. Watanabe, Approzimative expansions of maps into inverse systems, in: Geometric
and Algebraic Topology, Banach Center Publ. 18, PWN, Warszawa, 1986, 363-370.
[20] T. Watanabe, Approzimative shape. I. Basic notations, Tsukuba J. Math. 11 (1987),
17-59.
[21]] T. Watanabe, Approximate resolutions and covering dimension, Topology Appl. 38
(1991), 147-154.
Wojciech Debski E. D. Tymchatyn

Department of Mathematics and Statistics
University of Saskatchewan

106 Wiggins Rd.

Saskatoon, SK S7N 5E6, Canada

E-mail: tymchat@math.usask.ca


http://dx.doi.org/10.2307/1968249
http://dx.doi.org/10.2140/pjm.1989.138.129
http://dx.doi.org/10.1016/0166-8641(89)90025-4
http://dx.doi.org/10.1016/0166-8641(91)90081-V

	1 Introduction
	2 Preliminaries
	3 Cell structures
	4 Completely metrizable spaces from cell structures
	5 Examples
	6 Some classes of spaces
	7 Cell maps and maps of completely metrizable spaces
	8 Real functions
	REFERENCES

